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I discretize axion string configuration coupled to a Dirac fermion, which in the continuum binds a
massless chiral fermion in its core when the winding is one. I show that such a configuration can host one or
more chiral fermions when regulated on the lattice. To realize these chiral fermions I introduce Wilson-like
terms similar to the Wilson term used in lattice domain wall fermions. The number of chiral fermions on the
string jumps as the Wilson-like parameter is varied with respect to the other mass scales in the problem.
A one-loop Feynman diagram is used to demonstrate how anomaly inflow works in this lattice regularized

theory.
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I. INTRODUCTION

In [1], Callan and Harvey demonstrated that fermions
coupled to a domain wall in odd number of dimensions and
vortex defects in even dimensions (2n + 2) can exhibit
massless chiral edge states bound to the defects at low
energy. For example, the low energy spectrum of a massive
Dirac fermion in 2 + 1 or 4 + 1 dimensions, with a domain
wall profile in its mass, has a single chiral fermion bound to
the domain wall. Similarly, in the even dimensional case
2n + 2, a Dirac fermion coupled to an axion string exhibits
chiral edge states bound to the core of the string. These
systems are of interest to both high energy [2-6] and
condensed matter physics [7-16].

The chiral edge states living on the defects in both cases
suffer from chiral anomaly when fermion number sym-
metry is gauged and the defect theory by itself violates
current conservation. Callan and Harvey showed that
current conservation is restored by an inflowing current
from the bulk to the defect. This inflowing current can be
computed by integrating out the fermion sufficiently far
away from the defect where the fermion spectrum is
completely gapped.

The continuum construction of chiral fermion edge
states on the domain wall was later used by [17] to realize
chiral fermions on the lattice. This construction of lattice
chiral fermions has the advantage of retaining global chiral
symmetry and has therefore been extensively used in
simulations of QCD where this is a desirable feature.
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Interestingly, the construction of a lattice domain wall
fermion is more subtle than the continuum construction of
Callan-Harvey. The subtleties arise due to the presence
of fermion doublers coming from naive discretization of
fermions. With naive discretization, the domain wall carries
equal numbers of right and left moving doublers which
preclude any net chirality on the wall. In order to eliminate
the unwanted doublers, one has to use a Wilson-Dirac
Lagrangian in a domain wall background for the mass
term [17]. For certain values of the Wilson parameter R and
the Dirac mass M one can realize a net imbalance of right
and left moving modes on the wall resulting in a net
chirality.1 Given the subtleties associated with realization of
chiral domain wall fermions, it is interesting to ask how a
lattice discretization of axion strings will alter the chiral
fermion spectrum confined to the string.

Unsurprisingly, it is not just the lattice theory of domain
wall fermions where the presence of fermion doublers
eliminates any net chirality on the wall, naive discretization
of the axion string theory behaves the same way, i.e., there
are equal number of right and left moving doublers on the
string. As a result the string carries no net chirality. In order
to realize a net chirality on the defect I introduce Wilson-
like terms in the Lagrangian to create an imbalance of right
and left moving modes on the string. Before discretizing
space-time it is convenient to write the axion string in terms
of a crossed domain wall configuration as illustrated in the

"The corresponding bulk theory away from the domain wall
exhibits a topological phase analogous to those observed in Chern
insulators in condensed matter physics [17-20]. The Wilson
parameter in lattice QFT corresponds to the hopping parameter in
Chern insulators and the Dirac mass corresponds to magnetic
polarization [21,22]. These examples, being demonstrative of the
deep ties between lattice fermion field theory and the physics
of topological materials, have inspired several papers in recent
times [23-29].
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next section. This configuration is easier to discretize and
the corresponding Wilson-like terms have a simple form.
A similar crossed domain wall configuration in the con-
tinuum was studied in the context of regulating four
dimensional chiral gauge theories in [30].

As shown in Callan-Harvey [1], for domain wall
fermions, the fermion number current which flows from
the bulk to the boundary in a background electric field
(Goldstone-Wilczek current) [31], can be computed using a
one-loop Feynman diagram. It was shown [19] that a
similar calculation applies for lattice domain wall fermions
in the continuum limit, where the Goldstone-Wilczek
current is computed using the same Feynman diagram as
in the continuum, using lattice perturbation theory. The
Feynman diagram on the lattice computes the winding
number of a map from momentum space, which on the
lattice is a torus, to the Dirac space, which is a sphere. The
result therefore is quantized. The winding number of
this map jumps as a function of the Dirac mass M and
the Wilson parameter R when the bulk fermion propagator
goes gapless. As I show in this paper, a similar calculation
applies to the axion string. The corresponding Goldstone-
Wilczek current is computed using a one-loop Feynman
diagram and the net current exhibits discrete jumps as a
function of the parameters of the theory just as in lattice
domain wall. These discrete changes in the Goldstone-
Wilczek current are necessary to compensate for the
boundary current as the number and chirality of edge
states jump. Furthermore, I find that at certain values of the
Wilson-like parameter, the bulk fermion gap goes to zero
along a two dimensional surface passing through the defect,
coinciding with the discrete jumps in the chiral edge states.
This indicates that the discrete jump in chiral edge states is
accompanied by a phase transition along this two dimen-
sional surface.

The organization of this paper is as follows. I begin with
a brief review of the lattice construction of domain wall
fermions which is followed by axion string analysis in
the continuum. The subsequent section demonstrates that
the axion string configuration is equivalent to a crossed
domain wall configuration which is then discretized.
The corresponding Wilson-like terms are introduced to
engineer chiral edge states on the string and the associated
Goldstone-Wilczek current is computed. This is followed
by a section which discusses possible numerical realiza-
tions of this construction and its relevance to axion
insulators.

II. DOMAIN WALL AND VORTEX STRING

To review the lattice domain wall construction, it is
convenient to first focus on 2 4 1 dimensions (xg, Xy, X,)
where a Dirac fermion with a mass defect m = mge(x,) for
mg > 0 exhibits chiral edge states on the defect (domain
wall) at x, = 0. If this fermion theory is discretized naively,
the low energy spectrum on the wall will carry equal

number of right moving and left moving edge states. This is
caused by fermion doubling as can be seen from the
discretized Euclidean Dirac equation,

. sin(p,a
<—W" % +7.Va + m) w(p.x) =0 (2.1)

where u takes values 0 and 1, the x(, x; coordinates have

been Fourier transformed, and V, is the lattice derivative

5x.x+a2 -5

5——= when the lattice spacing is a. Since I am
interested in massless chiral edge states on the wall,
Icanset ), 7,sin(p,a) = 0. As seen from this equation,
the transverse profile for the states located near the corners
of the Brillouin zones p, = ng P = mg withn,m =0, 1
are identical and all of these modes have normalizable
transverse profiles. The modes around the BZ corners
{0,0} and {Z,Z} are of chirality —1 whereas {Z,0} and
{0,Z} are of chirality +1, thus eliminating any net chirality
on the wall. It was shown in [17] that one needs to introduce
a Wilson term, £V?y where V is the lattice Laplacian

V= Zzzo% in the Lagrangian in order to
realize an imbalance between right and left moving modes.
To see how this comes about, one can set R = a. Then the
equation for the transverse profile for the edge states
becomes

w(xs +a) = —(megr)y(x2), (2.2)
where mey =ma—1-F(p) with F(p)=>_, _,,(1-
cos(p,a)). This equation is solved by the ansatz y =
(—=meg)™2/* and a normalizable mode exists as long as

2 > mga—F(p) > 0. (2.3)
For 0 < mpa < 2, it is only the states around {0, 0} which
are normalizable. For 2 < mya < 4, the normalizable states
are centered around {0,%Z} and {Z,0}. Similarly for
4 < mga < 6, it is the states centered around {f ,2} which
have normalizable solutions. For mya > 6 there are no
normalizable chiral edge states on the domain wall. If we
focus just on the zero modes, we see that their number and
chirality jump as a function of the parameter mya®/R
(or mya for R = a). The corresponding continuum limit is
obtained by taking a — 0 while holding mga constant. It
naturally raises the question as to whether the Goldstone-
Wilczek current also jumps as a function of mga to account
for the current flowing on the boundary as one takes the
continuum limit. In order to understand how the Goldstone-
Wilczek current compensates for the boundary current, one
can gauge the fermion number symmetry and then integrate
out the Wilson-Dirac fermion away from the domain wall
as shown in [19]. This leaves behind a Chern-Simons
theory for the gauge field at low energy. The corresponding
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Chern-Simons coefficient is computed using a Feynman
integral and can be expressed as

c= %’eﬂ% / (‘21‘”1)’3 Tr{[S()d,, ()~ 1[S(p)d,, S(p)~"]

x [S(p)9,,S(p)~"]}

(2.4)

where S~!(p) is the lattice fermion propagator given by

2.y, sin(p,a) :

S~ (p) = 21T+ m + rZ[cos(pﬂa) —1]

u=0 p=1
(2.5)

and the Chern-Simons effective action is Sy = C€4yq,a, X
f d3an06a1Aa2. It was explained in [19] that the Feynman
integral computes the winding number of a map from a
torus (momentum space) to a sphere specified by S~!(p).
The Chern-Simons level 4zic jumps between 1, —2, and 1
as mga is varied from 0 < mga < 2,2 < mpa < 4 and then
4 < mga < 6 exactly compensating for the current on the
wall. These jumps in the Chern-Simons level indicate
Chern insulatorlike topological phase transitions within
the bulk away from the domain wall.

A. Continuum analysis of axion string

As discussed in Callan-Harvey [1], besides a domain
wall in odd dimensional Dirac fermion theories, a Dirac
fermion coupled to axion strings in even 2n + 2 dimen-
sional theories can also exhibit chiral edge states. The
continuum analysis of this was presented in Callan-Harvey
[1] which I briefly review here. I specialize to four
dimensions for this discussion. Note that, in this section
I will use Minkowski metric while reviewing Callan-
Harvey’s calculation. When I discuss the lattice theory
in Sec. III, I will use Euclidean space-time. The continuum
Minkowski Lagrangian for a Dirac fermion coupled to an
axion string in four space-time dimensions is given by

L =Y(iT"0,)¥ —P(¢, — i)Y, (2.6)
where ' = iI°T"'T2I3. Here ¢, + i¢h, = ¢ is the vacuum
expectation value of a complex scalar field, the phase
fluctuations of which correspond to an axion field. Since
I am interested in static axion string configuration, I can
take the phase to wind by 2z around the x! axis without a
loss of generality. To find the low energy spectrum on the
string I can now write the equation of motion for the
fermion field in the background of axion string as
To look for a massless chiral fermion solution to the
equation of motion (EOM), I set d, = d; = 0, and obtain

I make a specific choice for gamma matrices for conven-
ience with I'’ = 6, ® o, where 6 is the two dimensional
identity matrix and I'' = is, ® o,. Writing this equation in
polar coordinates, x> = rcos#, x> = rsin@, I look for
independent solutions with 0,2 = cos0,, d,: = sinfo,.
Thus, the EOM reduces to

0 0 isinf cos @

0 0 —cosf —isinf v,
—isin@ —cosf 0 0 ar(ly_)
cos @ isin@d 0 0

e’ 0 0 0

] A [t} 2.9

Here I have used

()
Y_
and ¢ = f(r)e® where r is the radial distance from the
center of the string and f(r) = |¢| is only a function of
the radial coordinate. The phase of the scalar field winds
uniformly around the x' axis which produces the corre-

sponding azimuthal angular dependence of e®. This
equation is solved by the following ansatz:

0 ,
_ -Jo f(o)do
(‘P> "
¥ 0 ,
( 0+> = —il (‘P_> — —ilype™ o /e,

where [,y = —n, I'n = n, and I, measures the chirality
of the solution with Iy, = —I'°T"!. For the particular choice
of gamma matrices here, one can rewrite the solution as

(2.10)

-1

¥ 1
< +> _ | e—ff(a)do'

» (2.11)

1

Clearly this massless chiral fermion suffers from anomaly
which leads to nonconservation of fermion number current
on the string in a background electric field. This is
remedied by the inflowing Goldstone-Wilczek current
which can be computed in perturbation theory away from
the vortex core. To do this computation I parametrize
@1 + i, as (v + 6v)e™ where Sv and a vary slowly in
space. I can then expand the Lagrangian in a and év to get
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FIG. 1. The one-loop Feynman diagram for the Goldstone-
Wilczek current.

L=P(I",—v)¥+iacv?T¥Y-50P¥ +---. (2.12)
I can now attempt to compute the Goldstone Wilczek
current by treating v and a as perturbation. The corre-
sponding fermion propagator in momentum space is
given by

_iTp' +f)

=——F—. 2.13
pP—fr+ie (2.13)

F

Gauging the fermion number symmetry, the fermion

number current can be computed up to leading order in
d,a

f

using the Feynman diagram in Fig. 1 as [1],

JH = (YT ¥) = —#eﬂ”ﬂ"FW;aﬂa. (2.14)
A chiral edge state of negative chirality on the string carries
a current of — % when an electric field E; is applied in the
direction of the string. To see how current conservation
works, I can substitute the smooth axion string (vortex)
configuration with a = @ where @ is the azimuthal coor-
dinate 6 = tan™! (i—i) For this field configuration all com-
ponents of the current density in Eq. (2.14) is zero except
the radial component. The net current flowing to the string
is then given by

/ T.(rd0) = —%El (2.15)

compensating for the current flowing on the string.

B. Crossed domain wall

Before I discuss the lattice construction of axion string
edge states, I will in this section demonstrate that an axion
string configuration in the continuum can be deformed into
a crossed domain wall configuration. The motivation to
relate the two configurations arises from the observation
that the crossed domain wall is relatively easy to discretize.
As I will show, the crossed domain wall carries the same

winding as the vortex configuration and hosts a chiral edge
state confined to it. The latter is not surprising since the
configurations carry the same winding in ¢; + i¢p,. The
Goldstone-Wilczek current is only sensitive to this wind-
ing, ensuring that the low energy fermion spectrum of the
two configurations match. The crossed domain wall con-
figuration I will consider will involve a domain wall in the
field ¢; and another in ¢,. Note the most general form for
the crossed domain wall configuration is

¢ = mye(x?) + 6my, ¢y = mye(x®) +6m,  (2.16)
with m; > ém; > 0, m, > dm, > 0. As we will see, the
hierarchy between m; and ém, as well as m, and om,, is
important in order to obtain a nontrivial winding and a
localized chiral edge state. If the hierarchy is reversed as in
om; > m; or ém, > m,, the chiral edge state is lost and the
winding of the domain wall configuration goes to zero. If I
define angular coordinate @ such that the four quadrants
{.X'Z > 0,)(3 > 0}, {)C2 <0, X3 > O}, {Xz <0, X3 < 0}, and
{x2>0,x3<0} map to 5>60>0, 7>6>7%
3 > 0>, and 27 > 0 > 3, then I can write

cos 6

¢1 :m1|co—se|+5ml, (217)
sin @

I can reparametrize ¢p; + i¢h, = h(cos a + i sin a) such that

1y lsm6‘ 4 5m2

sin 0|
tana = —_— , (2.19)
my \cosz\ + 6m1
0 2 in 0 2
h = m1&+5m1 + m2&+5m2 .
| cos ] | sin 6]
(2.20)

Denoting a(6 = 0) = «), it is easy to see that as @ is varied
from 0 to 2z, a goes from «a, to ay+ 2z as long as
m; > émy, my > dm,. Then, a winds in the azimuthal
direction just as one expects in a vortex. In other words

27 ] ay+2m
/ (0gpa)rd6 = / da = 2n. (2.21)
0 ay

r

Of course I can choose to deform the crossed domain wall
profiles slightly by replacing the step functions e(x,) and
€(x3) by tanh(x,) and tanh(xs). This however does not
affect the winding of a. In fact, the vortex configuration
used in the previous section f(p)e® can simply be
deformed into a crossed domain wall configuration by
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choosing ém; = ém, =0 and m; = m, = f(p = o). In

this case we have tan(a) = ff:é?l and h = f(oo).

I will now look for chiral edge state solutions confined to
the crossed domain wall defect. For this I consider the
equation of motion of the fermion coupled to this crossed
domain wall, setting dy = d; =0

0 0 iy o

0 0 -0, —ios (tm)
—id; -3, 0 0 W

d, iz 0 0

(2.22)

where I have used m = m e(x*)+6m; +i(mye(x®) + 6my).
Defining +£m; + ém; = mi, £m, + dmy = m3 it is easy
to see that this equation is solved by

-1

where

—m}x?

K=e “m 2 G(x2)O(x3) + e G(—x2)O(x3)

+ e—ml‘x2—m2‘x39(_x2)9<_x3> + e-Msz—mEXBG(xz)G(—f).
(2.24)

Again, note that the solution is normalizable only when
my > émy >0, my > dm, > 0. In the limit of ém; =
om, = 0 and m; = m, = f,, the solution is

K= e_foo(|x2‘+|x3‘). (2'25)
We therefore see that a crossed domain wall configuration
carries the same winding number as in the axion string
configuration. The massless edge state spectrum of the two
defects are also identical, there being a chiral edge state of
the same chirality confined to the core in both cases.

III. DISCRETIZING SPACE-TIME

I now consider the crossed domain wall on discrete
Euclidean space-time and look for chiral edge states. I
choose a square lattice such that a*, the lattice spacing in x*
direction, is ¢* = a. The equation of motion for the fermion
in the background of a domain wall with naive discretiza-
tion looks like

— _
_ W sin(pya) (T5V, + TEV) Y = —(¢) — i)W,

(3.1)
where 'Y are Euclidean gamma matrices I'j =T7,
't = —il", V,, V5 are lattice derivatives given by

5)( Xtay;; T 5): X—a
vz s = 2/3 X—d)/3 ’ (32)
/ 2612/3

and the variable y takes values 0, 1. Note that I" is defined in
the text below Eq. (2.6). Again I have Fourier transformed
the coordinates x, and x;. In order to solve for massless
states, I can expand the momenta around the corners of the
Brillouin zone (BZ), i.e., {pga =0, pja = 0}, {poa =0,
pia =n},{poa =r, pia=0},and {poa =z, pja = x}.
With an ansatz of the form

-1
1

1
1

W= @(Pos P1)x (X2, X3), (3.3)

the equation for the transverse profile is

Voy = =iy = y(x2 +a) = y(x, — a) = —2a¢x(x,),
Vay = —ox = y(x3 + a) — y(x3 — a) = —2apy(x3).
(3.4)

These two equations are solved by y(x,, x3) = z5*z3° where

—2a¢y ), - 4a2¢%/2 +4
)3 = ) .

(3.5)

So, it is clear that the conditions of normalizability for all
the doublers are the same and as a result we do not have a
net chirality on the string. In order to engineer net chirality
on the string I will have to introduce Wilson-like terms in
the Lagrangian. For this purpose, I propose adding to the
Euclidean Lagrangian the following terms: £¥(V3+
VZO¥ - iBWI(VI4+ V2P  where V2, =V3+ Vi

nt nt nt
This shifts ¢, to ¢ + 55 (V3 +V;) and ¢, to ¢+

nt

58 (V3 + Vi) Thus the equation of motion with an ansatz

as in Eq. (3.3) is
R R
Voy = - <¢1 + EV% + EZ@ cos(p,a) — 2)))(’
"

R R
V3)( = — <¢2 + EV% + Z—CIZZ(ZCOS(pﬂa) - 2))){
i

(3.6)
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TABLE I. Number and chirality of edge states.

2>ma>0 4>ma>2 6>ma>4 ma>6
2>mya>0 -1 0 0 0
4>mya>?2 0 2 0 0
6>mya>4 0 0 -1 0
mpa>06 0 0 0 0

I set R = a, and solve for the transverse profile with the
same ansatz as before, i.e.,

(%2, %3) = 2,25 (3.7)
The solutions are given by2
%= —<a¢1 —1+ ) (cos(p,a) - 1>>,
1=0,1
%= —<a¢2 -1+ Z (cos(p,a) — 1)) (3.8)
1=0,1

I now impose om; =0 and Oom, =0 and obtain the
condition of normalizability for the different doublers. If
I focus on the corners of the BZ, the mode {py=0,p, =0}
is normalizable for 0 < mja <2 and 0 < mya < 2. The
modes {py =0,p; =2} and {py=Z,p, =0} are nor-
malizable for 2 < mja <4 and 2 < mya < 4. Similarly,
the mode {py ==, p; =2} is normalizable for 4 < m;a < 6
and 4 < mya < 6. There are no normalizable solutions for
mjpa > 6. I list the number and chirality of normalizable
edge state solutions in Table I for various values of the
parameters m;a and m,a. In Fig. 2, I plot the values of the
parameters for which one finds chiral edge states solutions
on the crossed domain wall defect.

A. Goldstone-Wilczek current

Having obtained the edge state solutions for the crossed
domain wall configuration on the lattice, I will now proceed
to compute the Goldstone-Wilczek current while taking the
continuum limit. I will begin with the Euclidean lattice
Lagrangian

_ - R
Lg =P(TEV,)¥ + ‘P(rﬁl toa (V3 + V?m)>‘1‘

- R
2% <¢2 t5 (V3 + Vi, >‘P (3.9)

_2Note that one could instead introduce a standard Wilson term
ngw and engineer chiral edge states by tuning ¢, ¢, and R
appropriately. In this case the equation of motion takes the
form  Voy = —(¢ +5V3 +5V5 + 55, (2cos(p,a) —2))z,
Vsy = —¢oy. The analysis of these equations and the corre-
sponding Goldstone-Wilczek current is slightly more subtle and
I leave it for future work.

0 2 4 6 8
amy

FIG. 2. The light red, green, and yellow regions indicate the
values of the parameters of the crossed domain wall, m; and m,,
for which there exist chiral edge states. The net chirality for the
relevant parameters is also indicated inside the colored regions. In
the region outside of the colored boxes, there are no chiral edge
states confined to the defect.

At this point I will partition this Lagrangian in two parts
and discuss them in order:

Lg =L+ LF, (3.10)
where
_ R _
LL =Y(TEV,)¥ + ﬁ‘y(vg + V2 ¥
R -
- zz—azlpr(vg +V2)¥ (3.11)

contains the kinetic term and the Wilson-like term whereas

L2 = PY — i, PT V¥ (3.12)
contains the two mass terms involving ¢; and ¢,. Let us
first consider £}. In momentum space I can write the
corresponding action as
d4
Sp= / p4
(27)

Sin(aﬂ> ¥(p)

¥(p) (—irf
(cos(p;a) = 1)) P(p)

(cos(p;a) — 1)>‘I’(p) . (3.13)

The momentum integration in Eq. (3.13) is over one
Brillouin zone. It is convenient to divide the momentum
space integral around the BZ corners. Let us denote the
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fermion field ¥(p) near the BZ corner p = Z{i, j, k,1} as y; ;, where i, j, k, I can either be 0 or 1. I can now split the
action over momentum integrals around the BZ corners by expanding in small p as

- / Z‘/_’i,j,k,l(P)(l(—

ikl

R R R = R R R
/Zw,,kl(p [(—2;6i,1—2;6,»,1—2;6k.1>—zr<—2;5,-,1—2;6,».1—2;61.1>]w,-,,,-,k,z(p)- (3.14)

i.j.k,l

1)1614,01—‘5]7;1 + i(_l)jé/z lrfpﬂ + i(_1>k5ﬂ,2rfp/4 + i(_l)lﬁuﬁrgpﬂ)l//i,j,k‘l(l))

Thus I have rewritten the Lagrangian in terms of 16 flavors of fermions. I can redefine the gamma matrices for these
different flavors so as to absorb the factor of (—1)///¥/! in the definition of the gamma matrices using similarity
transformation. The redefined gamma matrices for the flavor {i, j, k, [} are given by

Pijk 6P je = (1T PijliPij, = (=1)TY,
Pijk 5Py je = (D', Pijl5P = (-1)'T%. (3.15)
This similarity transform takes the I’ matrix to
fi,j,k,l _ (_1)i+j+k+ll=~. (3.16)
Therefore the action reduces to
R R R
Sk = / Zlekl [ iy p, + (‘2—25i,1 -2-6;, _2_25k,1)]l//i,j,k,l(p)
S a a a
R R R
/ ZWt]kl [lr”kl< 2561 =256 —2—251,1>]Wi,j,k,1(19)- (3.17)
5T a a a
Fourier transforming back to position space I rewrite this action as
_ R R R
S = / ZV/i,j,k.l(x) [Ffaﬂ + <—2—25i,1 —256;1 - 2—25k,1)]l//i,j,k,z(x)
ikl a a a
_ R R R
/ ZW;/H [lrl”’k‘l<—2—25i,1 - 2—25/',1 - 2_251,1>}//i.j.k,1(x)~ (3-18)
5% a a a

Let us now consider the second piece of the Lagrangian £2.
When I transform to momentum space the corresponding
action integral can be written as

d*p d*k
2 _

SE - / (2”)4 / (271')4 ( )(¢1(p k)
— is(p - K)W(K). (3.19)
I can again expand p and k about the corners of the BZ
assuming that the spatial variation in ¢; and ¢, takes place
over length scales much longer than the lattice spacing.
This is achievable by giving the domain walls some width
larger than the lattice spacing. I can now write p = Q + 6p
and k= Q + 0k where Q stands for the momentum
corresponding to the BZ corner. Then the action of

Eq. (3.19) splits into 16 flavor pieces with

d*sp [ d*sk
/ p/ 1 ix1(6p) (1 (8p — 6k)
i.j,k,l

— iTpy(5p — 6k))W; ; 4.4(Sk). (3.20)

In coordinate space, this action turns into

S2— Z /d4xlili$j’k‘l(x)(¢l(x) — il (%))W, 1 ().

ik,
(3.21)

I can now proceed to compute the vector current for the
lattice Lagrangian of Eq. (3.9) in the presence of a back-
ground gauge field in a crossed domain wall profile for ¢,
and ¢h,. In order to compute this I combine the actions in
(3.18) and (3.21)
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_ R R R — R R R
Sg = /d4xZ’//i./.k,l |:F/£jaﬂ + ((151 =2 3612 50j; —2?51@1)—11‘!,/&1 (452 =201 =2 50,1 = 2?51,1)]%,;,&1-

ij.kl

(3.22)

For every flavor of fermion I can combine the Wilson-like terms and the fermion-scalar coupling to rewrite the action as

SE:/ZWUH 4Oy l//i,j,k,z+/ Zfi,j,k.ll/_/i,j,k,ll//i,j,k,l

/ =) Wi T (3.23)
ij.k.l

ij.k,l ij.k,l
where
R R R 2 R R R 2
fijai = \/(ff’l - 2;51‘.1 - 2;51‘,1 —2?5/(,1) + <¢2 —2;51',1 - 2;51',1 - 2;@,1) (3.24)
and
R R R
0. — -1 -1 i+j+k+1 ¢2 B 2?6"'1 B za_zéll B 2?51’1 3.25
ik, tan ( ) R R R . ( . )
$1 =256 2561 — 2561,
I
This now looks like 16 copies of the continuum Callan- 1 2”1( 00s 1 1)rdO (3.29)
Harvey Lagrangian with 16 different spatially varying mass 2w o o Ok g '

terms. Now I set R = a as before. For each flavor of
fermion, I can now compute the current, treating 6; ; ;. ; as a
background field while writing the fermion propagator as

(CEpy + fijri)

(3.26)
p*+ fzz,j,k,l

Sijki =

and using the same Feynman diagram as in Fig. 1. For
bal Ykt

9
Sijii>>0,0; i up to leading order in o expansion,

the current for the flavor {i, j, k, [} is given by

i.],k, €0, >
bkl — é‘ﬂ; 0,0, ; k1 F¥ (3.27)
which leads to the net current
1 € %
= > T ==%" é‘ﬂ*;’ 0,0, 11 F".  (3.28)

i,j,k,1l ij.k.l

Given this expression for the current I can now verify if the
integral of the divergence of this current is consistent with
the number of chiral edge states on the string so as to ensure
current conservation. In order to compute the net current
flowing to the string from the bulk, I need to first obtain the
various windings seen by the different flavors, i.e., in 6; ; ; ;.
Note that the overall sign of the winding will depend on the
factor of (—1)"*/***! appearing in the definition 6, ;;; in
Eq. (3.25). The winding in 6 ; ; ; for a particular flavor can
be obtained by computing

which is always an integer. For a crossed domain wall
configuration the result is a function of the domain wall
heights a|¢;| and a|¢p,|. As an example let us consider
my =my, =m and ém; = ém, = 0. The corresponding
windings for the different flavors are shown in Table IL
For 0 < am < 2, a winding of 1 is found for the flavor
Wo.000- The winding is zero for all the other flavors.
Therefore the net current is

TABLEIL.  Winding in 0; ; ;; as a function of the parameter ma
for the 16 different flavors. These windings are used to compute
the net radial Goldstone-Wilczek current.

{i,j,k,I} 2>ma>0 4>ma>2 6>ma>4 ma>6
{0.0,0,0} 1 1 1 1
{1,0,0,0} 0 -1 -1 -1
{0,1,0,0} 0 -1 -1 -1
{0.0.1,0} 0 -1 -1 -1
{0,0,0,1} 0 -1 -1 -1
{1,1,0,0} 0 0 1 1
{0,1,1,0} 0 0 1 1
{0.0,1,1} 0 1 1 1
{1,0,1,0} 0 0 1 1
{0,1,0,1} 0 0 1 1
{1.0,0.1} 0 0 1 1
{1.1,1,0} 0 0 0 -1
{1,1,0,1} 0 0 0 1
{1,0,1,1} 0 0 -1 -1
{0.1,1,1} 0 0 -1 1
{1.1.1.1} 0 0 0 1
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/rdQZj”“

i.j.k,l

(3.30)

This result is consistent with there being one normalizable
chiral zero mode of chirality —1 on the string corresponding
to {po =0, p; =0} for 0 < am < 2 as can be seen from
Eq. (3.8) or Table I. For 2 < am < 4 the flavors y( o oo and
Woo0.1.1 see a winding of +1 whereas the flavors y o,
W0.1.0.00 ¥0.0.1.0- Y0.0.0.1 Se€ a winding of —1. The rest of the
flavors do not see any winding. Therefore the net current is

/rdazjz]kl E]

i.j,k,l

(3.31)

This is consistent with the fact that for 2 < am < 4, there
are two +1 chirality modes. on the wall, i.e., { po=0,p, =%}
and {py =Z,p; = 0}. Similarly, for 4 < am < 6, there
are seven flavors which see a positive winding of +1. These
arc ¥o,0,0,00 ¥0,0,1,1s ¥0,1,1,00 ¥'1,1,0,0 ¥1,0,0.1> ¥0,1,0,1> ¥'1,0,1,0-
Similarly, there are six flavors which see a winding of —1
and these are yy000. ¥0.1.00. ¥00.1.05 ¥000.1> Yo.1.11>
W10.1.1- The other flavors do not see any net winding.
Therefore the net current for this case is

/rd&Zj”“

i.j.k,l

(3.32)

This current is consistent with there being a single normal-
izable chiral zero mode of —1 chirality on the string, i.e., the
mode {p; =Z, py = Z}. For am > 6, all the 16 flavors see
a winding, with eight of them seeing a winding of +1 and
the rest —1. Therefore the net current is zero which is
consistent with there being no normalizable edge states for
ma > 6. In Table III I list the Goldstone-Wilczek current as
a function of the parameter ma for the crossed domain wall
configuration.

B. Crossed domain wall with unequal domain
wall heights

In the previous discussion I concentrated on m; =
my, = m and om; = ém, = 0. One can repeat the analysis
of the Goldstone-Wilczek current relaxing these conditions
and it is easy to see that the corresponding current inflow
compensates for the boundary current as required by the
number and chirality of the edge modes listed in Table 1.

TABLE III. Net Goldstone-Wilczek current in units of . The
current is obtained by taking into account the wmdmgs of
different flavors as listed in Table II.

2>ma>0 4> ma>?2 6> ma >4 ma > 6

1 -2 1 0

In this subsection, I will allow m; # m, while holding
omy = 6m, = 0 and analyze the spectrum of the 16 differ-
ent flavors in the Lagrangian of Eq. (3.22) for R =a. |
define

0&51 = a¢, — 25i,1 - 25]',1 =261,

agy = agy — 28, — 28, —25,,. (3.33)
Note that ¢b; and ¢, act as gaps for the different flavors and
are constants away from the domain wall in ¢; and ¢,.
More specifically, the gap for a particular flavor is given by

\/ &5% + g?ﬁ% It is interesting to explore the behavior of the

gap and its variation in space as one changes the parameters
in the theory. With 2 > am; > 0, the gap a¢, passes
through zero along the x> = 0 domain wall, for two of
the flavors 000 and w0, . For the other 14 flavors ¢,
does not pass through zero anywhere in space as long as
2 > am; > 0. If I now consider the behavior of a¢,, I find
that for all values of am,, a¢g, for the flavor Y0000 18
nonzero along the entire x> = 0 domain wall, except at the
point x* = 0. The situation for the other flavor g is
slightly different. For 0 < am, < 2, a¢, for Y0001 1S
nonzero in all of space. When am, = 2, however, a¢,
passes through zero, along the x*> > 0 surface of the domain
wall at x> = 0. Therefore the spectrum of the ¢ ¢ ; flavor
goes gapless along a half-plane of the domain wall at
X, = 0 when am, = 2. As am, > 0, the gap for this flavor
passes through zero only at x> = 0, x> = 0 just as in the
case of the flavor - ap, and ag, does not pass
through zero for any of the other flavors for 2 > am; > 0.
As I increase am, several other flavors go gapless along
the positive half of the domain wall at x, =0 as am,
reaches 2, 4, and 6. In Table IV I show for which flavors the
gap passes through zero along the entire x> > 0 region of
the domain wall at x> = 0. A similar analysis can be done
for the domain wall at x> = 0 where the gaps for the
different flavors will pass through zero when am; reaches
2, 4, and 6 for various values of am,. Note that, the
appearance of this surface along which the gap for certain
flavors goes to zero coincides with the boundaries of the
regions containing chiral edge states in Fig. 2. Since
fermion gap closing is typically associated with phase
transitions, we can expect the boundaries in Fig. 2 to
correspond to phase transitions as well.

IV. DISCUSSION

A. Vortex configuration

Although the crossed domain wall configuration and
the vortex axion string carry the same winding and the
spectrum of massless states are analogous, the details of the
two systems differ. In particular, the range of the Wilson
parameters and the gaps ¢, and ¢, for which one finds 1, 2,
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TABLEIV. The flavors for which the gap passes through zero along a surface in the region x> > 0 at x> = 0 (along the domain wall)

when m,a = 2,4, 6.

2>ma>0 4> mpa>2 6>ma>4 mia > 6

¥1,0,0,0:%0,1,0,0 Y1,000:¥1,0,1,0

mya =2 Y0.0,0.1 ¥1.0.0,05%0.1,0.0%0,0.0.1> ¥0.0.1.1 Y0.,0.0,1-¥1.,0.1.0 Y0.1,005%0.1.1.0
Y0.1,1.0- ¥0.0.1.1 ¥0.0.0.1- ¥0.0.1.1

¥1,00.1-%0.1,0.1 Y1100 ¥1.1.10

mya =4 X Y1,00.1,%0,1,0.1 Yi01.1-%o1.1.1 Y1,001-¥1,0.1.1
Y1.1.00 Y0.1,01-%0.1,1,1

mya =6 X X V1,10.1 V1101 Wi

and 1 chiral edge states on the defect, corresponding to
the 4 different doublers, is expected to be different for the
crossed domain wall defect and the vortex. Moreover, the
radial profile for the edge states in the discretized vortex
configuration will be different from the radial profile
obtained for the crossed domain wall configuration. The
difference in the radial profile will arise from the fact that
the variation in ¢; and ¢, in a vortex configuration is
uniform in all of space as opposed to that in a crossed
domain wall where ¢, and ¢, change rather rapidly along
two surfaces while remaining constant in the rest of the
bulk. Similarly, in a vortex configuration one will find
surfaces along which the gap corresponding to different
flavors will pass through zero in analogy with the dis-
cussion in Sec. III B. Of course, the range of the parameters
for which the gap will pass through zero will be different
from those obtained in Table IV.

B. Finite volume lattice construction

The construction of discretized axion string edge states
pursued in this paper applies to infinite volume lattices.
It would be interesting to implement this construction
numerically which will inevitably involve a finite volume
lattice. Since it would be impossible to create a single
vortex of winding one in a box, one can consider a vortex
and an antivortex or a vortex loop geometry so that there is
no net winding in the system. The vortex and the antivortex
will host chiral edge states of opposite chirality. The
number of these chiral edge states will of course depend
on the ratio of the scalar vacuum expectation value to that of
the Wilson parameter. This finite volume system will have a
net zero chirality. The edge states will acquire a mass which
is going to be exponentially suppressed in the distance
between the vortex and the antivortex or the size of the
axion loop.

Implementing the crossed domain wall configuration in a
finite volume, on the other hand will involve two vortices
and two antivortices corresponding to a wall and an
antiwall in x, and x3. The crossed domain wall configu-
rations in question are ¢; = m(e(xy) + e(L — x5)),
P> = my(e(x3) + €(L — x3)), such that the domain wall
and antidomain walls are at a distance L apart. If the defects

at {x, = 0,x3 =0} and {x, = L, x3 = L} carry a winding
of 1 in ¢ + i¢hp, the ones at {x, =0,x3 =L} and
{xy =L,x3 =0} carry a winding of —1. Then, these
defects will carry chiral edge states with a net chiral
imbalance provided m; and m, and the Wilson-like
parameters are in the appropriate range as discussed in
the paper. Locally near each of the crossed domain wall
defects one will observe an inflowing or outflowing current
depending on the number and chirality of zero modes on
the defect.

C. Axion insulator

The continuum Callan-Harvey example of Dirac fer-
mions coupled to an axion field has analogs in condensed
matter systems known as axion insulators. To understand
the connection consider the four band Weyl semimetal
Hamiltonian discussed in [13]

3
H=vp Y Ti(=i0; — eA; — qT") — eA,
i=1

(4.1)

where I'" are Dirac matrices and I is the chirality operator
with the Dirac space being constructed from spin and
pseudospin degrees of freedom [32]. A# stands for the
vector gauge field and ¢; is a vector meant to shift the
gapless points away from zero momentum. The Dirac
matrices can be takento be I' = 73 ® 6; and ' = 73 ® o
with commutation relations [I",IV] = 25" and [[,T] = 0.
Setting the vector gauge field to zero, it is easy to see that
the low energy spectrum consists of left-handed modes I" =
+1 with H, (k) = +vro.(k — q) and right-handed modes
I' = —1 with H_(k) = —vp6.(k + q). The points k = q
and k = —q are called Weyl points. Expanding momenta
around the Weyl points, one ends up with the Hamiltonian
of a free Dirac fermion with chiral symmetry. Interestingly,
as described in [13], one can design four fermi interactions
that couple these two Weyl points in such a way so as to
drive dynamical chiral symmetry breaking which gaps
out the spectrum. This is called axion insulator and the
corresponding Hamiltonian can be written as
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o ( ic-0 -GOA >’ (42)
opA*  ic-0

where A is the auxiliary field whose expectation value drives
spontaneous breaking of chiral symmetry. The similarity
with Callan-Harvey’s axion-fermion Lagrangian is now
manifest. In the presence of a nonzero vacuum expectation
value for A, its phase serves as the axion field. A vortex in
A will then serve as an axion string. As outlined in [16]
this can be engineered by turning on an axial gauge field
A5 constructed using spin-orbit coupling which turns the
Hamiltonian of (4.2) into

(o (=i0—As) 6o
H‘( oA a-(ia—A5>>‘ (43)

The corresponding effective Hamiltonian for the auxiliary
field can be written using gauge invariance and resembles
Hamiltonian of a charge 2 Abelian Higgs model

Hy = |(0-2A5)AP +---. (4.4)
Turning on a background axial magnetic field therefore
creates vortex lines in A causing its phase to twist. This
creates the axion string background of Callan-Harvey.
Substituting the vortex background in the Hamiltonian of
Eq. (4.2) one obtains chiral edge state solutions.

The construction of axion insulator described above
mimics the physics of the Callan-Harvey continuum model.
It will be interesting to construct axion insulator models
which mimic the behavior of the lattice axion string
analyzed in this paper. The model of axion string discussed
in [16] can engineer n chiral fermions on the string by
engineering a winding n vortex. The corresponding Hall
current is n times the Hall current for a unit winding vortex.
In the lattice axion string model constructed in this paper
one does not need a winding two string to obtain two chiral
fermions. A winding one vortex can gives rise to two chiral
fermions as long as the Wilson parameter is adjusted to be
within a certain range as discussed in previous sections of
this paper. If axion insulators can be made to mimic the
lattice axion string of this paper, then they will be able to
support two chiral edge states and a Hall current of two
units with a single winding vortex. Whether such a
construction is realizable will be explored in future work.

V. CONCLUSION

In this paper I constructed a lattice description of axion
strings coupled to fermions which in the continuum is
known to exhibit chiral edge states. The construction is
facilitated by deforming the vortex configuration to a
crossed domain wall configuration, both of which carry
a winding of 1 in the axion field. Naive discretization of
space-time leads to the elimination of any net chirality on
the string or the crossed domain wall core due to the
presence of fermion doublers. This problem is similar to
what is encountered in lattice domain wall systems where a
Wilson term has to be introduced in order to engineer a
net imbalance of right and left chiral edge states on the
wall. Inspired by the domain wall fermion construction, I
introduce Wilson-like terms in the axion string Lagrangian
in order to obtain a net imbalance of right and left moving
edge states on the string. As one changes the crossed
domain wall height with respect to the Wilson-like param-
eter, one encounters discontinuous changes in the number
of chiral fermions on the string. These changes are
associated with the appearance of a two dimensional
surface coinciding with the domain walls where the
fermion gap passes through zero indicating a phase
transition. In the presence of an electric field directed
along the string, a Hall current flows from the bulk to the
string. This Hall current jumps between different integers,
exactly compensating for the boundary current as the
number and chirality of the edge states change as a function
of the parameters. This current is obtained by computing
a one-loop Feynman diagram which integrates out the
fermion away from the defect while treating the phase
variation of the axion field and the background gauge field
perturbatively. There are several interesting questions that
remain to be explored. One of these involves implementing
a finite volume numerical realization of both the crossed
domain wall configuration and the vortex-loop configura-
tion. It will also be interesting to explore a lattice model for
the axion insulator mimicking the lattice quantum field
theory described in this paper.
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