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We employ the domain wall fermion (DWF) formulation of the Thirring model on a lattice in 2 + 1 + 1
dimensions and perform N = 1 flavor Monte Carlo simulations. At a critical interaction strength the model
features a spontaneous U(2) — U(1) ® U(1) symmetry breaking; we analyze the induced spin-0 mesons,
both Goldstone and non-Goldstone, as well as the correlator of the fermion quasiparticles, in both resulting
phases. Crucially, we determine the anomalous dimension 7, ~ 3 at the critical point, in stark contrast
with the Gross-Neveu model in 3D and with results obtained with staggered fermions. Our numerical
simulations are complemented by an analytical treatment of the free fermion correlator, which exhibits
large early-time artifacts due to branch cuts in the propagator stemming from unbound interactions of the
fermion with its heavy doublers. These artifacts are generalizable beyond the Thirring model, being an

intrinsic property of DWF, or more generally Ginsparg-Wilson fermions.

DOI: 10.1103/PhysRevD.107.014504

I. INTRODUCTION

The Thirring model is a quantum field theory of
reducible (i.e., 4-component) fermions interacting via
a current-current contact term, specified in three dimen-
sional continuum Euclidean spacetime by the following
Lagrangian:

2

L= gm0 @) (1)
with i =1,...,N indexing flavor degrees of freedom.
While (1) can be used to model electron dynamics in
layered systems found in condensed matter physics, it is
theoretically interesting in its own right due to its potential
for exhibiting a UV-stable renormalization group fixed
point where a strongly interacting continuum quantum field
theory may be defined. Since there is no small parameter in
play, large anomalous scaling dimensions are anticipated,
so that the resulting theory will almost certainly lie in a new
universality class characterized by noncanonical critical
exponents, a scenario referred to as a quantum critical point
(QCP). This possibility may be explored by several means;
here we continue a program of lattice field theory simu-
lations in which the QCP is identified in the m — O limit
with a transition in which the formation of a bilinear
condensate () spontaneously breaks the model’s global
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U(2N) symmetry leading to the dynamical generation of a
fermion mass. Further background can be found in recent
reviews [1,2].

The U(2N) symmetry of (1) is explicitly broken to
U(N) ® U(N) in the presence of a fermion mass m # 0.
Neither Wilson (with no symmetry protecting against gap
formation) nor staggered (where the breaking is instead
U(N) ® U(N) - U(N)) lattice fermion formulations
faithfully represent this pattern of breaking symmetry,
which is problematic when the QCP dynamics are strong
and there is no means to control the recovery of symmetry
analytically. Our approach utilizes domain wall fermions
(DWF); on a finite system with domain walls separated by
L, in a direction x3, there is accumulated evidence both
analytically and numerically that U(2N) is recovered in
the limit L; — oo [3-6]. Studies of the Thirring model
with N = 1 have revealed evidence for a QCP described
by an empirical equation of state for the order parameter
(pw(m, g)) corresponding to critical exponents with non-
mean field values [6,7], and distinct from those obtained
from simulations of the model formulated with staggered
lattice fermions [8]. Moreover, simulations with N = 2
have failed to identify a condensate for m — 0, consistent
with a critical flavor number 1 < N, < 2, with N <N,
needed for the QCP’s existence [9], and again in disparity
with the N. = 7 observed for staggered fermions [10].!

In this paper we turn our attention to two-point functions,
studying both fermion—antifermion “meson” bound states
in the spin-0 channel, and also the propagating fermion

"It has been proposed that the staggered model captures a
continuum model based on Kéihler-Dirac fermions, which has a
distinct global symmetry [11].
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“quasiparticle” in the spin—% channel. The calculations
employ orthodox lattice field theory techniques, and for
a massive theory, which we can ensure by setting m # 0,
yield information on the particle spectrum. Since the
quasiparticle propagator is not gauge-invariant in a gauge
theory, to our knowledge this is the first time elementary
fermion excitations have been studied using DWF. In
principle it will enable us to distinguish broken from
symmetric phases via dynamical fermion mass generation
and the appearance of Goldstone bosons whose mass
has a characteristic dependence on m in the former
case. However, the DWF setup also enables a study of
the massless m = 0 limit, in which case exactly at the
critical point g =g, all correlations are expected to
decay algebraically, with a power sensitive to the critical
dynamics. Study of the quasiparticle propagator now
furnishes information on a critical exponent 7, defined
via (y(x)(0)) ~ x~>*1), an important characteristic of
the QCP not accessed via the equation of state, which
focusses on the scalar order parameter field.

The rest of the paper is organized as follows. In Sec. II
we recall the lattice formulation of the Thirring model (1)
with DWF, and define the correlation functions to be
calculated in terms of fields ¥, ¥ defined on a 2+1+1D
lattice. Since the study of elementary fermion propagators
is new, analytic insight is welcome; in Sec. Il we have
attempted to collect results for the free fermion propagator
which will inform studies in both this and future work,
including a simple analytic model which to good accuracy
reproduces a numerically significant artifact resulting from
a branch cut in the exact form (29) below. It is demonstrated
that finite-L artifacts are reduced if instead of miypy the
U(2N)-equivalent mass term imyysy is used, corroborat-
ing earlier studies of the condensate (py) [3-5].
Dependence on the domain wall height M is also studied.
Section IV presents spectrum results from numerical
simulations on a 16> x 48 x L, system with varying m,
g and the domain wall separations L, = 64, 80 used in the
most recent equation-of-state study [7]. Our fitting pro-
cedure is described in detail; we study three distinct spin-0
mesons including both Goldstone and non-Goldstone
channels (a non-Goldstone requiring the evaluation of
disconnected diagrams is omitted for now) and the fermion
quasiparticle. In Sec. V we turn our attention to the fermion
channel with m set to zero. First we develop continuum
models for the quasiparticle propagator at a QCP, i.e., with
anomalous dimension 7, # 0, showing that in general a
UV regularization is required. We also present an Ansatz
for how the propagator might be modified away from the
QCP in the symmetric phase, i.e., with a finite correlation
length i~! where p is not a pole mass. Finally we present
numerical results taken at five different couplings in the
symmetric phase including one very close to the QCP
deduced from equation of state studies [7], obtaining an
estimate 7,, ~ 3 at the critical point. Section VI discusses

our results, with some technical details postponed to the
Appendices A-C.

II. LATTICE FORMULATION
AND METHODOLOGY

The lattice model studied here is the “bulk” variant of the
formulation first set out in [5], employing domain wall
fermions in 24+ 1+ 1D:

§= Skin + Sim + Saux
= Z Z li,(x’ S)Mx,s;y,s’\P(y’ S/) + Saux- (2)

Xy s,

Here W, ¥ are 4-spinors defined on a hypercubic lattice
with 2 + 1D indices x and an index s labelling the “third”
direction x5, taking values s = 1, ..., L,. Free fermions are
described by the kinetic operator

MO = 5.Y,S’DWx,y + 5x.yD3s,s’ + mSm3; (3)

Dy is the 2+ 1D Wilson operator with domain wall
height M:

1
DW<M)x,y = _5 Z [(1 - y;z)(sx-kﬁ,y + (1 + 7;4)5x—ﬁ,y]
n=0,1,2

+ (3-M)é,,. 4)

Throughout this work we use M = 1. Hopping along x5 is
governed by

D3 (Ls)x.s’ = _[P—6S+1,s’(1 - 55,LS) + P+5s—1,s’(1 - 53,1)]
+ 68,0 (5)

The factors (1 —&,,,,,) implement open boundary con-
ditions at domain walls located at s = 1, L, while the
projectors P, =1 (1 +y3) also appear in the definition of
the target physical fermion degrees of freedom v,  defined
on the walls:

w(x)=P_¥(x, 1)+ P, ¥(x,Ly);
w(x) =¥(x,L,)P_ +¥(x,1)P,. (6)

Finally, the mass term is defined in terms of fields on the
walls via

mSm3 = lmz l[_/(X)]/3l//(X) (7)

This form of the mass term yields superior convergence to
the U(2)-symmetric limit anticipated as L; — oo over the
conventional mypy [3,5].

The interaction term is between a fermion current and a
real noncompact vector field A, defined on the links of the
spacetime lattice:
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mt ZA

x,us

+W(x+a,5)(1+7,)P(x.s)]

= AT, () (8)

Integration over the auxiliary field specified by the
Gaussian action

=1 +y,)¥(x+ 1)

1
Saux = _QZA;%(X)’ (9)
2g -
results in a four-fermion contact interaction ——J T,

between conserved nonlocal currents

x) = ZA;]'H(X, S) =
(10)

with the local current (v € {u,3})

Ju(x.s) = [‘i‘( s)(ru

5 - 1)¥(x+12,s)
+W(x+2,5)(r, +

1)¥(x, s)] (11)

obeying a 2 + 1D continuity equation2 (Cf. [12]):

—J3(x, 1) = mip (x)y(x) s=1
AL Ju(x.s) =4 —A3j3(x.5) l<s<L
+j3(x, Ly = 1) +mpr(x)y(x) s=L;.

(12)

The fermion matrix M[A,] superficially resembles that
of an Abelian gauge theory, with link fields e*4 replaced
by nonunitary links (1 +iA,). At strong coupling this
nonunitary nature presents challenges, both in inverting M
and in the recovery of U(2) as Ly — oo [6]. In practice
N =1 dynamics are simulated with an RHMC algorithm
based on the positive measure det(M' M )z; details can be
found in [6,9] and the simulation code is available at [13].

Quasiparticle and meson propagators are calculated in
terms of the 2+ 1+ 1D propagator S(m;x,s;y,s’) =
(¥(x,5)P(y,s')), which obeys two useful identities [3]:

rsS(m;x,s:y.5 )ys = ST (myy,s'x,5);  (13)

y3S(m;x, 55y, 8 )y; = ST (=m;y,5;x,5), (14)

’If the U(2)-equivalent mass term imyysy is used [3], there are
no terms proportional to m in (12).

with § = L; — s 4+ 1. Meson propagators in spin-0 channels
are then defined using local bilinear sources via

Cr(x) = @Oy (0)p(x)ly(x):  T'efrs.rs.Tysrsh

(15)

Using the definition (6) and relations (13), (14) they can all
be expressed in terms of the primitive correlators [3,9]

= (x) = r[S(m;0, 1;x, L) P_S"(m;0,1,x, L;)P_];
~(x) = tr[S(m;0, 1;x, 1) P, ST (m;0,1,x, 1)P_];
C(x) = tr[S(m;0, 1;x, L,)P_ST(—m;0, 1,x,L,)P_];
~(x) = w[S(m;0, 1;x,1)P,. ST (=m;0,1,x,L;)P_],
(16)

requiring two inversions of M for each source location on
the s = 1 wall. The resulting expressions are

C,(x)=Co-(x) =[CT(x)+C™ (), (17)
Ci(x) = Cg+(x) = |C(x) =C(x)):  (18)
Cp(x) = Cng(x) = [C (1) + CH () (19)
Cpys(x) = Cng- (%) = [CT(x) = CT(x)[.  (20)

The channel subscripts denote whether the meson is
Goldstone or non-Goldstone, based on an anticipated
U(2) » U(1) ® U(1) symmetry breaking induced by a
symmetry-breaking mass term imyy;y. Parity + assign-
ments follow the definition

W) S (= BT (o, (21)
chosen to leave this mass term invariant. Note that in the
case of symmetry breaking the NG™ channel also has a
significant contribution of the opposite sign from discon-
nected fermion line diagrams, which we do not attempt to
calculate.

In the spin-% sector the time slice propagator for free
fields is

ePo%o

$y00) = SOt ~ [P

X

_l}/3 + Y0 e_m|x0" (22)

where + denotes the sign of the temporal displacement
Xo. In terms of 2 4+ 1 + 1D propagators this motivates the
measurements
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So(xo) = %tryoSf(xo) = %Ztryo [P_S(m;0,1;x,1)
+ P,.S(m;0,Lg;x, Ly)];
Ss(xo) = %tr}/g,Sf(xO) = iZtr[—P_S(m; 0,1;x, L)
+ P,.S(m;0,Lg;x,1)]. (23)

For enhanced sampling expressions (23) are evaluated
using a wall source; since there is no need for gauge-
fixing, this presents no additional complications. We
sampled every fifth trajectory, using sources located at
five different time slices, each requiring separate inver-
sions on two distinct Dirac-indexed sources to evaluate
(23). This was found to yield substantially improved
results compared to earlier studies employing smeared
sources [5].

III. FREE FERMION CORRELATOR

In this section we collect together some analytic results
and approximations for the free fermion correlator using
DWEF, with the goal of understanding the discretization
effects introduced by the lattice as well as the influence of
domain wall height M and separation L. All the con-
sidered formulations have the correct continuum limit,
but they approach it at different rates which can be crucial
for simulations with limited computational resources.
This will inform the numerical study of the fermion
propagator in the interacting theory to be presented in
Secs. IV, V.

We explicitly distinguish between the two mass
operators iysms as in Eq. (7) and the conventional
Hermitian m,, in this section. Since we are interested in
analytic results here, we derive the free fermion propagator
in terms of operators rather than the measured quantities
S(m;x, s;y,s"). Furthermore we work in momentum space.
Following Ref. [5], we obtain the expressions [formally
equivalent to those in Eq. (23)]

C(p;1,1) =Tr[yoP_D'(p; 1,5)G(p;s. 1)],  (24)

C(p;1.Ly)

- {Tr[P_DT(p; 1,5)G(p;s,Ly)],
-\ Tt[=iysP_D¥(p:1.5)G(pis. L)), m=iysmy

m=nmy

(25)
where the Wilson operator D [corresponding to M, in (3)]

and the Green’s function G are defined by

D(pi1,5) = 05 — (L, —5) [P,
+ (b - lﬁ)asl + mP—as‘.Lx]’ (26)

G(p;s,s') = (PLA, + P_A_)e ?b+s=2)
+ (P+A_ 4 P_A+>6_a(2LJ'_S_S/> 4 Be—a\s—s’\
+Am<e—a(Ls—S+s’—l) 4 e—a(Lﬁ-s—s’—l)) (27)
respectively, with the auxiliary variables a, p,b,A,,A,,,
and B listed in Appendix A 1.

For zero spatial momentum, the explicit evaluation of the
traces in (24) and (25) yields the form

C(p = (po.0.0))
= C((p0,0,0);1,1) + C((po, 0,0); 1, Ly) (28)

_2im sin(pg) +2cos(pg) ++/5—4cos(pg) — 1 (29)

i(m?+1)sin(py) +2m cos(py) —m

in the large L, limit and setting the domain wall height
M =1 immediately. The exact form for finite L can be
found in Appendix B.

We obtain the same expression for both mass terms,
iysms and my, in the Ly — oo limit as expected. The
convergence in the mj case is significantly faster, however,
as we will discuss later on.

A. The free propagator in momentum and real space

Often the physical intuition obtained from exact analytic
calculations is rather limited. We will therefore investigate
an approximation that captures all the important physics
without “having too many trees to see the forest.”

We start out with the well known (up to a constant and
irrele\S/ant factor 2) free particle propagator in continuous
space

CCOHt(p) = (30)

m+ip’
Going to a lattice, we have to substitute the momentum p
for the lattice momentum sin p. The simplest realization
with the correct continuum limit is then

2

Cnaive(p) = m+ i sinp s

(31)

which, of course, leads to the infamous doubling problem
since the sin-function has zeros not only at integer multi-
ples of 2z, but also at multiples of z. The domain wall
approach essentially gets rid of this problem by lifting the
unphysical pole near p = z (assuming m < 1). The exact
formula (29) is a particular realization of this requirement,
and so is

3This works straightforwardly at zero momentum as then p =
Po is scalar which is the relevant case for now, but it can also be
extended canonically to the vectorial version.
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imaginary part right.

1 + n(m) cos p 1
= = 2
Co(p) m+ isinp n(m) 0 (32)

Figure 1 shows that C and C) are quite compatible, so we
are going to use the simplistic version Cy(p) in further
analysis.

We are interested in the propagator in (imaginary) time,
still at zero spatial momentum, so we have to perform a
Fourier transformation

Colt) == S Colp)ein, (33)
L

I po

where p, ranges over fermionic Matsubara modes. The full
derivation of the exact form is provided in Appendix A 2
and it yields

(34)

where 71 := sinh~!m. In the zero temperature (L, — o)
and continuum (m — 0, but mz = const.) limits C(7)
approaches the expected form e,

B. Leading order corrections

The propagator C, derived in Sec. III A captures the
important intermediate time 1 < t <« L, features including
some lattice artefacts and the absence of the doubler. There
are, however, more subtle but still substantial discretization
effects not yet considered. When considering the exact
form C(p) instead of the simplified Cy(p), the most
prominent difference is that C(p) has not only poles but
also branch cuts due to the /5 — 4 cos p term. The square
root stems from the quadratic nature of DD solved for the
Green’s function [5], or more generally from the quadratic
(chirality breaking) term of order O(a) in the Ginsparg-
Wilson equation [14]. While all the other differences are

Exact and approximate free fermion propagators at zero spatial momentum in momentum space, m = 0.05. Real part left,

analytic and can therefore feature only in higher orders of
m, this nonholomorphicity has an immediate impact on the
contour integral and therefore on C(r). The existence of
branch cuts in the DWF representation has been noted
before [15], but to the best of our knowledge so far neither
their origins nor their implications have been investigated.

Branch cuts indicate unbound many-particle interactions
[16], in this case between the fermion and its doubler.
These interactions are very short ranged for heavy doublers
and decouple completely in the continuum limit. Put
differently, the branch cuts can only start at energies larger
than the sum of fermion and doubler masses and therefore
vanish in the limit of infinitely heavy doublers. Here we see
again that DWF (or more generally Ginsparg-Wilson
fermions) do not get rid of the doublers in principle, but
rather assign zero weight to the single particle dou-
bler poles.

Again, the details of the modified correlator’s derivation
can be found in Appendix A 3. We call the modified
propagator that incorporates both C, and the branch cuts

2t—L,

~ 3 1
Co(t) = Cy(t —
o0 =60+ 3 (e

" 1 2 )
()"

(35)

and we show all three propagators as a function of ¢ in
Fig. 2. As expected the unphysical contributions vanish
exponentially fast when ¢ and L; — ¢ are large, so that the
correct results are obtained in the continuum and zero
temperature limits. Careful zooming in reveals some small
differences between C and C, at the edges of the diagram,
but the leading order features are described very well.

C. Influences of the domain wall height and separation

Throughout this work we set the DW height M = 1 and
therefore do not go into detail about its influence on the
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FIG. 2. Exact and approximate free fermion propagators at zero
spatial momentum in real space, m = 0.05.

propagator here. A short summary of how M affects the
propagator is provided in Appendix B.

More importantly, the DW separation L, has to be
chosen finite in actual simulations so that the L; — oo
limit assumed in this section so far is not always justified.
We show the behavior of the propagators at small domain
wall separations in Fig. 3. C), (i.e. using m = m,,) exhibits
significant deviations from the case discussed above for
L <6, whereas C5 (i.e., using m = iy3m3) remains vir-
tually unchanged until L < 3. We find that both expressions

contain first order e=*fs-terms but C; has only imaginary
and order O(m) suppressed contributions, resulting in
smaller finite L effects. See Appendix B for the exact
formulas.

Let us stress at this point that the finite L, effects are
significantly larger in the interacting case (Cf. the results
for the equation of state presented in [6,7]) and one cannot
choose the DW separation from these free theory calcu-
lations. We can nevertheless infer that C3 approaches the
physical L; — oo limit faster than C, justifying our use of
this particular formulation throughout this work.

In summary, the results of this section demonstrate that
while DWF introduce new forms of short-distance artifact
due to a branch cut not present in traditional lattice
formulations, the results are in perfect accord with the
free fermions in the continuum am — 0 and low temper-
ature L, — oo limits. These insights will aid interpretation
of the numerical results for interacting fermions to follow in
Secs. IV and V.

IV. RESULTS FROM 16 x 48

In this section we present spectroscopy results from a
16 x 48 system, using domain wall separations L; = 64,
80. In this initial study we have focussed attention on four
values of the inverse coupling = g~2a € {0.24,0.28,
0.32,0.36}. For the N =1 model defined by (2), the
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FIG. 3.
separations top: Ly = 3, L, = 4; bottom: L, =5, L, = 6.

Exact and approximate free fermion propagators at zero spatial momentum in real space, bare mass m = 0.05, domain wall
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FIG. 4. Time slice correlators for = 0.36 (left) and 0.24
(right) with ma = 0.005, L, = 64.

U(2) symmetry spontaneously breaks at a critical coupling
around f# =~ 0.28 [6,7], so we have one ensemble well within
the broken phase, two in the symmetric phase, and one in the
vicinity of the critical point. Figure 4 shows data taken from
2500 RHMC trajectories at the weakest coupling f = 0.36
(left) characterizing unbroken symmetry, and the strongest
f = 0.24 (right) characterizing the broken phase.

The data plotted corresponds to the time slice correlators
in G~ (17), G™ (18) and NG~ (20) meson channels, and the
forward-moving spin-} quasiparticle state given by S, =
So -+ S5 (23), denoted f in the figure. Since NG™ also has
contributions from disconnected fermion line diagrams not
calculated here, we merely comment that numerically the
connected component is very close to the G~ channel
(indeed they are exactly degenerate in the m — 0 limit), and
omit this channel from subsequent analysis. Also note we
have chosen to plot the square root of the meson data in
Fig. 4 for ease of comparison with f.

As might be anticipated from the form of (17), G~ yields
numerically the largest signal, which increases going from
symmetric to broken phases as first noted in [9]. A striking
feature is the disparity between G* channels, which should
be degenerate if U(2) symmetry is manifest. The NG~ data
is appreciably noisier, since the signal (20) results from the
difference of two much larger numbers. Finally, f is not
symmetric under ¢+ —f, a generic feature of fermion
correlators. For = 0.36 the f correlator has kink dis-
continuities about ¢ = 6, L, — 6 which are compatible with
the branch cut artifacts in the free fermion correlator
revealed in the difference between C, and C,C, in
Fig. 2, discussed in Sec. III. At the weaker coupling f =
0.36 the decay in the forward ¢-direction is comparable in
all channels, modulo an overall normalization, suggesting
the mesons are weakly bound states with M e, ~ 2M ;. At
p = 0.24 it is possible to discern a difference between G
and NG channels, but by now both NG and f signals are
much noisier. The visible curvature in all data, particularly

those at weak coupling, suggests that a fit assuming
conventional exponential decay resulting from an isolated
simple pole may not capture all the information present.
Nonetheless, as a first step in the next subsection we will
pursue this strategy.

A. Correlator and plateau fits

We allow two Ansditze for the correlator. In the massive
case we assume the usual exponential behavior with
(symmetric meson correlator) and without (nonsymmetric
fermion correlator) back-propagating part

Csym(t) =a COSh(meff(t - Lt/2))’ (36)
Conp(t) = ae™ert, (37)

respectively, while for fermions with m = 0 we addition-
ally test for compatibility with an algebraic decay

Cag (1) = at™er, (38)

In both cases the proportionality constants a, @ do not
carry physical meaning, whereas the effective masses
meg and anomalous dimension p.; are to be determined,
respectively.

To this end we use the procedure derived in Ref. [17],
Appendix B and summarized in Algorithm 1 thereof. First,
we calculate local approximations of the effective masses

Coym(t +1) + Cym(t—1)
Csym(t) >, (39)

Cexp(t+1)
Cexp(t)

1 Culg<t+l>

_ Culg(r) (41)

In L
t

Megr(t) = cosh™! <

meff(t) =—In ’ (40)

Hegr (1) =

and identify plateaus of the effective mass. Next, we fit a
constant to the plateau in this region and simultaneously
one of formulas (36) or (38) directly to the respective
correlator in the same region. The constant plateau fit might
have a bias (see [17], or for more details Sec. 4.C of [18]),
so further analysis always relies on the correlator fit
exclusively. Finally, if the effective mass is not too noisy,
we identify all regions where its slope is compatible with
zero, repeat the fit and use the standard deviation over the
different regions’ fit results as an estimator of the system-
atic error Ay

Figure 5 shows examples of plateaus corresponding
to a weakly and a strongly interacting “Goldstone” meson
correlator respectively. Clearly, the case of f=0.24
features a distinct plateau, resulting in small errors. In
contrast, f = 0.36 comes without an obvious flat region.
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Visualizations of the effective mass (39) plateaus of cosh-type mesonic Goldstone Cy(x) = Cg-(x) (18) correlator fits. The

blue line with error band gives result of the correlator fit with statistical error, obtained via Eq. (36). The length of the blue band indicates
the fitting region. For comparison, a constant fit to the effective mass is shown by the dashed orange line. The dot-dashed red line shows
the estimation of the systematic error, as explained in [17]. Note that the red and orange lines have been extended outside of the fitting
region, for clearer visibility. Left: m = 0.005, = 0.28, L, = 80. Right: m = 0.005, p = 0.36, L, = 64.

This property is captured in a much larger systematic error,
as seen in Table I below.

For fermions the effective mass often turns out to be too
noisy to be of any use, as can be seen in the left panel of
Fig. 6. Nevertheless a fit to the correlator is well behaved in
most cases (see right panel of Fig. 6), so that we can safely
analyze the fit result, albeit without an estimator of
potential systematic errors.

B. Results

Figure 7 shows the resulting spectrum in the four
channels of interest for L, = 64 (left) and L, = 80 (right),
using the bare fermion mass ma = 0.005, and assuming
exponential decay. Although there are relatively large
uncertainties in NG~ and f channels, the picture remains
consistent as L, increases from 64 to 80. The two G
channels yield roughly constant masses across the range of
couplings explored; moreover despite the large disparity in
signal amplitude apparent in Fig. 4, the G* masses are
approximately degenerate consistent with U(2) symmetry.

TABLE 1. Systematic fitting uncertainties in the G~ channel
with ma = 0.005.

p Asysl(l‘x = 64) Asyst(Lx = 80)
0.24 0.0008 0.0007
0.28 0.0001 0.0002
0.32 0.0029 0.0003
0.36 0.0158 0.0113

The f mass satisfies M :%Mmeson at the weakest cou-
pling, but rises sharply across the critical region f ~ 0.28,
consistent with dynamical mass generation associated with
the spontaneous breaking of U(2). No satisfactory fits were
found for the noisy broken phase data at f = 0.24. The
NG~ results are very noisy, but are at least consistent with
My o« M as befits a generic non-Goldstone bound state.
As mentioned above, as a consequence of the curvature
of the data in the plots of Fig. 4, single-pole fits of the form
(36) are more convincing in the broken phase, and work
less well in the weak-coupling symmetric phase; this is
corroborated by the growth Ay with f exemplified by
G~ data shown in Table I. Mesons at weak coupling are
weakly-bound at best, and ultimately may be better
described using a continuum spectral function.
Qualitatively, the picture is very similar to that found in
simulations of the Thirring model with N =1 staggered
fermions (see Fig. 17of [8]), in which case the symmetry
breaking pattern is U(1) ® U(1) — U(1). For DWF with
finite L, it is necessary to enquire to what extent the
anticipated pattern U(2) - U(1) @ U(1) is realized.
Figure 8 addresses this issue from two directions. On
the left is plotted the Goldstone versus bare fermion
masses. Although Mg decreases with m at all couplings,
there is no sign of the Mg « y/m behavior of a true
Goldstone mode in the broken phase p=0.24.
Comparison of L, = 64, 80 also suggests the results are
not yet in the large-L, limit where U(2) recovery is
expected. The plot on the right compares data from the
two Goldstone channels G*, which with U(2) symmetry
manifest should be degenerate even for m # 0. At best
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FIG. 6. Algebraic fit of a fermionic correlator (38) (m = 0, f = 0.34, L, = 64). Visualization of the effective mass (41) (left) and
actual fit of the correlator (right). Fit results including statistical errors are shown in blue. The length of the blue band indicates the fitting
region. For comparison, in the left panel a constant fit to the effective mass is shown by the dashed orange line.

degeneracy looks to be recovered only as m — 0, and again
there are significant finite-L; effects. We conclude the
results obtained in the meson sector are suggestive but not
yet conclusive, and that U(2) symmetry recovery is not yet
demonstrated.

In summary, in this section we have demonstrated: the
presence of meson bound states (unambiguously in the
broken phase f < f3., more equivocally in the symmetric
phase f > f.); degeneracy of the two distinct Goldstone
states in pseudoscalar and scalar channels, despite the large
numerical disparity in the correlators; the expected hier-
archy between G and NG states; the evolution in fermion
mass from weak coupling where mesons are weakly-bound

T
07k 1 1 -
L oG || ,
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o6l 1. 8 o ]
\ SN e NG |L
N ee f

L
v
\
|
|
|
\
| S
I ~
(% A ~
\ v \
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v \
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(Y \
w/ \
W/ S
e e
S Pras
Al -
S ot
S
/ i
/ i
s

0.1 B = -
\ \ \ \ \ \ \
07024 02 032 036 024 028 032 036
p p
FIG. 7. Spectrum results with ma = 0.005, L; = 64 (left) and

L, = 80 (right). Error bars are obtained by adding A, and Ay
in quadrature.

[ff states to strong coupling where there is dynamical gap
generation and M is hard to measure. The scaling of the
Goldstone masses with bare fermion mass does not
manifest the expected Mg o /m behavior, and further
work to explore both thermodynamic and large-L limits is
needed.

V. CONFORMAL NATURE OF THE
FERMION CORRELATOR

While spectroscopy with explicit U(2) symmetry-
breaking m # 0 is the best way to test the Goldstone nature
of the bound states G*, it does not reveal the critical nature
of the fermion at the fixed point. In this section we discuss

- o
- "”,.—"
) I S I - .
c‘_’__,o—” ,—-"‘. h
: ’*_,»”' E”—’
3 pets | | &
= o--0G  p=0.24
oon G B=0.24
0.1 8024 7 I~ e--G =0241=807
o---0[p=0. 4
. =G f$=0.24 L =80
oo p=0.28 G ; 028
a0 B=0.32 oG B0,
a-aG $=0.28
0 \ s \ \ s \
0 0.01 0.02 0.01 0.02
ma ma
FIG. 8. Mg- vs m for various couplings (left); comparison of

Mg+ vs m (right). In both cases open symbols denote L, = 64,
closed L, = 80.
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the case m = 0, presenting both continuum-based models
for the critical propagator, characterized by a new and
distinct exponent 77,,, and numerical data for the propagator
So (23) taken in the massless limit.

A. Massless fermions

To begin, we propose a model for the fermion time
slice correlator Cy(xo) in the symmetric phase g* < gz in
the massless limit m — 0. In this regime we expect the
correlator to decay algebraically, but also to reflect in
some way a finite correlation length which diverges only as
¢ = g>_. Our ultimate aim is to identify the fermion
anomalous dimension 7,, defined by the critical scaling

by 4
with }7: (yO’}/l’YZ)» X )_C) = |)_C)‘ =X.
We start by focussing on the behavior exactly
at the critical point, modelled by replacing the free

massless fermion momentum-space propagator 1/iy by
1/ip"="p,y, with |p| =1 and p,p, = p:

B 16 dsp _ii’u}’ﬂ i3
0 =al’s [ G’

d z
= /S—:Zp””w /j dfsin 20 sin(px cos 0)
-5

1

2

X «© 1
e d _-H?"’JS . 43
(27) A P E(IM) 43)

The remaining integral over p is formally given by

1 r2+n,) . 1
Cix) = v imC(x) =
j()C) 47Tx2+]7"’ F(] _’_‘%V/)F(l _’%}/) WV}TO f(x) 4ﬂ'x2
(44)

Since the decay is algebraic, it is natural to plot C(x) using
logarithmic scales on both x and y-axes.

B. UV considerations

The integral (43) is only convergent for 5, <O0: in
general therefore we must introduce a UV scale A to
regularize the model. A simple sharp momentum-space
cutoff p < A yields an oscillatory dependence C(x) o
cos(Ax), which is physically unacceptable. We have
explored a smoother cutoff defined by the following
integral, which exists for ,, > —3:

xz/oo dpp%Jr”v']a(px)e_K_i
(27): Jo :
34,
I'(=") 34+n, 5 x2A°
= T;ZZJXA3+HVIM< ) y 35»_ 4 ’ (45)

10—1 p
1072 4
1073 i
- 1074 4
3
G 1054 e ny = 0.1 algebraic
1o ] — e~PIIN cutoff
— ny=0.8
1077 { — ny=12
T I
— ny=2.0
1070 1~ * i
100 10!

X

FIG. 9. Cy(x) for various 7, with A = 7.

where M is the confluent hypergeometric function | F;.
In the limit xA — oo (45) recovers the naive algebraic
decay (44).

Fig. 9 shows C f(x) evaluated using both (44), (45). To
approximate the lattice cutoff we choose a numerical value
A =nm. For n, <1 the regularized form matches the
algebraic form well, but for larger values of #,, the cutoff
dependence is significant over much of the range permitted
by L, =48. As dictated by the gamma function in the
denominator of (44), things break down at 5, = 2 where
(45) has the limiting form

XA’ x2A?

and it is no longer possible to hide the cutoff.

We conclude: (i) for conformal dynamics described by
(42) there appears to be an upper bound on the anomalous
dimension 7, < 2; (ii) for large anomalous dimensions UV
artifacts might make fitting for #,, a nontrivial challenge.

C. Introduction of finite correlation length

Next we introduce a finite correlation length u~!,
motivated by the large-N limit of the scalar auxiliary field
propagator found in the 2 + 1D Gross-Neveu model [19]:

T (47)

D,(p) = s
() p+u

where the inverse correlation length y is related to the width
of an unstable resonance in the scalar channel, but does
not correspond to a pole on the imaginary-p axis yielding
exponential decay. Rather, the appearance of p = (p - p)?
in the denominator yields a branch cut starting at the origin
in the complex p? plane; the pole of (47) at (p?): = —u lies
on a different sheet to the one where the integral defining
the Fourier transform from p to x lives. This form was used
to fit numerical D, data in [20].
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FIG. 10. Cy(x) for various #,, with A = 7 and u = 0.005.

Our Ansatz for the fermion propagator in momentum
space is
1 —ip
=T ()
i(p+u) =" Pury

Cp) (p )

In real space we now have

1 X 0
Cr(x) = ur:Cr(p) = (271)3/> dp(p +u)v=" piJy(px).

(49)
In the limit y — 0 we recover (44), while for y — oo

1
n,ZIul—r],,,x?a :

Cy(x) (50)

2
_r_ . .
Once again a UV regulator e 4> must be introduced, which

modifies C(x) at small x. The resulting integral may be
evaluated using numerical quadrature; the result for fixed
w and varying ,, € (0,2) is shown in Fig. 10. Dashed and
dotted lines show the limiting forms (44) and (50)
respectively.

In practice, our dataset is hypothesized to have
fixed 7, and varying u corresponding to varying
g2 — g% Figures 11 and 12, show Cy(x) evaluated
for various p with fixed #,, chosen close to the extremes
of the range (0,2). The curvature of the plots suggests it
may be possible to distinguish the cases 5, < 1 and 17, >
1 by qualitative means without recourse to a fitting
analysis where control of systematics is still poorly
understood.

However, the Monte Carlo data is for the time slice
correlator Cy,(xo). For Cy(x) = & - 7/x*tv,

2 1

1
Cri(xo) = Ztry()/aaxlcf(x) T (51)
v X0

— ny=0.2,u=0.005
100 4 . ny=02,u=0.05
102
<
-4
S 10
10-°
1078
10° 10! 10?
X
FIG. 11. Cy(x) for 5, = 0.2 with A = 7 and various p.

We therefore predict the slope of the resulting data on a log-
log plot to be in the range (0,2) for Axy > 1, uxy < 1, with
asymptotic slope 1 achieved for puxy, > 1.

D. Numerical results

We calculated the fermion time slice propagator with
m = 0 using just the time-symmetric projection S, of (23)
on ensembles with L; = 64 generated by 5000 RHMC
trajectories taken at 54-values in the symmetric phase, with
the strongest # = 0.28 corresponding approximately to the
critical value obtained in studies of the equation of state
[6,7]. The results for data averaged over forward and
backward directions are shown on a log-log plot in
Fig. 13. While the data show qualitative features which
might be compared with those of Fig. 12 describing the
case 7, > 1, the signal-to-noise ratio falls as the critical
coupling is approached.

In principle on a lattice of finite temporal extent we
should correct for backward propagating signals, and also
contributions from propagation over arbitrarily many tem-
poral circuits. The analysis presented in Appendix C shows
that both effects are mitigated by fermion antiperiodic

— 1,=1.8,u=0.005
1071
— ny=18,u=0.05
— nNy=18,u=0.5
1073 Y
107
X
S
1077
1079
10711 \\\
10° 10! 102
X
FIG. 12. Cy(x) for 5, = 1.8 with A = 7 and various p.
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FIG. 13. Time slice fermion correlator for various f with

L, =64, m =0, together with fits to (38). The inset shows
the fitted anomalous dimension 7,,.

boundary conditions; however, with the limited statistical
precision currently achieved there is no motivation to
explore beyond the simplest fit form (38). Results for
the fitted 7, = pesr are plotted in the inset of Fig. 13. The
quality of fitincreases as ™\, and the fitted #,, ~ 3 for the
near-conformal value f = 0.28.

In summary, we have established a signal and obtained
results for the fermion time slice correlator in the vicinity
of the postulated QCP in the massless limit, and analyzed
its propagation assuming algebraic decay in the temporal
direction. Our results are in qualitative agreement with the
model presented in Sec. V C, but disagree quantitively in
two respects: firstly the value for the fermion anomalous
dimension 7, lies outside the range [0,2) compatible with
the conformal propagator in momentum space (42); sec-
ondly there is no sign of recovery of p.; =1 far from
criticality as predicted by (48), (50). Rather, our data
suggest 17, ~ 3 in the vicinity of the QCP, an unexpectedly
large value.

VI. DISCUSSION

In this paper we have used the DWF formulation of the
Thirring model to perform spectroscopy using orthodox
lattice field theory techniques on a lattice in which the
temporal extension is greater than the spatial extent. Since
the Thirring model has no gauge symmetry, we have also
been able to study propagation of elementary fermion
fields. In both cases the results represent significant
progress over previous exploratory studies [5,9].

In the meson sector, our results are consistent with the
two Goldstone-like modes G* having degenerate masses,
as demanded by the residual U(1) ® U(1) symmetry,
despite a large disparity in the overall magnitude of the
correlators. Moreover the accessible non-Goldstone NG~
state is clearly more massive, and increasing as the system
moves from the symmetric into the broken phase, despite a

very noisy signal due to its definition in terms of the
difference of two much larger correlators. At the weakest
couplings f = 0.36 explored, the poor quality of fit
reflected in the large systematic error Ay suggests
mesons are only very weakly bound so there is significant
contamination from a fermion-antifermion continuum. In
the broken phase at f = 0.24 by contrast, the Goldstones
are tightly bound, but fail to respect the expected behavior
Mg  \/m; the large L-artifacts shown in Fig. 8 suggest
U(2) symmetry restoration may be even harder to observe
in the spectrum than in the order parameter: studies in the
thermodynamic limit, not taken here, may also prove
important.

In the fermion sector, we have first presented an analysis
of the free-field correlator which highlights a potentially
significant contamination arising from a fermion-doubler
continuum at small 7, clearly visible in the data of Fig. 4,
which must be taken into account when performing
spectroscopic fits. We also examined the impact of varying
domain wall height M and separation L. Once again, the
superior convergence of the DWF formulation with mass
term S, (7) is apparent. A major innovation has been the
employment of wall sources to vastly improve the sampling
of the correlator over previous attempts [5]. The results
indicate My~ %MG ~ %MNG at weak coupling f = 0.36,
consistent with mesons being weakly bound states, but that
M rises steeply toward the phase transition at . ~ 0.28
until correlator noise precludes its measurement in the
broken phase. It is clear a much finer comb of coupling
strengths in the vicinity of f. is needed in order to refine
this rather crude first step.

Finally, we exploited the stability of the DWF formu-
lation to perform measurements of the fermion propagator
in the m — 0 limit in an attempt to probe the conformal
nature of the putative fixed point dynamics. We first
presented an analytic model demonstrating that in general
a UV regularization is needed, and that the algebraic decay
of the fermion correlator parametrized by the critical
exponent 7, needs to satisfy the bounds 0 <7, <2 in
order to permit a straightforward passage between real
space and momentum space. The numerical data of Fig. 13
by contrast prefer 77, ~ 3. We are at a loss to account for this
discrepancy, but know of no reason why a conformal field
theory with such a large anomalous dimension should be
excluded. This is certainly the most interesting result of this
paper, and contrasts markedly with the value »,, = 0.37(1)
found in finite volume scaling studies of both Thirring [21]
and U(1) Gross-Neveu [22] models formulated with stag-
gered fermions, strengthening our conviction that DWF and
staggered Thirring models are distinct.

In conclusion, while much insight into the excitations of
the Thirring model as the U(2) limit is approached as L, —
oo has been obtained, some important questions remain
unanswered. In future work, encouraged by the apparent
superior L, convergence observed in [23], we plan to
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extend the study to the Thirring model formulated with
DWEF using a Wilson kernel rather than the simplest Shamir
kernel (5) used here.

VII. DATA AVAILABILITY

All the code and data (raw as well as analyzed) required
to reproduce the results of this paper can be found in [24]
under open access. We used FORTRAN for the DW simu-
lations and heavily relied on the HADRON [25] package for
our data analysis implemented in R [26].
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APPENDIX A: DERIVATION OF THE FREE
FERMION PROPAGATOR IN TIME

1. List of auxiliary variables

The auxiliary variables required in the Egs. (24) and (25)
are given by

1 bZ =2
ZCOSh(X:%; Py =sinp,;
b(p)=1-M+> (I -cosp,) (A1)
"
as well as
A, = A7'B(e** — b)(1 — |m|?), (A2)
A,, = A"'B[-2mb sinh a 4 e~*L:=D) (e72%(h — &%)
+ |m|*(e™ = b))], (A3)
B = (2b sinha)™!, (A4)
A =e*(b—e*) + |m|*(e* - b)
+ e_z‘l(L“_DHmP(b _ e—a) + e—Za(ea _ b)]
+ 8, €L Vdmb sinha. (AS5)

The mass can be chosen to be either m = m;, or m = ims.

Ahn(z)

— 27

>< >

—sinh''m

FIG. 14. [Initial contour C from Eq. (A8) enclosing the poles of
the Fermi-Dirac function 1.

2. Holomorphic case up to poles
We employ the Matsubara technique

1 1 ,
Colt) = -3 LA 08y i (A6)
L, m + i8in p
Po
_ —_1 - 1 1+n(r.n)-cos(.—iz) & (A7)
27i Jo et +1 m+isin(—iz)
-1 d e 1+ n(m)coshz (A8)

= Z .

2ri Jo et 4+ 1 m+sinhz
where the closed contour C has to be chosen such that it
encloses the poles of the Fermi-Dirac function ﬁ
corresponding to the Matsubara frequencies z = ipy =
i%’f(j+%) with j=0,...,L,— 1 and no other poles, as
visualized in Fig. 14.

The integrand is 2xzi-periodic (reflecting the finite
momenta range due to the lattice discretization) and has
singularities at z = i%—’t’(Z +1), z=—sinh™'m + 277,
and at z = sinh~!'m + iz + i27xZ. The two former are poles
of first order whereas the latter can be lifted, i.e., the
numerator is zero as well, which corresponds to the
disappearance of the doubler or back-propagating part
(opposite real mass) and is exactly the reason we had to
introduce the normalization n(m). Thus we can safely
deform the contour C to the four paths shown in Fig. 15

C, =R+ ie, (A9)
Cy = [0 + i€, 00 + 27i — ie], (A10)
Cy = —R +27i — ie, (All)
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—sinhtm 0 Re(z)
FIG. 15. Deformed contour C; U C, U C3 U Cy.
Cy = [—00 + 2mi — ie, —o0 + ig]. (A12)

This means that we first integrate along the real axis shifted
upward by the infinitesimal imaginary parameter ie. Then
at positive real infinity we go upward to imaginary 2zi — ie.
Next we go in negative direction parallel to the real axis.
Finally we close the contour at negative real infinity going
back down to the imaginary part ie.

Let us consider C, and C, first. 1 =0, ..., L, — 1, there-
fore at positive real infinity the integrand is exponentially
suppressed by the Fermi-Dirac function, so C, does not give
any contribution. The integral along C,, in contrast, does
not vanish for r = 0. At negative real infinity the sinh- and
cosh-terms dominate and the Fermi-Dirac function goes to
one. So we get

-1 e 14 n(m)coshz
27 Jo,” elF 41 m+sinhz
—1 [-cotie e™ 1+ n(m)coshx
=— b
27[[ —co2ri—ie eLf" —+ 1 m + sinh x
—1 ie 1)
o | ax(o80) = 52 (e (201 - )
= =0y (A13)
for e — 0.

eM® and sinh?$ are both 2zi-periodic. Thus integrating
along C; is identical to integrating along the real axis
shifted by —ie. The union C; U C5 — 2xi together with
infinitesimal closing sequences at oo is again a closed
contour C' around the real axis winding once in negative
direction (see Fig. 16). The corresponding integral can be
performed using the residuum theorem and plugging in the
single real first order pole z, = —sinh~!m. We get

Im(z)

i2m

1 3im/L

im/Ly
Ci

—sinhtm 0
C3 — 2mi

FIG. 16. Alternative closed contour C' D C; U C3 — 27i.

-1 e 1+ n(m)coshz
27i Jo el + 1 m+sinhz
e’ 1+ n(m)coshz
R Al4
S olr 71 m + sinhz (Al4)
= 1jm—2t(1 + n(m) coshz)ﬁ (A15)
el 4+ 1 m + sinh z
B e=simhmt 1 4 p(m) coshsinh™!m (A16)
T emsinhTimL, cosh sinh~'m
it 2
_ e (A17)

e+ 1T+ m?
where 71 := sinh~'m.

Now we have all the ingredients to evaluate Eq. (A8). It
yields

-1 d e’
Colt) = —
(1) 27ri7€ Cebiy 1

_1 ezt
~ (/4 d
27 ([;4 ”75 Z) el 11

e—rhz 2
S — —0,0-
e—mL, 4 1 m 10

1 + n(m)coshz
m + sinh z

(A18)

1+ n(m)coshz
m + sinh z

(A19)

(A20)

3. Case including branch cuts

By and large, the derivation of C,(f) proceeds in the
same way as that of Cy(#) until the integral over C’ has to be
solved. This part turns out to be trickier as the paths C; and
C; —2xi cannot be connected at +oo because of the
aforementioned branch cuts on the real axis starting at
+cosh™ 2 = +1n2. Instead we have to split both paths
into three parts each

014504-14



SPECTROSCOPY IN THE 2 + 1D THIRRING MODEL WITH ...

PHYS. REV. D 107, 014504 (2023)

Im(z)

i2m

3im/ Ly
ir/Ly
cr o Cf
| HH| ) Re(z)
T HE —sinhtm 0 il
¢ e c

FIG. 17. Split contours Eqs. (A21)—(A23) accounting for the
branch cuts.

13 = [-o0 tie,—In2 £ ig], (A21)
0, = [~In2 £ ie.In2 £ ie], (A22)
Ci3 =[n2+ie 00 £ ig] (A23)

and bridge the gaps between them with infinitesimal paths
orthogonal to the real axis as in Fig. 17. Thus we are left
with C? U CY enclosing the pole at z = —sinh™'m and
yielding the same contribution as the integral over C, as
well as the two paths along the branch cuts
CE = CE U CE. (A24)
Taking into account the integration directions dictated by
the paths, we obtain

_1 ezt
L o
2mi Jor ek 1 n(=i2)

Ly [ a—" (=i A25

—;JLM Xm n(=ix) (A25)
1 0 ej:tx

=+-3 dx———C ] A26
pu s/an eith n 1 h(:F lx) ( )
1 0 +x /5 —4cosh

~ i—%/ dx— T (A2)
7 Jpno eF*+1 m=Esinhx
1 [o x \/4coshx —5

=+ / dx— o2 (A28)
T Jmo e+ 1 m=+Esinhx

To the best of our knowledge this integral has no exact
analytic solution, so we used an approximation again, this
time taking the scaling near In2 and the asymptotic
behavior into account:

-1 d e’ Co(—i
2t Jo ety 1)
L[ 270 —(L=t43)
~N— dx 5 V3xe it (A29)
T Jo m—&—z
3 1 2L
== : (A30)
dam+3 (L, —t+3)2
-1 et
— | dz———Cy(=i
g e R
1 [ 27!
~—— / dx —— V/Bxe (D (A31)
T Jo m—i
3 1 27!
(A32)

43 —m (1433

APPENDIX B: ALGORITHMIC
PARAMETERS M AND L

1. Influence of the domain wall height M

The domain wall height M has a significant impact on
the propagators. For reasons of space we withhold the
complete formula analogous to Eq. (29) and limit the
discussion to numerical observations.

In Fig. 18 we show the time dependent propagator for
different domain wall heights where C = C; = C; is again
calculated exactly.

In order to approximate C, we have rescaled the
approximate correlators

Co(t) = (1= (1= M)*)Co(1) (BI)
and likewise for C, as well as the bare mass
m>m(l—(1-M)?). (B2)

We do not provide an analytic proof for the above formulas,
though hard staring at the propagatorlike terms (22) in
Ref. [5] supports their plausibility. With this additional
modification C is well approximated by C, even for small
domain wall heights M ~ 0.25 as seen in Fig. 18. The
relative significance of the branch cut modeled by C,, by
contrast, is sensitive to M. C shows rather unintuitive
behavior around the limits # =~ 0 and ¢ ~ L,. The deviations
from the scaling at intermediate times, though always
positive, appear to be smallest around M =~ 0.5.

2. Influence of the domain wall separation L

The finite-L, correction of O(e™*s) in Cj, with a(p)
defined in (Al), reads
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FIG. 18.

Exact and approximate free fermion propagators at zero spatial momentum in real space, bare mass m = 0.05, C;y and C,

rescaled as in Eq. (B1), m rescaled as in Eq. (B2). Domain wall heights top: M = 0.25, M = 0.5; bottom: M = 0.75, M = 1.5.

— |4sin? % (=3P 4 2cos py(P +2)

—5)(3m?(P + 1) — cos 2pg(m?

(P +5) + 3P + 13) + cos po(3m? + 16P +47)

+ m(mcos3pg — 4isin po(cos2pg — 2(P +4) cos pg + 3P + 8)) + cos3py — 13P — 35)

x [(=2cos pg + P + 3)(cos py — 1)(m*P — 2 cos py(—m* + P + 3) —

(m* = 1)cos2py + 2P +5)%]! (B3)

with P(py) = /5 — 4 cos py, and the corresponding term in C; reads

4sin2%(—3P+2005p0(P+2) —5)x (=2icos py(2m> +P+2)+i(2m*(P+3)+3P+5) +2msin py(—2cos py+ P +3))

X [P(=2c0s pg+P+3)(cos pg—1)(=m?> P+ (m?> —1) cos2 py+2cos po(—m>+ P+3)—=2P-5)]!

APPENDIX C: IR CONSIDERATIONS
The time slice propagator measured in lattice simulations

defined by C,(xg) = [ d?x; Cs(x,xp) can be written

r2+mn,)
2, % T(1 =201 +%)

Cri(xo) = = B(n,)x%,".  (C1)

When evaluating the time slice correlator on a lattice of
finite temporal extent L,, because of the algebraic decay of
C(xp) it is necessary not only to include the effects of a
backward propagating signal, but also signals which have

(B4)

propagated n times around the lattice, i.e., we need to
incorporate “image sources.” Each time a fermion crosses
the timelike boundary it picks up a minus sign due to
boundary conditions. The total is therefore

— L’ZZ/)Z { I +1’znnw (=1)" ]

_)%+ n)ﬂu/
_ B(n,)

=GL F%OZI:_LO [C <,1W,%> ¢ (’71,/»2(1 +s)>}

(€2)

Cft Xos L

~
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where {(a, z) is the Hurwitz zeta function; the difference in
Eq. (C2) is convergent for 7, > 0 and given by an integral
suitable for numerical evaluation:

1
27" {C(ﬂy/,a —C(nw,§(1 + S))}
1 o0 Z11,1,—le—sz
p— d .
F(nl,,)/) 1+e7° ¢

The resulting forms for C,(xo; L) are shown for various
1, in Fig. 19. Dashed lines show the simple algebraic form
(C1), and dotted lines the result of a naive inclusion of just a
single backward propagating signal, as done in conven-
tional spectroscopy. The antiperiodic boundary conditions
significantly mitigate this finite-L, artifact, particularly for
small 7,,, and indeed in making the signal convergent in
this limit. It is clear though that with L, = 48 it will be

(C3)

L =48
L0L e e e eaa
100 4
~ 1071 ;
f -== ny=0.1naive +
(O naive +-
1072 { —— full image
— ny=05
10-3 — nNy=1.0
— Ny=15
— ny=1.9
1074 T T
10° 10!

Xo

FIG. 19. Cy,(x9.L,) for various 5, with L, = 48.

necessary to use a formula such as (C2) for precision
fitting to 7,,.
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