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Recalling the expectation of an extremely strong primordial magnetic field H, we recheck transitions
among the phases of chiral symmetry restoration (ySR), chiral symmetry breaking (ySB), and pion
superfluidity (zSF) in the QCD epoch of the early universe. For homogeneous phases in a finite H, a
sensible scheme is adopted to determine the phase boundaries of zSF, which is also the superconductivity
phase itself. In the first part, the QCD phase diagrams are studied in detail within the chiral effective
Polyakov-Nambu—Jona-Lasinio model, and the transitions involving zSF are found to be of first order at
relatively small H. As expected from the Meissner effect, the regime of zSF shrinks with increasing H and
completely vanishes beyond a threshold value. In the second part, the bubble dynamics is illuminated for
the stronger first-order transition, ySR — zSF, in the more convenient Polyakov-quark-meson model. The
coupled equations of motion of pion condensate and magnetic field are solved consistently to give the
bubble structure. Then, based on bubble collisions, we explore gravitational wave (GW) emission by
developing a simple toy model in advance; and the characteristic frequency of the relic GW is estimated to

be of the order 0.1-1 K or 10°-10'° Hz in our galaxy.
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I. INTRODUCTION

The exploration of possible phases in quantum chromo-
dynamics (QCD) systems is a renewing topic in both low
and high energy nuclear physics. In low energy nuclear
physics, quarks are confined and the color singlet hadrons,
mainly nucleons and pions, are expected to be effective
degrees of freedom in nuclear matter. Because of strong
attractive interactions, a dilute nucleonic system was found
to prefer self-clustering to the saturation density with
almost constant energy per nucleon [1,2]. Such a property
implies a first-order gas-liquid transition for isospin sym-
metric nuclear matter at low temperature [3]. Moreover,
celestial neutron stars were expected to be realistic corre-
spondences of isospin asymmetric nuclear matter [4], and
physicists had proposed many relevant phases for neutron
stars, such as the one with the presence of Cooper pairing of
neutrons [5], pasta structure [6,7], hyperon degrees of
freedom [8], pion condensation [9], or Kaon condensation
[10]; see also the review [11].

The high energy nuclear physics is characterized by
considering quark degrees of freedom in the many-body
QCD system [12]. Relativistic heavy ion collisions [13]
were proposed to look for quark-gluon plasma, the phase
where quarks and gluons are released from the interiors of
nucleons. Such a phase was justified, and its properties
were also well studied in heavy ion colliders (HICs) [14]. In
the early stage, HICs usually explored a high temperature
and low chemical potential region where no sign of ordered
phase transition was ever found [15-18]. Recently, several
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experiments focus on the low temperature and high
chemical potential region in order to look for the critical
end point (CEP) of chiral transition [19]. Similarly,
deconfined quarks were also proposed to exist in celestial
bodies, mainly the inner cores of neutron stars [20] and
quark stars [21], with color superconductors of several
kinds [22] and quarkyonic matter [23—26] possible phases.

Actually, the early universe is full of phase transitions
[27] with electroweak (EW) and QCD transitions among
the earliest ones. The EW transition was sometimes taken
to account for baryogenesis [28] and a strong primordial
magnetic field was also assumed to be seeded there
[29-31]. Though nonvanishing, the baryon density is very
small in the early universe [32], so the QCD chiral
transition was expected to be a trivial crossover, the same
as that in HICs. However, the QCD epoch became more
and more interesting when charged pion superfluidity was
found to be favored for relatively large light lepton densities
[33-35]. The work is an extension of our previous work
[35] by taking the primordial magnetic field into account.
Two changes are expected: the second-order phase boun-
dary of pion superfluidity might become of first order due
to the Meissner effect induced by the magnetic field [36],
and consequently the first-order transition would induce a
generation of gravitational wave [21,37] even without the
inflation effect. Though gravitational wave (GW) emission
has been widely studied in the first-order EW transition
[38—41], this might be the first time that a reliable first-
order transition is applied to generate GW directly in the
QCD epoch.
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It is subtle to explore the possibility of a superconductor
phase when an external magnetic field is present. For a
type-1II superconductor, vortical structure can be obtained
by consistently solving the coupled equations of motion
(EoMs) of the charged condensate and magnetic field,
and the finite magnetic field could penetrate through the
vortices [42]. However, for a type-I superconductor,
the magnetic field can only be present at the surface of
the superconductor, known as the Meissner effect [43].
Then, how could we consistently explore the transition
between phases with and without a magnetic field in the
bulk for a type-I superconductor? The problem had been
well addressed in the textbook Ref. [36]: the external
magnetic field (H), rather than the total magnetic field (B),
is the same for both phases and thus serves the correct
variable of free energy for the study of superconductivity.
That means we have to transform the Helmholtz free energy
with B the variable to Gibbs free energy with H the
variable, and the Gibbs free energy of the superconductor
can be shown to be the same as that with H = 0.

The paper is mainly composed of two parts. In the first
part, Sec. II, we explore the QCD phase diagrams of the
early universe by accounting for a primordial magnetic
field within the Polyakov-Nambu—Jona-Lasinio (PNJL)
model. Formalisms are developed for chiral phases and
pion superfluidity in Secs. IT A and II B, separately, where
we derive free energy, gap equations, and relevant thermo-
dynamic quantities. The most important sectors of a strong
interaction are studied in detail in Secs. IIA 1 and IIB 1,
and the sectors of electroweak interaction are briefly
summarized in Secs. A2 and IIB2. The numerical
results of this part are shown in Sec. II C together with
relevant discussions. In the second part, Sec. III, we first
study bubble dynamics during the first-order QCD tran-
sition of the early universe by adopting the two-flavor
Polyakov-quark-meson (PQM) model in Sec. III A. And
then in Sec. III B, the results are applied to briefly explore
the features of the gravitational wave generated by bubble
collisions within a toy model. Finally, an overall summary
is given in Sec. IV.

II. PART I: PHASE DIAGRAMS WITH THE
THREE-FLAVOR PNJL MODEL

In this section, we adopt the three-flavor PNJL model
[44-46] for the QCD sector and explore in detail the phase
diagrams with the presences of lepton flavor asymmetries
and a primordial magnetic field.

A. Chiral phases in the magnetic field

Usually, chiral symmetry restoration and breaking are
related to the expectation value of one order parameter, i.e.,
the scalar field condensate. In the following, we specifically
refer to the phases with only scalar field condensation as
chiral phases to distinguish from the superconducting pion

superfluidity phase where chiral symmetry is actually also
broken. Because of the Meissner effect, the chiral phases
and pion superfluidity should be treated separately in a
background magnetic field.

1. The strong interaction sector

In a primordial magnetic field, the Lagrangian of the
PNIJL model can be modified from the previous one [35] by
adopting the covariant derivative D, = 9, + iQ4eA, to

2

B _|. e U
Lpng, = 5 +w [zD —iy* <19A4 + Qqpiq + 7B> - mo} 7

+G Y (@A) + (WiysAy)?] + Ly = V(L).

(1)

Here, the field variables are defined as the following:
B is the magnetic field, A, is the corresponding vector
potential, y = (u,d, s)” is the three-flavor quark field,

and the Polyakov loop is L = 3-tr 0 A it —

A%T¢/2 the non-Abelian gauge field. For the quarks, the
current mass and electric charge number matrices are,
respectively,

2
Il o
S

mg = diag(mgy. mog, Mos).

. 1
q = diag(qy. q4. q5) = gdlag(l -1,-1);  (2)

and the interaction index 2° = /2/313and 2i(i = 1, ..., 8)
are Gell-Mann matrices in flavor space. For later use,
the 't Hooft term, Ly =-K> , . Detyl"y, can be
represented as

K o ]
Lo ==7 D euem@TW)@Ty") (@ Ty")  (3)
t=%

with the interaction vertices I'* = 1, 4 y5 for right- and
left-handed channels, respectively. Here, one should note
the Einstein summation convention for the flavor indices
i, j, k, m, n and the correspondences between 1,2,3 and
u, d, s. The pure gluon potential was usually obtained by
fitting to the lattice QCD data, and we have in saddle point
approximation

V(L) :_1<351_g+15.2)L2_1.75
5 (3

T 72 73
xIn[l —6L% +8L3 —3L%, (4)

where T =T/T, is the reduced temperature with T, =
0.27 GeV [44].
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Now, in the chiral phases, we consider only nonzero chiral condensations ¢; = (y'y’) with i flavor index, and then the
’t Hooft term Lg can be reduced to effective four fermion interaction forms in the Hartree approximation [45]:

K o )
Lg= _EZeijkeimn<l//lrsl//l>(l//jrsl//m)(l//krslp”)
s==+
7

K L R .
=-= {2 > otgdy)’ =30, Yy (@aw)* =304y (phw)’ =30y ) (#hy) + (0, = 20, = 200) (FAy)’
i=4

6 f=u.d;s i=1 i—=6

+V2(20, - 6, — 00) (FA'W) (FA%y) — V6(0, — 00) (FAPw) (FA%y — \@/‘/ﬂgw)} - (2% = id7y) (5)

with ¢€;j. the Levi-Civita symbol. So the reduced three-flavor Lagrangian density with only four fermion effective
interactions is

32 — | . . .
Lo = 5T V(L) +y [lp —iy* <lgA4 + Ogpq + %) - mo} W
8
+ Z G (G y) B 2"y) + G, Wiy sy ) (wiysAy)]. (6)
a,b=0

where the nonvanishing elements of the symmetric coupling matrices G* are given by [45]

K K K K
GgFO:G:Fg > o GT,:G;:G;:GiSGS, GL:G;:GiEGd, G;:G%:Gizau,
f=ud,s

V2K

12

VK

K
Gh=GTF—(0,-20,—204). Gh=7F :

: (0, 0-0).  Gh=—VIGH=7

(Uu - O-d)' (7)
By contracting a pair of field and conjugate field operators further in 5‘6‘ in Hartree approximation, we find
L2== )" K@y @ Ty pTy] = -2Kojoi'y’ (i #j#k.j<k) (8)
s=+
which then, together with the contributions from the initial four-quark interactions, gives the effective quark masses as

mi = mol' — 4GU,’ + 2K6j6k. (9)

To evaluate quark masses numerically, we should be equipped with the gap equations directly following the definitions of
chiral condensations:

o i
o, = (p'y') = —V—4Tf3i’ (10)

where the effective quark propagators in a constant magnetic field are given by [47]

A t .eB
Si(k) = i/ds exp{—i(mi2 + k3 4+ k3)s — ian(qq;;s) (k3 + k%)}[ml —v*ky — ’ks — y*(ky + tan(g;eBs)k,)
—7' (ki —tan(q;eBs)ky)|[1 + y'y* tan(q;eBs)]. (11)
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Then, by adopting vacuum regularization, the gap equations are [47]
m3

~ - ds _ greBs
-0y =N, Ac(1+ A2z —In( A 1+ A2) N, / 2 e
O¢ oy { (1 4+ AF) n< e+ (LHAR) )|+ ¢ 42 52 ¢ tanh(g;eBs)

|le€B| o dks my p——
62 Z z_EF (ER.L.T.pq. ps), (12)

where the reduced cutoff Ay = A/mg, the Landau level factor a, =1 —35,0/2, the particle energy E}(k3, mg) =
(2n|qgeB| + k3 +m?)'/2, and the fermion distribution function

Lt E—u(gmo+%)) + 2 [ e~ El—ulasmg+E) + e~ HEp—u(qmo+2))

FYEYL, T = T
P(EF LT p pp) 1 + 3Le T E—ulamo+ ) 4 31 o= 7Ep—ulamo+P)) 4 o—#HEp-ulgmo+F)

l—

In advance, the quark part of the thermodynamic potential can be obtained consistently by combining the definitions of
effective masses in Eq. (9) and the integrations over m; of Eq. (12) as [48]
1 ~ -
=26 > o} —4K [[ oc=N. > {8 : [Af +2A2)(1 4 A} —1n<Af+ (1+A}) )}
f=ud.s f=u.d.s f=ud.s

1 /oo dS( —m?s —mvzs) qfeBs 1 1 \/oo ds —mY2s qfeBs 1 1 ( B )2
—— | (et - —————— 1| - [ e —————1—=(gseBs
87° 53 tanh(gseBs) 87% Jo s° tanh(gseBs) 3\
B
+2TZ gre |Z / —K“ (E L. T, ug. uB)} (13)

with
K{(E}, L, T, pq. pp) = iln [1 + 3Le HE—ulamotP) 4 31 e~ HE—ulamotP)) 4 e—%(E?—u(meﬂTB))].
N¢

Here, one notes that the terms depending on the quark vacuum mass mj are introduced for the correct renormalizations of
electric charges and magnetic field in the vacuum.

Hence, the Helmholtz free energy for the PNJL model is QY = Bz + V(L) + Q4(B) and the external magnetic field can
be obtained through H = LA classwal words, the magnetic intensity H equals the magnetic induction intensity B minus

magnetization intensity /\/l = _W' Usually, we control the external magnetic field H for the exploration of phase
transitions [36]; that is, H must be a variable of the free energy. So, the right state function is the Gibbs free energy that can
be obtained by taking the Legendre transformation of QN as [36]

H2 MZ
Q' = QN - BH——7+T+V( )+ Qy(H + M). (14)
As the magnetizations from quarks and leptons are relatively small for the considered magnetic field in the chiral phases, we
could simply take the Gibbs free energy to be QM = —%2 + V(L) + Q,(H) to the order o(M?). The general formula
Eq. (14) even consistently applies to the superconducting pion superfluidity, where B = H + M = 0 in the bulk due to the
Meissner effect; and we find QY = V(L) + Q,(0), just the same as the case without an external magnetic field [36].
Then, the gap equation for L can be given through GLQ};’I =0as

247 152 1.75  12L(1 - L)?
T3|—(3.51 - > .
{ < +T2> 73 1-6L*+8L%-3L*

_6 |greH | o dk; e~ T Ei—ulamo+P) 1 o= Ef—u(gruo+3)) s
o f; . ; nZ / 27 1 4+ 3Le T Ei—ulamo+ ) 1 31 e~ E -uamot D) 4 o=7(Ef-u(gimo+3)) (15)
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And the entropy, electric charge number and baryon number densities follow the thermodynamic relations as

|greH| > o dk- 1 u
M=2N. ) Z S Z oo | KHER LT g pp) + | B = u{ qnpq + 50 | | FH(ER. L. T pig. )

f=u,d,su= n=

2.47 15.2 1.75
+ T3 (4351 -3x "+ n[l-6L%+ :
7 2 4x351 =3 X Zm 2 x = | L2 + - In[1 - 612 + 8L — 3% 16

Moo, Y Z'WH'Z / S ugiF3(E} L. T.pg. i), (17)

f=u,d,su= n=

|greH| dk
=23 SIS [ S L T g, (18)

f=u,d,;su=

2. The electroweak interaction sector

In the free gas approximation, the thermodynamic potentials for the quantum electroweak dynamics (QEWD) sector can
easily be given by [49,50]

Q 2T/ &k log (1 — e7/T) (19)
= —_— e .
v (2r)3 g
1 ds _ » eHs 1
QM 1 (k—uﬂ,)/T _/ — eS| —— 1 ——(eH 2
: { = i/ cgll te I+ 87> 3¢ tanh(eHs) 3 (eHs)
|€H| - /oo dk3 —(en —u(— .
—2T§ _E —log1 (€] (ks.eH)—u(—pq+w))/T 20
— 2m o —o0 27 og[l +e I (20)

where the degeneracy is one for neutrinos and antineutrinos due to their definite chiralities and €?(k3, eH) =
(k2 + 2n|eH| + m?)'/2. Note that we have approximated B by H here. Then, the corresponding entropy, electric charge
number, and lepton flavor number densities can be derived directly as

s, —2/(2 [ log (1 —e7MT) + ka/il] (21)

g d’k (k—uw;)/T leH| & dk
M _ —(k—up;)/T S VY A3
8] —Z{/(2”)3{log[l+e( ”)/]+]+eku;4/T} 22 Z /

u==+
! i (ks, eH) — u(—p +ﬂ<))/T
—(e! (ks eH)~u(~puq+wu;))/T (€] (k3 Q :
X {log [1+e 3 Q 1+ | 2@ et gt T 7 (22)
LM _ leH| & dks —u
e 2T}; 27 ;an/— 27 1 o+ el (ks eH)—u(=uq+um))/T "’ (23)
d’;k u |eH| dk3 "
M _
ny = TZ/ (27[) 1+ e k=upi)/ + TZ Z / 27[ 1+ e s eH)—ul—pg ) /T (24)
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Now, collecting contributions from both the QEWD and
the QCD sectors, the total thermodynamic potential,
entropy, electric charge number and lepton number den-
sities are, respectively,

Qu=Q, —|—QM+Q§/I, sm =8, + M+ s,

=D M (25)

i=eu,t

M _
nQ—nQ +n ,

in the QCD epoch. To better catch the expansion nature of
the early universe, we define several reduced quantities:

oM = nyl/su. M= /sy, M=nM/sy (26)

by following the conventions.

B. The superconducting pion superfluidity

Since the pion superfluid is also an electric super-
conductor, the magnetic field will be screened from the
bulk due to the Meissner effect. Then, the free energy of the
bulk must be the same as the one with the same temperature
and chemical potentials but without a background magnetic
field. So the formalism is the same as the one we presented
in our previous work [35] where the magnetic effect was
not taken into account.

1. The strong interaction sector

Without a magnetic field, the Lagrangian is given by
[44-46]

Lon ==V(L) +w {iﬂ— irt <i9A4 +Qqhq +%> - mo] 4

8

+G Y [(FAy)?

a=0

+ (WiysAw)?| + Lo (27)

For the pion superfluidity phase, we choose the following
scalar and charged pseudoscalar condensates to be nonzero:
or = (Prwr), A, = (miy’d), A; = (diy’u).
For brevity, we set A, = A} without loss of generality in
the following. To facilitate the study, we would first like to
reduce Ly to an effective form with four fermion inter-
actions at most. By applying the Hartree approximation to
contract a pair of quark and antiquark in each six fermion

interaction term [45], we immediately find

Ly = —K{ejjeimno: y" gty — @iy y™ptiyy")
124, [5s(aiy’d + diy’u — A,) + Siyds(ad + du)]},
(28)

where the second term in the brace is induced by z™*
condensations. Armed with the reduced Lagrangian density

‘CPNJL =

)+ l/_/[l (ng4 + Ogpq + 3 )

8
- mo] w+G Z FAw)? + (piysiw)?] + L.
=0

(29)
the left calculations can just follow the two-flavor case in
principle.

By contracting quark and antiquark pairs once more in

the interaction terms of Eq. (29), we find the quark bilinear
form as

Lo, =W [iﬂ — iyt <igA4 + Oguq + %)

S wln} v, (30)

where the scalar and pseudoscalar masses are, respectively,

i —4Go; + 2K (0,0, + A25:3),
1 = (—4G + 2Ko3) A, (31)

m; = my

with i # j # k. The G and K dependent terms in Eq. (31)
are from the U, (1) symmetric and anomalous interactions,
respectively. According to Eq. (30), the s quark decouples
from u, d quarks, so the gap equation for o, can be simply
given by [45]

-1
o, = (5s) =1r [iﬁ— r? <ig.A4 + Qqtq +'L?> - ms] .

(32)

However, the u and d light quarks couple with each other
through the nondiagonal pseudoscalar mass I1. Since pp is
usually small in the early universe, we can simply set

Moy = Moq = My, Oy = 04 = 0]

in order to further carry out analytic derivations. Then, by
following a similar procedure as the previous section, the
explicit thermodynamic potential can be worked out for the
bilinear terms as
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d3k 3k
_ t
Q, = —2N, / ZE )+ e (k)| =21 / G 2|2

+F1(L,u,es<k),‘”%”‘3> {FI(L,u,x,y) = log[1 +3LeHe) 4 3LeHem) 4 eitmw]} - (33)

HQ + 2up
6

FI <L, u, EN(K),
+

with the particle energy functions defined by

ei(k) = \/ K> + m?, El(k) = \/[el(k) + t’ﬂ ’ + 112, (34)

Eventually, the coupled gap equations follow directly from the definitions of condensates:

0Q - 0Q . 0Q
o, = (55) = am‘:‘ 201 = (iiu) + (dd) = WT 24, = (iy3d) + (diy’u) = a—r}" (35)
and the minimal condition d; [V(L, L) + Q] = 0 as [35]
Bk m &k m —lo + g
= 2N, S 4 ON, [ ————25"av, ( Lou e (k), LB, 36
=2 [ <k>+ J etg T (e o) G6)
d3k ml €1 d3k my €1(k>+t”—Q H "‘2#]3
201 =—2 +2 2 L,u, E\(k), 22 7
w2 oSt w2 ey Sy (e B0 ). @)
Bk Bk po + 2up
20, =— — L. u, E\(k), 22— 8
== [ oS mw /<n> T i (b B02), )
247 152 1.75  12L(1 = L)? Bk po + 24p
T4 = (351 ==+ =2 )L+ — = 6T | —— dV,( L,u, E'(k), =0 —"2
{ ( 7 T2> ME 1—6L2+8L3—3L4} /(2@2{2 ; 2\ Lu E'(k). =
+dV2<L,u,€S(k),_ﬂQf+”B> : (39)

Note that A, = 0 is a trivial solution of Eq. (38), so A, or I s still a true order parameter for /5 isospin symmetry [51] in
the three-flavor case. The total self-consistent thermodynamic potential can be found to be

Q,sg = V(L,L) + Qu + 2G(02 + 267 4+ 2A2) — 4K (67 + A2)o, (40)
by utilizing the definitions of condensates and their relations to scalar and pseudoscalar masses [refer to Egs. (35) and (31)].

And the entropy, electric charge number and baryon number densities can be given according to the thermodynamic
relations as [35]

SasE = 2/ (d3k > [ <L’M»E{(k)’ﬂQ +2”B> G ﬂQ?ﬂB)dv, <L,u,E;(k)fL2"B>]

27) 2. 6 T 6
Pk - 3(EN(k) — u et -~
/ 3Z[FZ<L u, ey (k), ”Q+”B>+ ER) —u=5) 4, (L,u,es(k),wﬂ
(2n) 2+ 3 T 3
I 247 15.2 1.7
{§<4x351—3x 2 75, >L2 51n[1—6L2+8L3 3L4}}, (41)
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ﬂSF /

dk
ngt = 2/ 27

=/

2. The electroweak interaction sector

Zudvl (L u, EN(K), %)

Z udV, <L u, e,(k), ﬂQ;_ ﬂB)

t,u=

(43)

In free gas approximation, the thermodynamic potentials
for the QEWD sector can easily be given by [49]

3
Q =2T ¢k log (1 — e7/T) (44)
14 <2ﬂ)3 g ’
i=eu,7 d3k
Q=-T Z /W{Q log [1 + e—(ea(k)—u<—ﬂo+m)>/T]
u==+
+log [1 + e~k=um)/T]} (45)

where the degeneracy is one for neutrinos and antineutrinos
due to their definite chiralities. Then, the corresponding
entropy, electric charge number and lepton flavor number
densities can be derived directly as

d3k k k/]
— — |- — oK/ T 4
Sy, 2/(2 )3 [ log(l e )+ek/T 1 ( 6)

i=e.u,t d3k
P> [ el eet +

~(k=u)/T] 4 2(ei(k) — u(—pq +mi))/T
1+ eleitk)—u(=pq+u))/T

+ (k_uﬂi)/T } (47)

(ei(k)—u(—llqﬂli))/T]

+log[l + e

1 + e(k_u/li)/T

i=eu,t
1 —u
o= Z: / 31 1 ol@O—ulrq tr)/T (48)

691 /
n = —
l aﬂi

+

2u
1 _|_ e ex( )_ (_ﬂQ'H‘i))/T

W], l—e,u, . (49)

Now, collecting contributions from both QEWD and
QCD sectors, the total thermodynamic potential, entropy,

k)+z 3/ 3k
i (2”)31,

d*k + 2up
av, (L, u, E\k) QB
+/(Zn Z” < “Ek "

3 (A + 13 v, (L LEi(k), QT B +2”B)

u==+

E\(k) 6

d3k ZudV <L u, e, (), _”Q3+”B>, (42)

|
electric charge number and lepton number densities are,
respectively,

Q:Q +Ql+Q7[SF5 S:SY+S]+S”SF,

ny = Z n; (50)

i=eu,t

ng = ng +ngr,

in the QCD epoch. To better catch the expansion nature of
the early universe, we define several reduced quantities:

b= nZt/s, l=mn/s, L =ny/s (51)

by following the conventions.

C. Numerical results

To carry out numerical calculations, we get the electron
and muon masses from the Particle Data Group as m, =
0.53 MeV and m, = 113 MeV and suppress the contribu-
tion of heavy 7 leptons for the electroweak interaction
sector. The model parameters are fixed for the strong
interaction sector as the following [52,53]:

mgy = 5.5 MCV, my
GA?* =1.835,

.=1407MeV, A=6023MeV,
KAS =12.36. (52)

First of all, we have to determine which phase the QCD
matter is in, the chiral phases or pion superfluidity, by
comparing QM and Q_r. We choose the recent constraints
n? =0,MM =8.6 107" [32], and M = —0.012 [54] up
to the point when the latest first-order transition took place
in the QCD epoch of the early universe. The noncon-
strained values of /M and Z[I)’I can be randomly fixed at that
point, but we only consider the case with [ = 0 for a given
IM + . Note that our previous work had showed that the
phase boundaries were not sensitive to the fraction of M
[35]. When first-order phase transitions are involved, the
total entropy does not change continuously at the transition
point due to the latent heat released or absorbed; thus, we
should not require PM = b or IM = [, (i = e, u, ) in the
bulk. For pion superfluidity, the magnetic field in the bulk
is canceled out by the current produced at the surface and
the magnetic flux is only present at the surface [36]. So in
the sense of total baryon and lepton flavor number con-
servations, the deficits ny VM —nyV and nMVM — ;v
should be found at the surface of the pion superfluldlty
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Nevertheless, the ratios nM/n}l must be the same in the
SR and ySB phases separated by pion superfluidity if it
exists. Following the ansatz of isentropic expansion for a
given phase, we expect n /s and nM/s to be the same at
the entrance and the exit of pion superfluidity.

For the given values of n?, oM, and M, the values of
chemical potentials g, ug, and y; can be uniquely deter-
mined in the chiral phases for a fixed temperature. And then
the transition points could be pinned down by requiring
Q}}’I = Q_¢r at the same temperature and chemical poten-
tials. Now we can obtain two different sets of b and /; at the
transition points, but how should they evolve in between in
the pion superfluidity phase? For H = 0, we expected them
to be the same as the recent constraints since no extra
particles are reserved at the surface. Any reasonable
scheme must recover the results in the vanishing H limit,
and hence we simply adopt linear interpolations between
the two sets of b and /; for finite H. That means the baryons
and lepton flavors are gradually deposited into or with-
drawn from the surface with the temperature decreasing.

Next, to study the effect of the primordial magnetic field,
the order of H should be estimated in the QCD epoch of the
early universe. In the Milky Way, the average magnitude of
the magnetic field was found to be H = 107°-107> Gs
according to the observations of galactic background radio
radiation and polarization of star light [55]. In natural units,
the magnitude is eH = 1072°~107>° GeV? since eH =
5.9 x 10721 GeV? for H =1 Gs. Tracing back to the
QCD epoch, the magnetic field would be greatly enhanced
due to a very large scaling factor a = 10'>~10'2> [27] and
we have eH = (10726-107%)a?> = 1072 — 1(GeV?). As
we will see, the favored region of pion superfluidity would
greatly shrink with the magnetic field increasing. So to
explore nontrivial physics, we focus on the lower region
of the magnetic field domain estimated, that is, eH~
1072 GeV?. Note that the magnetic field is not homo-
geneous all across the Milky Way but only locally; hence
the volume where the homogeneous phase transition might
happen should not be taken to be infinite.

The phase diagrams with fixed background magnetic
fields or lepton flavor densities are illustrated together in
Fig. 1. Since the densities are not continuous across the
first-order transition point, we take the lepton flavor-
entropy ratios /M in the chiral phases for reference.
From the upper panel, one can tell that the regime of pion
superfluidity shrinks quickly with an increasing magnetic
field but the tails are never found to end at a large | + l,])" |
Nevertheless, when eH exceeds 0.0222 GeV?, the width of
the regime of the pion superfluidity is found to vanish and
one is left with only chiral phases. This explains our focus
on the magnitude of the magnetic field: eH ~ 1072 GeV?.
As shown in the lower panel, the phase boundaries become
of first order and oscillate with finite H, which is known as
the de Haas—van Alphen effect [47] when both magnetic
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FIG. 1. Upper panel: the T — (¥ ++ ') phase diagrams for the
magnetic fields eH =0, 0.01, 0.02, and 0.022 GeV? (colors:
blue, red, green, and cyan) with the bullets the critical end points.
Lower panel: the T — eH phase diagram for the lepton flavor-
entropy ratio ' 4+ [)' = —0.2. The shadows correspond to the
pion superfluidity phase, and the blue dashed line and other

colored lines denote second- and first-order transition boundaries,
respectively.

field and chemical potentials are present. For small H, there
are actually very special points where the transitions remain
first order along the |/ + /3| direction but are of second
order along the T direction. These CEPs are actually where
the upper and lower boundaries meet each other and thus
with the smallest value of |I}' + [}]; see the bullets in the
upper panel of Fig. 1. It is constructive to demonstrate the
evolutions of the temperature 7" and lepton flavor-entropy
ratio IM + l;l\f[ with an increasing magnetic field eH at the
CEPs in Fig. 2. Consistent with the upper panel of Fig. 1,
Tcpp decreases gradually with eH (upper panel) but
|IM + M| cgp increases abruptly around eH = 0.022 GeV?
(lower panel), which seem to be related to the transition
orders just discussed. Moreover, from the lower panel of
Fig. 2, we can easily understand the complete disfavor of
pion superfluidity for larger eH.

Finally, we take the case eH = 0.01 GeV?2, for example,
to show the evolution features of the order parameters—
quark masses m;, pion condensate A, and Polyakov loop L
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FIG. 2. The temperature Tcgp (upper panel) and lepton flavor-
entropy ratio (/M + Z,I)’I)CEP (lower panel) as functions of magnetic
field eH at the critical end points.
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FIG. 3. The quark masses my;, pion condensate A,, and

Polyakov loop L as functions of the temperature 7', decreasing
with the expansion of the early universe, for the case
eH =0.01 GeV? and M + Z,I)/I = —0.2. Here, m, and my are
almost the same with each other and thus can be consistently
presented as m;.

in Fig. 3. Since temperature decreases with time in the early
universe, we call in the following the transition points with
larger and smaller temperatures as the first and second ones,
respectively. Then, the region between the first and second
transition points corresponds to the pion superfluidity
phase as A, # 0. As we can see, both chiral symmetry
and /5 isospin symmetry get broken through the formation

T
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-
e o o o o o

0.0

H (GeV)

-15FF—7T7
0.4r 1

2 02} A
I S_—"300b]
% oo0r ====== 4
3 —
S 107 o]
@ L S (V]2
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FIG. 4. Upper panel: the cosmic trajectories of the chemical
potentials of electric charge (), baryon (up), and lepton flavors
(#e» 1> and pi7) as functions of the temperature 7' lower panel: the
entropy density (s) and density-entropy ratios (¢, b, L., l,,, and [)
as functions of the temperature 7. The same as that in Fig. 3, we
consider the case eH = 0.01 GeV?* and ' + I = —0.2.

of a large A, at the first transition point. Then, the /5
isospin symmetry becomes restored at the second transition
point, where mainly m; and A, exchange their roles, and
thus does not cause many changes to thermodynamical
quantities. Compared to that, the first transition is much
stronger since m stays small, but there are large gaps of
A, mg, and L. The corresponding cosmic trajectories of the
chemical potentials and the entropy and number densities
are demonstrated in the upper and lower panels of Fig. 4,
respectively. While the chemical potentials evolve contin-
uously across the transition points as should be, there is a
nonmonotonic feature in the spectrum of ug, stronger than
that in the vanishing H limit [35]. According to the lower
panel, ¢ and /., which vanish in the chiral phases, are more
sensitive to the second transition point, but all the left are
more sensitive to the first one. This is another indication
that the first phase transition is stronger.

III. PART II: FIRST-ORDER PHASE TRANSITION
WITH POLYAKOV-QUARK-MESON MODEL

It is hard to study the first-order phase transition
dynamics in the framework of the PNJL model that
involves four- and six-quark interaction terms. Since it
had been shown that the NJL model could be bosonized to a
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model with only meson degrees of freedom [45], we
alternatively adopt the simple two-flavor PQM model [56]
to demonstrate the transition process in this section. Note
that there are two reasons why we focus on the two-flavor
rather than the three-flavor PQM model: first, the effect of
strange quarks is small for the exploration of pion super-
fluidity [35]; second, we could reduce the number of coupled
equations of motions to facilitate numerical evaluations. In
the model, the quark degrees of freedom can be integrated
|

.00

BZ
L =-——-V(L,L
PQM 2 ( ) 2

+1/7[iD—

where w(x) = (u(x),d(x))T denotes the two-flavor quark
field, the derivative for z~ is D, = d, — ieA, + iugd,9, and
T, = %(11 + i7,). The energy terms of the background

magnetic field and Polyakov loop are the same as those in
Eq. (1). The linear term co violates chiral symmetry
explicitly, and we can verify that the Lagrangian has exact
U;(1) chiral symmetry in the chiral limit ¢ = 0. The model
parameters of the mesonic sector 4, v, and ¢ are fixed by the
|

BZ

Lpom = -5 - V(L,L) + %[(aﬂa)2

+ Trln {ibq — iyt <igA4 + Qgtiq +

Hs
3

A
+ (dﬂﬂo)z] + D’”zz*Dﬂﬂ_ ~2 [6?

r <igA4 + Qqpq + %) —glo+ iy’ (r32° + toat + 7)) |,

—glo+ iy’ (r32° + 7 2t + T_Jt_))] :

out to introduce the effects of the temperature, chemical
potentials, and magnetic field into the mesonic system, and
further analysis of bubble dynamics could just follow those
given in the pioneer works [57,58] for boson systems.

A. Bubble dynamics

In a background magnetic field, the Lagrangian density of
the renormalizable two-flavor PQM model [56] is given by

+ (%2 4+ 2zt 7" = 0*)? + co

(53)

|
sigma mass m, = 660 MeV, pion mass m, = 138 MeV,
and pion decay constant f, = 93 MeV; and the quark-
meson coupling constant is determined by my = gf, =
m,/2 in the chiral symmetry breaking phase (for the
stability of nucleons, N .mg > my) [56].

By integrating over the quark degrees of freedom, the
Lagrangian can be bosonized as

A
+(0,2°)* + D¥' " Dyr™ — 1 [0 + (2°)? 4+ 27772~ = v** + co

(54)

In mean field approximation, the Gibbs free energy for the chiral phases and pion superfluidity can easily be evaluated as

H2 A 2 v2 QfeHS
oM — 1V L,L — — — N —m2s _ ,—m)’s _1
A e 4( i’ o fzud{ / (e B )(tanh(QfeHS) >
1 greHs 1 |quH| /
- -1-= Hs) 2T Kt EY LT,
8717 (tanh (greHs) 3 (greHs > + Z Z £ HQ- i)
(55)
and
. A d*k HQ
QP%}I:VI =V(L,L) +Z[0'12+2A,2T—1) ? /ﬂ A2z —co — 2N, 2n) ;iHGI(k) +f7‘ —€1(k)}
d3k ) Fo.+ 24
-2T FI\ L,u, E(k),———— 56
Z ( 6 (56)

by following the schemes given in Secs. IA 1 and II B 1,
respectively. Note that the quark vacuum terms with cutoff
are dropped to avoid double counting and the last but one in
Q. sr guarantees its form for A, = 0 to be consistent with

that of Qppyy; in the vanishing H limit. Here, we have taken
m, = myq = go; as the involved magnetic field is relatively
small. As we can see, the effects of the temperature,
magnetic field, and chemical potentials can be conveniently
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introduced into the system through the quark loops at the
mean field approximation level.

The contributions of the electroweak interaction sector
are the same as those given in Secs. A2 and II B 2. We
compare the contributions of the strong and electroweak
interaction sectors to the free energy difference between
chiral phases and pion superfluidity in Fig. 5 with the
notations AQc = QFy — Qi and AQpy = Q- QY.
According to our evaluations, AQgy are two orders sup-
pressed compared to AQ-. We also present the results
where the magnetic field eH is artificially set to O for all the
charged fermion loops: since |AQc —HTZ—AQC| Hool <K HTZ,
the magnetization from quark loops is negligible compared
to the chosen magnetic field. Therefore, to conveniently
study the first-order QCD phase transition, we can simply
focus on the strong interaction sector and set H = 0 in
the quark loops for the chosen magnetic field. Actually,
the latter approximation is consistent with that done in
Eq. (48.18) for the study of the superconductor in Ref. [36]
and helps to explore bubble dynamics of the first phase
transition. The bosonized Lagrangian density is now
reduced to

H?> 1

0.0010}
]
]
. 0.0005F == s
< H
© AQgyy J
QO 0.0000 Sz -+
c s
Q‘ ’
< _o.0005f
) d
AQC . . P L’
-0.0010} e
0.05 0.10 0.15 0.20
T (GeV)
FIG. 5. The free energy differences of strong interaction sector

AQc (dotted line) and electroweak interaction sector AQgw
(dashed line) as functions of temperature T at eH = 0.01GeV?>.
After taking the constraints n2 =0,AM=8.6+10"11,M=-0.012,
I¥'=0, and N = —0.2 to fix the chemical potentials, we compare
the cases with H-dependent (blue line) and H = 0 (red line)
fermion loops. At the low temperature 7 = 0.05 GeV, the value
AQc = 5.45 x 107*GeV* actually equals the energy density of
the background magnetic field H?/2.

Lpom = Ty + E(aug)z + D"t Dy — U(L. 0. 7%),

where the total potential is given by

A
U(L,o,n*)=V(L,L) +7 [0 + 2t —v*> —co— 2NC/

&k
—ZT/— E Fl<L,u,E‘(k),
(2”)3 tu=+

with the energy functions e(k) = \/k* + ¢g’6* and E* (k) =

s 200 + 121 - e

t=+

Mo + 2B

)

(e(k) £22)> + 2’z n~. Note that we have neglected the

irrelevant z° degree of freedom and assumed local approximation [59] to reserve the spacetime dependence of the fields

o,n*, and L in U(L,o,7%).

By following the same scheme as in Sec. I C, the first phase transition point is found to be located at

pg = —0.704 GeV, ug = 0.352 GeV, 1o = —0.437 GeV,
Hy = —1.372 GeV, u, = 1.510 GeV, T =0.217 GeV (57)
with the homogeneous order parameters
o; = 0.0026 GeV, L =0.509, A, =0 GeV;
o; = 0.0018 GeV, L =0.154, A, = =£0.116 GeV (58)

for the ySR and pion superfluidity phases, respectively. Compared to the changing ratios of A, and L, that of ¢ is small
across the transition point; so we can safely drop ¢ degrees of freedom, as was done to z°, for the bubble dynamics.

Eventually, the Lagrangian density is further reduced to

014021-12



FIRST-ORDER QCD TRANSITION IN A PRIMORDIAL ...

PHYS. REV. D 107, 014021 (2023)

FIG. 6. For homogeneous phases, the pure QCD part of the free
energy Qqcp is depicted as a function of the order parameters A,
and L at temperature 7 = 0.2 GeV.

Fu ™ =3 = 2 _ A2 2 ~
1 + 70,7 + (ug — e*A%)a” = U(L, 7),

Lpom = —
(59)

where we have set z~ = n" = 7 without loss of generality
and U(L,7) = U(L,0, 7) should be understood. Note that
a spacetime dependent phase of z*, that is, 7+ = e+,
can be absorbed by redefinition of the vector potential
eA, = eA, + d,a(x). And since A could be time depen-
dent in the bubble dynamics, we resort to a more general
expression of the background EM field term by adopting
F,,. According to the opposite signs of u and e*A? in the
quadratic term of 7, the effects of ug and H could be
intuitively expected to be opposite for the pion super-
fluidity—they actually correspond to Bose-Einstein con-
densation and Meissner effects, respectively.

In the mean field approximation with A, = (%) and L
constants, the pure QCD part of the free energy,
Qqcp = —HyA; + U(L, A,), is depicted as a function of
A, and L in Fig. 6 for T =0.2 GeV. Note that the
temperature is a bit smaller than the first transition point
T. = 0.217 GeV and then the bubble dynamics can be well
explored in the transition from ySR to pion superfluidity.
Here, two kinds of minimal points can be identified, (A, =
0,L ~04) and (|A,] ~0.1 GeV,L ~0.1), which corre-
spond to the ySR and pion superfluidity phases, respec-
tively. The sign of A is irrelevant; hence we take A, > 0 in
the following. By taking the magnetic part, —H?/2 =
—5.45 x 107*GeV*, into account in the ySR phase, the
gap between the free energies of these phases would reduce
to &, = |AQ| = 7.28 x 107*GeV*.

During the first-order phase transition, bubbles of true
vacuum will be formed and then expand against the false
vacuum [57]. In such a case, the expectation values of
the order parameters (L and #) and vector potential A
must be inhomogeneous across the spacetime. By follow-
ing the Euler-Lagrangian equation o* a(‘;fw) —% =0, the
corresponding EoMs can be derived as

0.4} l ]
L 'o’ “" 4
o, *
0.3f
. . \‘
l" “
— L J “‘
0.2t
o “‘
l' .
L 4 .
01}
[ O'.' “.h
00 AAAAAAAAAAAAAAAAAAAAAAAAAAAA
20.15 -0.10 -0.05 0.00 0.05 0.10 0.15
A (GeV)

FIG. 7. The solution L as a function of # from Eq. (60) within
the range where the homogeneous solutions Eq. (58) (red bullets)
are covered.

o U(L,7) =0, (60)
2007 + 2(e*A* — pg) 7 + 0;U(L,7) = 0, (61)
02A +V x B +2e*#A =0 (62)

with B =V x A. Note that we work in Coulomb gauge
with Ay = 0. As we can see, the effective pion field 7 is the
key to couple all the equations. Equation (60) is actually an
algebra equation of L and 7 and can be solved numerically
to obtain L as a function of 7, i.e., L(7); see the numerical
results in Fig. 7. Substituting L(7%) into Eq. (61), we are
then left with two coupled differential EoMs for # and A.
For homogeneous pion superfluidity with 7 a nonzero
constant, the static EoM of B can be obtained by taking curl
of Eq. (62) as

V2B - 2¢*7#’B = 0. (63)

The equation is similar to Eq. (49.11) in Ref. [36], so the
Meissner effect resumes for 7 # 0 in the relativistic case.
Generally, the gauge coupling term e?A%%#* in Eq. (59)
favors #B = 0 in the bulk for a homogeneous phase, so one
can check that the solutions in Eq. (58) automatically apply
to Egs. (60)—(62) as should be. Actually, with the temper-
ature decreasing in the QCD epoch, the two solutions
mainly correspond to the boundaries and centers of the
bubbles in the first-order transition process.

Now, the tough mission left is to work out the bubble
structure from the coupled differential equations of motion
Egs. (61) and (62), that is, the forms of 7(z,r) and A(z,r),
and thus L(z,r) = L(%(¢,r)). To uniquely fix the bubble
structure, we simply require the bubbles to smoothly
approach the ySR phase at the boundary r — oo. First,
as the background magnetic field is homogeneous and
along z direction, we assume the B vortices as well as the 7
bubbles to be cylindrical with their symmetry axes along
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the z direction. Hence, the bubbles are expected to be z
independent. Second, rotational symmetry would require
7(r) = #(r) and B,(r) = B,(r), where r is the radius in the
x — y plane and the center is chosen to be at x = y = 0. To
ensure explicit rotational symmetry of Eq. (61), we choose
the symmetric gauge for the vector potential; that is,
A(t,r) = —A(t,r)yi + A(t,r)xj and the corresponding
magnetic field is B,(z,r) = %. Within such a scheme,
we are glad that the equations of motion of the A and A,

components reduce to the same one, and we have

1 - -
2 [0,2 —-0? —;0r +e2A%(r)r? —,ué} 7+0;U(7)=0, (64)

<0,2 -0 — éar + 26271'2)A(r) =0 (65)
r

instead of Egs. (61) and (62). Note that we have used
U(z) = U(L(%), %) for brevity here.

To solve the coupled differential equations (64) and (65),
boundary conditions are needed. Conventionally, to avoid
singularities at the origins of space and time, we require the
first-order derivatives to be vanishing [57], that is,

orn
ot

ox
=0 Or

0A(r)

_0A(r)
—0 or

r=0 ot

=0. (66)

As we can see, the magnetic effect is of order o(r?) around
r ~ 0in Eq. (64), so we could neglect such a term and solve
the O(3) symmetric equation of motion

2
2 [a,% + ;a,, + ug] 7—0;U(%) =0 (67)

to get the imaginary time 7 = it dependence of 7 at the
origin r = 0. Note that the Lorentz invariant solution was
found to be with the lowest energy for a Lorentz invariant
equation of motion. Then, it is natural to give the differ-
ential equation of motion for 7 at the initial time # = 0 as

2
200} +70, = A1) + iy | 7= 0:U(7) = 0. (68)

which reduces to Eq. (67) around r ~ 0. Equation (68) is
more useful than Eq. (67) as the solution interpolates
between the true and false vacua and could be directly taken
as the boundary condition for Eq. (64).

Next, by taking curl of Eq. (62), we have

03B — V?B + 2627 B + 4¢*#V7i x A
= (3B — V2B +2*#*B + 4e*70,#A(r)r]2 = 0.  (69)

Because of the boundary conditions in Eq. (66), the last
term on the left-hand side of Eq. (69) is of order o(r?) and

can be safely dropped around r ~ 0. Then, we get an O(3)
symmetric equation of motion for the magnetic field B,
that is,

2
2B +-0,B —262#*B = 0. (70)
p

Recalling the relation B(z,r) = 9rA(tr) Eq. (66) implies

ror
similar boundary conditions for B:

0B(t,r)
ot

0B(t,r)

=0 or

=0.
r=0

So by substituting the solution #(p) from Eq. (67) into
Eq. (70), the form of B(p) could be worked out and A(z, r)
follows as

Az, r) = iQArB(\/ 72 + 52)sds

RIMERTIER

to order o(r?). One can substitute A(z, r) into Eq. (62) to
find it the same as Eq. (70) at r = 0, so A(7,0) = 1 B(z) at
the spatial origin » = 0. As mentioned, the form of B(0, r)
is more important. Following the previous discussions, it is
natural to give the differential equation of motion for B at
the initial time from Eq. (69) as

(71)

2
2B, + ;O,BZ —2e’#°B — 4’70, 7A(r)r=0.  (72)

So by solving the differential equations B(r) = ari?f”,

Egs. (68) and (72) together, we could obtain the spatial
structures of the fields 7, B, and A at the initial time ¢ = 0.
The normalized results are presented in Fig. 8. First of all,
the bubble structures of 7 and L are almost the same as
the case B = 0 with the radius R, ~ 9.60 GeV~!, soitis a
good approximation to treat the bubble formation with the
Lorentz invariant assumption. Second, the characteristic
length (£ <6 GeV™!) of the pion condensate 7 is consistent
with that of the Polyakov loop L. Third, the magnetic field
does not change much in the whole bubble range, which
means that the penetration depth is much larger than ¢,
so the bubbles are quite like the vortices in the Type-II
superconductor [36]. Fourth, a bump is found in the
magnetic field around the bubble wall, which is more
obvious when the temperature is closer to the transition
point. Such a feature is a consequence of the latent heat
released from the phase transition and the coupling between
7 and A. The underlying physics is consistent with the
logic of how first-order phase transition could induce an
extremely large primordial magnetic field in the early
universe [29].
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B"

0.0

FIG. 8. The solutions 7(r) (yellow solid line), L(r) (green
dotted line), and B(r) (black dashed line) as functions of the
radius r from Egs. (60), (68), and (72). The Polyakov loop and
pion condensate are normalized by their maximal values to L" and
A, and the magnetic field B by its background value H to B',
respectively. The red baseline is f(r) = 1.

Now, we are ready to solve the full differential
equations (61) and (62) by adopting the initial conditions
presented in Fig. 8. The spacetime evolution of the
reduced fields 7° and B" are illustrated in Fig. 9. The
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FIG. 9. The spacetime evolution of the reduced fields 7" (upper
panel) and B" (lower panel).

bubble wall of #° expands ~16 GeV~! within the time
interval ~30 GeV~!, so the speed is smaller than the
velocity of light as should be. Furthermore, with the
development of the superconductor phase, the magnetic
field decreases further deep inside the superconductor and
would approach zero for a longer time. Meanwhile, the
bump structure of the magnetic field becomes more and
more sharp with time going, since more and more latent
heat is released to the wall as the bubble expand. In this
sense, the thin wall approximation could be adopted to
calculate the nonvanishing quartic moment caused by
bubble collisions, which is closely connected with the
radiation of the gravitational wave [60].

B. Gravitational wave within a toy system

To explore bubble collisions, the tunneling probability
density I" has to be estimated. Since our study has shown
that the bubble formation is not far from the three-
dimensional Lorentz invariant, I" could be evaluated in
the O(3) symmetric Euclidean space as I' = A(£)3/2¢75
[58]. In thin wall approximation, the involved coefficients
are, respectively,

(uR,)"3
R}

00 =\ 2
B R [“pdpl (5) + (@000 - i)
0 dp

A:

’

2 2
+UR) - U(0) - W}, (73)
where u is the renormalization scale for the 2 + 1 dimen-
sion [61] and could be set to y = 1 GeV for QCD. Even
though we have assumed the bubble dynamics to be z
independent to simplify the interplay between B and 7, the
bubble must be bounded in the z direction in order to be
consistent with the case B is irrelevant. For the small
bubbles, we set the size to be the same as that in the x and y
directions for simple estimation since Lorentz invariance is
not violated in the ¢ — z space. So the generated bubbles are
roughly cylinders with the same height and diameter—that
is why 2R, shows up in the expression of 5.
Then, after inserting the solutions of Egs. (60), (68), and
(72), we find
A =0221 GeV3, B =142, (74)
and thus I' = 5.29 x 1077 GeV~3. Then, considering a toy
cylindrical system with height /2 and diameter d of the same
size, that is, h = d = 200 GeV~!, we expect around two
bubbles to be generated within the timescale ¢ ~ d/2. In the
following, we assume two bubbles to be generated simul-
taneously at x = +d/4,y =z =0 in such a system and
study the features of the gravitational wave observed at the
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FIG. 10. A toy model for bubble collision: the system and
nucleated bubbles are all chosen to be cylinders with the height
equal to the diameter and their axes along the direction of the
background magnetic field, and the two bubbles are assumed to be
generated simultaneously at the locations x = +d/4,y =z=0. The
system size is d = 200 GeV~! and the bubble radius was found to
be R, = 9.60 GeV~! according to the calculation in Sec. III A.

origin (see Fig. 10). Compared to the common cases where
the GW sources are far away from us [60], we are assumed
to be inside the source here as we are studying the magnetic
effect in our own galaxy. Inspired by the fact that
the characteristic frequency of GW does not depend on
the bubble number in the early universe [38], we expect the
characteristic frequency to be determined by the energy scale
at the QCD epoch and not sensitive to the details of bubble
dynamics. In principle, the magnitude of the GW depends on
the system size as the GW originated from different locations
would overlap with each other. For a larger system, we could
divide it to several numbers of the toy system and the
boundary of the toy system roughly corresponds to the
overlapping region with the bubbles actually outside.

As the two bubbles expand and collide with each other,
the variation of stress tensor would induce GW radiation,
that is,

F, F
= 0,707 — —~—

Tij(X, t) i 2

(75)

The resultant GW strains are then given by [60]

dzd*r .
1) = 2G% / dw / zTre_m,(t_R) [Te - Ty)(z v, 0),

dzd’r
h(r) = 4GR / de / ZTre—le—R)Txy(z,r, ),

where R means the real part and R is the distance of the
GW source from the observer at the origin. For rough

estimation, the strain will be evaluated by adopting the
envelope approximation, which was shown to be in good
agreement with the exact numerical evaluation [62]. The
initial approximation is based on two simplifications: (i) the
bubbles expand spherically with speed of light and do not
interfere with each other; (ii) only the bubble walls that do
not overlap with others and are inside the system are taken
into account in the integration. Here, we modify (i) by
requiring the bubbles to expand with half speed of light in
the x — y plane according to the numerical results in Fig. 9.
Hence, the GW strains become

hy(t) = GR / dw e ™ H (), (76)

ho(t) = GO / dw e~ H, (), (77)

where H | (w) and H, (w) depend on the stress tensors and
are given in frequency space as

z(u [t+R(z,1,0)]
/ dt/ dzr(1) /d& R(e.1.0) cos(20),

(78)
/ dt/ dzr*( / m}[;’R:;;)] sin(26).
(79)

Here, we define [,(t) =R, +1t, r(f)~R,+ 0.5, and
R(z,1,0) = \/Z2 + (1) 4+ (4)* — cos Or(t) 4, and S means
the surface of the nonoverlapping bubble walls.

Since the configuration of bubbles is symmetric under the
transformation @ — —0 at any time, we expect H, (w) = 0.
For r(t) > 4, the integration region of § would start to be
eaten by the overlapping with both the other bubble and the
system boundary. Then, by taking into account the fact that
the bubble configuration is reflectional symmetric with
respect to all the axial planes, the explicit form of H_ (w) is

L)

——————c0s(26)8(6, — 0,)

H, (o)

L e )19<r(t) - 9,9(%’ -

L (1) ,92 lw [t+R(z,1.0)]
- z(t 91

R(z,1,0)
. /dl‘r2 Boole(j <r(t) < ﬁ%)

0 lwt+th6‘)]
x8<d—l ) /2
2 0,

cos(26).
R(z.1.0)

(80)
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—4_and

Here, the integral limits of 8 are defined as cos 8, = prey

3(d/4)*—r*(1)

r(t)d/2
other bubble and system boundary, respectively. Note that
Boole (conditions) is the Boole function which is 1 if the
conditions are all true and 0 otherwise.

Of course, after we obtained the explicit form of H (w)
by numerical calculations, /., can be evaluated according
to the inverse Fourier transformation as shown in Eq. (76).
On the other hand, we could also work out an integral form
for A, by inserting Eq. (80) into Eq. (76) and then carry
out numerical calculations directly. Actually, the integral
over the frequency w gives rise to a delta function
5(t—1 —R(z,7,0)), which can be rewritten as

/ . 24,2(¢ 2 (V2
%5(9 —0;)9(t — ') with cos@; =t )f(f,%j)z (t=r)

Then, by completing the integration over 6, we have

cosf, = — according to the collisions with the

h, () = 4Ge, / ar ;(;2 Boole G <r(f) <5 g)

d L(1)
x I =—=L(1) )9 —1) dz cos(203)
2 ~1,(1)
X BOOle(al < 63 < 92), (81)
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FIG. 11. The spectra of the GW strain: the real (red solid line)
and imaginary (blue dashed line) parts of H, with frequency w in
the upper panel and &, with time ¢ in the lower panel.

where one should keep in mind that 65 depends on ¢, 7,
and z.

The numerical results for the GW strain are illustrated in
Fig. 11. From the upper panel, we can identify that the real
and imaginary parts of H, are even and odd functions of @,
respectively, and the characteristic frequency is of order
0.1 GeV. So the characteristic frequency is consistent with
the energy scale of QCD, Agcp = 0.2-0.3 GeV, and then
that of the relic GW is of order 107*~107> eV in our recent
galaxy after being scaled by the factor a = 10'2-10'2>
[27]. In other more familiar units, the relic frequency is of
order 0.1-1 K or 10°-10'° Hz, comparable to that of the
cosmic microwave background. From the lower panel, we
find the magnitude of the GW strain to be of order 1073,
Our system size is 5 107'3 fm which corresponds to
0.5-5 m in the recent universe. If the overlapping region of
the GW is as large as 5 km, the magnitude can be estimated
to be of order [(10°)3—(10%)3] 1073 =10"2-1072°,
quite within the capability of the next generation GW
detectors [63]. If the bubble distribution is random, it is
reasonable to assume that the characteristic frequency of
H, and magnitude of 4, should be of the same order as
those of H, and h, [59].

IV. SUMMARY

In the first part, we have extended our study of the QCD
phase diagram of the early universe [35] by taking into
account the primordial magnetic field within the PNJL
model. By referring to Gibbs free energy, we were able to
demonstrate the Meissner effect at mean field level; that is,
the finite external magnetic field H tends to reduce the free
energy of chiral phases rather than that of superconducting
pion superfluidity. Now, the transitions between chiral
phases and pion superfluidity were well explored and were
found to be of first order at relatively small H, compared to
that of second order for vanishing H. With H increasing,
the regime of zSF shrinks quickly and vanishes at the
threshold value eH = 0.0222 GeV?2, so first-order transi-
tion to zSF is possible only when the primordial magnetic
field is around the lower limit of the estimated magnitude
1072-1 GeV?. Then, taking the case with e = 0.01 GeV?
and M + lff[ = —0.2, for example, we showed the evolu-
tions of order parameters, entropy, densities, and the
cosmic trajectories of the chemical potentials with temper-
ature, which decreases with time in the early universe.
There, two first-order transitions were explicitly demon-
strated according to the noncontinuity of the order param-
eters, entropy, and densities; and the first transition was
found to be stronger than the second one.

In the second part, we have adopted instead the two-
flavor PQM model to study bubble dynamics during the
first-order QCD transition. The equations of motion of
mesons could easily be obtained in the PQM model, and
then we could conveniently apply the formalism of bubble
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dynamics [57,58] well developed before to the QCD
system. At the first transition point, we reduced the set
of EoMs by suppressing z° and ¢ degrees of freedom, since
the expectation value of z° is zero and that of ¢ remains
small across the point at mean field approximation. After
working out the dependence of the Polyakov loop on the
charged pion condensate, we could eventually reduce the
number of coupled EoMs to two, one for the charged pion
and the other for the magnetic field. From that, we could
directly reproduce the Meissner effect for the relativistic
system, and the expanding features of bubbles were well
demonstrated. Then, the generating probability density was
estimated for bubbles in the PQM model, and we intro-
duced a toy model by considering a cylindrical system
where two bubbles could form. The two bubbles would
expand and collide with each other to produce a gravita-
tional wave. By adopting the envelope approximation, the
spectra of GW strain were briefly studied with respect to
the variations of both frequency and time, and the char-
acteristic frequency of the relic GW was estimated to be of
the order 0.1-1 K or 10°-10'° Hz in our galaxy. For
comparison, the characteristic frequency of the relic GW
produced due to inflation [64] is of order 1071°-10~% Hz
when the early universe passed through the pion super-
fluidity phase with second-order transitions [33].

We have to admit that the recent study of a gravitational
wave generated from first-order QCD transition is quite
preliminary; more realistic calculations should be carried
out in the future. The dynamics with more bubbles would
be considered for a much larger volume, and then the
characteristic frequency and magnitude of GW strain can
be further constrained. The contribution of domain walls to
GW is also an interesting topic to explore just after the first-
order QCD transition [39,41]. On the other hand, the
bubble structure shown in Fig. 8 seems to indicate that
the Type-II superconducting pion superfluidity is more
favored in an external magnetic field. It happens that the
study of phonon modes favors such a possibility [65], so we
will check that by considering a magnetic vortical structure
in the future. Though the transitions involving the Type-II
superconductor are usually of second order, direct GW
emission is still supposed to be generated from the
collisions among vortices presented there.
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