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Within the framework of NRQCD, we calculate the production of the excited doubly heavy baryons
ΞbQ through the semi-inclusive production process t → hbQi½n� → ΞbQ þ Q̄þWþ, where Q ¼ b or c

quark. The intermediate diquark state hbQi½n� is in the excited P-wave state, including ½1P1� and
½3PJ� (J ¼ 0; 1; or 2) in both color anitriplet state 3̄ and color sixtuplet state 6; that is, hbci½1P1�3̄=6,
hbci½3PJ�3̄=6, hbbi½1P1�3̄, and hbbi½3PJ�6. We find that the contributions from the P-wave states are about

one order lower than the S-wave contributions, and this conclusion is consistent with others. We also
analyze the invariant mass and angle differential distributions, and the theoretical uncertainty from the mass
parameters, the transition probability, and the renormalization scale. Finally, we can expect that about
1.14 × 103–5 events of excited Ξbc and 2.47 × 101–3 events of excited Ξbb can be produced per year at the
LHC with L ¼ 1034–36 cm−2s−1.

DOI: 10.1103/PhysRevD.107.014006

I. INTRODUCTION

The quark model [1–4] theoretically predicts the exist-
ence of doubly heavy baryons, whose constituent quarks are
two heavy quarks (b or c) with one light quark (u, d, or s).
The study of doubly heavy baryons is an important part of
hadron research and also one of the major topics in QCD
research for its rich physical information. Since the first
discovery of the doubly heavy baryon Ξþþ

cc by the LHCb
Collaboration of the Large Hadron Collider (LHC) at the
European Organization for Nuclear Research (CERN) in
2017 [5], amounts of works have studied the properties of
the doubly heavy baryon. At present, the production of
doubly heavy baryons have been analyzed by the direct
production, such as at the eþe− colliders [6–9], the hadronic
production [10–19], in deeply inelastic ep scattering [20],
the photoproduction mechanisms [11,21–23], the heavy-ion
collisions [24,25], and the indirect production via top quark
decays, Higgs decays and Z boson decays [26–28], etc.

Among the indirect production mechanisms, the top
quark decay is intriguing because it is the heaviest known
fermion with a mass of 173.0 GeV. The top quark can
participate in all interactions, especially strong interactions,
and its decay occurs mainly through weak interactions via
the process t → bþWþ. Therefore, the production of
doubly heavy baryon through top quark decays is very
useful for high-precision physics in the electroweak sector.
With the advantage of high luminosity and high-collision
energy, the LHC or a high luminosity LHC (HL-LHC) has
already become a huge “top factory”, in which sizable
amounts of doubly heavy baryon events through top quark
decays can be produced. Thus, the top quark decays will be
a potentially good platform for studying the indirect
production mechanism of the doubly heavy baryons and
for searching the Ξbc and Ξbb baryons that have remained
undetected by experiment so far.
The nonrelativistic QCD (NRQCD) [29,30] is a very

practical theory to deal with the processes involving doubly
heavy hadrons. According to NRQCD, the doubly heavy
baryon can be expanded into a series of Fock states with
velocity v, where v stands for the typical relative velocity of
two heavy quarks in the low-energy interactions. The high-
energy interactions can be calculated by perturbative QCD.
To be specific, the production of ΞbQ via top-quark decays
can be factorized into two parts, one is the hard process that
produces the intermediate diquark state hbQi (Q stands for
b or c quark), which can be calculated perturbatively, and
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the other is the nonperturbative hadronic process from a
hbQi½n� diquark state to a doubly heavy baryon ΞbQ,
where n stands for the spin and color quantum number of
the intermediate diquark. The second part can be depicted
by a nonperturbative matrix element, which is propor-
tional to the transition probability from the diquark state to
the baryon ΞbQ. The nonperturbative matrix elements can
be approximately related to the Schrödinger wave func-
tion at the origin jΨbQð0Þj for S-wave states, and the
derivative wave function at the origin jΨ0

bQð0Þj for P-wave
states. jΨbQð0Þj and jΨ0

bQð0Þj can be derived from the
experiment or some nonperturbative methods like the
potential model [31,32], lattice QCD [33], or QCD sum
rules [34]. Because these nonperturbative matrix elements
can be treated as an overall parameters, we would
concentrated on the essential perturbative part t →
hbQi½n� þ Q̄þWþ for the production of the doubly
heavy baryons ΞbQ. Here, ΞbQ stands for the doubly
heavy baryon ΞbQq, where Q represents the heavy con-
stituent quark b or c, and q denotes the light u, d, or s
quark, respectively. Thus, the study of the doubly heavy
baryons can help us to achieve a deeper understanding of
the QCD in both perturbative and nonperturbative regions.
Pioneer investigations on the research of excited P-wave
state have been analyzed for the production of mesons
[35–38] and the doubly heavy baryons via Wþ boson
decays [39].
In our previous work, the relevant contributions for the

production of the doubly heavy baryons from the ordinary
S-wave, namely ground state of intermediate diquark
states, including hbci½1S0�3̄=6, hbci½3S1�3̄=6, hbbi½1S0�6,
and hbbi½3S1�3̄, have been discussed. There will be about
2.25 × 104–6 events of Ξbc and 9.49 × 102–4 events of Ξbb
produced in one operation year through top quark decays
at the LHC or HL-LHC with L¼1034–36 cm−2s−1.
Therefore, there are enough baryon events produced
experimentally. For further precise study and analysis, in
the following we shall study the production of highly-
excited doubly heavy baryons, which come from the
excitation of the intermediate diquark state. Similar to
S-wave intermediate diquarks, the color state of the excited
P-wave can be 3̄ or 6 because of the decomposition of
SUð3ÞC color group. The spin state of the excited P-wave
can be ½1P1� or ½3PJ� (J ¼ 0; 1; or 2). However, there are
only four spin and color configurations for the P-wave state
Ξbb, i.e., ½1P1�3̄ and ½3PJ�6 due to the symmetry of identical
particles in the diquark state. While there are eight spin
and color configurations for the P-wave of Ξbc, ½1P1�3̄=6
and ½3PJ�3̄=6. All the spin and color configurations of the
intemediated diquark states in P-wave, hbci½1P1�3̄=6,
hbci½3PJ�3̄=6, hbbi½1P1�3̄, and hbbi½3PJ�6 would be taken
into consideration for a further sound prediction. A careful

study on the excited ΞbQ production shall be helpful for
confirming the contributions from the P-wave states and for
further testing of the quark model and NRQCD.
The remaining parts of this paper are organized as

follows. In Sec. II, we present the detailed calculation
technology for the production of ΞbQ in P-wave states
through top quark decays within the framework of
NRQCD. Then the total decay widths, differential distri-
butions and theoretical uncertainty are given in Sec. III.
Section IV is reserved for the summary.

II. CALCULATION TECHNOLOGY

Figure 1 shows the Feynman diagrams for the process
tðp1Þ→ΞbQðq1ÞþQ̄ðq2ÞþWþðq3Þ. Within the framework
of NRQCD, the decay width can be factorized as [29,30]

Γðtðp1Þ → ΞbQðq1Þ þ Q̄ðq2Þ þWþðq3ÞÞ
¼

X
n

Γ̃ðt → hbQi½n� þ Q̄þWþÞhOH½n�i; ð1Þ

where [n] stands for the spin and color quantum number for
the intermediate diquark state, such as ½1S0�3̄=6, ½3S1�3̄=6,
½1P1�3̄=6 or ½3PJ�3̄=6, and so on. All of these different diquark
states need to be considered. hOH½n�i represents the non-
perturbative matrix element, which is proportional to the
transition probability from the diquark state hbQi½n� to the
doubly heavy baryon ΞbQ. By relating to the Schrödinger
wave function at the origin jΨbQð0Þj for S-wave states,
and the derivative wave function at the origin jΨ0

bQð0Þj for

(a)

(b)

FIG. 1. Two typical Feynman diagrams (a) and (b) for the
process tðp1Þ → ΞbQðq1Þ þ Q̄ðq2Þ þWþðq3Þ, where Q denotes
the heavy c or b quark for the production of Ξbc or Ξbb
accordingly.
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P-wave states, one can estimate the value of hOH½n�i.
Specifically, the perturbative short-distance coefficients,
that is, the decay width Γ̃ðt → hbQi½n� þ Q̄þWþÞ can
be expressed as

Γ̃ðt→ hbQi½n�þ Q̄þWþÞ¼
Z

1

2mt

X
jM½n�j2dΦ3; ð2Þ

where M stands for the hard amplitude. The meaning ofP
is to sum over the colors and spins of all final-state

particles (hbQi, Q̄ andWþ) and to average over the spin and
color of the initial top quark. dΦ3 is the three-particle phase
space and it can be represented as

dΦ3 ¼ ð2πÞ4δ4
�
p1 −

X3
i¼1

qi

�Y3
i¼1

d3qi
ð2πÞ32q0i

: ð3Þ

Then we can rewrite Eq. (2) as

dΓ̃ ¼ 1

256π3m3
t

X
jM½n�j2ds12ds23; ð4Þ

where mt represents the mass of top quark, s12 ¼
ðq1 þ q2Þ2 and s23 ¼ ðq2 þ q3Þ2 stand for the invariant
masses. With the help of FeynCalc 9.3 [40] program, we could
obtain not only the total decay width but also the corre-
sponding differential distributions.

A. Amplitudes for the diquark production

As proved in Refs. [7,8], one can relate the hard
amplitude M for the production of diquark hbQi with
the amplitude of the familiar quarkonium or meson ðbQ̄Þ
production by applying charge conjugation C ¼ −iγ2γ0 on
the heavy Q fermion line. Remarkably, there is an addi-
tional factor ð−1Þnþ1 when one use the action of C parity
to reverse the heavy Q fermion line and n is the number of
vector vertices which equals to one in this process. By
marking the amplitude in the subgraph (a) (or (b)) of Fig. 1
as A1 (A2), one can write the squared hard amplitude as
jMj2 ¼ 1

2×3

P jA1 þA2j2. Specifically, the amplitude A1

(A2) can be expressed as

A1 ¼ iCūiðq2; sÞ
�
γμ

Πq1 ½n�
ðq2 þ q12Þ2

γμ
=q1 þ =q2 þmb

ðq1 þ q2Þ2 −m2
b

=εðq3ÞPL

�
ujðp1; s0Þ;

A2 ¼ iCūiðq2; sÞ
�
γμ

Πq1 ½n�
ðq2 þ q12Þ2

=εðq3ÞPL
=q11 þ =q3 þmt

ðq11 þ q3Þ2 −m2
t
γμ

�
ujðp1; s0Þ; ð5Þ

in which εðq3Þ is the polarization vector of Wþ boson,
PL ¼ 1−γ5

2
, the CKM matrix element jVtbj is directly taken

to be 1, the overall factor C ¼ gg2sCij;k and the color factor
Cij;k will be explained carefully in Sec. II C, q11 and q12
are the momenta of two heavy quarks, b and Q, inside the
diquark, respectively, and their forms are

q11 ¼
mb

MbQ
q1 þ q and q12 ¼

mQ

MbQ
q1 − q; ð6Þ

where q is the relative momentum between b and Q
inside the diquark, and MbQ ¼ mb þmQ is adopted to
ensure the gauge invariance. The relative momentum q
in the diquark state hbQi½n� is small enough to be
neglected in the amplitude due to the nonrelativistic
approximation. The projector in the S-wave state can
be written as

Πq1 ½n� ¼
1

2
ffiffiffiffiffiffiffiffiffi
MbQ

p ε½n�ð=q1 þMbQÞ; ð7Þ

where ε½1S0� ¼ γ5 and ε½3S1� ¼ =ε with εβ is the polariza-
tion vector of diquark in 3S1.
As to the P-wave amplitudes, the expression can be

interconnected with the derivative of the S-wave expression
in spin singlet or spin triplet respectively with respect to the
relative momentum q. In order to obtain the derivatives of
the projector, q should be preserved and cannot be set
directly to zero. Thus the projector can be rewritten as the
following forms:

Πq1 ½n� ¼
−

ffiffiffiffiffiffiffiffiffi
MbQ

p
4mQmb

ð=q12 −mQÞε½n�ð=q11 þmbÞ; ð8Þ

and it has been proven to be consistent with Eq. (7)
when q ¼ 0 [39]. Then we have to take the derivative
of the relative momentum q in the gluon propagator in A1,
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and the gluon propagator and the fermion propagator in A2. More explicitly, P-wave amplitudes are listed
below:

A1½1P1� ¼ iCεlαðq1Þ
d
dqα

�
ūiðq2; sÞ

�
γμ

1

ðq2 þ q12Þ2
−

ffiffiffiffiffiffiffiffiffi
MbQ

p
4mQmb

ð=q12 −mQÞγ5ð=q11 þmbÞγμ

×
=q1 þ =q2 þmb

ðq1 þ q2Þ2 −m2
b

=εðq3ÞPL

�
ujðp1; s0Þ

�����
q¼0

;

A2½1P1� ¼ iCεlαðq1Þ
d
dqα

�
ūiðq2; sÞ

�
γμ

1

ðq2 þ q12Þ2
−

ffiffiffiffiffiffiffiffiffi
MbQ

p
4mQmb

ð=q12 −mQÞγ5ð=q11 þmbÞ

× =εðq3ÞPL
=q11 þ =q3 þmt

ðq11 þ q3Þ2 −m2
t
γμ

�
ujðp1; s0Þ

�����
q¼0

; ð9Þ

and

A1½3PJ� ¼ iCεJαβðq1Þ
d
dqα

�
ūiðq2; sÞ

�
γμ

1

ðq2 þ q12Þ2
−

ffiffiffiffiffiffiffiffiffi
MbQ

p
4mQmb

ð=q12 −mQÞγβð=q11 þmbÞγμ

×
=q1 þ =q2 þmb

ðq1 þ q2Þ2 −m2
b

=εðq3ÞPL

�
ujðp1; s0Þ

�����
q¼0

;

A2½3PJ� ¼ iCεJαβðq1Þ
d
dqα

�
ūiðq2; sÞ

�
γμ

1

ðq2 þ q12Þ2
−

ffiffiffiffiffiffiffiffiffi
MbQ

p
4mQmb

ð=q12 −mQÞγβð=q11 þmbÞ

× =εðq3ÞPL
=q11 þ =q3 þmt

ðq11 þ q3Þ2 −m2
t
γμ

�
ujðp1; s0Þ

�����
q¼0

; ð10Þ

where εlαðq1Þ (εJαβðq1Þ) is the polarization vector (polari-
zation tensor) of the diquark hbQi in ½1P1� (½3PJ� with
J ¼ 0; 1 or 2) state. One needs to sum over the polarization
vectors or tensors when calculating the squared amplitudes
jM̄j2. For the case of ½1P1� state, the polarization sum
formula is

X
lz

εlαε
l�
α0 ¼ Παα0 ; ð11Þ

where lz stands for the ½1P1� states. To obtain the appro-
priate total angular momentum quantum number J in the
case of ½3PJ�, we should take the polarization tensor sum
formula as

ε0αβε
0�
α0β0 ¼

1

3
ΠαβΠα0β0 ; ð12Þ

X
Jz

ε1αβε
1�
α0β0 ¼

1

2
ðΠαα0Πββ0 − Παβ0Πα0βÞ; ð13Þ

X
Jz

ε2αβε
2�
α0β0 ¼

1

2
ðΠαα0Πββ0 þ Παβ0Πα0βÞ

−
1

3
ΠαβΠα0β0 ; ð14Þ

with the definition

Παβ ¼ −gαβ þ
p1αp1β

M2
bQ

: ð15Þ

It’s worth noting that for the production of Ξbb, the
squared amplitudes have to be multiplied by an extra
overall factor ð22=2!Þ ¼ 2, where the factor 1=2! comes
from the identical particles in the hbbi diquark state and 22
is the two extra diagrams from the exchange of the two
identical quark lines inside the diquark state.

B. Hadronization from diquark hbQi½n� to ΞbQ

The hadronization process from the diquark hbQi½n� to
the doubly heavy baryon ΞbQ is nonperturbative. Within the
framework of NRQCD, the nonperturbative matrix element
hOH½n�i can be considered as the transition probability
from hbQi½n� to ΞbQ. For the production of ΞbQ, similar to
S-wave intermediate diquark hbQi, the color quantum
number of the excited P-wave diquark can be also 3̄ or
6 for the decomposition of SUð3ÞC color group
3 ⊗ 3 ¼ 3̄⨁6. Here h3̄ and h6 are used to describe the
transition probabilities of the diquark hbQi in color anti-
triplet and color sextuplet, respectively. Assuming that the
potential of the diquark in color 3̄ is hydrogen-like, h3̄ can
be approximatively related to the Schrödinger wave func-
tion at the origin jΨbQð0Þj for S-wave states, and the first-
derivative wave function at the origin jΨ0

bQð0Þj for P-wave
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states. Then the first-derivative wave function at the origin
can naturally connect with the derivative radial wave
function at the origin,

jΨ0
bQð0Þj2 ¼

3

4π
jR0

bQð0Þj2: ð16Þ

While for the transition probability h6, there are two
different points of view in the early literatures. One is that
due to the “one-gluon-exchange” interaction inside the
diquark, the “binding force” of diquark in color 3̄ state is
stronger than that in 6 state, resulting that h6 shall at least be
suppressed by v2 compared to h3̄, or too small to be ignored
[7,41]. Here v is the relative velocity between the two
heavy quarks inside ΞbQ in the rest frame of the baryon.
While others indicate that these two parameters h6 and h3̄
are of the same order of v [13,41] following the naive
NRQCD power counting rule. Thus, for convenience and to
reduce the selection of parameters, we assume h6 ≃ h3̄ in
the numerical calculation.

C. The color factor

For the production of P-wave diquark state hbbi, there
are four spin and color configurations, such as ½1P1�3̄ and
½3PJ�6 with J ¼ 0; 1; 2 due to the symmetry of identical
particles in the diquark state. While there are eight spin and
color configurations for Ξbc, ½1P1�3̄=6 and ½3PJ�3̄=6, all these
spin and color configurations of the intemediate P-wave
diquark states would be taken into consideration for a
further sound prediction. According to the Feynman rule,
the color factor Cij;k in Fig. 1 can be calculated by

Cij;k ¼ N ×
X
a;m;n

ðTaÞmiðTaÞnj ×Gmnk: ð17Þ

Here N ¼ ffiffiffiffiffiffiffiffi
1=2

p
is the normalization constant; i, j, m,

n ¼ 1; 2; 3 are the color indices of Q̄ðq2Þ, tðp1Þ, and the
two constituent quarks Q and b inside the diquark
hbQiðq1Þ respectively. a ¼ 1;…; 8 and k denote as the
color index of the gluon and the diquark hbQi. When the
diquark hbQi is in color 3̄ or 6 state, the function Gmnk is
equal to the antisymmetric function εmnk or the symmetric
function fmnk, accordingly, and they satisfy

εmnkεm0n0k ¼ δmm0δnn0 − δmn0δnm0 ; ð18Þ

fmnkfm0n0k ¼ δmm0δnn0 þ δmn0δnm0 : ð19Þ

Finally, for the production of diquarks in color 3̄ and 6, we
obtain the color factors C2ij;k are equal to 4

3
and 2

3
,

respectively.

III. NUMERICAL RESULTS

In the numerical calculation, the input parameters are
adopted as [11,27]

mc¼ 1.8 GeV; mb ¼ 5.1 GeV;

MΞbc
¼ 6.9 GeV; MΞbb

¼ 10.2 GeV;

jR0
bcð0Þj ¼ 0.200 GeV

5
2; jR0

bbð0Þj ¼ 0.479 GeV
5
2;

mt¼ 173.0 GeV; mW ¼ 80.385 GeV;

αsð2mbÞ ¼ 0.178; αsð2mcÞ ¼ 0.239;

GF ¼ 1.1663787 × 10−5 GeV−2;

g ¼ 2
ffiffiffi
2

p
mW

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GF=

ffiffiffi
2

pq
; ð20Þ

where the masses of constituent quark mc and mb are
the same as that in Ref. [11], they are used to build the
mass of corresponding baryon MΞbc

≃MbQ ¼ mb þmQ

(Q ¼ b or c). jR0
bcð0Þj and jR0

bbð0Þj are the derivative
radial wave functions at the origin, and its values that we
use in our calculation are evaluated by the K2O potential
motivated by QCD with a three-loop function [32]. The
remaining parameters are the same as that in our previous
work, Ref. [27], in order to make a comprehensive
comparison and analysis with the contribution of the
intermediate S-wave diquark state. The renormalization
scale μr for the production of Ξbc (Ξbb) is set to be 2mc
(2mb), and the same as the factorization scale. Finally the
number of produced ΞbQ events per year could be roughly
estimated by

NΞbQ½n� ¼ NtBrbQ½n�; ð21Þ
where Nt represents the total events of top quark produced
per year, and there are about 108–10 tt̄ pair [42,43]
produced in one operation year at the LHC running with
a high luminosity L ¼ 1034–36 cm−2 s−1. BrbQ½n� is the
branching ratio for the production of ΞbQ, which is
defined as

BrbQ½n� ¼
Γt→ΞbQ½n�þQ̄þWþ

Γt
: ð22Þ

in which [n] is the spin and color quantum number of the
intermediate diquark state, Γt stands for the total decay
width of the top quark. The decay width of top quark
through the maximum decay channel t → bWþ is
1.49 GeV, which can be considered as its total
decay width.

A. The production of Ξbc baryon

The total decay width of Ξbc baryon via top quark decays
are obtained and listed in Table I. The results contain all
considered P-wave intermediate diquark state, and the
contribution of the intermediate S-wave diquark states
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are also listed in Table I for a comprehensive comparison
and analysis. S-wave (P-wave) in Table I stands for the sum
of states ½1S0�3̄=6 and ½3S1�3̄=6 (½1P1�3̄=6 and ½3PJ�3̄=6 with
J ¼ 0; 1; 2). The results indicate that:
(a) All of the eight spin and color states for the production

of excited Ξbc baryon have been considered in our
numerical calculation and the ratio of the decay
widths in these eight excited states is ½3P1�3̄∶
½3P1�6∶½3P0�3̄∶½3P0�6∶½3P2�3̄∶½3P2�6∶½1P1�3̄∶½1P1�6¼1∶
0.50∶0.53∶0.26∶0.97∶0.48∶0.78∶0.39. That is to say,
for the production of P-wave Ξbc, the proportions of
these eight spin and color states are 24%, 12%, 13%,
6%, 23%, 12%, 7%, and 3%, respectively.

(b) Obviously, the contribution from the spin and color
state ½3P1�3̄ domains. The total decay widths with the
intermediate diquark in color antitriplet state shall be
about twice of that in color sextuplet due to the color
factor.

(c) The total contribution from intermediate P-wave
diquark state is about 5.05% of that from S-wave.

(d) When all the considered intermediate S-wave and
P-wave diquark states are summed, there are about
2.36 × 104–6 Ξbc events=yr produced via top quark
decays at the LHC, about 1.14 × 103−5 events=yr of
which came from the P-wave states. The events per
year in ½1P1�3̄, ½1P1�6, ½3P0�3̄, ½3P0�6, ½3P1�3̄, ½3P1�6,
½3P2�3̄, and ½3P2�6 states are about 1.81 × 102−4,
9.03 × 101−3, 1.22 × 102−4, 6.10 × 101−3, 2.32×
102−4, 1.16 × 102−4, 2.24 × 102−4, and 1.12 × 102−4,
respectively.

In order to show the characteristics of the excited Ξbc
production through intermediate P-wave diquark hbQi½n�
and be helpful for the experiments measurements, we make

a clear analysis about the differential distributions in the
following, such as dΓ=ds12, dΓ=ds23, dΓ=d cos θ13, and
dΓ=d cos θ12, which are shown in Figs. 2 and 3. Here the
kinematics parameter-invariant mass sij ¼ ðqi þ qjÞ2, and
θij is the angle between outgoing three momenta q⃗i and q⃗j
in the rest frame of top quark. In Figs. 2 and 3, different
color and size of dotted lines are used to represent the
differential distributions of eight intermediate diquark
states.
Figure 2(a) shows that as the invariant mass s12

increases, the differential decay width decreases monoton-
ically. When s12 tends to zero, the ΞbQ baryon and the
heavy antiquark Q̄ shall move in much closer directions,

(a)

(b)

FIG. 2. The differential decay widths dΓ=ds12 (a) and dΓ=ds23
(b) for the process t → Ξbc½P� þ Q̄þWþ. The dashed black,
dotted red, dash-dotted blue, dash-dot-dotted green, short dashed
purple, short dotted yellow, short dash-dotted azure and dash-
dotted brown lines represent for the decay widths of P-wave Ξbc

in ½1P1�3̄, ½1P1�6, ½3P0�3̄, ½3P0�6, ½3P1�3̄, ½3P1�6, ½3P2�3̄, and ½3P2�6,
respectively.

TABLE I. Decay widths (KeV) and Brbc½n� for the production
of P-wave and S-wave Ξbc via top quark decays. States represent
the spin and color states for the intermediate diquark.

State Decay width Brbc½n�
½1S0�3̄ 96.2 6.46 × 10−5

½1S0�6 48.1 3.23 × 10−5

½3S1�3̄ 127.6 8.56 × 10−5

½3S1�6 63.8 4.28 × 10−5

½1P1�3̄ 2.69 1.81 × 10−6

½1P1�6 1.34 9.03 × 10−7

½3P0�3̄ 1.82 1.22 × 10−6

½3P0�6 0.91 6.10 × 10−7

½3P1�3̄ 3.46 2.32 × 10−6

½3P1�6 1.73 1.16 × 10−6

½3P2�3̄ 3.34 2.24 × 10−6

½3P2�6 1.67 1.12 × 10−6

S-wave 335.7 2.25 × 10−4

P-wave 16.96 1.14 × 10−5

Total 352.66 2.36 × 10−4
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resulting in a larger decay width. In Fig. 2(b), all the curves
are relatively flatter than those in Fig. 2(a). In Fig. 3, we
found that the dependence of the differential decay width
dΓ=d cos θ13 (dΓ=d cos θ12) on cos θ13 (cos θ12) also shows
a monotonic behavior. Moreover, the value of dΓ=d cos θ13
is largest when cos θ13 ¼ −1, i.e., θ13 ¼ 180° and the value
of dΓ=d cos θ12 is largest when cos θ12 ¼ 1, i.e., θ12 ¼ 0°.

B. The production of Ξbb baryons

Similar to the production of Ξbc, the decay widths for all
considered spin and color configurations through the

process t → Ξbb þ b̄þWþ are listed in Table II, which
show that
(a) The total contributions from the P-wave Ξbb is about

2% of that from P-wave Ξbc. Because mb is about
three times larger thanmc, the phase space of Γt→Ξbb½P�
is suppressed compared with that of Γt→Ξbc½P�.

(b) All of the four spin and color states for the production
of excited Ξbb have been considered in our numerical
calculation and the ratio between them is ½1P1�3̄∶
½3P1�6∶½3P0�6∶½3P2�6 ¼ 1∶0.83∶0.81∶0.28.

(c) For the production of excited Ξbb, the contribution
from the spin and color state ½1P1�3̄ domains. The total
contribution from intermediate P-wave diquark state is
about 2.58% of that from S-wave.

(d) At the LHC, about 9.73 × 102–4 Ξbb events=yr will be
produced with the sum of S-wave and P-wave states
via top-quark decays. The total proportion coming
from the P-wave state is about 2.45 × 101–3 events=yr.
The events per year for the ½1P1�3̄, ½3P0�6, ½3P1�6, and
½3P2�6 are about 8.39 × 100−2, 6.84 × 100−2, 6.95×
100−2, and 2.33 × 100−2, respectively.

(a)

(b)

FIG. 3. The differential decay widths dΓ= cos θ13 (a) and
dΓ= cos θ12 (b) for the process t → Ξbc½P� þ Q̄þWþ. The
dashed black, dotted red, dash-dotted blue, dash-dot-dotted
green, short dashed purple, short dotted yellow, short dash-dotted
azure and dash-dotted brown lines represent for the decay widths
of P-wave Ξbc in ½1P1�3̄, ½1P1�6, ½3P0�3̄, ½3P0�6, ½3P1�3̄, ½3P1�6,
½3P2�3̄, and ½3P2�6, respectively.

TABLE II. Decay widths (KeV) and Brbb½n� for the production
of P-wave and S-wave Ξbb via top quark decays. States represent
the spin and color state for the intermediate diquark.

State Decay width Brbb½n�
½1S0�6 4.77 3.20 × 10−6

½3S1�3̄ 9.37 6.29 × 10−6

½1P1�3̄ 0.125 8.39 × 10−8

½3P0�6 0.102 6.84 × 10−8

½3P1�6 0.104 6.95 × 10−8

½3P2�6 0.035 2.33 × 10−8

S-wave 14.14 9.49 × 10−6

P-wave 0.365 2.45 × 10−7

Total 14.505 9.73 × 10−6

TABLE III. The theoretical uncertainty for the production of
Ξbc (in units 10−7 GeV) caused by charm quark mass. Here we
vary mc over the range [1.5, 2.1] GeV while the masses of other
two heavy quarks are taken as their central values; namely, mb ¼
5.1 GeV and mt ¼ 173.0 GeV.

mc ðGeVÞ 1.50 1.65 1.80 1.95 2.10

ΓΞbc
ð½1P1�3̄Þ 65.96 41.23 26.90 18.20 12.69

ΓΞbc
ð½1P1�6Þ 32.98 20.61 13.45 9.10 6.35

ΓΞbc
ð½3P0�3̄Þ 38.14 25.85 18.18 13.18 9.81

ΓΞbc
ð½3P0�6Þ 19.07 12.93 9.09 6.59 4.90

ΓΞbc
ð½3P1�3̄Þ 80.98 51.89 34.63 23.92 17.01

ΓΞbc
ð½3P1�6Þ 40.49 25.94 17.32 11.96 8.51

ΓΞbc
ð½3P2�3̄Þ 89.35 53.46 33.41 21.67 14.50

ΓΞbc
ð½3P2�6Þ 44.68 26.73 16.71 10.83 7.25
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The differential distributions, such as dΓ=ds12, dΓ=ds23,
dΓ=d cos θ13, and dΓ=d cos θ12, for the production of Ξbb

through the process tðp1Þ → Ξbbðq1Þ þ b̄ðq2Þ þWþðq3Þ
are shown in Figs. 4 and 5. The kinematics parameters sij
and θij are defined the same as that in Sec. III A. From
Figs. 4 and 5, more characteristics can be found to be
basically consistent with that for the production of Ξbc.

C. Theoretical uncertainty

In this subsection the theoretical uncertainty for the
production of ΞbQ are discussed. There are three main
sources of theoretical uncertainty, namely mass parameters,
transition probability and the renormalization scale.

The theoretical uncertainty caused by the mass of heavy
quark (mc, mb, and mt) and Wþ boson would be given
priority consideration. For the production of Ξbc, heavy
quark masses mc, mb, and mt are all the error sources of
theoretical uncertainties, which are shown in Tables III–V,
respectively. However, as for the production of Ξbb, there
are only two main sources of heavy quark mass uncertainty,
i.e.,mb andmt, and they are also shown in Tables IVand V,
respectively. To estimate the uncertainties, we adopt
mc ¼ 1.8� 0.3 GeV, mb ¼ 5.1� 0.4 GeV, and mt ¼
173.0� 0.4 GeV. From Tables III–V, one can find that:
(a) The decay width for the production of excited Ξbc

baryon is more sensitive to mc than mb and mt,
because the suppression of phase space, ΓΞbc½n� de-

(a)

(b)

FIG. 4. The differential decay widths dΓ=ds12 (a) and
dΓ=ds23 (b) for the process t → Ξbb½P� þ Q̄þWþ. The dashed
black, dash-dot-dotted green, short dotted yellow, and dash-
dotted brown lines represent the decay widths of P-wave Ξbb in
½1P1�3̄, ½3P0�6, ½3P1�6, and ½3P2�6, respectively.

(a)

(b)

FIG. 5. The differential decay widths dΓ= cos θ13 (a) and
dΓ= cos θ12 (b) for the process t → Ξbb½P� þ Q̄þWþ. The
dashed black, dash-dot-dotted green, short dotted yellow and
dash-dotted brown lines represent for the decay widths of P-wave
Ξbb in ½1P1�3̄, ½3P0�6, ½3P1�6, and ½3P2�6, respectively.
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creases with the increments of mc. Due to the
influence of the projector in Eq. (7) and the polari-
zation tensors sum formula in Eqs. (12)–(14), the
decay width of excited Ξbc in the ½3P2�3̄=6 state
increases with the increment of mb, while the others
decrease with the increment of mb.

(b) For the production of excited Ξbb, the decay width is
more sensitive to mb than mt, and the uncertainty
effect from mt is small enough to be ignored. The
decay width decreases with the increment ofmb for the
suppression of phase space.

Based on the recent difference of the W boson mass with a
significance of 7.0σ between the CDF-II and the standard
model [44], we also calculate its mass uncertainty, and
finally find that it has a negligible impact on the final
results. Therefore, the theoretical uncertainty for the pro-
duction of ΞbQ caused by Wþ boson mass would not be
shown in this paper.
Then, the theoretical uncertainty caused by the transition

probability h6 shall be discussed. Based on those two
different points of view mentioned in Sec. II B about the
contributions of diquark in color 3̄ and 6 state, the total
produced ΞbQ events would be roughly estimated at the
LHC in one operation year with h6 ¼ 0, or h6 ¼ v2h3̄ with
v2 ¼ ð0.1 − 0.3Þ, and the corresponding results, along with
those obtained with h6 ¼ h3̄ for comparison, are presented
in Table VI. Nevertheless, the uncertainty effect from the
transition probability can be easily estimated when a
relatively reliable value of h6 appears, because it is propor-
tional to the decay width for the production of doubly
heavy baryon ΞbQ within the NRQCD framework.

TABLE V. The theoretical uncertainty for the production of
ΞbQ (in units 10−7 GeV) caused by the top quark mass. Here we
vary mt over the range [172.6, 173.4] GeV while the masses of
other two heavy quarks are taken as their central values; namely,
mb ¼ 5.1 GeV and mc ¼ 1.8 GeV.

mt ðGeVÞ 172.6 172.8 173.0 173.2 173.4

ΓΞbc
ð½1P1�3̄Þ 26.66 26.78 26.90 27.02 27.14

ΓΞbc
ð½1P1�6Þ 13.33 13.39 13.45 13.51 13.57

ΓΞbc
ð½3P0�3̄Þ 18.03 18.10 18.18 18.26 18.33

ΓΞbc
ð½3P0�6Þ 9.01 9.05 9.09 9.13 9.17

ΓΞbc
ð½3P1�3̄Þ 34.33 34.48 34.63 34.79 34.94

ΓΞbc
ð½3P1�6Þ 17.16 17.24 17.32 17.39 17.47

ΓΞbc
ð½3P2�3̄Þ 33.11 33.26 33.41 33.56 33.72

ΓΞbc
ð½3P2�6Þ 16.55 16.63 16.71 16.78 16.86

ΓΞbb
ð½1P1�3̄Þ 1.24 1.24 1.25 1.26 1.26

ΓΞbb
ð½3P0�6Þ 1.01 1.01 1.02 1.02 1.03

ΓΞbb
ð½3P1�6Þ 1.03 1.03 1.04 1.04 1.05

ΓΞbb
ð½3P2�6Þ 0.34 0.34 0.35 0.35 0.35

TABLE IV. The theoretical uncertainty for the production of
ΞbQ (in units 10−7 GeV) caused by bottom quark mass. Here we
vary mb over the range [4.7, 5.5] GeV while the masses of other
two heavy quarks are taken as their central values; namely, mc ¼
1.8 GeV and mt ¼ 173.0 GeV.

mb ðGeVÞ 4.7 4.9 5.1 5.3 5.5

ΓΞbc
ð½1P1�3̄Þ 27.67 27.27 26.90 26.55 26.23

ΓΞbc
ð½1P1�6Þ 13.84 13.64 13.45 13.28 13.12

ΓΞbc
ð½3P0�3̄Þ 19.87 18.98 18.18 17.45 16.77

ΓΞbc
ð½3P0�6Þ 9.93 9.49 9.09 8.72 8.39

ΓΞbc
ð½3P1�3̄Þ 36.30 35.44 34.63 33.89 33.20

ΓΞbc
ð½3P1�6Þ 18.15 17.72 17.32 16.94 16.60

ΓΞbc
ð½3P2�3̄Þ 33.01 33.22 33.41 33.59 33.75

ΓΞbc
ð½3P2�6Þ 16.51 16.61 16.71 16.79 16.87

ΓΞbb
ð½1P1�3̄Þ 1.95 1.55 1.25 1.01 0.82

ΓΞbb
ð½3P0�6Þ 1.56 1.26 1.02 0.83 0.68

ΓΞbb
ð½3P1�6Þ 1.61 1.29 1.04 0.84 0.69

ΓΞbb
ð½3P2�6Þ 0.55 0.43 0.35 0.28 0.23

TABLE VII. The theoretical uncertainty for the production of
ΞbQ (in units 10−7 GeV) caused by the renormalization scale μr.
Here we take μr ¼ 2mc, Mbc, or 2mb, respectively, while the
masses of heavy quarks are taken as their central values; namely,
mb ¼ 5.1 GeV, mc ¼ 1.8 GeV, and mt ¼ 173.0 GeV.

μrðGeVÞ 2mc Mbc 2mb

ΓΞbc
ð½1P1�3̄Þ 26.90 18.09 14.92

ΓΞbc
ð½1P1�6Þ 13.45 9.05 7.46

ΓΞbc
ð½3P0�3̄Þ 18.18 12.23 10.08

ΓΞbc
ð½3P0�6Þ 9.09 6.11 5.04

ΓΞbc
ð½3P1�3̄Þ 34.63 23.29 19.21

ΓΞbc
ð½3P1�6Þ 17.32 11.65 9.61

ΓΞbc
ð½3P2�3̄Þ 33.41 22.47 18.53

ΓΞbc
ð½3P2�6Þ 16.71 11.24 9.27

ΓΞbb
ð½1P1�3̄Þ 2.25 1.51 1.25

ΓΞbb
ð½3P0�6Þ 1.84 1.24 1.02

ΓΞbb
ð½3P1�6Þ 1.87 1.26 1.04

ΓΞbb
ð½3P2�6Þ 0.63 0.42 0.35

TABLE VI. The theoretical uncertainty for the total produced
ΞbQ events caused by the transition probability h6 at LHC with a
high luminosity L ¼ 1034–36 cm−2 s−1 in one operation year.
Here we take h6 ¼ 0, h6 ¼ v2h3̄, or h6 ¼ h3̄, respectively, while
the masses of heavy quarks are taken as their central values;
namely, mb ¼ 5.1 GeV, mc ¼ 1.8 GeV, and mt ¼ 173.0 GeV.

Events h6 ¼ 0 h6 ¼ v2h3̄ h6 ¼ h3̄

NΞbc
ð×104−6Þ 1.58 1.66–1.81 2.36

NΞbb
ð×102−4Þ 6.37 6.71–7.38 9.73
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Finally, uncertainty induced by the choices of renorm-
alization scale μr is presented in Table VII, in which three
different renormalization scales μr ¼ 2mc, Mbc, and 2mb
are used both for the production of excited Ξbc and Ξbb.
Obviously, the selection of renormalization scale μr can
cause great uncertainty. However, such a scale ambiguity
could be suppressed by a higher-order perturbative calcu-
lation or principle of maximum conformal scale-setting
method (PMC) [45–50]. Fortunately, different renormali-
zation scales only affect the strong coupling constant,
which is proportional to the decay width. So its uncertainty
effect can be easily estimated.

IV. SUMMARY

In this paper, the production of excited doubly heavy
baryons ΞbQ are analyzed through the process t → ΞbQ þ
Q̄þWþ (Q ¼ b or c) within the framework of NRQCD.
In the numerical calculation, all the possible intermediate
P-wave diquark states with spin and color quantum
number, i.e., hbci½1P1�3̄=6, hbci½3PJ�3̄=6, hbbi½1P1�3̄, and
hbbi½3PJ�6 have been taken into consideration. By sum-
ming up all the contributions from these diquark states, the
decay width for the P-wave Ξbc and Ξbb are 16.96 KeVand
0.365 KeV, respectively. We observe that the contribution
from P-wave states is 5.05% (2.58%) of that from S-wave
states for the production of Ξbc (Ξbb). The contribution of
P-wave can be regarded as the higher-order contribution of
S-wave. The differential distributions, such as dΓ=ds12,
dΓ=ds23, dΓ=d cos θ13, and dΓ=d cos θ12, are presented to
show the characteristics of this process for the excited Ξbc
and Ξbb production and be helpful for the experiments
measurements. From these distributions, it can be found
that when the outgoing ΞbQ and antiquark Q̄ move in the
same direction, and both of them move back to back with
Wþ boson, the differential decay width can achieve its
largest value.
The decay width coming from the intermediate P-wave

diquark states can be obtained in the following:

Γt→Ξbc½P�þc̄þWþ ¼ 16.96þ25.64
−12.66 KeV;

Γt→Ξbb½P�þb̄þWþ ¼ 0.365þ0.668
−0.124 KeV;

where the uncertainties come from the heavy quark masses
(mb, mc, and mt), and the renormalization scale μr. The
decay width for the production of Ξbc (Ξbb) is more
sensitive to mc (mb) than other sources of the theoretical
uncertainty, which is mainly caused by the change of phase
space. Because of the running behavior of strong coupling
constant αsðμrÞ, the selection of the renormalization scale

μr has a big difference in the decay width through this
process. Fortunately, the decay width at the leading order is
proportional to the strong coupling constant αs and the
uncertainty effect induced by the renormalization scale μr
can be estimated easily.
If all these excited P-wave doubly heavy baryons decay

into the ground state completely, we can obtain the total
decay width

Γt→Ξbcþc̄þWþ ¼ 352.66þ306.14
−237.36 KeV;

Γt→Ξbbþb̄þWþ ¼ 14.50þ20.33
−3.42 KeV:

In this case of a combination of S- and P-wave contribu-
tions, there will be about 2.36 × 104−6 Ξbc events and
9.73 × 102−4 Ξbb events produced in one operation year at
the LHC with a high luminosity L ¼ 1034–36 cm−2 s−1.
Therefore, there are still sizable events of Ξbc and Ξbb
baryons produced at the LHC in one operation year. With
so many events, the experimental signals will possibly be
found at the LHC in the future. And at the future eþe−
colliders with clean background, high luminosity and high
collision energy, a huge number of top quark will be
produced. With the help of Eq. (21) and our results, the
events for the produced Ξbc and Ξbb baryons can be
estimated at the future eþe− colliders.
It is worth mentioning that the isospin-breaking effect is

ignored in this paper. That is to say Ξbc denotes Ξþ
bcu, Ξ0

bcd
and Ω0

bcs and Ξbb denotes Ξ0
bbu, Ξ−

bbd and Ω−
bbs. Because the

intermediate diquark state hbQi needs to grab a light u, d,
or s quark in the vacuum to form the doubly heavy baryon
ΞbQ accordingly. According to the ratio for the production
of ΞbQu, ΞbQd, and ΩbQs is 1∶1∶0.3 [51], there will be
about 43% Ξbc events become Ξþ

bc, 43% to Ξ0
bc, and 14% to

Ω0
bc, and the same percentage for Ξbc events become Ξ0

bb,
Ξ−
bb, and Ω−

bb.
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