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Aiming on testing the Ξc − Ξ0
c mixing, we study the decays of Ξcc → Ξcπ with Ξcc ¼ ðΞþþ

cc ;Ξþ
ccÞ,

Ξc ¼ ðΞð0Þþ
c ;Ξð0Þ0

c Þ and π ¼ ðπþ; π0Þ. The soft-meson limit is considered along with the pole model, and the
baryon matrix elements are evaluated by the bag model with and without removing the center-of-mass
motion (CMM). We find that the four-quark operator matrix elements are about two times larger once the
unwanted CMM is removed. We obtain thatR ¼ BðΞþ

cc → Ξ0þ
c πþÞ=BðΞþ

cc → Ξþ
c π

þÞ ¼ 0.87þ0.17
−0.11 and 1.45

with and without removing the CMM, where the former is close to the lower bound and the later is well
consistent with R ¼ 1.41� 0.17� 0.10 measured at LHCb. In addition, we show that after including the

mixing the up-down asymmetry of αðΞþ
cc → Ξð0Þ0

c πþÞ flips sign. Explicitly, we obtain that αðΞþ
cc →

Ξ0þ
c π0Þ ¼ 0.52 and αðΞþ

cc → Ξ0
cπ

þÞ ¼ 0.31 with and without the CMM corrections, respectively, which are
all negative if the mixing is absence. As a bonus, a positive value of αðΞþ

cc → Ξ00
c π

þÞ in experiments can
also serve as the evidence of the W-exchange contributions.

DOI: 10.1103/PhysRevD.107.013006

I. INTRODUCTION

The baryon wave functions are the precondition in
evaluating the decay quantities. It has been shown that
the large SUð3Þ flavor [SUð3ÞF] breaking effect in the
singly charmed baryon semileptonic decays can be traced
back to the Ξc − Ξ0

c mixing [1–4], given as

jΞci ¼ cos θcjΞ3̄
ci þ sin θcjΞ6

ci;
jΞ0

ci ¼ cos θcjΞ6
ci − sin θcjΞ3̄

ci; ð1Þ

where Ξð0Þ
c ¼ Ξð0Þþ;0

c are the physical baryons and Ξ3̄ð6Þ
c

correspond to the antitriplet (sextet) charmed baryons. At
the limit of the SUð3ÞF symmetry, the physical baryons
shall have definite SUð3ÞF representations, i.e., θc ¼ 0.
From the mass relations, we have found that [5]

θc ¼ �0.137ð5Þπ; ð2Þ

with the sign unfixed. In the decays involving Ξc, the
mixing should be considered seriously, as its effects are
shown to be sizable [4]. It particular, it can be attributed to
the nonzero signals of Ξþ

c → Ξ00ð1530Þπþ observed at

Belle [6], which are unexpected in the previous studies in
the literature [7–10]. If the mixing is further confirmed, it
would undoubtedly reshape our knowledge of the baryon
spin-flavor structures.
Recently, the LHCb Collaboration reported the ratio [11]

RðΞþþ
c → Ξþ

c π
þÞ ¼ 1.41� 0.17� 0.10; ð3Þ

where RðΞcc → ΞcπÞ≡ BðΞcc → Ξ0
cπÞ=BðΞcc → ΞcπÞ,

and the first and second uncertainties are systematic and
statistical, respectively. It provides an ideal place to
examine the mixing as it affects both the denominator
and numerator of R. In the literature [12–17] before the
experiments, the ratio deviates largely to the value in
Eq. (3). In this work, we will show that the responsible
mechanism is precisely the Ξc − Ξ0

c mixing. On the other
hand, combing several experiments, we have [18–20]

BðΞþþ
cc → Ξþ

c π
þÞ

BðΞþþ
cc → Λþ

c K−πþπþÞ ¼ 0.35� 0.20: ð4Þ

By using BðΞþþ
cc → Λþ

c K−πþπþÞ > BðΞþþ
cc → Σþþ

cc K̄�0Þ
BðK̄�0 → K−πþÞ, BðΞþþ

cc → Σþþ
c K̄�0Þ ¼ 5.61% [21] and

BðK̄�0 → K−πþÞ ¼ 2=3, we obtain

BðΞþþ
cc → Ξþ

c π
þÞ > 0.59%; ð5Þ

at 1σ confidence level. In addition, we have

BðΞþþ
cc → Ξþ

c π
þÞ ¼ ð1.33� 0.74Þ%; ð6Þ
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by assuming that the decay of Ξþþ
cc → Λþ

c K−πþπþ con-
tributes solely by Ξþþ

cc → Σþþ
cc K̄�0.

In the theoretical aspect, it is known that a trustworthy
method in evaluating the charm quark baryonic decays has
not been given yet, since the charm quark is neither heavy
nor light enough to apply the heavy quark or SUð4ÞF
symmetry. Nevertheless, it has been shown in Ref. [22]
that the pole model conjunction with the current algebra
and soft-meson limit can explain well the experimental
data of Λþ

c → BP, with B and P the octet baryons and
pseudoscalar mesons, respectively. As a phenomenologi-
cal study, focusing on the mixing effects, we shall follow
their methodology for the formalism. For the baryon wave
functions, we will examine both the mixing effects and the
center-of-mass motion (CMM) corrections of the bag
model. Very recently, it was shown that the bag model
is well consistent with the experimental data of BðΞQ →
ΛQπ

−Þ once the CMM is removed [23–26], where ΛQ ¼
ðΛþ

c ;Λ0
bÞ for ΞQ ¼ ðΞ0

c;Ξ−
b Þ.

This work is organized as follows. In Sec. II, we briefly
recall the formalism of the pole model and current algebra.
In Sec. III, we give the baryon wave functions and their
matrix elements with and without the CMM. In Sec. IV, we
give the numerical results. We conclude this study in Sec. V.

II. FORMALISM

In general, the amplitude of Bi → Bfπ is decomposed as

iūfðA − Bγ5Þui; ð7Þ
where uiðfÞ is the Dirac spinor of the initial (final) baryon
and AðBÞ is referred to as the parity violating (conserving)
amplitude. In the pole approximation, the nonfactorizable
amplitudes read as [17]

Apole ¼ −
X
B�
n

�
gBfB�

nπbn�i
Mi −M�

n
þ bfn�gB�

nBiπ

Mf −M�
n

�
;

Bpole ¼
X
Bn

�
gBiBnπani
Mi −Mn

þ afngBnBiπ

Mf −Mn

�
; ð8Þ

where Bð�Þ
n are the parity-even (-odd) intermediate baryons;

Mð�Þ
i;f;n correspond to the masses of Bð�Þ

i;f;n,

hB2jHeff jB1i ¼ ū2ða21 þ b21γ5Þu1;
hB�

njHeff jB1i ¼ bn�1ūnu1; ð9Þ

B1;2 ∈ fBi;Bf;Bng; and Heff represents the effective
Hamiltonian. The baryon-baryon-pion couplings of
g
B1B

ð�Þ
n π

are extracted by the Goldberg-Treiman relations

gB1B2π ¼
ffiffiffi
2

p

fπ
ðM1 þM2ÞgAðπÞB1B2

;

gB�
nB2π ¼

ffiffiffi
2

p

fπ
ðM�

n −M2ÞgAðπÞB�
nB2

; ð10Þ

where fπ is the pion decay constant, the axial vector

couplings of gAðπÞB0B are defined by

hB0jAμðπÞjBi ¼ u0ðgAðπÞB0B γμ − iḡ2σμνqν þ ḡ3qμÞγ5u; ð11Þ

uð0Þ is the Dirac spinor of Bð0Þ, AμðπþÞ ¼ d̄γμγ5u,
Aμðπ0Þ ¼ 1

2
ðūγμγ5u − d̄γμγ5dÞ, and Bð0Þ∈fBi;Bf;Bn;B�

ng.
Note that ḡ2;3 are irrelevant to this work.
To overcome the unknown baryon wave functions of B�

n,
we use the soft-meson limit and ½Qπ

5 þQπ;Heff � ¼ 0.1

The amplitudes of Ξcc → Ξcπ are summarized as2 [17]

AðΞþþ
cc → Ξð0Þþ

c πþÞ ¼ ζðf2πa1fð0Þ1 Mð0Þ
− − c−að0ÞÞ;

AðΞþ
cc → Ξð0Þ0

c πþÞ ¼ ζðf2πa1fð0Þ1 Mð0Þ
− þ c−að0ÞÞ;

AðΞþ
cc → Ξð0Þþ

c π0Þ ¼
ffiffiffi
2

p
ζc−að0Þ; ð12Þ

and

BðΞþþ
cc → Ξð0Þþ

c πþÞ ¼ ζ

�
−f2πa1g

ð0Þ
1 Mð0Þ

þ − 2c−að0Þ
Mcc

Mð0Þ
−
gAðπ

þÞ
Ξþ
ccΞþþ

cc

�
;

BðΞþ
cc → Ξð0Þ0

c πþÞ ¼ ζ

�
−f2πa1g

ð0Þ
1 Mð0Þ

þ þ c−a
Mc þMð0Þ

c

M−
gAðπ

þÞ
Ξð0Þ0
c Ξþ

c
þ c−a0

M0
c þMð0Þ

c

M−
0 gAðπ

þÞ
Ξð0Þ0
c Ξ0þ

c

�
;

BðΞþ
cc → Ξð0Þþ

c π0Þ ¼
ffiffiffi
2

p
ζc−

�
−2að0Þ

Mc

Mð0Þ
−
gAðπ

0Þ
Ξþ
ccΞþ

cc
þ a

Mc þMð0Þ
c

M−
gAðπ

0Þ
Ξð0Þþ
c Ξþ

c
þ a0

M0
c þMð0Þ

c

M−
0 gAðπ

0Þ
Ξð0Þþ
c Ξ0þ

c

�
; ð13Þ

1The charge operators are defined asQπ ¼ R
d3xðq†σiqÞ=2 andQπ

5 ¼
R
d3xðq†γ5σiqÞ=2, where q¼ðu;dÞT and σi ¼ σ3, ðσ1 � iσ2Þ=

ffiffiffi
2

p
for π ¼ π0; π�, respectively. The commutation relations come from the fact that the left-handed and right-handed currents commute.

2We note that the amplitudes of the charm baryon nonleptonic two-body decays (196 in total) are compactly expressed by five of the
topological tensor invariants within the current algebra [27].
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where

ζ ¼ GF

fπ
ffiffiffi
2

p VcsV�
ud; c− ¼ 1

2
ðc1 − c2Þ; Mð0Þ

� ¼ Mcc �Mð0Þ
c ; ð14Þ

Mcc and Mð0Þ
c are the masses of Ξcc and Ξð0Þ

c , respectively; GF is the Fermi constant; a1 is the effective Wilson coefficient;
and Vcs and Vud are the Cabibbo-Kobayashi-Maskawa matrix elements. The information of the baryon wave functions is
encapsulated in a, f1, and g1, defined by3

hΞð0Þþ
c jOjΞþ

cci ¼ hΞð0Þþ
c j2ðu†LμdÞðs†LμcÞjΞþ

cci ¼ ūcðað0Þ þ bð0Þγ5Þucc; ð15Þ

hΞð0Þþ
c js̄γμcjΞþþ

cc i ¼ ūc

�
fð0Þ1 ðωð0ÞÞγμ − ifð0Þ2 ðωð0ÞÞ σ

μν

Mcc
qν þ fð0Þ3 ðωð0ÞÞ qμ

Mcc

�
ucc;

hΞð0Þþ
c js̄γμγ5cjΞþþ

cc i ¼ ūc

�
gð0Þ1 ðωð0ÞÞγμ − igð0Þ2 ðωð0ÞÞ σ

μν

Mcc
qν þ gð0Þ3 ðωð0ÞÞ qμ

Mcc

�
γ5ucc; ð16Þ

with Lμ ¼ γ0γμð1 − γ5Þ and ucðcÞ the Dirac spinor of ΞcðcÞ. Since Ξ3̄
c and Ξ6

c do not have definite masses for θc ≠ 0, we
define the variables

ωð0Þ ¼ 1þ v2

1 − v2
¼ M2

cc þMð0Þ2
c −M2

π

2Mð0Þ
c Mcc

; ð17Þ

with v the speed of the baryons in the Breit frame. Throughout this work, we employ the isospin symmetry so that Ξþþ
cc ðΞþ

c Þ
and Ξþ

ccðΞ0
cÞ have the same masses and form factors. In addition, we have

gAðπ
þÞ

Ξþ
ccΞþþ

cc
¼ −

1

2
gAðπ

0Þ
Ξþ
ccΞþ

cc
; gAðπ

þÞ
Ξ00
c Ξ

ð0Þþ
c

¼ 1

2
gAðπ

0Þ
Ξ0þ
c Ξð0Þþ

c
; gAðπ

þÞ
Ξ0
cΞ

ð0Þþ
c

¼ 1

2
gAðπ

0Þ
Ξþ
c Ξ

ð0Þþ
c
: ð18Þ

The above results are the general ones under the soft-meson limit, and the unknown parts of the baryon wave functions are
absorbed in the form factors and að0Þ.
Plugging the mixing of Eq. (1) into Eq. (16), we arrive at

f1 ¼ cos θcf3̄1ðωÞ þ sin θcf61ðωÞ; g1 ¼ cos θcg3̄1ðωÞ þ sin θcg61ðωÞ;
f10 ¼ cos θcf61ðω0Þ − sin θcf3̄1ðω0Þ; g10 ¼ cos θcg61ðω0Þ − sin θcg3̄1ðω0Þ;
a ¼ cos θcað3̄Þ þ sin θcað6Þ; a0 ¼ cos θcað6Þ − sin θcað3̄Þ; ð19Þ

where ðf3̄1ðωð0ÞÞ; f61ðωð0ÞÞ, ðg3̄1ðωð0ÞÞ; g61ðωð0ÞÞ and ðað3̄Þ; að6ÞÞ are calculated by taking ðΞð0Þ
c ¼ Ξcð3̄Þ;Ξð0Þ

c ¼ Ξcð6ÞÞ in
Eqs. (15) and (16). Similarly, the axial vector couplings are modified as

gAðπ
þÞ

Ξ00
c Ξ0þ

c
¼ cos2θcgA66 − sinð2θcÞgA63̄;

gAðπ
þÞ

Ξ0
cΞ0þ

c
¼ gAðπ

þÞ
Ξ00
c Ξþ

c
¼ cosð2θcÞgA63̄ þ

1

2
sinð2θcÞgA66;

gAðπ
þÞ

Ξ0
cΞþ

c
¼ sinð2θcÞgA63̄ þ sin2θcgA66; ð20Þ

with

hΞ0
cðR2Þjd̄γμγ5ujΞþ

c ðR1Þi ¼ ūR2
ðgAR2R1

γμ − iḡ2σμνqν þ ḡ3qμÞγ5uR1
ð21Þ

and R1;2 ¼ ð3̄; 6Þ. Finally, the decay widths and up-down asymmetries are given by

3We use the Fierz transformation to sort O− defined in Ref. [17].
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Γ ¼ pf

8π

ðMi þMfÞ2 −M2
π

M2
i

ðjAj2 þ κ2jBj2Þ;

α ¼ 2κReðA�BÞ
jAj2 þ κ2jBj2 ; ð22Þ

where pf is the magnitude of the pion 3-momentum and

κ ¼ pf=ðEf þMfÞ with Ef ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
f þM2

f

q
.

III. BARYON WAVE FUNCTIONS
AND MATRIX ELEMENTS

The bag model provides approximations of the hadron
wave functions, aiming to reconcile two very different ideas

in QCD [28–30]. Inside the bag, quarks move freely as a
result of the asymptotic freedom but cannot penetrate the
bag due to the QCD confinement. One of the great
advantages of the bag model is that the parameters are
fitted from the mass spectra. Consequently, the model
provides fixed predicted results, which can be tested by the
experiments. In this work, we calculate the baryon matrix
elements by the bag models with and without removing the
CMM, referred to as the homogeneous bag (HB) and static
bag (SB) approaches, respectively.
The baryon wave functions concerned by this work are

given as

jΞcc;↕i ¼
Z

1

2
ffiffiffi
3

p ϵαβγq†aαðx⃗1Þc†bβðx⃗2Þc†cγðx⃗3ÞΨabc
A↕ðuccÞðx⃗1; x⃗2; x⃗3Þ½d3x⃗�j0i;

jΞ3̄
c;↕i ¼

Z
1ffiffiffi
6

p ϵαβγq†aαðx⃗1Þs†bβðx⃗2Þc†cγðx⃗3ÞΨabc
A↕ðqscÞðx⃗1; x⃗2; x⃗3Þ½d3x⃗�j0i;

jΞ6
c;↕i ¼

Z
1ffiffiffi
6

p ϵαβγq†aαðx⃗1Þs†bβðx⃗2Þc†cγðx⃗3ÞΨabc
S↕ðqscÞðx⃗1; x⃗2; x⃗3Þ½d3x⃗�j0i; ð23Þ

where qaα ∈ fuaα; daαg, the latin (greek) letters are the color (Dirac spinor) indices, and Ψ describe the spatial distributions
of the quarks. In the SB approach, Ψ read as [30]

ΨabcðSBÞ
A↕ðq1q2q3Þðx⃗1; x⃗2; x⃗3Þ ¼

Nffiffiffi
2

p ðϕa
q1↑

ðx⃗1Þϕb
q2↓

ðx⃗2Þ − ϕa
q1↓

ðx⃗1Þϕb
q2↑

ðx⃗2ÞÞϕc
q3↕

ðx⃗3Þ;

ΨabcðSBÞ
S↑ðq1q2q3Þðx⃗1; x⃗2; x⃗3Þ ¼

Nffiffiffi
6

p ð2ϕa
q1↑

ðx⃗1Þϕb
q2↑

ðx⃗2Þϕc
q3↓

ðx⃗3Þ − ϕa
q1↓

ðx⃗1Þϕb
q2↑

ðx⃗2Þϕc
q3↑

ðx⃗3Þ

− ϕa
q1↑

ðx⃗1Þϕb
q2↓

ðx⃗2Þϕc
q3↑

ðx⃗3ÞÞ; ð24Þ

where N is the normalization constant,

ϕq↕ðx⃗Þ ¼
�

ωqþj0ðpqjx⃗jÞχ↕
iωq−j1ðpqjx⃗jÞx̂ · σ⃗χ↕

�
for jx⃗j < R; ð25Þ

R is the bag radius, pq is the magnitude of the quark
3-momentum, ωq� ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Eq �Mq
p

with Mq the quark mass

and Eq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
q þM2

q

q
, j0;1 are the spherical Bessel func-

tions, χ↑ ¼ ð1; 0ÞT , and χ↓ ¼ ð0; 1ÞT .
The baryon wave functions in Eq. (24) are localized and

cannot be momentum eigenstates according to the
Heisenberg principle. In other words, the baryons at rest
must be invariant under the spatial translations and so cannot
be localized. Another way to see the problem is that the
spatial wave functions (3-momenta) of the quarks in the SB
are untangled. Therefore, we have hðp1 þ p2 þ p3Þ2i ¼
hp2

1i þ hp2
2i þ hp2

3i > 0, where pi is the 3-momentum of
the ith quark with hpii ¼ 0 and hpipji ¼ hpiihpji for i ≠ j.

To overcome the problem, the baryon wave functions shall
be distributed uniformly over the three-dimensional space,
while the quarks shall be entangled in the spatial wave
functions. The simplest way to do the job is to linearly
superpose the wave functions over the three-dimensional
space [31]

ΨðHBÞðx⃗1; x⃗2; x⃗3Þ¼
Z

d3x⃗ΔΨðSBÞðx⃗1− x⃗Δ; x⃗2− x⃗Δ; x⃗3− x⃗ΔÞ;

ð26Þ

where ΨðSBÞ are the ones given in Eq. (24). With this trick,
the translational invariance of the baryons is recovered since

ΨðHBÞðx⃗1 þ d⃗; x⃗2 þ d⃗; x⃗3 þ d⃗Þ ¼ ΨðHBÞðx⃗1; x⃗2; x⃗3Þ; ð27Þ

where d⃗ is an arbitrary 3-vector, and the equality can be
proven by taking x⃗Δ → x⃗Δ þ d⃗ in Eq. (26). From Eq. (27), it
is clear that the quarks are no longer constrained in the
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specific region. However, the quarks are bounded and
entangled in the sense that

ΨðHBÞðx⃗1; x⃗2; x⃗3Þ ¼ 0; for jx⃗i − x⃗jj > 2R; ð28Þ

for i; j ∈ f1; 2; 3g, which can be derived by ϕq↕ðx⃗Þ ¼ 0 for
x⃗ > R. As the baryons are invariant under the spatial
translations, we conclude that the CMM is removed.
With the baryon wave functions, the calculations of the

baryon matrix elements are straightforward. The results of
the SB approach can be found in Ref. [17], while the form
factors of the HB approach are given in Ref. [32].
Here, we sketch the method of calculating að3̄Þ and að6Þ

in the HB approach. To diminish the directional depend-
encies in Eq. (15), we trace over the baryon spins

aðRÞ ¼ 1

2
ðhΞþ

c ðRÞ;↑jOjΞþ
cc;↑i þ hΞþ

c ðRÞ;↓jOjΞþ
cc;↓iÞ;

ð29Þ

with the normalization of ūcðcÞucðcÞ ¼ 1. By using the
anticommutation relations among the quark operators

fqaαðx⃗Þ; q†bβðx⃗0Þg ¼ δabδαβδ
3ðx⃗ − x⃗0Þ; ð30Þ

we arrive at [26]

X
Jz¼↕

hΞþ
c ðRÞ; Jzjðu†LμdÞðs†LμcÞjΞþ

cc; Jzi

¼ N cN cc

Z
d3x⃗ΔDcðx⃗ΔÞϒRðx⃗ΔÞ; ð31Þ

where N cðcÞ is the normalization constant of ΞcðcÞ,

Dcðx⃗ΔÞ ¼
Z

dx⃗ϕ†
cðx⃗þÞϕcðx⃗−Þ;

ϒRðx⃗ΔÞ ¼
X
½λ�

F ð½λ�;RÞ
Z

d3x⃗ϕ†
uλ4

ðx⃗þÞLμϕdλ2ðx⃗−Þϕ†
sλ3
ðx⃗þÞLμϕcλ1ðx⃗−Þ; ð32Þ

½λ� ¼ ðλ1; λ2; λ3; λ4Þ, x⃗� ¼ x⃗� x⃗Δ=2, and F are the spin-flavor overlappings, given as

X
½λ�

F ð½λ�; 3̄Þðλ1 ⊗ λ2 ⊗ λ3 ⊗ λ4Þ ¼
ffiffiffi
6

p

2
ð↑↓↑↓ − ↓↑↑↓ − ↑↓↓↑þ ↓↑↓↑Þ;

X
½λ�

F ð½λ�; 6Þðλ1 ⊗ λ2 ⊗ λ3 ⊗ λ4Þ ¼
1

3
ffiffiffi
2

p ½ð↑↓þ ↓↑Þð↑↓þ ↓↑Þ þ 2↑↑↑↑þ 2↓↓↓↓�: ð33Þ

From Eq. (33), it is easy to deduce that

X
½λ�

F ð½λ�;RÞðχ†λ3χλ1Þðχ
†
λ4
χλ2Þ ¼ CRunflip;

X
½λ�

F ð½λ�;RÞðχ†λ3σiχλ1Þðχ
†
λ4
χλ2Þ ¼ 0;

X
½λ�

F ð½λ�;RÞðχ†λ3σiχλ1Þðχ
†
λ4
σjχλ2Þ ¼ δijCRflip; ð34Þ

where

ðC3̄unflip; C3̄flipÞ ¼ ð
ffiffiffi
6

p
;−

ffiffiffi
6

p
Þ;

ðC6unflip; C6flipÞ ¼
� ffiffiffi

2
p

;

ffiffiffi
2

p

3

�
; ð35Þ

and σi;j are the Pauli matrices. The second and third
equations of Eq. (34) are due to the fact that we have
traced over the baryon spins so the matrix elements cannot
depend on specific directions.
We decompose ϒ into several pieces,

ϒRðx⃗ΔÞ ¼
Z

d3x⃗
X

k¼1;2;3;4

ΓR
k ðx⃗Δ; x⃗Þ; ð36Þ

with
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ΓR
1 ðx⃗Δ; x⃗Þ ¼

X
½λ�

F ð½λ�;RÞϕ†
uλ4

ðx⃗þÞϕdλ2ðx⃗−Þϕ†
sλ3
ðx⃗þÞϕcλ1ðx⃗−Þ;

ΓR
2 ðx⃗Δ; x⃗Þ ¼

X
½λ�

F ð½λ�;RÞϕ†
uλ4

ðx⃗þÞγ5ϕdλ2ðx⃗−Þϕ†
sλ3
ðx⃗þÞγ5ϕcλ1ðx⃗−Þ;

ΓR
3 ðx⃗Δ; x⃗Þ ¼ −

X
½λ�

F ð½λ�;RÞϕ†
uλ4

ðx⃗þÞViϕdλ2ðx⃗−Þϕ†
sλ3
ðx⃗þÞViϕcλ1ðx⃗−Þ;

ΓR
4 ðx⃗Δ; x⃗Þ ¼ −

X
½λ�

F ð½λ�;RÞϕ†
uλ4

ðx⃗þÞViγ5ϕdλ2ðx⃗−Þϕ†
sλ3
ðx⃗þÞViγ5ϕcλ1ðx⃗−Þ; ð37Þ

where Vi ¼ γ0γi with i ¼ 1; 2; 3. Plugging Eq. (34) into Eq. (37), we obtain

ΓR
1 ðx⃗Δ; x⃗Þ ¼ CRunflipðuþu u−d þ vþu v−d x̂

þ · x̂−Þðuþs u−c þ vþs v−c x̂þ · x̂−Þ − CRflip
ðx⃗Δ × x⃗Þ2
ðrþr−Þ2 vþu v−d v

þ
s v−c ;

ΓR
2 ðx⃗Δ; x⃗Þ ¼ −CRflipðuþu v−d x̂− − vþu u−d x̂

þÞðuþs v−c x̂− − vþs u−c x̂þÞ;

ΓR
3 ðx⃗Δ; x⃗Þ ¼ −

CRunflip
CRflip

ΓR
2 ðx⃗Δ; x⃗Þ − 2CRflipðuþu v−d x̂− þ vþu u−d x̂

þÞ · ðuþs v−c x̂− þ vþs u−c x̂þÞ;

ΓR
4 ðx⃗Δ; x⃗Þ ¼ −CRflip½3uþu u−d uþs u−c þ vþu v−d v

þ
s v−c ð2þ ðx̂þ · x̂−Þ2Þ

− ðuþu u−d vþs v−c þ vþu v−d u
þ
s u−c Þx̂þ · x̂−� þ CRunflipv

þ
u v−d v

þ
s v−c

ðx⃗Δ × x⃗Þ2
ðrþr−Þ2 ; ð38Þ

with the abbreviation

ϕqðx⃗�Þ ¼
�

u�q χ

iv�q ðx̂� · σ⃗Þχ

�
: ð39Þ

Collecting Eqs. (29), (31), (32), (37), and (38), now we
are able to calculate aðRÞ. Note that the formalism is
reduced to the SB approach by eliminating the x⃗Δ integral

aðRÞ ¼ ϒRð0Þ: ð40Þ

To compare with the SB approach [17], we rescale the
parameters as

að3̄Þ ¼ 16
ffiffiffi
6

p
πX2; að6Þ ¼ −

16
ffiffiffi
2

p
π

3
X1: ð41Þ

IV. NUMERICAL RESULTS

In crunching the numbers, we take the bag model
parameters [33]

Mu;d ¼ 0; Ms ¼ 0.28 GeV;

Mc ¼ 1.655 GeV; R ¼ ð5.0� 0.1Þ GeV−1: ð42Þ

In the HB model, the axial vector couplings and X1;2 are
found to be

ðgAðπþÞΞþ
ccΞþþ

cc
; gA66; g

A
63̄
Þ ¼ ð−0.259; 0.522;−0.453Þ;

X2 ¼ ð3.52� 0.22Þ10−4 GeV3;

X1 ¼ ð−2.44� 0.08Þ10−6 GeV3; ð43Þ

while g1 and f1 are summarized in Table I. The over-
lappings of X2 and X1 are twice and one-half larger than
those of the SB approach [17], and the same tendencies are
found in the heavy-flavor-conserving decays [26]. We
emphasize that X1 ∝ Ms due to the Körner-Pati-Woo
theorem [34]. As a consequence, the calculated X1 from
the bag model shall not be fully trusted, as Ms is difficult
to determine. Nevertheless, X1 can be taken as zero in
practice, so the final results are little affected.

TABLE I. Results of the form factors in the HB approach (The uncertainties are smaller than the ones obtained in Ref. [32] because a
smaller range of the bag radii is considered.).

f3̄1ðωÞ f3̄1ðω0Þ f61ðωÞ f61ðω0Þ g3̄1ðωÞ g3̄1ðω0Þ g61ðωÞ g61ðω0Þ
0.480(17) 0.593(17) 0.277(10) 0.342(10) 0.152(5) 0.188(5) 0.439(16) 0.542(15)
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The mixing largely modifies RðΞþþ
c → Ξþ

c π
þÞ, as

shown in Fig. 1. Particularly, with θ0 ≡ 0.142π, we find
that

Rð0; SBÞ ¼ 6.74; Rðθ0; SBÞ ¼ 5.39;

Rð−θ0; SBÞ ¼ 1.45; Rð0;HBÞ ¼ 0.19� 0.05;

Rðθ0;HBÞ ¼ 0.87þ0.17
−0.11 ; Rð−θ0;HBÞ ¼ 0.07: ð44Þ

Because of the large difference in X1;2, the HB and SB
approaches predict very different ratios. However, they both
require θc ≠ 0 to explain the experiments. With θc ¼ −θ0,

the SB approach is in good agreement with Eq. (3), whereas
with θc ¼ θ0, the HB approach shows accordance with the
experimental lower bound.
We list the results of the branching fractions and up-down

asymmetries in Table II along with those in the literature,
where we have normalized the branching fractions by
ðτðΞþþ

cc Þ; τðΞþ
ccÞÞ ¼ ð2.56; 0.45Þ × 10−13 s [35,36]. In the

literature, Ref. [15] adopts the covariant quark model up to
three-loop calculations; Ref. [13] employs the pole model,
but only the parity even pole is considered; Ref. [37]
calculates the W-exchange contributions by the light-cone
sum rule with the heavy quark effective theory; and
Refs. [14,16,38] consider only the factorizable parts of the
amplitudes. In the table, the quoted values of Ref. [13] are
calculated by the nonrelativistic quark model (N) and heavy
quark effective theory (H) with the flavor-independent pole,
and the ones of Refs. [16,38] are given by θc ¼ 0.090�
0.013π (M) and θc ¼ 0 (N) with the light-front quark model.
The results of Ref. [17] are essentially the ones of the SB
approach with θc ¼ 0. Remarkably, Refs. [17,15] show good
accordance, which indicates their treatments for θc ¼ 0 are
reliable. However, they are inconsistent with the experimental
data of RðΞþþ

c → Ξþ
c π

þÞ. We believe that such deviations
are caused by the Ξc − Ξ0

c mixing. As shown in the table,
after considering the mixing, both B and R are compatible
with the current experimental data. To test our theory, we

recommend the future experiments onRðΞþ
c → Ξ0ðþÞ

c πþð0ÞÞ,
found to be

TABLE II. The calculated branching fractions and up-down asymmetries (in units of %) along with the ones in the literature. All the
branching fractions are normalized by ðτðΞþþ

cc Þ; τðΞþ
ccÞÞ ¼ ð2.56; 0.45Þ × 10−13 s. For Ref. [13], we quote the results of the flavor-

independent pole, and the parentheses of (N) and (H) indicate the form factors are calculated by the nonrelativistic quark model and
heavy quark effective theory, respectively. For Refs. [16,38], (U) and (M) are the results with and without the Ξc − Ξ0

c mixing,
respectively.

HB θc ¼ θ0 Cheng et al. [17] Gutsche et al. [15] Sharma and Dhir [13]

B α R B α R B α R B (N) B (H) α (N) α (H) R

Ξþþ
cc → Ξþ

c π
þ 10.3(24) −30

0.87þ0.17
−0.11

0.69 −41
6.74

0.71 −57
4.77

6.66 9.30 −99 −99 0.82 (N)
Ξþþ
cc → Ξ0þ

c πþ 8.91(68) −96 4.65 −84 3.39 −93 5.46 7.51 −78 −79 0.81 (H)

Ξþ
cc → Ξ0

cπ
þ 8.12(55) −52

0.25
3.84 −31

0.40
0.59 0.95 55 34 0.39 (N)

Ξþ
cc → Ξ00

c π
þ 2.05(17) 97 1.55 −73 1.49 2.12 65 65 0.45 (H)

Ξþ
cc → Ξþ

c π
0 8.58(104) −37

0.23
2.38 −25

0.07
0.50

0.11Ξþ
cc → Ξ0þ

c π0 1.94(24) 52 0.17 −3 0.054

SB θc ¼ −θ0 Shi et al. [37] Gerasimov et al. [14] Ke et al. [16,38]

B α R B R B R B (U) B (M) α (U) α (M) R

Ξþþ
cc → Ξþ

c π
þ 2.24 −93

1.45
6.22(194)

1.42(78)
7.01

0.83
3.48(46) 2.14(18) −44ð1Þ 9(7) 0.56(18) (U)

Ξþþ
cc → Ξ0þ

c πþ 3.25 −63 8.55(62) 5.85 1.96(24) 3.0(1) −98ð1Þ −99ð1Þ 1.41(20) (M)

Ξþ
cc → Ξ0

cπ
þ 2.26 31

1.17
1.23

0.85
0.61(8) 0.38(3) −44ð1Þ 9(7) 0.56(18) (U)

Ξþ
cc → Ξ00

c π
þ 2.64 −99 1.04 0.35(4) 0.53(2) −98ð1Þ −99ð1Þ 1.41(20) (M)

Ξþ
cc → Ξþ

c π
0 2.01 −5

0.25Ξþ
cc → Ξ0þ

c π0 0.51 −65

FIG. 1. RðΞþþ
c → Ξþ

c π
þÞ vs θc.
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RðΞþ
c → Ξ0

cπ
þÞ ¼ 0.25ðSBÞ; 1.17ðHBÞ;

RðΞþ
c → Ξþ

c π
0Þ ¼ 0.23ðSBÞ; 0.25ðHBÞ: ð45Þ

It is interesting to point out that the sign of αðΞþ
cc → Ξ0

cπ
þÞ is

flipped by the mixing in the SB approach. Under the

factorization ansatz, the decays of Ξþþ
cc → Ξð0Þþ

c πþ and
Ξþ
cc → Ξ0

cπ
þ behave identically; i.e., they have the same

decay widths and up-down asymmetries as shown explicitly
in Refs. [14,16,38]. Therefore, the experimental measure-
ments of B and α up on these decays may clarify the W-
exchange contributions. Especially, we recommend the future

measurements on αðΞþ
cc → Ξð0Þ0

c πþÞ, as it is essentially
negative in the factorization ansatz with θc ¼ 0. It is
interesting to point out that the sign of αðΞ0

cc → Ξ0
cπ

þÞ is
flipped after the mixing is considered in both the SB
approach and Ref. [38].
Unfortunately, with the experimental value in Eq. (3), the

HB and SB models suggest opposite signs of θc as shown in
Eq. (44). In Ξ0

c → Λþ
c π

− and Ξ−
b → Λ0

bπ
−, where the soft-

meson limit is trustworthy,4 it has been found that the HB
approach is much more suitable than the SB one [23–26].
More importantly, the HBwave functions are self-consistent
on the contrary of the SB ones. However, the computed
BðΞþþ

cc → Ξþ
c π

þÞ with the HB is much larger than Eq. (6),
indicating that the branching fractions might be overesti-
mated. Viewing on the successes of the SB approach in the
Λþ
c decays [22], it is likely that the CMM and finite pf

corrections compensate each other. Accordingly, the sign of
θc shall be negative, suggested by the SB model. We note
that the semileptonic decays of Ξcc → Ξceþνe are ideal

places to determine the sign of θc, as they are uncontami-
nated by the W-exchange contributions. Nonetheless, the
experiments are subjected to the difficulties imposed by the
chargeless neutrinos.

V. CONCLUSION

We have studied the Ξc − Ξ0
c mixing effects in Ξcc →

Ξcπ with the soft-meson limit. The bag model has been
employed for the baryon matrix elements with and without
removing the CMM. We have found that the CMM
corrections are sizable, as found in the heavy-flavor-
conserving decays. The branching fractions and up-down
asymmetries have been calculated, and special attention
has been given to R. In particular, for Ξþþ

cc → Ξþ
c π

þ, we
have obtained that ðB;RÞ ¼ ð10.3ð24Þ%; 0.87þ0.17

−0.11Þ and
(2.24%, 1.45) with and without removing the CMM,
respectively, which are consistent with the current exper-
imental data. To test our theory, we recommend the future
experiments to examineRðΞþ

cc → Ξ0
cπ

þÞ, which have been
computed as 0.25 and 1.17 in the HB and SB approaches,
respectively. To probe the W-exchange contributions, we

recommend the measurement on αðΞþ
cc → Ξð0Þþ

c πþÞ, as they
are negative in the factorization ansatz but 0.31(0.52) in the
SB (HB) approach.
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