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We study B → ππ decay with a modified perturbative QCD approach. The branching ratios and CP
violation are calculated with the transverse momenta of partons considered. Sudakov factor associated with
each meson is included to suppress soft contribution in QCD. With the wave function of B meson obtained
in QCD-inspired relativistic potential model being used, the suppression of Sudakov factor to the soft
contribution is not effective enough. Soft scale cutoff and soft form factors of Bπ transition and ππ
production have to be introduced. The main next-to-leading-order contributions of vertex correction, the
quark-loop, and magnetic penguin are included. To solve the long-standing puzzle in B → ππ decay, that is
the theoretical prediction of the branching ratio of B0 → π0π0 being seriously smaller than experimental
data, color-octet matrix element which is of long-distance dynamics is introduced. With parameters taken
with reasonable values, all the branching ratios andCP violation are well consistent with experimental data.

DOI: 10.1103/PhysRevD.107.013004

I. INTRODUCTION

High precision data collected by B factories reveal
serious discrepancies between experimental measurements
and theoretical predictions for branching ratios and CP
asymmetry in several B decay modes calculated with
perturbative QCD (PQCD) approach [1–3] and QCD
factorization (QCDF) approach [4–7]. For B → ππ decay,
original prediction of the branching ratio of B → π0π0

decay of PQCD is much smaller than experimental data.
The branching ratios and CP violation of B → ππ decays
measured in experiment are [8]

BðBþ → πþπ0Þ ¼ ð5.5� 0.4Þ × 10−6;

BðB0 → πþπ−Þ ¼ ð5.12� 0.19Þ × 10−6;

BðB0 → π0π0Þ ¼ ð1.59� 0.26Þ × 10−6; ð1Þ

and

ACPðBþ → πþπ0Þ ¼ 0.03� 0.04;

ACPðB0 → πþπ−Þ ¼ 0.32� 0.04;

ACPðB0 → π0π0Þ ¼ 0.33� 0.22: ð2Þ

The leading-order prediction for BðB0 → π0π0Þ in PQCD is
only at the order of ∼10−7 [3,9], which is much smaller
than the observed branching ratio in experiment given in
Eq. (1), while the predictions for the branching ratios of the
other two decay modes are approximately the same order as
experimental data. The prediction of QCD factorization
approach for the branching ratios of B → ππ gives similar
situation [4–7]. This is the so-called ππ puzzle in B decays.
The calculation including next-to-leading order contribu-
tion of QCD in PQCD still cannot solve ππ puzzle of B
decays satisfactorily [10–12].
To solve the puzzle, a soft factor associated with pion

as an additional nonperturbative input is introduced
by analyzing the soft divergence in kT factorization in
Refs. [13,14]. The agreement of the theoretical prediction
with experimental data is improved, but it is still not in an
enough of a satisfactory manner.
We reanalyzed the B → π transition form factor in the

framework of perturbative QCD approach in Ref. [15]
using the wave function of B meson obtained by solving
bound state equation in QCD inspired relativistic potential
model [16–20]. With the new B meson wave function
being used, we find that the suppression of Sudakov factor
to the soft contribution in QCD is no longer strongly
effective. The soft contribution can be as large as 40% in
the naive calculation. Then a soft momentum cutoff and a
soft form factor have to be introduced to make the
perturbative calculation reliable. That is the factorization
formula for the B → π transition form factor is changed.
The dynamics with momentum transfer larger than the
cutoff scale can be treated by perturbative calculation,
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while the contribution lower than the cutoff scale is
attributed to the soft form factor.
In this work we study B → ππ decay in the modified

PQCD approach. The branching ratios and CP violation
parameters are calculated. For the momentum transfer
larger than the soft cutoff scale, the amplitudes are
calculated in perturbation theory, and for the interaction
lower than the soft cutoff scale, the soft B → π transition
and ππ production form factors are introduced, which are
treated as nonperturbative inputs. For the perturbative part,
the next-to-leading order contribution in QCD are included,
the main important contributions of which are from the
diagrams of vertex correction, quark-loop diagrams and
color magnetic penguin diagrams. By confronting the
theoretical results to experimental data, the nonzero color-
octet matrix element hππjðq̄1Taq2Þðq̄3TabÞjB̄i is intro-
duced, which comes from the color decomposition of
the quark-antiquark current operators in the effective
Hamiltanion of B decays, and the quark-antiquark current
can be either V � A or S� P currents. We find color-octet
matrix element is important to explain the experimental
data of B → ππ decays. By taking reasonable values for the
input parameters, we obtain theoretical results for the
branching ratios and CP asymmetry parameters in perfect
agreement with the data.
The remaining parts of the paper are as follows. The

leading and next-to-leading order contributions to the
perturbative part of the B → ππ decays are calculated in
Sec. II. The contributions of the soft form factors are
presented in Sec. III. The contributions of color-octet
matrix element are discussed in Sec. IV. The numerical
result and discussion are given in Sec. V. Finally, Sec. VI is
for a brief summary.

II. THE HARD DECAY AMPLITUDE IN
PERTURBATIVE QCD

A. The leading order contribution

The effective Hamiltonian for the charmless hadronic
B decays induced by b → d transition is [21]

Heff ¼
GFffiffiffi
2

p
�
VubV�

udðC1Ou
1 þ C2Ou

2Þ

− VtbV�
td

�X10
i¼3

CiOi þ C8gO8g

��
; ð3Þ

whereGF ¼ 1.16638 × 10−5 GeV−2, is the Fermi constant,
Vqb and Vqd (q ¼ u, c, t) the Cabibbo-Kobayashi-
Maskawa (CKM) matrix elements, Ci’s the Wilson coef-
ficients. The operators in Heff are

Ou
1 ¼ d̄αγμLuβ · ūβγμLbα;

Ou
2 ¼ d̄αγμLuα · ūβγμLbβ;

O3 ¼ d̄αγμLbα ·
X
q0
q̄0βγμLq

0
β;

O4 ¼ d̄αγμLbβ ·
X
q0
q̄0βγμLq

0
α;

O5 ¼ d̄αγμLbα ·
X
q0
q̄0βγμRq

0
β;

O6 ¼ d̄αγμLbβ ·
X
q0
q̄0βγμRq

0
α;

O7 ¼
3

2
d̄αγμLbα ·

X
q0
eq0 q̄0βγμRq

0
β;

O8 ¼
3

2
d̄αγμLbβ ·

X
q0
eq0 q̄0βγμRq

0
α;

O9 ¼
3

2
d̄αγμLbα ·

X
q0
eq0 q̄0βγμLq

0
β;

O10 ¼
3

2
d̄αγμLbβ ·

X
q0
eq0 q̄0βγμLq

0
α;

O8g ¼
gs
8π2

mbd̄ασμνRTa
αβbβG

a
μν; ð4Þ

where α and β are the color indices; L ¼ ð1 − γ5Þ and
R ¼ ð1þ γ5Þ, are the left- and right-handed projection
operators. The sum over q0 includes all the quark flavors
that are active at μ ¼ OðmbÞ scale, i.e., q0 ∈ fu; d; s; c; bg.
If the momentum transfer by gluon is larger than a

critical scale μc, which separates the hard and soft
scales, then the decay process can be treated in perturbation
theory of QCD. In general, the value of the critical
separation scale is approximately μc ¼ 1.0 GeV. For the
hard dominant region, i.e., the scale of the gluon momen-
tum is greatly large than μc, the hadronic B decay amplitude
can be written in a factorized form, where soft interactions
associated with each meson can be absorbed into the meson
wave functions, and the hard contribution can be calculated
as a hard amplitude at quark level. Then the B decay
amplitude can be written as a convolution of hard part and
meson wave functions

M ¼
Z

d3k
Z

d3k1

Z
d3k2ΦBðk⃗; μÞ

× CðμÞ ×Hðk; k1; k2; μÞ ×Φπðk1; μÞΦπðk2; μÞ: ð5Þ

Here H stands for the hard part of decay amplitude, ΦB;π

the meson wave functions, and CðμÞ the combination of the
Wilson coefficients in the decay.
The wave function of B meson can be defined through

the matrix element h0jq̄ðzÞβ½z; 0�bð0ÞαjB̄i by
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h0jq̄ðzÞβ½z; 0�bð0ÞαjB̄i ¼
Z

d3kΦB
αβðk⃗Þe−ik·z; ð6Þ

where the right-hand side of the above equation is written in
the rest-frame of B meson, and ½z; 0� denotes the path-
ordered exponential ½z;0� ¼P exp½−igsTa

R
1
0 dαz

μAa
μðαzÞ�.

If considering the decay in the rest-frame of B meson,
only the wave function in the rest-frame of B meson is
needed. In this work, we use the wave function of B meson
that was derived by solving the bound-state equation in the
QCD-inspired relativistic potential model in Refs. [16–18],
where the whole mass spectrum of bq̄ system was calcu-
lated, and the results are in good agreement with exper-
imental data. The spinor wave function ΦB

αβðk⃗Þ has been
derived in Ref. [19], which is

Φαβðk⃗Þ¼
−ifBmB

4
Kðk⃗Þ ·

�
ðEQþmQÞ

1þ=v
2

��
kþffiffiffi
2

p þmq

2

�
=nþ

þ
�
k−ffiffiffi
2

p þmq

2

�
=n−−kμ⊥γμ

�
γ5

−ðEqþmqÞ
1−=v
2

��
kþffiffiffi
2

p −
mq

2

�
=nþ

þ
�
k−ffiffiffi
2

p −
mq

2

�
=n−−kμ⊥γμ

�
γ5
�

αβ

; ð7Þ

where EQ and Eq are the energies of the heavy and
light quarks respectively, v the four-speed of the B meson,
i.e., pμ

B ¼ mBvμ, nμ� are two light-like vectors with
nμ� ¼ ð1; 0; 0;∓1Þ, and

k� ¼ Eq � k3ffiffiffi
2

p ; kμ⊥ ¼ ð0; k1; k2; 0Þ: ð8Þ

Kðk⃗Þ is a function proportional to the B-meson wave
function

Kðk⃗Þ ¼ 2NBΨ0ðk⃗Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EqEQðEq þmqÞðEQ þmQÞ

p ; ð9Þ

andΨ0ðk⃗Þ is the wave function of B meson in the rest-frame

Ψ0ðk⃗Þ ¼ a1ea2jk⃗j
2þa3jk⃗jþa4 ; ð10Þ

with the parameters ai (i ¼ 1;…; 4) obtained as [19]

a1 ¼ 4.55þ0.40
−0.30 GeV−3=2; a2 ¼ −0.39þ0.15

−0.20 GeV−2;

a3 ¼ −1.55� 0.20 GeV−1; a4 ¼ −1.10þ0.10
−0.05 : ð11Þ

The momentum of pion is large in B decays, therefore
wave function can be defined in the light-cone coordinate,
as [22,23]

hπðpπÞjq̄ðyÞρq0ð0Þδj0i ¼
Z

dxd2kq⊥eixpπ ·y−y⊥·kq⊥Φπ
δρ;

ð12Þ

and the wave function Φπ
δρ is

(a) (b)

(c) (d)

(e) (f)

(g) (h)

FIG. 1. Diagrams contributing to the B → ππ decays.

POSSIBLE SOLUTION OF THE PUZZLE FOR THE BRANCHING … PHYS. REV. D 107, 013004 (2023)

013004-3



Φπ
δρ ¼

ifπ
4

�
=pπγ5ϕπðx; kq⊥Þ − μπγ5

�
ϕπ
Pðx; kq⊥Þ − σμνp

μ
πyν

ϕπ
σðx; kq⊥Þ

6

��
δρ

; ð13Þ

here fπ is the decay constant of pion, μπ the chiral parameter, ϕπ, ϕπ
P and ϕπ

σ are twist-2 and twist-3 distribution functions of
pion, respectively. Φπ

δρ can be changed to momentum space [24,25]

Φπ
δρ ¼

ifπ
4

�
=pπγ5ϕπðx; kq⊥Þ − μπγ5

�
ϕπ
Pðx; kq⊥Þ − iσμν

pμ
πp̄ν

π

pπ · p̄π

ϕ0π
σðx; kq⊥Þ

6

þ iσμνp
μ
π
ϕπ
σðx; kq⊥Þ

6

∂

∂kq⊥ν

��
δρ

; ð14Þ

where p̄π is a 4-momentum with its moving direction opposite to that of pion, and ϕ0π
σðx; kq⊥Þ ¼ ∂ϕπ

σðx; kq⊥Þ=∂x.
The diagrams for the hard amplitude are shown in Fig. 1. Transverse momenta of quarks and gluons are kept in the

calculation of the hard amplitude. Double logarithms such as αsðμÞ ln2 kT=μ in higher order radiative corrections in QCD are
resummed into the Sudakov factor [26,27], and the double logarithms as αsðμÞ ln2 x, here x is the momentum fraction of
partons in the longitudinal direction, can be resummed into the threshold factor [28]. It is convenient for the kT-resummation
to be performed in b-space, with b being the conjugate variable to kT. Therefore, it is relevantly convenient for the
calculation of the hard amplitude to be also performed in the b-space.
The diagrams (a) and (b) in Fig. 1 are factorizable diagrams. The amplitude contributed by these two diagrams with the

insertion of operators of ðV − AÞðV − AÞ current is

Fe ¼ −i
4π2

N2
c
fBf2πmB

Z
dk⊥k⊥

Z
xu

xd
dx

Z
1

0

dx1

Z
∞

0

bdbb1db1

�
1

2
mB þ jk⃗⊥j2

2x2mB

�
Kðk⃗ÞðEQ þmQÞ

× J0ðk⊥bÞ
�
αsðμ1eÞ

�
2mB½Eqð1þ x1Þ þ k3ð1 − x1Þ�ϕπðx1; b1Þ þ 2μπ½Eqð1 − 2x1Þ − k3�ϕπ

Pðx1; b1Þ

þ 1

3
μπ½Eqð1 − 2x1Þ − k3�ϕ0π

σðx1; b1Þ
�
h1eðx; x1; b; b1ÞStðx1Þ exp½−SBðμ1eÞ − Sπ1ðμ1eÞ�

þ αsðμ2eÞ½4μπðEq − k3Þ�ϕπ
Pðx1; b1Þh2eðx; x1; b; b1ÞStðxÞ exp½−SBðμ2eÞ − Sπ1ðμ2eÞ�

�
: ð15Þ

The contribution by the operators of ðSþ PÞðS − PÞ current which comes from the Fierz transformation of operators of
ðV − AÞðV þ AÞ current is

FP
e ¼ −i

4π2

N2
c
fBf2πμπ

Z
dk⊥k⊥

Z
xu

xd
dx

Z
1

0

dx1

Z
∞

0

bdbb1db1

�
1

2
mB þ jk⃗⊥j2

2x2mB

�
Kðk⃗ÞðEQ þmQÞ

× J0ðk⊥bÞ
�
αsðμ1eÞ

�
4mBðEq þ k3Þϕπðx1; b1Þ þ 4μπ½Eqðx1 þ 2Þ − k3x1�ϕπ

Pðx1; b1Þ

þ 2

3
μπ½k3ðx1 − 2Þ − Eqx1�ϕ0π

σðx1; b1Þ
�
h1eðx; x1; b; b1ÞStðx1Þ exp½−SBðμ1eÞ − Sπ1ðμ1eÞ�

þ αsðμ2eÞ½8μπðEq − k3Þ�ϕπ
Pðx1; b1Þh2eðx; x1; b; b1Þ StðxÞ exp½−SBðμ2eÞ − Sπ1ðμ2eÞ�

�
: ð16Þ

The contributions of diagrams of Figs. 1(c) and 1(d) are
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Me ¼ −i
4π2

N2
c
fBf2πmB

Z
dk⊥k⊥

Z
xu

xd
dx

Z
1

0

dx1dx2

Z
∞

0

bdbb2db2

�
1

2
mB þ jk⃗⊥j2

2x2mB

�
Kðk⃗ÞðEQ þmQÞ

× J0ðk⊥bÞϕπðx2; b2Þ
�
αsðμ1dÞð−2mBðx2 − 1ÞðEq þ k3Þϕπðx1; bÞ − 2μπx1ðEq − k3Þϕπ

Pðx1; bÞ

þ 1

3
μπx1ðEq − k3Þϕ0π

σðx1; bÞÞh1dðx; x1; x2; b; b2ÞStðx1Þ exp½−SBðμ1dÞ − Sπ1ðμ1dÞ − Sπ2ðμ1dÞ�

þ αsðμ2dÞ
�
−2mB½Eqðx1 þ x2Þ þ k3ðx2 − x1Þ�ϕπðx1; bÞ þ 2μπx1ðEq þ k3Þϕπ

Pðx1; bÞ

þ 1

3
μπx1ðEq þ k3Þϕ0π

σðx1; bÞ
�
h2dðx; x1; x2; b; b2ÞStðx1Þ exp½−SBðμ2dÞ − Sπ1ðμ2dÞ − Sπ2ðμ2dÞ�

�
ð17Þ

for the operators of ðV − AÞðV − AÞ current, and

MP
e ¼ −i

4π2

N2
c
fBf2πmB

Z
dk⊥k⊥

Z
xu

xd
dx

Z
1

0

dx1dx2

Z
∞

0

bdbb2db2

�
1

2
mB þ jk⃗⊥j2

2x2mB

�
Kðk⃗ÞðEQ þmQÞ

× J0ðk⊥bÞϕπðx2; b2Þ
�
αsðμ1dÞ

�
−2mBðEqðx1 − x2 þ 1Þ − k3ðx1 þ x2 − 1ÞÞϕπðx1; bÞ

þ 2μπx1ðEq þ k3Þϕπ
Pðx1; bÞ þ

1

3
μπx1ðEq þ k3Þϕ0π

σðx1; bÞ
�
h1dðx; x1; x2; b; b2Þ

× Stðx1Þ exp½−SBðμ1dÞ − Sπ1ðμ1dÞ − Sπ2ðμ1dÞ� þ αsðμ2dÞ
�
2mBx2ðEq þ k3Þϕπðx1; bÞ

− 2μπx1ðEq − k3Þϕπ
Pðx1; bÞ þ

1

3
μπx1ðEq − k3Þϕ0π

σðx1; bÞ
�
h2dðx; x1; x2; b; b2Þ

× Stðx1Þ exp½−SBðμ2dÞ − Sπ1ðμ2dÞ − Sπ2ðμ2dÞ�
�

ð18Þ

for the insertion of Fierz transformed operators of ðSþ PÞðS − PÞ current. The contribution of operators of ðV − AÞ
ðV þ AÞ current always vanishes.
The contributions of Figs. 1(e) and 1(f) are

Ma ¼ −i
4π2

N2
c
fBf2π

Z
dk⊥k⊥

Z
xu

xd
dx

Z
1

0

dx1dx2

Z
∞

0

bdbb1db1

�
1

2
mB þ jk⃗⊥j2

2x2mB

�
Kðk⃗ÞðEQ þmQÞ

× J0ðk⊥bÞ
�
αsðμ1fÞ

�
−2m2

Bðx2 − 1ÞðEq þ k3Þϕπðx1; b1Þϕπðx2; b1Þ þ
1

3
μ2πϕ

π
Pðx1; b1Þ

· ð½Eqðx1 þ x2 − 1Þ − k3ðx1 − x2 þ 1Þ�ϕ0π
σðx2; b1Þ þ 6½Eqðx1 − x2 þ 1Þ − k3ðx1 þ x2 − 1Þ�ϕπ

Pðx2; b1ÞÞ

þ 1

18
μ2πϕ

0π
σðx1; b1Þð−½Eqðx1 − x2 þ 1Þ − k3ðx1 þ x2 − 1Þ�ϕ0π

σðx2; b1Þ þ 6½Eqðx1 þ x2 − 1Þ þ k3ð−x1

þ x2 − 1Þ�ϕπ
Pðx2; b1ÞÞ

�
h1fðx; x1; x2; b; b1ÞStðx1ÞStðx2Þ exp½−SBðμ1fÞ − Sπ1ðμ1fÞ − Sπ2ðμ1fÞ�

þ αsðμ2fÞ
�
−2m2

Bx1ðEq − k3Þϕπðx1; b1Þϕπðx2; b1Þ −
1

3
μ2πϕ

π
Pðx1; b1Þð−½Eqðx1 þ x2 − 1Þ þ k3ð−x1

þ x2 þ 1Þ�ϕ0π
σðx2; b1Þ þ 6½Eqðx1 − x2 þ 3Þ − k3ðx1 þ x2 − 1Þ�ϕπ

Pðx2; b1ÞÞ −
1

18
μ2πϕ

0π
σðx1; b1Þ

· ð−½Eqðx1 − x2 − 1Þ − k3ðx1 þ x2 − 1Þ�ϕ0π
σðx2; b1Þ þ 6½Eqðx1 þ x2 − 1Þ þ k3ð−x1 þ x2 − 3Þ�ϕπ

Pðx2; b1ÞÞ
�

× h2fðx; x1; x2; b; b1Þ exp½−SBðμ2fÞ − Sπ1ðμ2fÞ − Sπ2ðμ2fÞ�
�

ð19Þ

for ðV − AÞðV − AÞ current, and
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MP
a ¼ −i

4π2

N2
c
fBf2π

Z
dk⊥k⊥

Z
xu

xd
dx

Z
1

0

dx1dx2

Z
∞

0

bdbb1db1

�
1

2
mB þ

jk⃗⊥j2
2x2mB

�
Kðk⃗ÞðEQ þmQÞ

× J0ðk⊥bÞ
�
αsðμ1fÞ

�
2m2

Bx1ðEq − k3Þϕπðx1; b1Þϕπðx2; b1Þ þ
1

3
μ2πϕ

π
Pðx1; b1Þð−½Eqðx1 þ x2 − 1Þ

þ k3ð−x1 þ x2 − 1Þ�ϕ0π
σðx2; b1Þ þ 6½Eqðx1 − x2 þ 1Þ− k3ðx1 þ x2 − 1Þ�ϕπ

Pðx2; b1ÞÞ þ
1

18
μ2πϕ

0π
σðx1; b1Þ

· ð−½Eqðx1 − x2 þ 1Þ− k3ðx1 þ x2 − 1Þ�ϕ0π
σðx2; b1Þ þ 6½Eqðx1 þ x2 − 1Þ þ k3ð−x1 þ x2 − 1Þ�ϕπ

Pðx2; b1ÞÞ
�

× h1fðx; x1; x2; b; b1ÞStðx1ÞStðx2Þ exp½−SBðμ1fÞ− Sπ1ðμ1fÞ− Sπ2ðμ1fÞ� þ αsðμ2fÞ
�
−2m2

Bðx2 − 1Þ

· ðEq þ k3Þϕπðx1; b1Þϕπðx2; b1Þ þ
1

3
μ2πϕ

π
Pðx1; b1Þð−½Eqðx1 þ x2 − 1Þ þ k3ð−x1 þ x2 − 3Þ�ϕ0π

σðx2; b1Þ

− 6½Eqðx1 − x2 þ 3Þ− k3ðx1 þ x2 − 1Þ�ϕπ
Pðx2; b1ÞÞ þ

1

18
μ2πϕ

0π
σðx1; b1Þð½Eqðx1 − x2 − 1Þ− k3ðx1 þ x2 − 1Þ�ϕ0π

σðx2; b1Þ

þ 6½Eqðx1 þ x2 − 1Þ þ k3ð−x1 þ x2 þ 1Þ�ϕπ
Pðx2; b1ÞÞ

�
h2fðx; x1; x2; b; b1Þ exp½−SBðμ2fÞ− Sπ1ðμ2fÞ− Sπ2ðμ2fÞ�

�
ð20Þ

for ðSþ PÞðS − PÞ current,

MR
a ¼ −i

4π2

N2
c
fBf2πmBμπ

Z
dk⊥k⊥

Z
xu

xd
dx

Z
1

0

dx1dx2

Z
∞

0

bdbb1db1

�
1

2
mB þ jk⃗⊥j2

2x2mB

�
Kðk⃗ÞðEQ þmQÞ

× J0ðk⊥bÞ
�
αsðμ1fÞ

�
−
1

3
ðEq þ k3Þϕπðx1; b1Þðð1 − x1Þϕ0π

σðx2; b1Þ þ 6ðx1 − 1ÞÞ

· ϕπ
Pðx2; b1Þ − 2x2ðEq − k3Þϕπðx2; b1Þϕπ

Pðx1; b1Þ −
1

3
x2ðEq − k3Þϕπðx2; b1Þϕ0π

σðx1; b1Þ
�

× h1fðx; x1; x2; b; b1ÞStðx1ÞStðx2Þ exp½−SBðμ1fÞ − Sπ1ðμ1fÞ − Sπ2ðμ1fÞ� þ αsðμ2fÞ
�
1

3
ððEqðx1 − 2Þ − k3x1Þϕ0π

σðx2; b1Þ

− 6ðEqðx1 − 2Þ − k3x1Þϕπ
Pðx2; b1ÞÞϕπðx1; b1Þ − 2ðEqðx2 þ 1Þ þ k3ðx2 − 1ÞÞϕπðx2; b1Þϕπ

Pðx1; b1Þ

−
1

3
ðEqðx2 þ 1Þ þ k3ðx2 − 1ÞÞϕπðx2; b1Þϕ0π

σðx1; b1Þ
�
h2fðx; x1; x2; b; b1Þ exp½−SBðμ2fÞ − Sπ1ðμ2fÞ − Sπ2ðμ2fÞ�

�
ð21Þ

for ðV − AÞðV þ AÞ current.
For the diagrams (g) and (h) in Fig. 1, the contributions of operators of ðV − AÞðV − AÞ are always cancel each other.

Only the current of ðSþ PÞðS − PÞ from the Fierz transformation of operator of ðV − AÞðV þ AÞ current contributes. The
result is

FP
a ¼ −i

8π

N2
c
χBf2πμπ

Z
1

0

dx1dx2

Z
∞

0

b1db1b2db2

�
αsðμ1aÞ

�
−4ϕπ

Pðx1; b1Þϕπðx2; b2Þ

−
1

3
½ð1 − x2Þϕ0π

σðx2; b2Þ − 6ðx2 − 1Þϕπ
Pðx2; b2Þ� · ϕπðx1; b1Þ

�
h1aðx1; x2; b1; b2ÞStðx2Þ exp½−Sπ1ðμ1aÞ

− Sπ2ðμ1aÞ� þ αsðμ2aÞ
�
−4ϕπðx1; b1Þϕπ

Pðx2; b2Þ þ
�
−
1

3
x1ϕ0π

σðx1; b1Þ þ 2x1ϕπ
Pðx1; b1Þ

�
ϕπðx2; b2Þ

�

× h2aðx1; x2; b1; b2ÞStðx1Þ exp½−Sπ1ðμ2aÞ − Sπ2ðμ2aÞ�
�
; ð22Þ

where
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χB ¼ πfBmB

Z
dk⊥k⊥

Z
xu

xd
dx

�
1

2
mB þ jk⃗⊥j2

2x2mB

�
· Kðk⃗Þ½ðEq þmqÞðEQ þmQÞ þ ðE2

q −m2
qÞ�: ð23Þ

In the above equations, i.e., Eqs. (15)–(22), the exponentials exp½−SBðμÞ�, exp½−Sπ1ðμÞ� and exp½−Sπ2ðμÞ� are the Sudakov
factors which are associated with each meson at the relevant energy scale, which are given in the Appendix. ϕπðx; bÞ,
ϕπ
Pðx; bÞ, and ϕπ

σðx; bÞ are the wave functions of pion in b-space, which can be found in Appendix B of Ref. [15]. The
functions hi’s are Fourior transformations of the hard amplitudes, which are

h1eðx; x1; b; b1Þ ¼ K0ð
ffiffiffiffiffiffiffi
xx1

p
mBbÞ½θðb − b1ÞI0ð

ffiffiffiffiffi
x1

p
mBb1ÞK0ð

ffiffiffiffiffi
x1

p
mBbÞ þ θðb1 − bÞI0ð

ffiffiffiffiffi
x1

p
mBbÞK0ð

ffiffiffiffiffi
x1

p
mBb1Þ�; ð24Þ

h2eðx; x1; b; b1Þ ¼ K0ð
ffiffiffiffiffiffiffi
xx1

p
mBbÞ½θðb − b1ÞI0ð

ffiffiffi
x

p
mBb1ÞK0ð

ffiffiffi
x

p
mBbÞ þ θðb1 − bÞI0ð

ffiffiffi
x

p
mBbÞK0ð

ffiffiffi
x

p
mBb1Þ�; ð25Þ

h1dðx; x1; x2; b; b2Þ ¼ K0ð−i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð1 − x2Þ

p
mBb2Þ½θðb2 − bÞI0ð

ffiffiffiffiffiffiffi
xx1

p
mBbÞK0ð

ffiffiffiffiffiffiffi
xx1

p
mBb2Þ þ θðb − b2ÞI0ð

ffiffiffiffiffiffiffi
xx1

p
mBb2Þ

× K0ð
ffiffiffiffiffiffiffi
xx1

p
mBbÞ�; ð26Þ

h2dðx; x1; x2; b; b2Þ ¼ K0ð−i
ffiffiffiffiffiffiffiffiffi
x1x2

p
mBb2Þ½θðb2 − bÞI0ð

ffiffiffiffiffiffiffi
xx1

p
mBbÞK0ð

ffiffiffiffiffiffiffi
xx1

p
mBb2Þ þ θðb − b2ÞI0ð

ffiffiffiffiffiffiffi
xx1

p
mBb2Þ

× K0ð
ffiffiffiffiffiffiffi
xx1

p
mBbÞ�; ð27Þ

h1fðx1; x2; b; b1Þ ¼ K0ð−i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð1 − x2Þ

p
mBbÞ½θðb − b1ÞI0ð−i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð1 − x2Þ

p
mBb1ÞK0ð−i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð1 − x2Þ

p
mBbÞ

þ θðb1 − bÞI0ð−i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð1 − x2Þ

p
mBbÞK0ð−i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð1 − x2Þ

p
mBb1Þ�; ð28Þ

h2fðx1; x2; b; b1Þ ¼ K0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2 þ x1x2

p
mBbÞ½θðb − b1ÞI0ð−i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð1 − x2Þ

p
mBb1ÞK0ð−i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð1 − x2Þ

p
mBbÞ

þ θðb1 − bÞI0ð−i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð1 − x2Þ

p
mBbÞK0ð−i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð1 − x2Þ

p
mBb1Þ�; ð29Þ

h1aðx1; x2; b1; b2Þ ¼ K0ð−i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð1 − x2Þ

p
mBb1Þ½θðb2 − b1ÞI0ð−i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
mBb1ÞK0ð−i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
mBb2Þ

þ θðb1 − b2ÞI0ð−i
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
mBb2ÞK0ð−i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
mBb1Þ�; ð30Þ

h2aðx1; x2; b1; b2Þ ¼ K0ð−i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð1 − x2Þ

p
b1Þ½θðb2 − b1ÞI0ð−i

ffiffiffiffiffi
x1

p
mBb1ÞK0ð−i

ffiffiffiffiffi
x1

p
mBb2Þ þ θðb1 − b2Þ

· I0ð−i
ffiffiffiffiffi
x1

p
mBb2ÞK0ð−i

ffiffiffiffiffi
x1

p
mBb1Þ�: ð31Þ

In general the higher order radiative correction emerges as αsðμÞ lnðm=μÞ, where m denotes some mass scales in the
physical process. Here the scale may be mB, the longitudinal and transverse momenta of the intermediate quark and gluons
in the decay process, etc. Therefore, it is beneficial to select μ as the largest mass scale appearing in the hard amplitudeH, so
that the largest logarithm in the higher order correction can be removed, i.e.

μ1e ¼ maxð ffiffiffiffiffi
x1

p
mB;

ffiffiffiffiffiffiffi
xx1

p
mB; 1=b; 1=b1Þ;

μ2e ¼ maxð ffiffiffi
x

p
mB;

ffiffiffiffiffiffiffi
xx1

p
mB; 1=b; 1=b1Þ;

μ1d ¼ maxð ffiffiffiffiffiffiffi
xx1

p
mB;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð1 − x2Þ

p
mB; 1=b1; 1=b2Þ;

μ2d ¼ maxð ffiffiffiffiffiffiffi
xx1

p
mB;

ffiffiffiffiffiffiffiffiffi
x1x2

p
mB; 1=b1; 1=b2Þ;

μ1f ¼ maxð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð1 − x2Þ

p
mB; 1=b1; 1=b2Þ;

μ1f ¼ maxð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð1 − x2Þ

p
mB;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2 þ x1x2

p
mBÞ;

μ1a ¼ maxð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
mB;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð1 − x2Þ

p
mB; 1=b1; 1=b2Þ;

μ2a ¼ maxð ffiffiffiffiffi
x1

p
mB;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð1 − x2Þ

p
; 1=b1; 1=b2Þ: ð32Þ

In terms of the matrix elements calculated according to the diagrams given in Fig. 1, i.e., Eqs. (15)–(22), the decay
amplitudes of B → ππ process are
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M ¯ðB0 → πþπ−Þ ¼ Fe

�
ξu

�
1

3
C1 þC2

�
− ξt

�
1

3
C3 þC4 þ

1

3
C9 þC10

��
−FP

e ξt

�
1

3
C5 þC6 þ

1

3
C7 þC8

�

þMe

�
ξu

�
1

3
C1

�
− ξt

�
1

3
C3 þ

1

3
C9

��
þMa

�
ξu

�
1

3
C2

�
− ξt

�
1

3
C3 þ

2

3
C4 −

1

6
C9 þ

1

6
C10

��

þMR
a

�
−ξt

�
1

3
C5 −

1

6
C7

��
þMP

a

�
−ξt

�
2

3
C6 þ

1

6
C8

��
þFP

a

�
−ξt

�
1

3
C5 þC6 −

1

6
C7 −

1

2
C8

��
; ð33Þ

ffiffiffi
2

p
MðB̄0 → π0π0Þ ¼ Fe

�
−ξu

�
C1 þ

1

3
C2

�
− ξt

�
1

3
C3 þ C4 þ

3

2
C7 þ

1

2
C8 −

5

3
C9 − C10

��
− FP

e ξt

�
1

3
C5 þ C6

−
1

6
C7 −

1

2
C8

�
þMe

�
−ξu

�
1

3
C2

�
− ξt

�
1

3
C3 −

1

6
C9 −

1

2
C10

��
þMP

e

�
−ξt

�
−
1

2
C8

��

þMa

�
ξu

�
1

3
C2

�
− ξt

�
1

3
C3 þ

2

3
C4 −

1

6
C9 þ

1

6
C10

��
þMR

a

�
−ξt

�
1

3
C5 −

1

6
C7

��

þMP
a

�
−ξt

�
2

3
C6 þ

1

6
C8

��
þ FP

a

�
−ξt

�
1

3
C5 þ C6 −

1

6
C7 −

1

2
C8

��
; ð34Þ

and

ffiffiffi
2

p
MðB− → π−π0Þ ¼ Fe

�
ξu

�
4

3
C1 þ

4

3
C2

�
− ξt

�
2C9 −

3

2
C7 −

1

2
C8 þ 2C10

��

− FP
e ξt

�
1

2
C7 þ

3

2
C8

�
þMe

�
ξu

�
1

3
C1 þ

1

3
C2

�
− ξt

�
1

2
C9 þ

1

2
C10

��
þMP

e

�
−ξt

�
1

2
C8

��
ð35Þ

where ξu ¼ VubV�
ud, ξt ¼ VtbV�

td. The decay width is
expressed as

ΓðB → fÞ ¼ G2
Fm

3
B

128π
jMðB → fÞj2: ð36Þ

Sudakov factor can suppress the long-distance contribu-
tion in the decay amplitude [26,27]. We reanalyzed B → π
transition form factor in Ref. [15] with the wave function
of B meson derived from the QCD-inspired relativistic
potential model [16–20], where the whole mass spectrum
of b-flavored mesons is consistent with experimental data,
and the transverse-momentum dependence in the B wave
function is automatically included. We find that the
suppression effect to the soft dynamics of the Sudakov
factor is dependent on the endpoint behavior of B wave
function, and in the case of the new wave function we use,
large part of soft contribution still left. To make pertur-
bative calculation reliable, a soft momentum cutoff and
soft form factors have to be introduced. In this work the
cutoff scale is chosen as 1 GeV, which is in accord with
the strong coupling constant in the range αs=π < 0.165.
The introduction of the soft form factor may change the
factorization formula for B decays, which will be dis-
cussed in Sec. III.

B. Next-to-leading-order corrections

In this section, we calculate several most important
next-to-leading-order (NLO) contributions to the B → ππ
decays that includes three parts: the vertex corrections, the
quark loops, and the magnetic penguins, as what have
been done in Ref. [10]. The NLO corrections contribute to
decay amplitudes by modifying the combinations of
Wilson coefficients listed below

a1ðμÞ ¼ C2ðμÞ þ
C1ðμÞ
Nc

;

a2ðμÞ ¼ C1ðμÞ þ
C2ðμÞ
Nc

;

aiðμÞ ¼ CiðμÞ þ
Ci�1ðμÞ
Nc

; i ¼ 3 − 10 ð37Þ

where the upper (lower) sign applies when i is odd (even).

1. Vertex correction

The contributions of vertex corrections to the Wilson
coefficients are [4–6,10]
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a1ðμÞ → a1ðμÞ þ
αsðμÞ
4π

CF
C1ðμÞ
Nc

V1;

a2ðμÞ → a2ðμÞ þ
αsðμÞ
4π

CF
C2ðμÞ
Nc

V2;

aiðμÞ → aiðμÞ þ
αsðμÞ
4π

CF
Ci�1ðμÞ
Nc

Vi; i ¼ 3 − 10; ð38Þ

The vertex function Vi in the naive dimensional regularization (NDR) scheme are given by [4–6]

Vi ¼

8>><
>>:

12 ln mb
μ − 18þ R

1
0 dxϕπðxÞgðxÞ; for i ¼ 1 − 4; 9; 10;

−12 ln mb
μ þ 6 −

R
1
0 dxϕπðxÞgð1 − xÞ; for i ¼ 5; 7;

−6þ R
1
0 dxϕ

π
PðxÞgð1 − xÞ; for i ¼ 6; 8

ð39Þ

where ϕπðxÞ and ϕπ
PðxÞ are the twist-2 and -3 wave functions of the meson emitted from the weak vertex, respectively. The

hard kernels are

gðxÞ ¼ 3

�
1 − 2x
1 − x

ln x − iπ

�
þ
�
2Li2ðxÞ − ln2x −

2 ln x
1 − x

− ð3þ 2iπÞ ln x − ðx ↔ 1 − xÞ
�
; ð40Þ

hðxÞ ¼ 2Li2ðxÞ − ln2 x − ð1þ 2iπÞ ln x − ðx ↔ 1 − xÞ:
ð41Þ

It has been shown that the inclusion of the vertex
corrections can moderate the dependence of most of the
Wilson coefficients on the renormalization scale μ [4,10].

2. Contribution of quark loops

For the b → d transition, the effective Hamiltonian
contributed by the virtual quark loops can be given by [10]

Heff ¼ −
X

q¼u;c;t

X
q0

GFffiffiffi
2

p VqbV�
qd
αsðμÞ
2π

CðqÞðμ; l2Þ

× ðd̄γρð1 − γ5ÞTabÞðq̄0γρTaq0Þ; ð42Þ

where the functions CðqÞðμ; l2Þ can be written as

CðqÞðμ; l2Þ ¼
�
GðqÞðμ; l2Þ − 2

3

�
C2ðμÞ ð43Þ

for q ¼ u, c, and

CðtÞðμ; l2Þ ¼
�
GðdÞðμ; l2Þ − 2

3

�
C3ðμÞ

þ
X

q00¼u;d;s;c

Gðq00Þðμ; l2Þ½C4ðμÞ − C6ðμÞ�: ð44Þ

The function G in Eqs. (43) and (44) is

GðqÞðμ; l2Þ ¼ −4
Z

1

0

dxxð1 − xÞ lnm
2
q − xð1 − xÞl2 − iε

μ2
;

ð45Þ

wheremq is the mass of quark q (q ¼ u, d, s, c). For q ¼ u
and d, the quark mass can be taken to be mq ¼ 0.
The quark-loop contribution can be absorbed into the

Wilson coefficients a4, a6 because the topological structure
of its contribution to the effective Hamiltonian is the same
as the contribution of penguin diagram, then

a4;6ðμÞ→ a4;6ðμÞþ
αsðμÞ
9π

X
q¼u;c;t

VqbV�
qd

VtbV�
td
CðqÞðμ; hl2iÞ; ð46Þ

where hl2i is the mean distribution of the momentum
squared of the gluon that attached to the virtual quark loop
and the final generated quark pair. One can take hl2i ¼
m2

b=4 in the numerical analysis as a reasonable value in B
decays.

3. Magnetic penguins

The effective Hamiltonian of magnetic penguin contains
the weak b → dg transition

Heff ¼ −
GFffiffiffi
2

p VtbV�
tdC8gO8g; ð47Þ

where the magnetic-penguin operator is given by

O8g ¼
g
8π2

mbd̄iσμνð1þ γ5ÞTa
ijG

aμνbj: ð48Þ
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This Hamiltonian can contribute to the hadronic B decay by
the fission of the virtual gluon into a new quark-antiquark
pair, which can be absorbed into the relevant Wilson
coefficients [10]

a4;6ðμÞ → a4;6ðμÞ −
αsðμÞ
9π

2mBffiffiffiffiffiffiffiffi
hl2i

p Ceff
8g ðμÞ; ð49Þ

where the effective coefficient Ceff
8g ¼ C8g þ C5 [21].

III. THE CONTRIBUTION OF THE SOFT
FORM FACTORS OF Bπ TRANSITION

AND ππ PRODUCTION

We find that soft contributions in Eqs. (15), (16),
and (22) which are relevant to the diagrams (a), (b), (g),
and (h) in Fig. 1 are still large in the case of the wave
function of B meson in Eq. (7) being used in this work,
more than 40% of the contribution is in the range of
αs=π > 0.2, while the contributions of the diagrams (c)
and (d) in Fig. 1 are dominated by perturbative contribu-
tion, more than 93% of the contribution is in the range
αs=π < 0.2. For the diagrams (e) and (f) in Fig. 1, the
contributions are only at the level of a few percent, which
can be neglected. Therefore, to keep the perturbative
calculation reliable, we introduce a momentum cutoff,
i.e., taking a stringent perturbative requirement with the
hard scale μh > 1.0 GeV, which is relevant to αs=π <
0.165. The contributions lower than the hard scale with
μ < 1.0 GeV are replaced by two kinds of soft form
factors, the soft Bπ transition form factor and ππ produc-
tion form factor. Then the total Bπ transition form factor is
separated into two parts

FBπ
0 ¼ hBπ0 þ ξBπ; ð50Þ

where hBπ0 is the Bπ transition form factor that is domi-
nated by the hard contribution, and ξBπ the soft transition
form factor. The hard form factor can be calculated in the
perturbation QCD approach which is relevant to the
diagrams of Figs. 1(a) and 1(b), while the soft contribution
of these two diagrams can be written in terms of the soft
form factor ξBπ. Including the contribution of the soft form
factor, the amplitude is changed as

M → M − 2ifπCðμhÞVCKM · ξBπ

− 4i
μπ
mB

fπC0ðμhÞVCKM · ξBπ; ð51Þ

where CðμhÞ and C0ðμhÞ are the corresponding Wilson
coefficients of the operators of ðV − AÞðV − AÞ and
ðSþ PÞðS − PÞ at μh ¼ 1.0 GeV, respectively, where
the scale is taken as the critical scale that separates the
hard and soft contribution.

There are also soft contributions from the factorizable
diagrams (g) and (h) in Fig. 1, which can be absorbed
into the soft production form factor of ππ. The soft ππ
production form factor can be defined from the scalar
current

hππjSj0i ¼ −
1

2
Fππþ ðq2Þμπ; ð52Þ

where μπ ¼ m2
π=ðmu þmdÞ for the charged pion, which

can be treated as a phenomenological parameter and taken
as μπ ¼ 1.75 GeV. The form factor Fππþ can be separated
into two parts, the hard and soft parts

Fππþ ¼ hππ þ ξππ; ð53Þ

here hππ is the hard part of the ππ production form factor,
which can be calculated in the perturbative QCD approach,
and ξππ being the soft part of the production form factor.
Then the soft form factor contributes to the amplitude as

M → Mþ 2μπ
m2

B
h0jS − PjBiCðμhÞVCKMξ

ππ; ð54Þ

where h0jS − PjBi ¼ −iχB, and χB can be found in
Eq. (23).

IV. COLOR-OCTET MATRIX ELEMENT

In this section, to explain the experimental data on the
branching ratios and CP violation we consider the possible
contribution of the matrix element of operators composed
of color-octet current. Consider a four-quark operator
ðq̄1iq2jÞðq̄3jq4iÞ, where i, j are the color indices, and the
current can be with any Dirac spinor structure. Due to the
relation for the generators of the color SU(3) group

Ta
ikT

a
jl ¼ −

1

2N
δikδjl þ

1

2
δilδjk; ð55Þ

the four-quark operator can be transferred to color singlet
and octet operators

ðq̄1iq2jÞðq̄3jq4iÞ ¼
1

N
ðq̄1iq2iÞðq̄3jq4jÞ

þ 2ðq̄1Taq2Þðq̄3Taq4Þ: ð56Þ

As for the decay of B → ππ, we can take the contribution
of the operators ðV − AÞðV − AÞ and ðSþ PÞðS − PÞ to
B̄0 → πþπ− decay as an example. We define

T8
ππ ¼ hπ−πþjðd̄TauÞV−AðūTabÞV−AjB̄0i; ð57Þ

TSP8
ππ ¼ hπ−πþjðd̄TauÞSþPðūTabÞS−PjB̄0i; ð58Þ
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where a convention is indicated that the quarks in the first
current flow into the first meson in the final state, and the
quarks in the second current involve the initial and second
meson of the final state. Such kinds of color-octet matrix
elements have all been dropped previously because mesons
in both the initial and final states should be in color-singlet.
In this work we assume that such color-octet current can
give nonzero contribution. The quark pair in color-octet can
transfer into singlet state by exchanging soft gluons with
other quark system at distance of hadronic scale. Certainly
such color-octet matrix element should be smaller com-
pared with color-singlet contribution. One can assume that
the momentum and spin structure of the quark system will
not change much when exchanging soft gluons.
The contribution of the color-octet matrix element to the

amplitude MðB̄0 → πþπ−Þ is

M8
πþπ− ¼

2

m2
B

�
VubV�

udð2C1T8
ππÞ þ

X
q¼u;c

VqbV�
qd

· 2

��
C3 þ

3

2
euC9

�
T8
ππ − ð2C5 þ 3euC7ÞTSP8

ππ

��
:

ð59Þ

The above color-octet contribution should be added to the
former amplitude M as

M → MþM8
πþπ− : ð60Þ

Similarly the color-octet contribution to the decays of
B− → π−π0 and B̄0 → π0π0 are

ffiffiffi
2

p
M8

π−π0
¼ 2

m2
B

�
VubV�

udð2ðC1 þ C2ÞT8
ππÞ þ

X
q¼u;c

VqbV�
qd

·
3

2
ðeu − edÞ½2ð−C8 þ C9 þ C10ÞT8

ππ − 4C7

· TSP8
ππ �

�
; ð61Þ

and

ffiffiffi
2

p
M8

π0π0
¼ 2

m2
B

�
−VubV�

udð2C2T8
ππÞ−

X
q¼u;c

VqbV�
qd½2

·

�
−C3þ

3

2
ðeu− edÞð−C8þC10Þ−

3

2
edC9

�
T8
ππ

þ 2ð2C5þ 3edC7ÞTSP8
ππ �

�
: ð62Þ

In the above two equations, the following relations have
been used

hπ0π0jðūTauÞVþAðd̄TabÞV−AjB̄0i ≈ 1

2
T8
ππ ð63Þ

and

hπ0π0jðd̄TadÞVþAðd̄TabÞV−AjB̄0i ≈ −
1

2
T8
ππ ð64Þ

The color-octet contributionM8
π−π0

and M8
π0π0

should also
be added to the former amplitudes M for each relevant
decay mode.
To show the relative magnitude of the color-octet to

singlet hadronic matrix element, we can define two
parameters δ8 and δSP8 . Since the color-singlet hadronic
matrix elements are approximately in accord with the
follow result

hπ−πþjðd̄uÞV−AðūbÞV−AjB̄0i ≈ −ifπm2
BF

Bπ
0 ð0Þ;

hπ−πþjðd̄uÞSþPðūbÞS−PjB̄0i ≈ −ifπμπmBFBπ
0 ð0Þ; ð65Þ

under the naive factorization approximation. So one can
define δ8 and δSP8 as

T8
ππ ¼ −ifπm2

BF
Bπ
0 ð0Þδ8;

TSP8
ππ ¼ −ifπμπmBFBπ

0 ð0ÞδSP8 : ð66Þ

The smaller the parameters δ8 and δSP8 , the smaller the
color-octet matrix element relative to color-singlet one.

V. NUMERICAL ANALYSIS AND DISCUSSION

The input parameters in the numerical calculation are the
soft Bπ transition form factor ξBπ, the soft ππ production
form factor ξππ, and the color-octet matrix element param-
eter δ8 and δSP8 except for the parameters in B and pion
wave functions.
The hard part of Bπ transition form factor hBπ0 is relevant

to the diagrams (a) and (b) of Fig. 1 except the decay
constant of the emitted pion. The hard form factor can be
calculated in perturbation method with the hard scale
μh > 1 GeV, which corresponds to αs=π < 0.165. The
result is

hBπ0 ¼ 0.23� 0.01; ð67Þ

while the total Bπ transition form factor is

FBπ
0 ð0Þ ¼ FBπþ ð0Þ ¼ 0.27� 0.02; ð68Þ

which is consistent with the measured differential branching
ratio of B̄0 → πþlν in the q2 ∼ 0 region in experiment [29].
Then according to Eq. (50), the soft part of Bπ transition
form factor is

ξBπ ¼ 0.04� 0.01: ð69Þ

For the color-octet parameters δ8 and δSP8 , we assume
they are at the same order, and simply take
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δ8 ¼ δSP8 ð70Þ

to decrease the number of free inputs. Then the remaining
free input parameters are only ξππ and δ8, which can be
obtained by fitting the experimental data of the branching
ratios and CP violation for the three B → ππ decay modes.
ξππ and δ8 can be set in the following form

δ8 ¼ d1eiϕ1 ;

ξππ ¼ d2eiϕ2 ; ð71Þ

where ϕ1 and ϕ2 are the strong phases of the color-octet
matrix element and the soft ππ production form factor,
respectively. Since ππ production form factor is timelike, it
may have nonzero phase. The parameters d1, ϕ1, d2, and ϕ2

are fitted to the experimental data. The values that can
reproduce all the branching ratios and CP violation con-
sistent with experimental data are found to be

d1 ¼ 0.250� 0.015; ϕ1 ¼ ð−0.440� 0.016Þπ;
d2 ¼ 0.17� 0.02; ϕ2 ¼ ð−0.76� 0.03Þπ; ð72Þ

where the uncertainties mainly come from the constraint of
the experimental data. The value of d1 shows that the
magnitude of the color-octet matrix element is only about
1=4 of the color-singlet contribution.
The branching ratios and CP violation obtained in this

work are

BðB0 → πþπ−Þ ¼ 5.14� 0.61þ0.17þ0.29
−0.28−0.24 × 10−6;

BðB0 → π0π0Þ ¼ 1.50� 0.24þ0.04þ0.18
−0.06−0.18 × 10−6;

BðBþ → πþπ0Þ ¼ 5.72� 0.44þ0.19þ0.22
−0.31−0.21 × 10−6;

ACPðB0 → πþπ−Þ ¼ 0.33� 0.04þ0.01þ0.04
−0.00−0.03 ;

ACPðB0 → π0π0Þ ¼ 0.23� 0.07þ0.00þ0.07
−0.00−0.05 ;

ACPðBþ → πþπ0Þ ¼ 0.0054� 0.0004þ0.0000þ0.0001
−0.0000−0.0001 ; ð73Þ

where the uncertainties come from the variation of the
theoretical input parameters. The first one is caused by the
uncertainty of the soft parameters constrained by experi-
ments, the second and last are caused by the variation of the
parameters in B meson and pion wave functions, respec-
tively. For the decay mode Bþ → πþπ0, the uncertainty of
the CP violation caused by the variation of the parameters
in B and pion wave functions are very small, which can be
neglected.
The contributions of each theoretical component and the

comparison of the total results with experimental data are
presented in Table I.
It is shown in Table I that the soft transition form factor

ξBπ can increase the amplitudes of B0 → πþπ−, Bþ →
πþπ0 and B0 → π0π0 by 23%, 16% and 4%, respectively.
The influence of ξBπ on CP violation is tiny. The influence
of ξππ on branching ratios is generally smaller than ξBπ , but
it can increase the branching ratio of B0 → π0π0, which is
the correct tendency to explain the large branching ratio of
this decay mode measured in experiment. The contributions
of the color-octet matrix element T8 in B0 → πþπ− and
Bþ → πþπ0 are similar to ξππ, but it can increase the
branching ratio of B0 → π0π0 more greatly, which is the
key point to solve the ππ puzzle in our method. The final
results for the branching ratios andCP violations are given in
the sixth column of Table I. The experimental data are also
presented in the last column for comparison. It can be seen
that all the branching ratios and CP violation for B → ππ
decays are in good agreement with experimental data.
We note that the experimental data on CP violation for

Bþ → πþπ0 and B0 → π0π0 are still not so good in
precision at present. More precise data on ACPðBþ →
πþπ0Þ and ACPðB0 → π0π0Þ in experiment are welcome,
which may put more stringent constraint on our theoretical
predictions.
A small comment would like to be given at the end of

this section. The branching ratio of B0 → π0ρ0 predicted in
PQCD [9,30] is also awfully smaller than experimental data
given in PDG [8]. We believe that this problem could also

TABLE I. Branching ratios and direct CP violation (δ8 ¼ δSP8 , l2 ¼ m2
b
4
, mc ¼ 1.3 GeV), where NLO is the hard contribution up to

next-to-leading order in QCD, “þξBπ” contribution of NLOþ the contribution of the soft transition form factor ξBπ, “þT8” contribution
of NLO + color-octet matrix element, “þξππ” contribution of NLOþ contribution of soft production form factor of ππ,
“þξBπ þ T8 þ ξππ” total contribution of NLOþ ξBπ þ T8 þ ξππ , for which the first uncertainty comes from the constraint of
experimental data, the second is the quadratic combination of uncertainties from the variation of input parameters in B and pion wave
functions. The last column is the experimental data from PDG [8].

Mode NLO þξBπ þξππ þT8 þξBπ þ ξππ þ T8 Data [8]

BðB0 → πþπ−Þ × 10−6 4.95 7.48 3.32 4.37 5.14� 0.61þ0.34
−0.37 5.12� 0.19

BðBþ → πþπ0Þ × 10−6 3.27 4.40 3.27 4.23 5.72� 0.44þ0.29
−0.37 5.5� 0.4

BðB0 → π0π0Þ × 10−6 0.13 0.14 0.22 0.67 1.50� 0.24þ0.18
−0.19 1.59� 0.26

ACPðB0 → πþπ−Þ 0.17 0.11 0.44 0.22 0.33� 0.04þ0.04
−0.03 0.32� 0.04

ACPðBþ → πþπ0Þ −0.0007 −0.0007 −0.0007 0.0053 0.0054� 0.0004þ0.0001
−0.0001 0.03� 0.04

ACPðB0 → π0π0Þ 0.27 0.48 −0.16 0.53 0.23� 0.07þ0.07
−0.05 0.33� 0.22

SHENG LÜ and MAO-ZHI YANG PHYS. REV. D 107, 013004 (2023)

013004-12



be solved by the method suggested in this work. The
nonzero color-octet hadronic matrix element relevant to
B → ρπ decay can enhance the small branching ratio of
B0 → π0ρ0 without affecting the theoretical predictions for
the other decay modes much as what happened in B → ππ
decays in this work. Such a research will be initiated soon
in the near future.

VI. SUMMARY

We study B → ππ decays in a modified perturbative
QCD approach in this work. By using the wave function of
B meson obtained by solving the bound-state equation in
relativistic potential model, the soft contribution to the
decay processes cannot be suppressed effectively by
Sudakov factor. A soft momentum cutoff has to be
introduced, and soft contributions are replaced by soft
form factors. The nonzero color-octet hadronic matrix
element is also introduced, which can enhance the usual
color-suppressed contributions to the branching ratio of
B0 → π0π0 decay without affecting the branching ratio of
the other two decay modes of B0 → πþπ− and Bþ → πþπ0
too much. By selecting the appropriate parameter space, all
the branching ratios and CP violations can be obtained in a
good agreement with experimental data.
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APPENDIX: SUDAKOV FACTOR AND SINGLE
ULTRAVIOLET LOGARITHMS IN QCD

The exponentials exp½−SBðμÞ�, exp½−Sπ1ðμÞ� and
exp½−Sπ2ðμÞ� are the combination of the Sudakov factor
and the single ultraviolet logarithms associated with B
meson and pions. The exponents are defined as

SBðμÞ ¼ sðx; b;mBÞ −
1

β1
ln

lnðμ=ΛQCDÞ
lnð1=ðbΛQCDÞÞ

ðA1Þ

Sπ1ðμÞ ¼ sðx1; b1; mBÞ þ sð1 − x1; b1; mBÞ

−
1

β1
ln

lnðμ=ΛQCDÞ
lnð1=ðb1ΛQCDÞÞ

ðA2Þ

Sπ2ðμÞ ¼ sðx2; b2; mBÞ þ sð1 − x2; b2; mBÞ

−
1

β1
ln

lnðμ=ΛQCDÞ
lnð1=ðb2ΛQCDÞÞ

ðA3Þ

The exponent Sðx; b;QÞ up to next-leading order in QCD
is [31]

sðx; b;QÞ ¼ Að1Þ

2β1
q̂ ln

�
q̂

b̂

�
−
Að1Þ

2β1
ðq̂ − b̂Þ þ Að2Þ

4β21

�
q̂

b̂
− 1

�
−
�
Að2Þ

4β21
−
Að1Þ

4β1
ln

�
e2γE−1

2

��
ln

�
q̂

b̂

�

þ Að1Þβ2
4β31

q̂

�
lnð2q̂Þ þ 1

q̂
−
lnð2b̂Þ þ 1

b̂

�
þ Að1Þβ2

8β31
½ln2ð2q̂Þ − ln2ð2b̂Þ�

þ Að1Þβ2
8β31

ln

�
e2γE−1

2

��
lnð2q̂Þ þ 1

q̂
−
lnð2b̂Þ þ 1

b̂

�
−
Að2Þβ2
16β41

�
2 lnð2q̂Þ þ 3

q̂
−
2 lnð2b̂Þ þ 3

b̂

�

−
Að2Þβ2
16β41

q̂ − b̂

b̂2
½2 lnð2b̂Þ þ 1� þ Að2Þβ22

432β61

q̂ − b̂

b̂3
½9ln2ð2b̂Þ þ 6 lnð2b̂Þ þ 2�

þ Að2Þβ22
1728β61

�
18ln2ð2q̂Þ þ 30 lnð2q̂Þ þ 19

q̂2
−
18ln2ð2b̂Þ þ 30 lnð2b̂Þ þ 19

b̂2

�
ðA4Þ

where q̂ and b̂ are defined by

q̂≡ ln ðxQ=ð
ffiffiffi
2

p
ΛQCDÞÞ; b̂≡ lnð1=bΛQCDÞ ðA5Þ

The coefficients βi and AðiÞ are

β1 ¼
33 − 2nf

12
; β2 ¼

153 − 19nf
24

; Að1Þ ¼ 4

3
;

Að2Þ ¼ 67

9
−
π2

3
−
10

27
nf þ

8

3
β1 ln

�
eγE

2

�
ðA6Þ

and γE is the Euler constant.
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