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We construct a matrix-valued spin-dependent distribution function (MVSD) for massive spin-1/2
fermions and study its properties under Lorentz transformations. Such transformations result in a Wigner
rotation in spin space and in a nontrivial matrix-valued shift in space-time, which corresponds to the side
jump in the massless case. We express the vector and axial-vector components of the Wigner function in
terms of the MVSD and show that they transform in a Lorentz-covariant manner. We then construct
a manifestly Lorentz-covariant Boltzmann equation which contains a nonlocal collision term encoding
spin-orbit coupling. Finally, we obtain the spin-dependent distribution function in local equilibrium by

demanding detailed balance.
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I. INTRODUCTION

In noncentral heavy-ion collisions, a part of the large
orbital angular momentum (OAM) of the system is con-
verted into polarization of final-state hadrons [1-3]. The
polarization of A and A hyperons along the direction of
the global OAM has been experimentally measured by the
STAR collaboration [4,5] and agrees well with theoretical
calculations [6—-8]. However, the dependence on azimuthal
angle of the longitudinal polarization of A’s [9] shows the
opposite sign as in theoretical frameworks which reproduce
the global polarization. Various efforts [10-16] have been
made to resolve this so-called ‘“sign problem of the
longitudinal polarization,” but a fully convincing explan-
ation does not yet exist. It was recently proposed [17-20]
that previous calculations had missed a shear-induced
contribution to the polarization at freeze-out, which has
the potential to solve this problem, but so far results
including this term appear to be sensitive to the equation
of state and other parameters of the calculation [21].

Therefore, from both the theoretical and the experimental
perspective, a consistent way to describe the dynamics of
spin in heavy-ion collisions is urgently needed. Recently, a
lot of activity was devoted to deriving kinetic theory for
massive particles with spin [22-31] and spin hydrodynamics
[32-41]. The dynamics of massless particles is described by
chiral kinetic theory (CKT), first proposed in Refs. [42—44].
The helicity, defined as the product of momentum and spin,
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is Lorentz invariant. However, both the momentum and the
spin of a particle will change under a Lorentz boost, in order
to preserve the helicity. Conservation of total angular
momentum then requires that the OAM of the particle also
changes. This in general implies that the particle’s position
will undergo a nontrivial shift, which is called the side-jump
effect [45-47]. On the other hand, it has been realized that
the collisionless kinetic theory for massive particles can be
smoothly connected to CKT, if one properly defines the
reference frame [48] or if one directly replaces the spin
vector by the momentum vector [49-52]. Such a connection
exists because Wigner’s little group for massless particles
can be obtained from that for massive particles by taking the
infinite-momentum limit and the massless limit at the same
time, indicating that spin for massive particles reduces to
helicity in this limit [53—55]. Then, one naturally expects
that the massless limit for the collision term as well as for the
equilibrium distribution agrees with the result from CKT
[46,47,56]. In order to confirm this expectation, we need to
discard any reference to the rest frame of a massive particle,
as such a frame does not exist for massless particles. Instead,
we need to consider a Lorentz boost between two arbitrary
reference frames.

In this work, we derive a matrix-valued spin-dependent
distribution function (MVSD) and show that its Lorentz-
transformation properties are highly nontrivial: in addition
to a Wigner rotation in spin space, the MVSD undergoes a
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matrix-valued shift in space-time, which is similar to the
side-jump effect for massless particles. Using this MVSD,
we then construct a Lorentz-covariant Boltzmann equation
with a nonlocal collision term, which forms the theoretical
foundation for a consistent description of the dynamics
of massive spin-1/2 particles in heavy-ion collisions. It
constitutes a well-founded theory for numerical simulations
of spin polarization and thus may potentially contribute to
solving the sign problem of the longitudinal polarization.

II. MATRIX-VALUED SPIN-DEPENDENT
DISTRIBUTION FUNCTION

We define a plane-wave state as
[p. s) = ap,|0), (1)

where a;s is the creation operator for a particle with
momentum p and spin s, with the corresponding annihi-
lation operator being aj, , fulfilling the anticommutation
relation {a},,, ay ¢} = 2E,(277)*5) (p — p')8,,, with the

mass-shell energy E, = +/ p? + m> The density matrix is
defined as

/’EZ/DIM/Dpzfrs(pl,pz)Ipl,rﬂpz,s|, ()

where the invariant momentum-integration measure is
defined as Dp = d’p/[(27h)2E,]. The MVSD in momen-

tum space is given as f,(p;.ps) = <az,2,sap].,), where
(O) = Tr(pO) denotes the expectation value of the oper-
ator O in the ensemble characterized by the density matrix
(2). We define the MVSD in phase space by taking the
Fourier transform with respect to the relative momentum

q" = pl = ph.

4 i B
frs(xv p) = / 2(37‘[%)3 exXp <_%q : )C) 5(p : q)frs(pl’ p2),
(3)

where p* = (p + p5)/2 is the average momentum. The
MVSD (3) is a generalization of the classical distribution
function to the case of quantum particles with spin 1/2,
which satisfies f%, = f,,, indicating that f,(x, p) is a
Hermitian matrix. We note that p/ and p} are restricted to
the mass-shell p? = p3 = m?, leading to the constraint
p-q = 0. The MVSD has previously been used to derive
the equilibrium form of the polarization [6,57]. In this
work, we will derive the Boltzmann equation for the
MVSD that describes its dynamical evolution in a non-
equilibrium system.

For a system of weakly interacting particles, one expects
that f,,(p;.p,) has nonvanishing values only when
Ip1 — 2| =la| < [p| = [p1 +p2| As a consequence,

the gradient of the MVSD (3) satisfies 7|V, f,(x, p)| <
Ipf,s(x, p)|, ensuring the validity of the 7 expansion, which
we will employ in the following.

III. WIGNER FUNCTION

We now relate the MVSD (3) to the Wigner function
[58,59]

weer) = | (2%4 e_,»,,.ym<¢,(x * 9 BV (x } %) >
@)

where ® denotes the Kronecker product. Let us consider
the collisionless case, i.e., we assume that the Dirac-field
operators in Eq. (4) fulfill the noninteracting Dirac equation
[60]. Inserting these operators into the definition (4),
performing a gradient expansion, and keeping terms of
first order in A we arrive at

W(x.p) = @e@%(;ﬂ —m2)
% S7(,(0) ® w,(p) + U, (D) - Vi s (3, ).

(5)

The momentum in Eq. (5) is restricted to the mass-shell
p* = m?, while off-shell corrections arise at second order
in A. The matrix-valued Berry connection for Dirac
fermions is defined as [48,61]

U, () =5 (V. (B)] @, (B) - (p) ® [V, ()]}, (6)

which is a 2 x 2 matrix in spin space and a 4 x 4 matrix in
Dirac space.

We further decompose the Wigner function in terms of
the generators of the Clifford algebra,

1 1
WZZ(.F—l—lyjP-H/”VM-l—f}/”AM +§6””SW>, (7)

where ¢#* = £ [y#, y*]. The vector component V¥ has a clear
physical meaning: it is the current density in phase space
[59]. Its zeroth component, VO = Tr(y°W), where “Tr”
denotes the trace in Dirac space, is given by

2

0 __
V= (27h)?

0(p°)3(p* — m?)Eyte[F(x. )] (8)

where “tr” denotes the trace in spin space and

h
o p) =10 Pt g o o p =)

x e Pug ,p,{ng(p). 0 f(x.p)}.  (9)
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Here, {A, B} = AB + BA for two arbitrary 2 x 2 matrices
A, B. The vector uy, = (1,0, 0, 0) defines the rest frame of a
specific system, called “laboratory system” in the follow-
ing. The quantity tr[F(x, p)] in Eq. (8) is therefore the
particle number density observed in the laboratory frame.
The spin-polarization vector n#(p) is a 2 X 2 matrix and is
defined as

1 _
i (p) = 5, 4s (@) 75u,(P)

—(p.’c”,'csr‘F P
m

m(Ep, + m)

p), (10)

where T, = )(ia;(,, with o being the vector of Pauli
matrices and ;ﬂ s the Pauli spinors.

The gradient term in Eq. (9) arises from the Berry
connection (6). It can be absorbed into f(x, p) by intro-
ducing a matrix-valued shift dx in space-time and defining
the Taylor expansion up to first order in Ox as
f(x+6x) = f(x) + {6x*,0,f(x)}/2 + O(6x*). The new
position x 4 ox agrees with the canonical position operator
proposed in Refs. [62-65], which is interpreted as the
energy center for a particle with spin. Then, we identify
tr[F(x, p)] as the particle number density for particles with
momentum p and energy center at x + ox in the labora-
tory frame.

The vector and axial-vector components of the Wigner
function can be expressed in terms of F(x, p) as

W = Cu[(p* 4 hSo,)F), (11)
At = Ctr{[mn*(p) + hL: 0, |F}, (12)

where the prefactor C = [2/(227)3)0(p°)8(p? — m?) and

m
St = 57— " ng(p)ug . (13)
* 2(up- p) o
L =————e™Ppug 4. (14)
* 2(up- p) o

Equations (11) and (12) agree with the results derived in
Appendix C of Ref. [52]. In the massless case, the spin-
polarization vector aligns (anti-aligns) with the momentum
for positive (negative) helicity, i.e., one has to replace
mn*(p)/2 — Ap*, where A = +1/2, and the expression
(13) agrees with the spin tensor introduced in Eq. (3) of
Ref. [46]. The vector current (11) has a rather similar form
as the result in the massless case, cf. Eq. (7) of Ref. [46].

In order to clarify the physical meaning of the terms in
Egs. (11) and (12), we first consider the canonical angular-
momentum tensor

T = XFTW — XVTH 4 S, (15)

where the canonical energy-momentum tensor and the
canonical spin angular-momentum tensor are defined as
" = [d*pp"V" and S™ = — [d*pe**A,/2, respec-
tively. The corresponding conserved charge J% can be
calculated by substituting Egs. (11) and (12) into J** and
then take the 4 = 0 component. At leading order in #, the
result reads

d’p
O — | X Hpl — xVph v
J /(Z”h)3tr[(x p¥ —x'pt + nSi)F], (16)

We therefore identify S, defined in Eq. (13) as the rank-2
spin tensor in the laboratory frame and the term
~tr(Si0,F) in Eq. (11) as the magnetization current
induced by the inhomogeneity of the distribution F.

On the other hand, A, in Eq. (12) is interpreted as the
spin angular-momentum density, which consists of two
parts. The first part is an intrinsic spin density ~tr[n*(p)F],
which is proportional to the polarization vector multiplied
with the distribution function. The second part is a motion-
induced part ~tr(L},0,F), which is generated through the
spin-orbit coupling. Considering a Gaussian-type particle
number-density distribution moving to the right with
momentum p at time ¢t = 0, cf. Fig. 1, the local current
density is then given by p tr[F(x, p)]. For the region V; in
the vicinity of the point x;, the current density nearer to the
center of the distribution is larger than that further away
from the center, leading to a nonvanishing OAM

Ly, = [ X =x0) x pulF(x'.p)]

1
~-Ip X V, tr[F(xq, p)] / &x'(x' - x1)?, (17)

Vi

where we have made a gradient expansion for F(x’, p) near
x;. By comparing Ly, with the OAM of a local vortex with
kinetic vorticity w,

Vi

6}

&

—VZ

FIG. 1. Local angular momentum density generated by an
inhomogeneous current density.
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1
Lw:§mEptr[F(x1,p)]/ PX(x —x,)?, (18)
Vi

one can find that the OAM generated by the inhomo-
geneous current density near point X; corresponds to that of
an anticlockwise rotating vortex with

P XV ulF(x,,p)]
© = T L ulF (. p)] (19)

Similarly, the OAM near the point X, is equivalent to the
contribution of a clockwise rotating vortex, because the
density gradient at X, points in the opposite direction than
that at point x;. Through the spin-orbit coupling, the OAM
results in a nonvanishing spin density, i.e., the term
~tr(Li,0,F) in Eq. (12).

IV. LORENTZ TRANSFORMATION

We now study how the MVSD transforms under a
Lorentz boost from the laboratory frame, characterized
by the frame vector uy = (1,0,0,0), to a new reference
frame called “u-frame” in the following, which moves with
velocity u# = (y,yv) with respect to the laboratory frame.
This Lorentz boost is denoted as A,,, (without specifying
the particular representation of the Lorentz group that this
boost acts on).

The plane-wave state introduced in Eq. (1) transforms as

Z|p ’ rs )’ (20)

where U(A,,,) is a unitary representation for A, (appro-
priate for acting on the Fock-space state |p, s)) and p’ is
the spatial component of the momentum in the u-frame,
satisfying p** = (A, )" p*. Note that in general a Lorentz
boost changes the spin of a particle, which is also known
as Wigner rotation R, ,. The latter is defined as the
product of three Lorentz boosts, R, ;, = At uNuuy Mg rests
where “rest” denotes the rest frame with ph =
(Arestug ) ,p* = (m,0). In Eq. (20), the Wigner rotation
is encoded in the unitary 2 x 2 matrix D, (R, ;) in spin
space. For massless particles, this matrix is diagonal and
reduces to a mere phase factor.

The transformation behavior of the Dirac spinors follows
from Eq. (20),

uuo |p7

us(p) = Zur(p/>Drs(Ru,p)’ (21)
which gives

Drs(Ru,p) = 7ﬁr(p/)(Auuo)1” (p)’ (22)

where (A, ): is the spinor representation of the Lorentz
boost A, - ’

Demanding that the density matrix in Eq. (2) transforms
as p' = U(Au, )pU'(A,,,) and then using Eq. (20), we
obtain the transformation property of the MVSD in
momentum space,

D'(R,p,).  (23)

where 7, p}, and p) are quantities in the u-frame, with

= (Ayy,)!', p¥ fori = 1,2. Here, both D and fare 2 x 2
matrices, whose indices are omitted for the sake of
simplicity. Substituting the above relation into Eq. (3),
we derive

(P}, ) = D(R,p, ) f(P1.P2)

/(2. p') = D(Ryp)f (5. p)D (Ryp)
DR, 9/ (2. P (Rop)
* %D(Ru,p)[f(x’l’)ex] : [VpDT(Ru-P)]' (24)

Given explicit expressions for the Dirac spinors, we can
derive the matrix D in Eq. (22). Then, we substitute D into
Eq. (24). The Lorentz transform of F, defined in Eq. (9),
can be expressed with the help of Eq. (24) as

F'=D(Ryp)|F+5 {Auou, L F}H D' (R, p). (25)
where
Aiou = Ay — Al (26)
with the frame-dependent shift term being
A"=—IS”” =1L’“’ ) (27)
u= W u Py = u b(p .

Note that, if the u-frame is the rest frame of the particle,
Ureq = p*/m, we have A, =0 and Af, . = Al.
Equation (25) states that, under a Lorentz boost, the
transformed F contains a rotation in spin space and an
additional contribution from the gradient of F. The latter
part arises because the magnetization current induced by an
inhomogeneous spin angular momentum density and the
OAM induced by an inhomogeneous current density are
frame-dependent quantities. The shift term (27) has been
studied for nonrelativistic electron scattering off a central
potential in ferromagnets in Ref. [66], and in this work we
generalize it to the relativistic case.

We now discuss the behavior of V¥ and A* in Eqgs. (11)
and (12) under Lorentz transformations. In the u-frame, the
vector current reads

Vi = Cul(ph + AP (K, p)).  (28)
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where S/ is the spin tensor (13) with n*(p) and p*
replaced by n#(p’) and p’, respectively, while the frame
vector ufy = (1,0,0,0) is not transformed due to the frame
dependence of SZ;”. We now replace all u-frame Lorentz
tensors in Eq. (28) by laboratory-frame tensors, using a’* =
(Auy ) @ and uy = (A, ) ,u”. The Lorentz transforma-
tion of the spin-polarization vector can be deduced from its
definition (10) and the transformation behavior of the Dirac
spinors (21),

n"(p') = D(R,p)(Au ) ,n*(P)D*(Ryp).  (29)

Then, using Eq. (25), the Schouten identity for p*e#** [48],
as well as p - n(p) = 0, up to first order in 7 Eq. (28) reads

Vi = (A )M, (V + hCtr{ A} ,p - OF }). (30)

To lowest order in 7, the distribution function F fulfills a
Boltzmann equation of the form p - 0F = C[F], cf. Eq. (41)
below. Then, in the absence of collisions, C[F] = 0, the
second term in Eq. (30) vanishes, so the vector current
transforms in a Lorentz-covariant manner [46,52].

In order to ensure the covariance of V* in the presence of
collisions, an additional term

SVt = hCu (AL ,p - OF ) (31)

needs to be added to V¥ in Eq. (11), where &#* is an arbitrary
frame vector and A%, cf. Eq. (27), transforms as a Lorentz
vector. Then, defining V# =V 4+ 5V* one can show that
P = (Auuo)”vf}” up to order O(#), i.e., V" transforms as a
Lorentz vector.

To prove the Lorentz covariance of the axial-vector
current, an analogous calculation as in the vector case
yields [52]

A = (Auuo)ﬂ A, (32)

v

using Eqgs. (27), (29), as well as the relation

p'p’
o) =2 -25)
Equation (32) shows that the axial-vector current always
transforms in a Lorentz-covariant manner, even in the case
with collisions.

V. COLLISION TERM

Now we consider the case of binary elastic collisions. In
the classical case, all incoming or outgoing particles have
well-defined positions and the scattering process happens
at one space-time point x. However, for quantum particles
the position has a finite uncertainty and therefore particles
can interact with each other over a finite distance. Such a

nonlocal collision involves a finite OAM, which can be
converted into the particle’s spin, or vice versa.

In the laboratory frame, the conserved angular-momentum
tensor relative to a specific point xf is given by Jo,

3
Jom = / (2651;:)3 r{[(x - xg)Py

— (¥ = xp)p" + ASy|F(x. p)}. (34)

One can clearly identify the last term as the contribution from
spin angular momentum and the remaining terms as the
OAM part. However, note that the following identity holds
up to order 7,

Algup® — Al P + Sy = S =0, (35)

which can be proved by employing Egs. (26), (27), and the
Schouten identity. Here S}” is the spin tensor defined in
Eq. (13) with u{; replaced by u*. Then it is possible to express
JO% in another form with the help of the frame vector u”,

Ouv d3p " H H v
J - (277.'7’1)3 tr{[(x —Xp — hA“O”)p
— (& —xt — hAY )" + hSSIF(x, )} (36)

Using the Lorentz transform (25) of the MVSD, we can prove
that the last term in Eq. (36) is related to the spin angular
momentum in the reference frame moving with velocity
u = (y,yv) relative to the laboratory frame,

A F (2, p)] = (A o (M) e [RSETF' (4 p)]. - (37)

where we have dropped terms of order O(#?). We then
conclude that the conserved angular momentum J% is
independent of the reference frame, while the decomposition
of J% into spin and OAM depends on the choice of u*.

Assuming that, at leading order in 7, the MVSD satisfies
a Boltzmann equation of the same form as in the classical
case, p-0F(x,p)=C[F|+ O(h), one immediately obtains
the requirement for angular-momentum conservation dur-
ing collisions,

/ Dptr{[(x — ¥ — hAL ) p*

— (& = ¥ — hAL)p + ASWICIF]} = 0. (38)

In the massless case, there exists a special frame, the so-
called “no-jump” frame [46], where the incoming particles
collide at the same position x. In our case of massive
particles, the analogue is a frame, characterized by a frame
vector ##, where the spin angular momentum and thus, by
conservation of total angular momentum, also the OAM are
separately conserved, i.e.,

L111901-5
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h / Dpir(S“C[F)) = 0. (39)

In this frame, the Boltzmann equation is assumed to take
the same form as in the classical case,

p-0F(x,p) =C[F]. (40)

Then, using Eq. (25) we conclude that in the laboratory
frame the Boltzmann equation reads

p0|F(xp) + 5 (M0, p)} | =CIFL (1)

uoits Y
where the collision term C[F] is related to C[F] as
C[F] = D(R;,)CIFID¥(Ry,) + O(h). (42)

Since the left-hand side of Eq. (41) is Hermitian, the
collision term must also be Hermitian, C*[F] = C[F]. In the
u-frame, collisions are local, and the collision term (_?[F]
has the same form as in the classical case. One can then
show that, in the laboratory frame,

1
Cys[F] :ZZ/DPM(Pth;ShSz = P, P30, 13)
Ti,S;

X M*(p1, 21172 = P, P33T, 53)

X {F 15, (P1)F 15, (P2) 815 = Fros(P)]

—F, 5, (p3)] = Frps(P)F s, (P3)

X 815, = Fris,(P))[Brys, = Frys, (P2)]}

+H.c., (43)

X (81,

where the invariant integration measure DP =
DpDp,Dp;3(2zh)*6% (py + py— p— p3) and  “Hc”
stands for the Hermitian conjugate (complex conjugate
and interchanging r and s) of the first term. In Eq. (43), the
distribution function F is defined as

F(x.p) = F(x.p) + 2 (Ml 0,F(x.p)}. (44)

and we suppressed the x-dependence of F for the sake of
simplicity. Under a Lorentz boost the transition amplitude
transforms as

/\_/l = Z DSQ@()DS:;S‘:;D;]SID%

5789
S0515253

X M(p1., P2 81,52 = P P33 50, 53). (45)

The Wigner rotation matrices in this equation partially
cancel with those for the MVSDs in Eq. (25), which
ensures that C[F] transforms as in Eq. (42). Note that the
spin-orbit coupling enters the collision term through the
presence of the shift term Aﬁoﬁ in the definition of F,

making the collision term nonlocal at first order in 7,
cf. Refs. [26,29,30].

One can further check that the Boltzmann equation (41)
fulfills the local conservation law for total angular momen-
tum,

ho,S™ + T+ — T

= 2n / Dptr(Si’CIF]) + O(h?) =0,  (46)

where S#* is the canonical spin angular-momentum tensor
defined above, 7" = [ d*pp*V*, and S%" is the spin tensor
defined in Eq. (13) with uf; replaced by #*. We emphasize
that in the last line in Eq. (46) we have used Eq. (39), which
demands that the spin is conserved in collisions in the
u-frame.

VI. LOCAL THERMODYNAMICAL EQUILIBRIUM

Usually, local thermodynamical equilibrium is defined by
demanding that the collision term vanishes. This require-
ment leads to the solution F(x, p) = frp(x, p; 5E), with
the Fermi-Dirac distribution defined as

feo(x. p:8E) = {1 +exp[(u- p+6E - p)/T]}™".  (47)
where the energy shift E = h5,°Q,,, with Q,, being the

spin potential. Using Eq. (44) the MVSD in the lab frame is
then up to order O(h) given by

)
F(X’P) :fFD(x’PQCSE) _E{Aﬁou’aufFD(x’PﬁE)}- (48)

With Egs. (12), (14), (26), and (33) one then computes the
axial-vector component of the Wigner function as

At = Ctr{ {mn"(p)—z _h

(@ p

)6"”“” ﬁvpaaﬂ] fFD(x,p;éE)},
(49)

which agrees with the result that includes the thermal-shear
contribution [17-21,67-69]. In the massless limit, Eq. (49)
smoothly reduces to the result of CKT [46,56], which can be
proved by replacing mn*(p) — p*.

VII. CONCLUSIONS

In this work, we have derived a matrix-valued spin-
dependent distribution function F(x, p) for quantum par-
ticles, which describes the particle number density and
intrinsic spin density in phase space. A physical interpreta-
tion of the MVSD is provided by expressing the vector and
axial-vector components of the Wigner function in terms of
F(x, p). In an inhomogeneous system, the magnetization
current and the OAM contained in an inhomogeneous
momentum distribution result in nontrivial Lorentz-
transformation properties for F(x, p): in addition to the
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ordinary Wigner rotation, F'(x, p) undergoes a matrix-valued
shift A’;Uu in space-time. This term ensures that the axial-
vector component, and in the collisionless case, also the
vector component of the Wigner function transform in a
Lorentz-covariant manner. Including collisions, the vector
component requires an additional contribution to preserve
Lorentz covariance. Assuming the existence of a ii-frame
where spin is a collisional invariant, and using the Lorentz
transformation properties of the MVSD, we further con-
structed a manifestly covariant Boltzmann equation includ-
ing nonlocal terms, which give rise to spin-orbit coupling
during collisions. In the i#i—frame, we derive a local-
equilibrium solution for F(x, p) and for the axial-vector
component A*. The Lorentz-covariant Boltzmann equation
derived in this work provides a solid foundation for studying
spin dynamics in heavy-ion collisions and, ultimately, the
long-sought means to solve the sign problem of the longi-
tudinal polarization.
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