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A foundational theorem due to Buchdahl states that, within general relativity (GR), the maximum
compactness C≡ GM=ðRc2Þ of a static, spherically symmetric, perfect fluid object of massM and radius R
is C ¼ 4=9. As a corollary, there exists a compactness gap between perfect fluid stars and black holes
(where C ¼ 1=2). Here we generalize Buchdahl’s result by introducing the most general equation of state
for elastic matter with constant longitudinal wave speeds and apply it to compute the maximum
compactness of regular, self-gravitating objects in GR. We show that: (i) the maximum compactness
grows monotonically with the longitudinal wave speed; (ii) elastic matter can exceed Buchdahl’s bound and
reach the black hole compactness C ¼ 1=2 continuously; (iii) however, imposing subluminal wave
propagation lowers the maximum compactness bound to C ≈ 0.462, which we conjecture to be the
maximum compactness of any static elastic object satisfying causality; (iv) imposing also radial stability
further decreases the maximum compactness to C ≈ 0.389. Therefore, although anisotropies are often
invoked as a mechanism for supporting horizonless ultracompact objects, we argue that the black hole
compactness cannot be reached with physically reasonable matter within GR and that true black hole
mimickers require either exotic matter or beyond-GR effects.
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What is the maximum compactness that a self-
gravitating material object can support within Einstein’s
theory of general relativity (GR)? This fundamental ques-
tion was addressed byH.A. Buchdahl in 1959 in the context
of perfect fluid models [1]. He showed that self-gravitating,
isotropic (or mildly anisotropic, as was later proved [2–4]),
spherically symmetric, perfect fluid GR solutions satisfy
the following bound on the compactness: C≡GM=ðRc2Þ ≤
4=9 ≈ 0.444, where M and R are the object’s mass and
radius. On the other hand, the horizon radius of a
Schwarzschild black hole (BH) is R ¼ 2GM=c2, i.e.,
C ¼ 1=2. Thus, as an important consequence, Buchdahl’s
theorem forbids the existence within GR of fluid objects
whose compactness is arbitrarily close to the BH limit,
providing an important cornerstone for tests of the nature of
compact objects [5].
In this letter we extend Buchdahl’s foundational result

to the case of elastic matter, unveiling several interesting
features of extreme compact objects in GR. Henceforth we
set the gravitational constant G and the speed of light c
to unity.
We focus on spherical symmetry and study static,

self-gravitating configurations of elastic matter following

the novel formalism developed in Refs. [6,7]. The
matter sector is described by the stress-energy tensor
Tν
μ ¼ diagðρ; prad; ptan; ptanÞ, in terms of the density ρðrÞ

and radial and tangential pressures pradðrÞ and ptanðrÞ,
respectively. The ansatz for the geometry’s line element
reads ds2¼−e2αðrÞdt2þdr2=ð1−2mðrÞ=rÞþr2dΩ2, where
dΩ2 is the metric of the unit 2-sphere. The metric func-
tions satisfy the usual relationsdm=dr¼4πr2ρ anddα=dr ¼
2ðmþ 4πr3pradÞ=ðrðr − 2mÞÞ, whereas the radial pressure
satisfies a modified Tolman-Oppenheimer-Volkoff
equation,

dprad

dr
¼ 2

r
ðptan − pradÞ − ðprad þ ρÞ dα

dr
: ð1Þ

The system of field equations is closed by specifying an
equation of state (EoS) that relates the density and the
pressures. The latter can be imposed by introducing a
stored energy functionwðrÞ that fully describes the proper-
ties of the elastic matter [6,7]. The stored energy function
can be conveniently written as a functional ŵðδ; ηÞ that
depends on two positive radial functions,
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δðrÞ ¼ nðrÞ
n0

; ηðrÞ ¼ 3

r3

Z
r

0

δðuÞu2du
ð1 − 2mðuÞ=uÞ1=2 ; ð2Þ

related to the volumetric change and the stretches along the
tangential direction, respectively. In the above equation,
nðrÞ is the baryon density and n0 the baryon density in the
reference (i.e., unstretched) state. Density, radial pressure,
and tangential pressure can be obtained from

ρ̂ðδ; ηÞ ¼ δðρ0 þ ŵðδ; ηÞÞ; ð3aÞ

p̂radðδ; ηÞ ¼ δ2∂δŵðδ; ηÞ; ð3bÞ

p̂tanðδ; ηÞ ¼ p̂radðδ; ηÞ þ
3

2
δη∂ηŵðδ; ηÞ; ð3cÞ

which provide the desired EoS in parametric form (here
ρ0 > 0 is the density in the reference state). The TOV
equations for the stellar structure are solved by imposing
regularity of the matter and metric functions at the center
of symmetry, which implies ðδð0Þ; ηð0ÞÞ ¼ ðδc; δcÞ. The
radius R of the star is defined by pradðRÞ ¼ 0 and has a
geometric meaning as the proper circumferential radius.
At variance with the fluid case, elastic materials are

generically anisotropic and, in addition to the usual longi-
tudinal matter perturbations, there exist also transverse
perturbations. For a spherical symmetric configuration,
waves propagating along the radial direction can be longi-
tudinal or transverse (we denote their speed by cLðδ; ηÞ and
cTðδ; ηÞ, respectively), whereas waves propagating along
the tangential direction can be longitudinal (with speed
c̃Lðδ; ηÞ) or transverse along two orthogonal directions (with
speeds c̃Tðδ; ηÞ and c̃TTðδ; ηÞ, respectively) [7].
Within this general class of materials (that includes

perfect fluids in the isotropic limit, prad ¼ ptan ≡ piso,
cL ¼ c̃L ≡ cs, and cT ¼ c̃T ¼ c̃TT ¼ 0), our goal is to
determine those which allow for the most compact self-
gravitating solutions to Einstein’s equations, while respect-
ing causality. In the fluid case, this can be achieved by
requiring that the (adiabatic) sound speed cs ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dpiso=dρ

p
be equal to the speed of light everywhere within the object,
which singles out the EoS piso ¼ ρþ constant, describing
Christodoulou’s hard phase fluid [8]. In the general elastic
case, we can consider the materials with longitudinal
speeds of sound equal to the speed of light given in
[9,10]. In fact, the most general class of elastic materials
with constant longitudinal sound speeds cL ¼ c̃L ¼ ffiffiffiffiffiffiffiffiffiffi

γ − 1
p

are given by the stored energy function [7,9]

ŵðδ; ηÞ
ρ0

¼
�
1

γ
−ð2θþϵÞ

�
δγ−1þδ−1

�
γ−1

γ
−ðθþ2ϵÞ

�

þϵ
η
γ
3

δ

�
2þ

�
δ

η

�
γ
�
þθ

η
2γ
3

δ

�
1þ2

�
δ

η

�
γ
�
−1; ð4Þ

depending on two dimensionless parameters ðϵ; θÞ (and
also on the adiabatic index γ > 1, with γ ≤ 2 imposed by
subluminality). The quantities ρ0, ϵ, and θ can be related
to the Lamé parameters λ, μ ≥ 0, and the Poisson ratio ν ∈
ð−1; 1

2
� by

ρ0¼
λþ2μ

γ−1
; ϵþθ¼ γ−1

γ2
2μ

λþ2μ
¼ðγ−1Þ

γ2
ð1−2νÞ
ð1−νÞ : ð5Þ

The isotropic fluid limit ðϵ; θÞ → ð0; 0Þ (ν → 1=2) of this
family corresponds to a linear EoS, p̂radðδÞ ¼ p̂tanðδÞ ¼
p̂isoðδÞ ¼ c2s ðρ̂ðδÞ − ρ0Þ, where cs ¼ cL ¼ c̃L is the (adia-
batic) sound speed of the fluid, and cT ¼ c̃T ¼ c̃TT ¼ 0 as
expected. The incompressible fluid limit which saturates
the Buchdahl bound [1,11] corresponds to ðϵ; θÞ → ð0; 0Þ
and cs → ∞. The SUREOS material studied in [9] corre-
sponds to γ ¼ 2 (that is, cL ¼ c̃L ¼ 1) and ðϵ; θÞ ¼ ð0; 1

4
Þ;

for later comparison, we note that the maximum compact-
ness found in [9] for SUREOS stars (with a suitable
material metric) was C ≃ 0.401, decreasing to C ≃ 0.341
when considering only radially stable stars.
For a given choice of the parameters ðρ0; ϵ; θ; γÞ, we

obtain a one-parameter family of solutions in terms of
δð0Þ ¼ δc, or, equivalently, in terms of the central density
ρc ¼ ρ̂ðδc; δcÞ. In fact, ρ0 is simply a scale factor which
does not affect dimensionless quantities like the compact-
ness. For each of these families, as we vary the central
density we find that the compactness is bounded.
Since the parameter space is multidimensional, for sim-
plicity in Fig. 1 we show the maximum compactness for
θ ¼ 0 families of solutions as a function of ϵ and some
representative values of cL. As evident from Fig. 1, the
maximum compactness grows with the longitudinal sound
speed. In the ðϵ; θÞ → ð0; 0Þ limit we recover Buchdahl’s
bound, Cmax ¼ 4=9, which is obtained for infinite sound
speed. Interestingly, even for small deformations away
from the fluid limit, Buchdahl’s bound abruptly tends to
the BH compactness, i.e.,

cL=1
cL=2
cL=5
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FIG. 1. Maximum compactness of static, self-gravitating elastic
materials as a function of the parameter ϵ for θ ¼ 0 and different
values of longitudinal wave speeds cL ¼ c̃L. The fluid limit
corresponds to ϵ ¼ 0.
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Cmax → 1=2 as cL ≫ 1 ð6Þ

with ðϵ; θÞ ≠ ð0; 0Þ. As an aside, the sharp decrease in the
maximum compactness for configurations with cL > 1
(red and green lines of Fig. 1) is due to the central pressure
becoming a decreasing function of δc for sufficiently large
ϵ; the maximum compactness becomes zero when there is
no positive central pressure for any δc > 1.
It is worth noting that the BH limit, C → 1=2, is obtained

in the same unphysical configuration as the Buchdahl limit
for fluids, namely when the wave propagation speed
diverges. A more relevant question concerns the maximum
compactness of physically admissible (PA) solutions. The
latter require real subluminal wave propagation speeds,

cL; c̃L; cT; c̃T; c̃TT ≤ 1; ð7Þ
and that all energy conditions hold [12]. We have addressed
this question through a detailed numerical investigation of
the entire parameter space. In particular, for each point of
the ðϵ; θÞ plane, we have computed a one-parameter family
of solutions, checking subluminality of all sound speeds
and the energy conditions within the object. This is
particularly challenging in this model, because in some
regions of the parameter space subluminality and energy
conditions might be violated for some density ranges but
not in general, as discussed below. We found that the
maximum compactness of PA elastic solutions occurs for
ϵþ θ < 0 and θ > 0, and that it saturates to the bound

CPA ≲ 0.462; ð8Þ

as the elastic parameters become sufficiently large in
absolute value. Interestingly, this bound is sufficiently
large as to allow for stars with a photon sphere (C > 1=3),
and it is even larger than the (unphysical) Buchdahl limit in
the fluid case. It is worth noting that by imposing causality
in the fluid limit we recover the so-called causal Buchdahl
bound [4,13], CfluidPA ≲ 0.364, which is much smaller than
the bound in Eq. (8).
In Fig. 2 we show the mass-radius and compactness-

radius diagrams for some families of solutions with
cL ¼ c̃L ¼ 1: a perfect fluid solution (blue line, studied
analytically in Ref. [14]), a solution which yields the most
compact and stable configuration (red curve, see below for
the stability analysis), the SUREOS material [9] (yellow),
and a solution that saturates the bound (8) (green). While
the first two elastic solutions (red and yellow) are quali-
tatively similar to the fluid case and contain only PA
configurations for all densities that we probed, the green
curve is qualitatively very different. This difference is
associated to the fact that ϵþ θ < 0 for the green curve,
which brings the parameters of linear elasticity outside their
usual physical range. However, since the reference state of
astrophysical compact objects is not observable, as they
only exist in their deformed state, we are not constrained by

this requirement. In fact, the green curve exhibits two
independent branches which are unphysical for most values
of the central density. The first unphysical branch (not
shown in Fig. 2) corresponds to lower central densities, and
as the central density increases the energy density of the
star can become negative (thus violating the weak energy
condition), eventually leading to negative stellar masses.
For high enough values of the central density, the solutions
enter a new branch (the one shown in Fig. 2), which,
although composed mostly of unphysical configurations
(dashed curve), also contains a small region where all
the energy conditions are satisfied and all velocities are
subluminal (solid curve).
A further condition for the physical admissibility of the

solutions is to require stability of the equilibrium configu-
rations. In the fluid case this constraint is more stringent
than causality and imposes CfluidPAS ≲ 0.354 on physically
admissible, radially stable (PAS) configurations
[4,13,15,16]. Similarly to perfect fluids, elastic stars are
radially stable (unstable) for densities below (above) that of
corresponding maximum mass [6,7]. In the mass-radius
and compactness radius diagrams in Fig. 2, this property
translates into two branches, one stable and one unstable,
respectively on the right and left of the maximum mass
configuration (circular marker along each curve).
In Fig. 3 we show the density plot for the maximum

compactness of PAS configurations. Overall, the maximum

FIG. 2. Mass-radius (top panel) and compactness-radius (bot-
tom panel) diagrams for some elastic solutions saturating the
causality condition, cL ¼ c̃L ¼ 1. Continuous (dashed) curves
correspond to the physical (unphysical) branch of the solutions.
The markers on each curve represent the maximum mass
configuration. The configurations on the right of the marker
belong to the radial stable branch, whereas configurations on the
left are radially unstable. For the green curve all configurations
are radially unstable.
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compactness obtained by requiring radial stability is
always more stringent than that obtained from causality
alone for each point of the parameter space. The maxi-
mum compactness configuration that satisfies the physical
admissibility conditions and at the same time is radially
stable corresponds to ðϵ; θÞ ∼ ð−0.2; 0.3Þ. This provides
the bound

CPAS ≲ 0.389; ð9Þ

which is significantly larger than in the fluid limit (even
when relaxing the stability requirement for fluids).
Finally, to illustrate the physically admissible conditions

of the solutions, in Fig. 4 we show the nontrivial sound
speed profiles and the density, radial and tangential
pressures for two configurations with cL ¼ c̃L ¼ 1 which
approach either the PAS bound (solid lines) or the less
stringent PA bound (dashed lines). Furthermore, as shown
in the example of Fig. 4, physically admissible solutions are
also regular and smooth in the stellar interior.
To summarize, we have shown that Buchdahl’s bound

for perfect fluids in GR, C ≤ 4=9, is generically exceeded
in the presence of elasticity. At variance with the fluid
case, the maximum compactness can be arbitrarily close
to the BH value, C ¼ 1=2. However, this occurs only for
superluminal wave propagation in the material. Physically
admissible solutions have C ≲ 0.462, which is further
lowered to C ≲ 0.389 by additionally requiring radial
stability. This also generalizes our previous findings
[6], confirming that physically admissible, radially stable
elastic stars can be surrounded by a photon sphere at
r ¼ 3M, and might therefore feature gravitational-wave
echoes [17–19]. However, we have studied the dynamics

of linear perturbations in a solution that almost saturates
the bound (9), finding that even in this case the compact-
ness is not sufficient to effectively confine quasibound
states in the stellar interior [5], so echoes are not
efficiently produced. On the other hand, more compact
PA solutions, which violate Eq. (9) and are radially
unstable, do feature echoes. An interesting open question
is whether PAS solutions are prone to nonlinear insta-
bilities possibly associated with quasibound, long-lived
modes trapped between the photon sphere and the stellar
interior [20–23].
While it is reasonable to expect that the most compact

configurations are achieved when cL ¼ c̃L ¼ 1 throughout
the star, a natural question is what happens for variable
wave propagation speeds within the object. We address
this point in a forthcoming companion paper [7], confirm-
ing the expectation that the cL ¼ c̃L ¼ 1 model provides
the largest compactness. Based on our results, we con-
jecture that Eq. (8) sets the maximum compactness for any
physically admissible, static, elastic object in GR. Future
work could (dis)prove this conjecture.
The existence of a maximum compactness smaller

than C ¼ 1=2 for physically admissible self-gravitating
objects in GR implies that BHs form a discontinuous
family of solutions. Reversing the argument, an indepen-
dent measurement of the compactness exceeding the
upper bound derived above—as possibly achievable with
gravitational wave observations [5,24,25], with the Event
Horizon Telescope [26,27], or other electromagnetic
probes [28]—would either give further confirmation
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FIG. 3. Density plot for the maximum compactness of
physically admissible (all wave speeds are causal and energy
conditions are satisfied) and radially stable solutions in the two-
dimensional parameter space ðθ; ϵþ θÞ. FIG. 4. Wave speed (upper panel) and matter density and

pressure profiles (bottom panel) for solutions saturating the CPAS
bound (solid curves) and the CPA bound (dashed curves). All
nontrivial wave speeds are well-defined and subluminal, and the
energy conditions are satisfied.
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that the object is a BH or imply a violation of GR. Indeed,
our analysis suggests that ultracompact objects that have
been advocated as BH mimickers [5,29] might generi-
cally suffer from violations of the energy conditions or
superluminal wave propagation when C ≈ 1=2, at least in
the context of GR (explicit examples are gravastars
[30,31], wormholes [32], anisotropic stars [33–35], and
others [5]).
Our argument assumes staticity and spherical symmetry.

Like the fluid case [36], we expect that including spin will
increase the maximum compactness of the solutions by a
small amount but will not change our main results
qualitatively. The angular velocity of the object must be
bounded by causality, so centrifugal effects are limited. In
particular, we always expect a compactness gap between
PAS stars and the corresponding BH family. Furthermore,
in the spinning case the compactness of stable solutions
should be further bounded by the ergoregion instability
[37–42], although the value of such an upper bound is
probably model-dependent.
Finally, it is also interesting to note that compactness

bounds may apply also to other kinds of matter fields. For
example, minimally coupled bosonic fields have an

anisotropic stress-energy tensor and, in the case of strong
self-interactions, can saturate the causal Buchdahl bound
for fluids [13]. Whether the elastic Buchdahl bound
discovered here can be exceeded by other forms of
physically admissible matter is an intriguing open
question.
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