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We revisit the status of asymptotic symmetries in higher even dimensions and propose a definition of
superrotation charge beyond linearized gravity. We prove that there is a well-defined spacetime action of
the superrotation charge on the space of asymptotically flat geometries. Additionally, we demonstrate that
the Ward identity associated with superrotation charges follows from the subleading soft graviton theorem,
which is a universal constraint (in d > 4) along with the leading soft graviton theorem.
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I. INTRODUCTION

Starting with the seminal work by Strominger in 2013
[1], there has been a renewed interest in understanding the
role of asymptotic symmetries in classical and quantum
gravity. This is primarily due to the fact that in d =4
spacetime dimensions, the quantum gravity S-matrix is
constrained by a hierarchy of soft graviton theorems. The
first two theorems in this hierarchy (namely, the leading
and subleading soft graviton theorems) are universal,
modulo the infrared loop effects. It was shown in a series
of papers [1-7] that these soft theorems are equivalent to
the Ward identities associated with an algebra of infinite
dimensional symmetries of the gravitational scattering.

These symmetries form an infinite dimensional Lie
algebra known as the extended or generalized Bondi-
Metzner-Sachs (eBMS/gBMS) algebra.1 For this paper, it
is sufficient to review the gBMS algebra at null infinity as
we shall only deal with massless excitations. This algebra is
generated by supertranslations and smooth diffeomor-
phisms of the celestial plane, known as superrotations.

“chandramouli.chowdhury @icts.res.in

‘anupam.ah @icts.res.in

*akundu @imsc.res.in

'In the literature, there are two possible candidate symmetry
algebras, and Ward identities of both of these symmetries are
consistent with leading and subleading soft graviton theorems.
These two algebras are referred to as the eBMS and gBMS
algebras, respectively. For more details, we refer the reader to
[2,6,8,9].
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The generators at future and past null infinities are
identified via an antipodal identification map which ensures
that one has a well-defined symmetry group of gravitational
scattering where the incoming states are defined on the past
boundary and outgoing states are defined on the future
boundary of an asymptotically flat spacetime.

In d = 4, one finds increasing evidence that the gBMS
algebra is a symmetry algebra of gravitational scattering
and there are an infinity of charges that are conserved
during the scattering process. In the classical theory, these
charges define radiative observables (so-called event
shapes) at null infinity, more commonly known as the
memory. The supertranslation charge conservation is a
statement about the displacement memory effect [5], and
the conservation of the superrotation charge produces the
so-called spin memory [10]. Hence, one has a beautiful
synthesis of symmetry, classical radiative observables and
soft theorems, that constrains the gravitational S-matrix in
the infrared.

In d > 4, the soft graviton theorems are more robust than
in d = 4, as the S-matrix is free of infrared divergences
[2,3,6]. However, it has been known since the works of
Hollands and Wald [11] that classical gravity in higher
dimensions has no displacement memory in the way it is
defined in four dimensions. The same reasoning can also be
used to argue that there can be no spin memory effect in
higher dimensions. This gives rise to an interesting puzzle
in higher dimensions. The universality of soft theorems
suggests that the S-matrix is constrained by an infinite
dimensional symmetry, but trivial event shapes at null
infinity are seemingly at odds with infinitely many con-
served charges. Recently, there has been much progress in
resolving this tension. It was first shown in [12] that in
higher even dimensions in the linearized regime, there
exists a set of boundary conditions [11-15] such that the
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corresponding solution space of (linearized) Einstein equa-
tions admit supertranslation symmetry. Consequently, the
Ward identities corresponding to the supertranslation
charges were shown to be equivalent to the leading soft
graviton theorem [12]. Also, in [16], it was argued that the
supertranslation charges in d =4 + 2k (where k is any
positive integer) define an observable, which is the higher
dimensional analog of the displacement memory. In [17]
the supertranslation charges were put on a firmer footing by
an ab initio derivation of the same using the covariant phase
space formalism. In d = 6, it has been shown that even in
nonlinear general relativity, supertranslation charges can
be derived from the covariant phase space formalism and
these are consistent with the known results in linearized
gravity [18].

In this paper, we are interested in exploring the sym-
metry origin of the subleading soft graviton theorem in
higher even dimensions. We show that the gBMS admits a
natural extension to six dimensions in which the Poincaré
group is enhanced to an infinite dimensional group com-
posed of supertranslations and diffeomorphisms on the
celestial plane R* (superrotations). Superrotations in higher
dimensions have been explored in several earlier works,
and our analysis builds upon these results. In [19-21], the
authors study superrotations in linearized gravity, and the
analysis in [22] focuses on understanding the set of
boundary conditions that admit action of superrotations.

In this paper, we derive the superrotation charge in six
spacetime dimensions beyond the linearized regime. In
particular, we adopt a set of boundary conditions that
allows the leading order angular metric g, to fluctuate to
any u-independent smooth metric [22]. As is well known,
the choice of each such g, is called the frame. The unit R*
metric is an example of the so-called Bondi frame, which
will be defined rigorously in later sections.

For frames that are infinitesimally away from the Bondi
frame, we identify the correct radiative mode that trans-
forms covariantly under superrotations. We propose a
definition of the superrotation charge in the Bondi frame
such that we get the aforementioned action on the radiative
mode. We finally prove that the Ward identities corre-
sponding to such superrotation charges follow from the
subleading soft graviton theorem.

The paper is organized as follows. In Sec. II, we review
the boundary conditions that are adopted for asymptotically
flat spacetimes in higher even dimensions. In Sec. III, we
show that the corresponding asymptotic symmetry algebra
is the gBMS (which is a semidirect product of super-
translations and superrotations) and evaluate the spacetime
action on the radiative phase space. We also identify the
correct graviton mode in terms of the free data around the
Bondi frame. In Sec. IV, we propose the superrotation
charges in the Bondi frame that generates the correspond-
ing superrotation symmetry. In Sec. V, we show that the
Ward identities corresponding to the superrotation charges

follow from the subleading soft graviton theorem. We
conclude and address the future directions in Sec. VI.

II. ASYMPTOTICALLY FLAT SPACETIME
IN SIX DIMENSIONS

In this section, we review asymptotically flat spacetimes
in six dimensions. We shall analyze the corresponding
asymptotic symmetries at null infinity in six dimensions in
a modified version of the Bondi gauge [23,24], which shall
be described below.

Near future null infinity Z™, the line element for the
above class of spacetimes takes the following form;

ds> = G dx* dx”
= MePdu* — 2¢¥ dudr
+ gup(dz® — Udu)(dz® — UPdu), (1)

where u = t — ris the retarded time, r is the radial distance,
and z% denotes the coordinate on the celestial plane2 R*.
Note that the index of U, is lowered and raised using the
metric g,p,.

The components M, 5, U¢, and g, in (1) are functions of
the (u,r,z%) coordinates, and they have the following
radial expansions near Z* [12]:

po M) )

n=0 " n=2 r
o rs(n)
U, (M,Z)
U, =y —4~—2
D Dt
n=0
2 . 93}?(“’2)
Gab = PP ap(2) + Y ZL
n=-1 r
Eqp(u, z
= Pup(2) + rCup(u.2) + Dyp(u.2) + F 1)
F_ (u,z
+%+...' (2)

We consider the space of asymptotically flat geometries
where the metric on the celestial plane, g, is chosen to be
independent of u. The interested readers can refer to [22]
for generalizations to u-dependent ¢,;,. The indices of the
components U El") and gil? are lowered and raised using ¢q,,.
Along with the expansion (1), there is an additional gauge
fixing condition, often referred to as the Bondi determinant

condition that is given as

*This is equivalent to the decompactified celestial sphere. The
coordinate transformation from the Bondi coordinates to these
can be found in [25]. All formulas written in this paper till Sec. III
trivially generalize to the celestial sphere.
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det (%) = det(q,,) = det(5,), (3)

where §,, is the metric on R*. We would like to point out a
key difference between the leading order angular metric
chosen in our paper (denoted by ¢,,) with those chosen in
earlier literature [12,17,18]. In previous works [12,17,18],
this metric was either fixed to be the unit sphere metric S*
(7 a») OF the metric on the plane R* (8,,,) and further analysis
of asymptotic symmetries were pursued with this choice.
This led to the proposal for the asymptotic symmetry group
as the BMS group in six dimension, which is the semidirect
product of supertranslations and the Lorentz group SO(5, 1).
As will be shown, just as in four dimensions, relaxing the
metric on the celestial plane to an arbitrary smooth metric
[with the determinant condition (3)] leads to an extension of
the BMS algebra in six dimensions that we refer to as the
generalized BMS algebra. In four dimensions, the choice
qap» = Oy 1s referred to as the Bondi frame. However, in six
and higher dimensions, the Bondi frame can be understood as
the choice for ¢, which satisfies the four-dimensional
Einstein equation (with or without a cosmological constant).’
A metric g, in the non-Bondi frame does not satisfy the four-
dimensional Einstein equation. However, in four spacetime
dimensions, a similar definition does not apply to the
corresponding two-dimensional angular metric ¢,;, on the
celestial plane/sphere. For our purposes, the Bondi frame in
six dimensions shall always be referred to as g,, = -
Using the determinant condition (3), it can be shown that
(n) . . n—1
the traces of g,, are fixed in terms of g,, . For example,

ce =0,

a 1 ab
DaziCabC ,
a ab 1 am n
E4=C"D,~3C""C,, i,

1 1
Fi= CE 45D D = € Cpy D+ 7.CC,y O Cip.
(4)

Having expressed the general form of an asymptotically flat
spacetime, we can now solve the Einstein equations for the
above family of metrics. This also requires us to impose the
following falloff conditions on the Ricci tensor, which are
motivated by demanding the finiteness of energy flux and
other physical observables [12],

(r). (r
- -5

(r°). (r=)

)’ Rua = O(r_4)7
. Ry=007Y). (5)

R,, =0 R, =0
R o R o

*For example, the cosmological constant is needed when
Gab = Yap (the metric of the unit sphere) but is not needed when
Gap = O4p (the metric of the unit plane).

Using the equations above, we find that all metric compo-
nents in (2) can be expressed in terms of g, Cy;,, and D .
For example, it can be shown that

R 1
MO — - v — _gpbcg, (6)
2 = _iC“bC bs
64 “
1
5O = 18 (CeCy,, C™ —2C D), (7)

where R is the Ricci scalar for the leading order angular
metric q,;, and D, denotes the covariant derivative with
respect to ¢q,,. The Einstein equations also impose the
following condition on C,;(u, z):

1

aucab(u’ Z) = _7_?’517 = —R ab T 4

('Iub,]_?" (8)

where R, is the Ricci tensor with respect to g,,. This
implies that the general solution for C,;, can be written as

Cab(u’ Z) = Cab(z) + uTab<Z)’ (9)
where
Tab = _ﬁfsz' (10)

We conclude this section with a few remarks:

(i) Dy (u, z) is the unconstrained dynamical data in six
dimensions; i.e, it is not determined by the equations
of motion.

(i1) In the Bondi frame, T,, = 0.

(iii) In d = 4, the physical News tensor (which encodes
gravitational radiation) is determined by subtracting
the Schouten tensor at T from the Geroch tensor,
;. Dy, is determined by the requirement that in
any frame at Z, the News is gauge invariant under
the unphysical Weyl rescaling at Z+. There is a well-
defined relationship between @, and the tensor 7',
in d =4 [26]. However, in six dimensions, the
analogous relationship between 7, and ®,, is
not clear and is beyond the scope of this paper.
For an earlier discussion of this issue, we refer the
reader to [22].

III. GENERALIZED BMS IN SIX DIMENSIONS

In this section, we review the asymptotic symmetries
at null infinity in six dimensions. The asymptotic sym-
metry group associated with the class of metrics described
in the previous section is the group of diffeomorphisms
that preserve the form of the metric at Z+ (1) and also
satisfies the determinant condition (3). Generators of such

126025-3
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diffeomorphisms are vector fields which are divergence-
free at Z* (14b).

A. Generators of supertranslations and superrotation

Consider a smooth vector field ¢ of the following form:
E=E(u,r,2)0, + & (u,r,2)0, + E(u,r,z)0,. (11)

Gauge fixing conditions (1) together with (3) imply that the
vector fields have to satisfy
ﬁfgrr = 0’

LGy, =0, g*’Ledetg,, =0. (12)

The above conditions fix the form of the vector fields to be

Eu,r,z) = W(u,z), (13a)

éa(u,r,z):V"(z)—DbW(u,z)/ooezﬂ(’/)g“b(r’)dr’, (13b)
r

E(u,r,z) = 2

[D,&%(u,r,z) — UD,W(u,z)], (13c)
where W (u, z) is an arbitrary function on the celestial plane
and V“(z) is a smooth vector field on the same. The vector
field & can be determined by the falloff conditions given in
(2) along with the divergence-free condition, which are

stated as

‘C§guu :O(l)’ Eﬁgur:O(r_l)’ ‘Cfgab :O(rz)’ (143)
limV, & = 0. (14b)

Here V denotes the covariant derivative with respect to the
metric g, given in (1). Using the conditions above, W (u, z)
is fixed as

W(u,z) = f(z) + ua(z), (15)

where f(z) is an arbitrary smooth function on the celestial
plane and a = iDaV“. Thus, one can see that the vector
field ¢ is parametrized by f(z) and V“(z). The vector fields
characterized by f(z) [by setting V“(z) = 0] are called the
supertranslation vector fields while the vector fields char-
acterized by V4(z) [by setting f(z) = 0] are called the
superrotation vector fields. Therefore, the supertranslation
vector field £, can be written as [18]

ilu,r,2) = f(2), (16a)
&(u,r,z) = —Dbf(z)/mezﬁ(“’/*z)g“”(u, r,z)dr', (16b)
& (u.r.2) = =2 [P (.r.2) = U (. 2)Duf ()], (160)

The superrotation vector field &, can also be written as

E(u,r,z) = ua(z), (17a)

E(u,r,z) =V (z) —uDya(z) /oo eHr D) gab(y ¥ 7)dr,

r

(17b)

r

1 D& (u,r,z) —ulU*(u, r,z)D,a(z)].

(17¢)

Svlur.z) =

Hence, the gBMS algebra is defined as the asymptotic
symmetry algebra generated by the supertranslation vector
field (¢;) and the superrotation vector field (&y). For the
purpose of this paper, we mainly focus our attention to
superrotations. The details of the symmetry algebra and
corresponding charge algebra is left for a future work.

B. Spacetime action on radiative phase space

Using (11), we can derive the action of supertranslations
and superrotations on the variables parametrizing the phase
space. We note that the background metric ¢g,, remains
invariant under supertranslations but transforms under the
action of superrotations,4

8¢qap=0.
3Vqt/zb = _ZaQab + [’anb = _zaQab + 2qc(an) Ve, (18)

where we use the symmetrization convention XY, =
1(X.Yy + X,Y,). Using (18), it is easy to see that under the

action of superrotation, a Bondi frame (7', = 0) generi-
cally transforms to a non-Bondi frame (7',, # 0). Upon

using a stronger falloff condition, &yg,, = O(r), we get a
constraint on V¢, which takes the form of a conformal
Killing vector (CKV) equation,

DV, +D,V, —%Dcvc —0. (19)

The solutions to the CKV equation above are the generators
of Lorentz transformations which are finite dimensional.
Hence by imposing less restrictive falloffs, we allow an
infinite dimensional extension of the Lorentz group in six
dimensions.”

*We use the notation Sf- and SV to denote the variations
computed by setting V¢ =0 and f = 0 in 35, respectively, in any
general frame.

This is similar to the four-dimensional case. In four spacetime
dimensions there are two extensions possible, which is the
extended BMS [8] and generalized BMS [3,6]. The extended
BMS group is generated by V’s, which are local CKV’s in two
dimensions. In six dimensions, this extension is not possible as
the solution to the CKV is finite dimensional.
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We now discuss the action of gBMS transformations on
the radiative phase space, i.e., C,,(u,z) = Cu(z) +
uT,,(z) and D, (u, z). These can be derived by studying
the variation Sggub and expanding it in powers of r. The

action of supertranslations gives

n = 1

5fcab = EszQab - 2Danf + fTabv
szah - 0,

2 _ 1, (0)
0rDyp = f0,Dyp + ZD fCaup — Ui, Dy, f

1 ) 1
+ E qab U(O)C’Dcf - Z Qath? (CCdDz!f)

1 , , 1.
- 5 Cc(a)Db)DCf - DchcCab + EDLfD(aCb)C'

(20)

These equations generalize the action of supertranslations
on the phase space variables in a non-Bondi frame. Upon
setting T,, =0 (Bondi frame) we recover the results
in [18].

Note that T, is invariant under supertranslations as
(Aquab = 0 [see (10) and (18)]. The action of superrotations
on the radiative phase space can be derived in a similar
manner,

SV(_:'ab = EVCab - aCabﬂ
SVTab =LyTy — Z(Dapba)tf’
SyDyp, = uad, Dy, + LyD,,

1 1 :
+ M{ZDZGCUI}, - UE(;)D;,)G + ch(ﬂph) (C‘dDda)

1
- Cc(tlDb)Dca - DCaDCCab + 5 quhU(O)CDca

1 X
- {1 PACD) . 21)

The second equation above can be independently derived

by evaluating the variation Svﬁab- Note that the variation
of D, in the equations above are expressed in terms of
Cu» = C,p + uT,, for ease of notation. In the rest of this
section and the following (Sec. IV), we analyze the action
of gBMS symmetries on the sector of the radiative phase
space where T,, =0. We note that even though this
sector is preserved under the action of infinitesimal super-
translations, under infinitesimal superrotations any con-
figuration in the 7,, = 0 sector is generically mapped
to a configuration where 7, # 0. A general analysis of
gBMS symmetries on the full radiative phase space
at Z7 is beyond the scope of this paper and is left for
future work.

The variations (21) take a simpler form in the Bondi
frame, where we have to set T, = 0,°

5VCub = ‘CVCah - aCuhv
6VTuh = _z(auaba)tf’
6VDuh = uaauDuh + EVDah

1., - 1 B}
+ u{z *aC,, — UES) 0yt + 5 4c(a) (C0,40)

_ _ 1
- Cc(aab)aca —0°a0.Cyp + B ab U(O)Caca
1 a d
- ZQabaC(Ccda a) . (22)

From (22), it is clear that the dynamical data D, in the
Bondi frame grows as O(|ul') as we take |u| — co.
Therefore, D, by itself does not represent the graviton
mode (in a frame where C,, # 0) since this is in contra-
diction with the expected falloff from the saddle point
analysis and computation of the symplectic form [18]
where one gets

1
lim Graviton ~ O <> . (23)

|u| >0 |u|2+04r

This was already noticed in [18] for the case of super-
translations in the Bondi frame, where the authors identi-
fied the graviton mode for C,,;, # 0 as a redefinition of D,
given as

(.
——5,,ComC™. (24)

- 1_- _
Dab_)szZ:Dab_ZCchbm 6

Using the following form for C,;, in the Bondi frame:
Cab - _2(aaabl//)tf’ (25)

which follows from the vanishing of the Weyl tensor
Courap(t = F00,7) at O(r~') [12,17], the action of super-
translation on D37 is given as

8;D37 = fo,D5T. (26)

Surprisingly, the same redefinition but with 5., — g,
and C,, — C,p, + uT,, ensures that for linear deviations
from the Bondi frame, we get proper falloffs for super-
rotated fields, i.e.,

*We would like to draw attention to the notational differences
between 6 and 6. The latter refers to a variation in any general
frame, whereas the former is a variation specifically evaluated in
the Bondi frame (7', = 0).
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5fDab = fauDab’
5VDab = ’C'VDab + uaaubabv (27)

where

1 -
—7-49ap Cnm cm

- 1 - -
D, =D, --9g"C,,C
ab ab 4 q am™~bn 16

1 _ _ 1 _
—u qun(camTlm + Tamen) + 8QabTmnCmn:|
+0(T?), (28)

with the falloff condition

- 1
ul—l;TooDub = 0<uz+o+>. (29)
By using the redefined field (28) the News tensor 9,D,, =
d,D,;, is unchanged in the Bondi frame as 7,, = 0. One
might be worried that even though we are finally working
in the Bondi frame, it is necessary to include 7', in the
definition above (28). This can be explained as follows.
From (21) it is clear that T, transforms nonhomogene-
ously; i.e., even if one starts in the Bondi frame (7 ,;, = 0),
under superrotations T, transforms to —2(D,D,a). The
terms which are linear in the redefinition above will ensure
that the nonhomogeneous terms generated from the varia-
tion of D, get appropriately canceled with the nonhomo-
geneous terms generated by the variation of 7', which is
essential in order to respect the falloff condition. To derive
the generic form for D, with appropriate falloff conditions
in a general non-Bondi frame, we need to take care of
the O(T?) terms in (28) which is beyond the scope of
this paper.

Equations (27) and (28) are among the central results of
the paper as they display the correct phase space variables
to use in the Bondi frame in the presence of both super-
translations and superrotations.

C. Generalized BMS at Z- UZ"*

The gBMS symmetry algebra at Z* (denoted by G7) is
defined as the symmetry algebra generated by supertrans-
lations and superrotations on the radiative phase space at
Z". Similarly, one can independently define the asymptotic
symmetry algebra at 7~ (denoted by G~). To define a
gravitational scattering problem that takes the incoming
scattering data at Z~ to outgoing scattering data at Z*, one
must define a common asymptotic symmetry algebra at
Z- UZt. Motivated from [2,6], where the analysis was
performed in four dimensions, it is natural to propose that
in six dimensions, the diagonal subalgebra of gBMS is the
symmetry algebra of the quantum gravity S-matrix. The
diagonal subalgebra is identified using the antipodal

matching conditions on the null generators of G and
G~ which are given as

Vi(z) = Vi (-z). (30)

Here, (f,,V4) and (f_, V%) denote the parametrizations
used for supertranslations and superrotations at Z™ and Z~,
respectively.

IV. SUPERROTATION CHARGE
IN THE BONDI FRAME

In this section, we derive the superrotation charge in the
Bondi frame that generates the spacetime action on the
radiative phase space. As in four dimensions, the super-
rotation charge consists of two independent terms, which
we refer to as the soft charge and the hard charge,
respectively.7 We remind the readers that the metric at
the leading order in large-r in the Bondi frame is

ds? = =2dudr + r25uhd2“dzh- (31)

With this choice, we shall proceed onto computing

the charges corresponding to the asymptotic symmetries8

discussed in Sec. III. Computing the charges using the
Noether procedure requires a thorough understanding of the
symplectic structure in a non-Bondi frame, which is outside
the purview of this paper. However, the same can be used to
compute the hard charge even in this case, but obtaining the
total superrotation charge is difficult. Therefore, we shall
adopt an alternative route to obtain the charge where we
exploit the connection between the soft theorem and the
Ward identities (corresponding to the charges).

The charges we obtain by this method can easily
be generalized to gravity coupled to any spin field.
Specifically, we shall consider the special case of the
gravity coupled to scalars and explicitly demonstrate the
equivalence of the Ward identity and the subleading soft
theorem in this example. Our work is based on a similar
approach by the authors in [19]. We notice certain subtleties
associated with their analysis that are delineated and
improved upon in the upcoming sections.

A. Soft charge

Motivated by the structure of the soft charge in four
dimensions, we write down the general tensor structure that
is covariant and also generates the correct transformation

"The nomenclature is motivated by analysis of these charges in
four dimensions where the soft superrotation charge is the so-
called spin memory [10].

Even though we are working with the metric on the decom-
pactified sphere, none of the physical outcomes will change by
considering the metric on the unit sphere.
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for the radiative data C,, (the necessary Poisson brackets
can be read from the symplectic structure given in [18]).
We propose that with these conditions, the soft charge is
given as

6472 -
§ — VP (x)DD
Oy 1287Gy, /I uv?(x) ab

1 ~ _ -
Cup — aCyp)0%0m Db, 32
+967[GN /Z'+(£V ab a ab) m ( )

where we use the notation fﬁ = ff"m du f d*z to denote

integrals over Z* and the derivative operator DD, is
given as [25]

- - 4 -
DD, = [a‘*aaDab =390 Dys (. (33)

1
64712
The first term in the soft charge (32) is derived in [25] by
relating it to the CFT} stress tensor on the boundary and also
in [27] with arguments based on the conformal properties of
such operators. In the upcoming section, we demonstrate
how this is consistent with the subleading soft theorem for
gravitons coupled to scalars. Although this has been derived
in a specific frame, C,, = 0 (where D, = D,;,), as seen
from the sections before, the correct variable to use in a
C,, #0 frame is D,,, and hence the first term is a
generalization of the result in [25] to a general supertrans-
lated Bondi frame. The second term in (32) is new and
follows by demanding that the charge generates the correct
spacetime transformations for C,;, in the Bondi frame. This
requires us to use the Poisson bracket derived in [12,18],

{/_oo duazaabbab(u,z),l//(z’)} = 962GN6(z.2).  (34)

(So]

Note that a derivation of Q} from a purely asymptotic
symmetry perspective requires us to study the symplectic
structure carefully. This has been carried out in four
dimensions [6], and extending to higher dimensions is
currently a work in progress.

We would like to point out that the expression for the soft
charge (32) differs from the one given in [19]. To compare
the two expressions we first set C,, = 01in (32) as this is the
case studied in [19]. This will leave us with only the first
term in (32), which upon expanding gives

1 4
— VP(z)|0*0*D,;, — = 0,0°0°" D,/ |.
1282Gy /I " (Z){ ab = 3% of

After performing an integration by parts, we see that the
second term in the expression above is proportional to «
and matches with the soft charge proposed in [19] up to a
proportionality factor. However, as will be shown in the
next section, if the first term is not included in the soft

charge, there is an inconsistency from the perspective of the
subleading soft graviton theorem.

B. Hard charge

Having discussed the soft charge in the previous section,
we now derive the gravitational superrotation hard charge
by two methods. The first method employs the gravitational
stress energy tensor derived in [28] and will be explained in
this section. The same expression for the hard charge can
also be derived using the symplectic form for a hard sector
of the radiative phase space as shown in Appendix A.

Using the gravitational stress energy tensor, the super-
translation [18] and superrotation hard charges are pro-
posed as

Ofleo =g | T (352
Otley = 87r1GN /I+ uwaT ,, +V°T,,,  (35b)
where the stress tensors are given as [28]
T = %NabN"b, (36a)
T e = E[Nbcaanc —2N%¢9.D;, + 2N ,,0,D*].  (36b)

4

The notation Q|s_, emphasizes the fact that the back-
ground used for the computations above is the usual flat
metric without turning on supertranslations.

Upon simplifying the expressions above, the hard
charges can be written as

1

Hle_o = NN, 37
Qf |C70 32”GN I+ f(Z) ab ( a)
OFle—o = : / N®(LyD,y + uaNy).  (37b)

VIC=0 " 302Gy 1+ ¢ ¢

As demonstrated previously, the correct phase space
variable governing the radiative data in the Bondi frame
(with C,, # 0) is D, and using the falloff condition (29),
the form of the hard charge is unchanged,

1

H— N, Nab
Q/ 327TGN T+ f(Z) abN ’ (388')
1 i
0l = a [ N D+ uaNy). (380)

This charge can also be derived by analyzing the hard
sector of the symplectic structure [29]. The symplectic

°In [19], the commutator of the charge with the radiative data
was studied up to a proportionality factor, and hence the extra
term might have been missed.
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structure has been derived in [18] by working with
0q., = 0, which is sufficient for the purpose of deriving
the hard charge for both supertranslation and superrotation.
The supertranslation hard charge (38a) has been derived in
[18], and in Appendix A we describe how the superrotation
hard charge can be derived from the symplectic structure
that matches with (38b).

C. Total superrotation charge

The total superrotation charge in the Bondi frame is
given as the sum of (32) and (38b),

1
3277GN

QV = / Nah(EVDah + uaNab)
I+

+—— [ uV’(x)D*D,,

ZGN It

/ (LyC,y —aCypy)0%0" DL, (39)
_’Z+

+ 967[GN

Using the symplectic form (A1), it can easily be shown that
the Poisson bracket between the hard charge and the
radiative data D, (u, z) reproduces the superrotation space-
time action, i.e., 8y Dy (u, z).

V. WARD IDENTITY AND SUBLEADING SOFT
GRAVITON THEOREM

In six dimensions, both the leading [30] and subleading
[31] soft graviton theorems are exact constraints on the
S-matrix of quantum gravity [32]. In four dimensions, any
statement on the S-matrix has to be understood with care as
the Dyson S-matrix is infrared divergent. However, in
higher dimensions, soft theorems are precise factorization
statements about the S-matrix which is infrared finite. Thus
a relationship of the asymptotic symmetries with the soft
theorems is likely to be a rather robust statement about
asymptotic symmetries of the S-matrix even when loop
effects are taken into account. In this section, we will argue
that the subleading quantum soft graviton theorem with
external states being massless scalars in six dimensions
imply the Ward identity for Diff(R*) asymptotic sym-
metries. The similar analysis with finite energy external
gravitons (or any other nonzero spin) requires a careful
understanding of quantization of the gravitons in a non-
Bondi frame, which we leave for future work.

We begin with the quantization of the soft charge in the
Bondi frame. Using the saddle point approximation, the
mode expansion of the graviton in the Bondi frame is given
as' (these formulas are derived in great detail in [25,33],

1 . . . .
OThere is an analogous mode expansion for a field with spin-s
in six dimensions,

Ko, (5) [ w0, () 48, (D). (40

where in order to match with their conventions we need to
replace u — 5 in our formulas)
D ab(u 2)

vV 877.' G N

" daowla (. 2)e " + 8 (0, 2)e ),

(41)

where 3,,(w,2) and ﬁzh (w,%) are the annihilation and
creation operators for the graviton in the vacuum labeled by
C.p» respectively (see Sec. VA). They satisfy the following
commutation relation:

T 5
@45 (01, 21)s jd(waZ)] 2(2%)

Sab.cad(@y, 02)6(21, 22),
(42)

with 5ab.cd = %(5(16‘617(1 + 5ad5bc) - iéabécd'
One can now substitute the expansion (41) in (32)
to write the quantized soft charge as'’

S _ i 4 lim VP Da
QV—2m/dz£_{r{1}VD

x [(1 + @3,,)ag, — (1 + @d,,)a],]
1

- - d4 limo%o™ ~b =Tb

96n2\/—8ﬂGN/ 2lim 00" (@ + &)

X (‘CVCab - acab)- (44)

Note that to promote the classical expression for the soft
charge (32) to the quantized version above, we have chosen
a particular operator ordering for the terms in the second
line. This choice will become clear after defining the
vacuum state, as done in the following subsection.
Subsequently, we will see that the Ward identity of the
superrotation charges on the states built from this vacuum
follows from the subleading soft graviton theorem.

A. Vacuum state

Motivated from [18,29], a convenient choice for labeling
the vacua is to choose them to be the eigenstates of the

""The leading and the subleading soft modes take the following
forms in terms of the creation and annihilation operators

[ byt ==Y i 0.2) 0.

iv82Gy

2wy m(1+wd,) o (©.2) =8, (0.2)],

/_mduuf)ab(u,z)
(43)

where the factor of 2 in the denominator comes from the fact that
we only deal with @ > 0.
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operators C,;, and Tcd.'2 Soft theorems are usually studied
in the Fock vacuum, which corresponds to choosing the
vacuum state with zero eigenvalue for C,, and T4, i.e.,
|vac, C,, = 0,T.;, = 0). States with finite energy excita-
tions can be obtained from the vacuum state by acting with
the creation operator on these states. For example, a generic
incoming state |in) can be expressed as

|1I1> = ﬁ:zl‘“hsl (a)l’ Zl) o 5;1'“%” (wn’ Zn)

x |vac, Cpp = 0, Ty = 0), (45)

where the operator 5;]__, hs(a), z) denotes the creation oper-
ator for a particle of spin-s with energy @ and momenta
along z. One can similarly define the outgoing states.

For this definition, the reason for the choice of operator
ordering in (44) is now evident. The action of the soft
charge on states defined in (45) will not receive any
contribution from the second term in (44),

¥lin) = doVPD*

st

X [(1 + a)aw)aab - (1 + wa{u)ﬁ:gh”ln> (46)
There exists a similar decomposition for the hard charge but
the exact structure will not be necessary for our purpose.

B. Quantized superrotation charge
for scalars coupled to gravity

In this subsection, we consider the special case of the
scalar field coupled to gravity and derive the action of the
hard charge on the matter phase space. We will later use this
to demonstrate how the Ward identities associated with the
superrotation charges are consistent with the subleading
soft graviton theorem when the external states are massless
scalars.

By using the saddle point approximation, the quantized
scalar field operator in the Bondi frame is given as

¢(2)(M,Z)_—(217>3/0md600)[ (a) Z) —1L4w+aT(a) Z) luw]
(47)

where ¢ denotes the - term in the large-r expansion of
the field ¢(u, r,z), which is the dynamical mode in six
dimensions. The superrotation action on ¢?) is given as

Sy = lim PLep =Ly +uad,dp? +2ap?.  (48)

Taking an inverse Fourier transform of this equation, we
obtain the spacetime action on the creation operator

"Note that we use the same notation for the operators and also
the classical fields.

Syl (w, z5) = Lyd' (o, z,) — awd,d (w, z;)

= V.4 (w, z;) — awd,d (w, z,)
=iJy(w, zy). (49)

This is equivalent to evaluating the commutator of the hard

charge with the creation operator [Q¥, 4" (w, z)].

C. Subleading soft graviton theorem and Ward
identity of superrotation charges

We start by evaluating the Ward identity for the super-
rotation charges for massless external scalars built from the
vacuum state described in Sec. VA that we expect to be
implied from the subleading soft graviton theorem. This
can be written as
(out|[Qy,S]in)

=0=> (out|[Qy.S]|in) = —(out|[Q}/.S5]|in).

(50)

with the incoming and outgoing states being massless
scalars. As explained in the previous section, the charge can
be written as a sum of soft and hard charges. Using the
expression of the soft charge (46) and the action of the hard
charge on the external states (49), the Ward identity can be
written as'

1
vV Sﬂ'GN

<ZJV Zﬁ ) (out|Slin), (51)

out

[ 0w e tim(1 4+ 00,) (outa (0.2, Sln

where Ji, is the operator defined in (49) acting on the ith
external scalar.

In six dimensions, the subleading soft graviton theorem
for the external particles being scalars can be written as

hm(l + wam) <0ut|ﬁab<w’ Zs)8|1n>

1
\V/8rGy -0
Y ki pr
_ —i(Z abkiP

Pk

;‘,,,) (out|Slin). (52)

where ¢/ denotes the polarization tensor (with the polari-
zation indices denoted by a, b) of the soft graviton with
momenta p* = wp*, where p* denotes the unit null
momenta parametrized by the flat coordinates z, k' denotes
the momenta of the external scalar particle (which is
parametrized by energy wy, and z;,), J ,",,, denotes the total
angular momenta acting on the ith external particle, and the
sum runs over all the external particles. The subleading soft

PNote that in the equation below we have used crossing
symmetry to relate the incoming to outgoing subleading soft
graviton modes.
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graviton theorem (52) in the flat null coordinates takes the
following form [25]:

ﬁii%(l + wd,){out|d,,(w, z,)S|in)
= Z[ k)0 T 1‘) Py (2 Zk,-)a)k,-awkij|
x (out|Slin), (53)
where

1 1 4x,xp X
Poy(x) =3 (x B + 0y + 538 — =7 ) (54)

We will now derive the Ward identity (51) from the
subleading soft theorem (52). As shall be seen below,
the linear terms in P¢, (x) will not affect the calculation, and
therefore these are an artifact of the gauge choice. To derive
the Ward identity, we smear the left-hand side (LHS) of the
soft theorem with the function [ d*z,D*V?(z,).

This will reproduce the LHS of the Ward identity (51).
Subsequently, by performing the same operation on the
right-hand side (RHS) of the soft theorem (53), we get the
following two terms:

> [ a0 )P e - 200 = S Ve(a)os

(55)

L.
ZacP;b (Zs - Zk,-)wk,»awki

Z/d“zs[D“Vb(zy)
— Za(zki)wkidwki. (56)

The equations above follow from the following identity
(a derivation of this result is given in Appendix B):

ar {a“aapcb(x) —gaz 95/ Pe,(x) | = =856Y(x).  (57)

By taking the sum of (55) and (56), one recovers the Jy,
operator in (49), and hence, the RHS of the Ward identity
(51) follows.

The extension of this proof to particles of arbitrary spin
coupled to gravity in d > 4 poses some subtleties that will
be addressed in a future study.

VI. CONCLUSION AND DISCUSSION
A. Main result

In this paper, we study the symmetries of nonlinear
general relativity in six-dimensional flat spacetime far away
from sources. We work with the special case where we only

have massless fields, and therefore it is convenient to
perform such analysis near null infinity. We start by
analyzing the equations of motion and the gauge conditions
that enable us to identify the free data in the theory (Sec. II).

In Sec. III, we find the generic set of transformations that
keep the asymptotic form of the metric invariant (thereby
defining falloff conditions) and also respect the gauge
conditions. Such transformations are generated by two
classes of vector fields, namely supertranslations and
superrotations, which are the infinite dimensional extension
of the Poincaré generators. While supertranslations leave
the leading order angular metric at Z* invariant, the action
of superrotation vector fields are nontrivial. We also
evaluate the action of these generators on the free data
and identify the appropriate radiative mode that is con-
sistent with the falloff conditions.

Having found the generators of the transformations, in
Sec. IV, we compute the charges corresponding to the
symmetries by demanding that they generate the correct
spacetime action of the phase space variables. For sim-
plicity, we make an assumption by restricting ourselves to
variations near Bondi frames. We find that the charges split
up into two pieces, one the hard piece and the other the soft
piece. Further, we find that the soft charge has a term
depending on the choice of the vacuum state labeled by
C.p» Which is the O(r) term of the metric component g,
Following the computations in d = 4 [29], we demonstrate
how the hard charge can be obtained using the covariant
phase space formalism on the hard phase space. It is
expected that the full symplectic structure can be derived
using the Crnkovic-Witten symplectic form [34], and we
leave that for future work.

Finally in Sec. V, we demonstrate how the subleading
soft theorems in nonlinear general relativity in the Bondi
frame can be used to derive the Ward identity correspond-
ing to the superrotation charges obtained via the asymptotic
symmetries.

B. Angular momentum aspect

It was shown in earlier works [18] that the super-
translation charge can be expressed in terms of the
Bondi mass aspect M®) in the nonlinear theory.
Motivated by the results in the linearized theory [20],

we similarly expect that the superrotation charge can be

expressed in terms of the angular momentum aspect, U £,3>,

in the nonlinear theory, and we leave this for a future work.

C. Non-Bondi frames

To evaluate the charges corresponding to asymptotic
symmetries, we have restricted ourselves to small variations
around the Bondi frame. The deviation from the Bondi
frame is controlled by the value of the tensor 7,;,and in
this paper we neglect terms of O(7?). This assumption is
physically motivated by the fact that in any scattering
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process we always set the metric on the celestial plane to be
that of the metric of flat space, which is the Bondi frame
(T,, = 0). However, this also places a restriction on the
classes of superrotations that are allowed, and therefore a
complete understanding of this would require an analysis
involving an arbitrary value of 7,,. A generic analysis of
this nature will also allow us to gain insight into the
asymptotic symmetries corresponding to double soft
theorems [29].

D. General metric expansions

While defining the falloff conditions for the metric
components in (1), we have assumed that p9 =0 and
also that there are no logarithmic terms in the metric
expansion. However, in [22], the author demonstrates that
there exists more general falloff conditions that are com-
patible with asymptotically flat spacetimes. It will be
interesting to see if the superrotation charges receive any
corrections when one includes such terms in the expansion.

E. Odd dimensions

Even though we have worked out most of the results in
six-dimensional spacetime, our results should be easily
generalizable to any even dimension >4. However, the
extension of these results to odd dimensions is not
straightforward (see [35] for some recent progress).
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APPENDIX A: SUPERROTATION HARD
CHARGE FROM COVARIANT PHASE SPACE

From the symplectic structure at Z* for hard phase space
in nonlinear general relativity [18,29], we can give a
proposal for the derivation of the superrotation hard charge
(38b) in the Bondi frame. A similar derivation for the
supertranslation hard charge is already given in Sec. 3 of
[18]. A rigorous derivation of the charge in any generic
frame requires a more careful analysis of the symplectic

structure at Z* which involves a study of generic variations
of the background metric ¢q,,. This is currently under
progress, and we hope to address it in a future work.

The part of the symplectic form in Eq. (3.8) of [18]
contributing to the hard charge is given as

Q1 (5,8) = - / 8D A §0,D,y. (A1)
z’+

327TGN
The superrotation hard charge is defined as
8007 = Q" (8, 6v), (A2)

where the variation J, is defined such that 5,0, = 0. Upon
substituting the variations given in (27) we obtain'*

1
300V =

= m\/zur 50Nab [2uaNah + 4aDab]

+ 322Gy /I+ [6oN LyDyp, + 8oN o Ly D)

5,010 + 5,01

1
A4
327[GN ( )

Our goal is to express the expression on the RHS as a total
variation in dy. The first term in this can be simplified to
give

50" = /Z uady(N,N?) + 4 / @SN Dy (AS)

Tt

As we see below, the second term in the expression above
gets canceled by a contribution arising from 50Q15(2),

%dmzé%memw
+ [ &INTDIY+ (0 o b)
I+

—4 / adyND,,. (A6)
I+

Hence, upon summing up the two expressions above we
get a total variation in &, on the RHS, which then indicates
that we can perform an integration in &, to give Q¥,

1 -
QH Nab[uaNab + ‘C\/Dab]’

V' T 324Gy Jr

(A7)

which is the same charge derived using different methods in
the previous section (35b).

We also need the variation of the inverse 5VD“b, which can
be evaluated as

6y D% = 5y (q*q*'D,,) = LyD™ + uad, D 4 4aD®. (A3)
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APPENDIX B: DERIVATION OF THE
IDENTITY (57)

> this appendix we prove Eq. (57), i.e.,

1

6472 (B1)

0*0°P¢, (x) — ga,,(ﬁaefpgf = —556%) (x),
where P¢, (x) = £ [x,8) + x,85 + 5 X8, — X x,x,]. We
first note that the only term in P ( ) that contributes to the
equation above is the last term, i.e., xizxcxaxb, as the terms
that are linear in x“ are annihilated by the derivative
operators. To carefully handle such terms and notice the
presence of delta functions, it is instructive to deform the
pole at x = 0 to a slight imaginary value by x> — x? + €2
where the limit ¢ — 0 has to be carefully taken in the last
step of the computation, thus giving rise to terms involving
delta functions in the calculation. With this in place we can
evaluate the derivatives without worrying about the appear-
ance of the delta function in the intermediate steps.
Therefore we get the following terms:

4
— [a“aapgb (x) =3 0400/ P f]

1 b 12 56€°
=m0 —5—5g ) — 5525z B2
e—>0{277,’2 b <(x2 + 62)4> 7% (¥ + 62)5} (B2)
To take the limit we need to keep in mind that these are
distributions which are integrated against test functions,

We thank R. Loganayagam for useful discussions related to
this and also for suggesting several references on this topic.

and hence we integrate the LHS against a spherically
symmetric test function F(|x|) (which has a sufficiently
fast falloff) and obtain

1 4 .
/ 3F () [046“P2b(x) —gabaZaengf}
12 5
2t (x*+e*)

—hm/d“x}" |x]) ! -
2 3 P+ )
—tiny [ b5 ()
N 12 55
272 b (|x|2+€2)4 ﬂ2(|x|2+€2)5 ’
where S; = 27%. As shown in [37], such expressions are
simplified by expanding F (x) in a Taylor series, and upon

performing the integrals and taking the limit ¢ — 0 we
obtain

(B3)

/ d4x.7-"(|x|)
- —5;;?(0).

4 o
{a‘*aaP;b( ) — ga,,azaefpgf}
(B4)

As this is true for any generic test function F(x) we
conclude that

1

4
a pc 2 yef pc _ c S(4
P [a“a Poy(x) =5 040 afPef} = 5559 (x),

thereby proving the identity (57).
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