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Applicability of holography in thermodynamic equilibrium
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For a strongly coupled system that has a gravity dual description, we show that the standard holographic
dictionary yields a non-negative susceptibility when the system is in thermodynamic equilibrium and the
correlation function is absolutely integrable. When the system has no spontaneous condensation or has a
spontaneous Z,-symmetry breaking, we find that the “trace energy condition” is violated in many cases.
There is a normalized grand potential density that is monotonic as accessing to lower scales, providing a
candidate c-function characterizing the number of effective degrees of freedom. Finally, we discuss a
“paradox” raising by the negative susceptibility in holography and its resolution.
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I. INTRODUCTION

Strongly coupled systems are ubiquitous in Nature,
ranging from nuclear physics, fluid dynamics, astrophysics
to condensed matter, etc. As the traditional perturbation
approach ceases to be applicable, it has been challenging to
understand those systems that involve strong interaction in
the nonperturbative regime. In recent years, the holographic
duality [1-4], which origins from string theory, offers us
a prospective tool to crack this hard nut. By mapping a
d-dimensional strong coupling theory to a (d+ 1)-
dimensional asymptotically anti—de Sitter (AdS) spacetime,
one can instead deal with generic gravitational phenomena
in terms of classical general relativity. This holographic
approach has been used to study various strongly coupled
systems, such as quark-gluon plasma [5-9], high temper-
ature superconductivity [10-14], strange metals [15-19],
and Fermi/non-Fermi liquids [20,21] and so on.

Since intensive investigations have been made, a natural
question arises: what kind of strongly coupled systems has
a dual gravitational description in holography? Considering
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a dual system to be a critical point where an exact
conformal symmetry emerges, the authors of [22] provided
a criterion on whether such a critical point admits a dual
gravitational description. They argued that the normalized
entropy density [defined in Eq. (19)] should be equal to the
central charge. However, in most applications of holo-
graphic duality or interesting strongly coupled systems, the
boundary theory is deformed by some relevant operators. In
these cases, the criterion of [22] cooked for a conformal
field theory (CFT) fails. As we will show explicitly, the
normalized entropy can be different from the central charge
at the UV fixed point.

In this work, we give some judgments on whether a
strong coupling system has a dual description in holog-
raphy based on general considerations. For a d-dimen-
sional quantum field theory at finite temperature deformed
by A relevant operators o; with scaling dimension A,
(i=1,2,....N), its thermodynamics is governed by the
grand potential y = w(T,J) such that (o;) = —dy/dJ,.
Here J; and (o;) are thermodynamic conjugate variables,
for which (o;) are typically the relevant conserved charges
of the system (e.g., the electric charge density) and J; the
corresponding “‘chemical potentials.” By using the basic
holographic dictionary, we will prove that the generalized
susceptibility d(o;)/dJ; for a system with a gravity dual
should be non-negative when the correlation function is
absolutely integrable. Moreover, we will show the viola-
tion of the trace energy condition for a thermodynamic
stable state, and introduce a normalized grand potential

Published by the American Physical Society
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density that is monotonic as accessing to lower scales,
providing a candidate c-function characterizing the num-
ber of effective degrees of freedom at given energy scales.
Our results give a strong constraint on whether a gravi-
tational theory can describe any lower-dimensional ther-
mal equilibrium system within the holographic duality.
Finally, we will discuss a “paradox” rasing by the negative
susceptibility appearing in holography and its resolution.

II. REVIEW OF HOLOGRAPHY

Referring to the holographic duality, the operators o; of
boundary field theory are dual to bulk fields {¢;, i =
1,2,...N'} in one higher dimension. The gravitational
bulk theory is given by the following action.

d(d-1
S:/dd+1x,/—g{R+¥+Enl +S.,. (1)
Z ads

Here g is the determinate of the bulk metric, R is the scalar
curvature, £, stands for the Lagrangian of matter sector,
and S,; denotes some boundary terms which cancel the UV
divergence and ensure the variation is well defined. We will
set the AdS radius £pqs = 1 with 162Gy = c = h = kg =
1 in our following discussion. By choosing a suitable
coordinate system with the holographic radial coordinate r,
the asymptotical expansion of each matter field near the
AdS boundary at r — oo has two independent branches.

), (2)

where s; is the rank of ¢; [23]. Without loss of generality,
we assume d — A; < A; such that A; > d/2. In the so-
called “standard quantization,” one considers the leading

term $*) = ( (15>, )

@ = (P,('S) &—d+s,'(1 + .- ) + (pge)rSi_Ai(l + ..

as the sources J of the dual
system. In this case, the scaling dimension A; of o; is A; =

A; and the scaling dimension of the source qo,(»s) isd—A,.
One may have the so-called alternative quantization by

choosing (pSe) as the source, for example, for the scalar case

with d/2 < A; < (d+2)/2.
According to the standard holographic dictionary [2,3],
turning on the external source @) of the bulk field ¢

corresponds to introducing the deformation f (pﬁ% :d?x for
an operator o; in the dual field theory. In the thermody-
namical equilibrium case, the precise relationship is given
by the identification of the Euclidean partition functions for
both the bulk and field theories (We follow the convention
of Ref. [3]) [24]:

Zorr = <eXPZ / ¢5S>0iddx>

where the bulk partition function is computed with the
boundary condition that at the asymptotically AdS

= Zpui [9;(5), @i, (3)
QFT

boundary ¢, approaches to a given source term gol@ of

Eq. (2). In the leading saddle point approximation, one can
compute  Zpux [gﬁ, @;] by the on-shell bulk action
SEuctidean,on-shells 1:€-» Zpylg = €~ SEsdemonsial - On the other
hand, for a system in thermodynamic equilibrium that is
described by a stationary black hole with a well-defined
temperature 7, the standard black hole thermodynamics
yields that the free energy (grand potential) ¥ is given by
Y = —TInZpu = T Skuctidgean.onshell- We will focus on a
homogeneous system in flat spacetime. Denoting €2,_; to be
the spatial volume of the dual theory, the free energy density
reads

T
Y= SEuclidean,on»shell =———In ZQFT' (4)

Q41 Q41
By definition, the expectation value of any operator X in
the above thermodynamic system is given by

(X) = Za]l:T<Xepo/(pl(-s)o,»ddx> . (5)
i QFT

Since the external source qol(-s) contributes to the partition

function via Eq. (3), one can prove

(0)) = —ow/op.”. (6)

See Appendix A for more details. When (pﬁ” # 0, one
should require A; < d such that the operator o; is relevant
(or equivalently, the source will not destroy the asymp-
totically AdS geometry as r — o0).

ITII. NON-NEGATIVITY OF SUSCEPTIBILITY

The basic holographic dictionary requires that the
external source (pﬁf contributes to the partition function
according to Eq. (3). The first-order derivative of Zgp with
respect to the source gives Eq. (6). What will one obtain if
considering the second-order derivative? To answer this
question, let us rewrite the partition function of the
homogenous thermal equilibrium system into the following
form.

-l 0,0 - o
Zorr = <eT Qa1 220, >QFT = <€T 200, >QFTa (7)
with O; := 0;Q,_;. Then we have [26]
<0i> = TQ;_lla(p;:) In ZQFT? (8)
and

o(o;)

ap,”

TQd—l = TQOi@ In ZQFT = <Ol2> - <Oi>2' (9)
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This leads to

2
o) _{(0=(007) o)
op; d—1

A similar result can be obtained in inhomogeneous states,
see Appendix B for more details. One sees that the special
coupling required in Eq. (3) not only leads to Eq. (6) but
also implies a “fluctuation-susceptibility relation” (10).
This is a direct corollary of the basic holographic dic-
tionary, Eq. (3), but did not draw sufficient attention in the
literature. At the end of this paper, we will show that some
widely used bulk models do not match Eq. (10). In
addition, let us stress here that the susceptibility could
be negative if the external source qo,(»s) contributes to the
partition function in a different way (for example, the
diamagnetic materials, see Appendix C and Ref. [27] for
more discussions).

We emphasize that the non-negativity of susceptibility
results from thermodynamic stability is only valid in a few
special cases, for example, the “heat capacity” (the sus-
ceptibility of temperature) and the “minus of compress-
ibility” (the susceptibility of pressure). For more general
cases they have no relationship with each other and thus
one cannot use thermodynamic stability to argue the non-
negativity of susceptibility. One can refer to Appendix D
for more detailed discussions.

We now show that Eq. (10) gives the following constraint

(0:)g)") > 0. (11)

for a thermodynamically stable phase if it has no sponta-
neous condensation or has spontaneous Z,-symmetry

breaking when gogs) =0, shown schematically in Fig. 1.
Although the latter does not describe all cases with
spontaneous symmetry breaking, a large class of interesting
phenomena including superconductivity and (anti)ferri-
magnetism, have the spontaneous Z,-symmetry breaking.

In the first case, the system has no spontaneous con-

densation when §0,(> =0, ie., (0;) =0 if 401 — 0 (left
(0) o
T
1
ay
0 9o
(p(s) - (p(s)
S B

FIG. 1. The condensation (o) with respect to the source ¢*).
Left panel: no spontaneous condensation. Right panel: sponta-
neous Z,-symmetry breaking at ¢(*) = 0. The black solid lines
stand for the thermodynamically favored trajectory.

panel of Fig. 1). Then Eq. (10) immediately implies
(pﬁ” (0;) > 0. In the second case, the system has spontaneous
condensation, e.g., there is a critical temperature 7., below
which the thermodynamically favored states have (o;) # 0
when (pfs) = 0. As can be seen from the right panel of Fig. 1,
at *) = 0 there are two condensed phases with the free
energies w_ =y, lower than that of the uncondensed
phase. When ¢*) = ¢, > 0 (the case for ¢, < 0 is similar),
since the susceptibility (10) is non-negative, there can be two
branches of o labeled by o; and o0,, respectively. Form
Eq. (6), one can find that their grand potential densities
satisfy w; —y, = —area of “gray region A” and y, —
w_ = area of “green region B”. Therefore, the state corre-
sponding to o, has lower free energy and thus is thermo-
dynamically favored. Moreover, this thermodynamically
favored state has (o)py = 0@y > 0. Therefore, we can

conclude that (p,(-s) (0;) = 0in a physically favored state. Note
that here we do not consider the metastable states.

IV. VIOLATION OF TRACE ENERGY CONDITION

Using the standard holographic dictionary [25,28,29],
the energy momentum tensor 7, of the dual field theory is
given by

Tap = — lim ——— 22 onshell (12)

Here r*h,, is the induced metric of the AdS boundary and
Raplreo = Map 18 the metric of the dual boundary theory.
We now show that, if the systems have no Weyl anomaly,
the energy-momentum tensor of Eq. (12) will satisfy

‘L':Z:(d—~

We begin with an infinitesimal variation on the boundary
quantities

—5,) (0. (13)

(hapr @) = (hap + Sl @) + 891 (14)

Then we obtain

oS oS s
5S|0n-shell = / ddx |:5h ) 5hab + Zmé(pf ):| 5 (15)
r—oco a i [

i

which, by definition, gives
88| oneshett = —€24-1 |:Tab5h 2+ Z 5601 } (16)

Here we have used the fact that the boundary is flat and
homogenous. Now let us focus on the scaling transforma-
tion (t,x*) — (A7'¢,A7'x") inherited from the scaling
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symmetry of the AdS spacetime. From the bulk point of
view, it means that there are no logarithmic terms in the
asymptotical expansion of both metric and matter fields at
the AdS boundary. Under the infinitesimal form A = e°
with 0 < € <« 1, we have

Sheb = —2ehed 5o\ = e(d— A, —s)p.  (17)
Since this scaling transformation is a symmetry of the
action, we have 65 = 0 and obtain Eq. (13). A similar result
for the scalar field under Euclidian signature was discussed
in Refs. [25,30].

As we have argued that the basic holographic dictionary
(3) ensures (o,»>(pgs) >0 in a thermodynamically stable
phase of a system where there is no spontaneous con-
densation or there is a spontaneous Z,-symmetry breaking.
From Eq. (13) one finds that the trace of boundary stress
tensor should be non-negative, i.e.,

>0, (18)

once d — A; —s; > 0. It comes as a surprise and could be
an important feature of a strongly coupled system. On the
one hand, the trace of the energy-momentum tensor was
proved to be nonpositive in a field theory when the
interaction is negligible [31]. On the other hand,
Zel’dovich argued that in fluid matter the strong interaction
may raise a positive trace of energy-momentum tensor [32].
Moreover, the positive trace may appear in ultrastrongly
coupled systems, for example, the core of neutron stars
[33,34]. Under general conditions, we now show that the
basic holographic dictionary offers a strong constraint on
the trace of the energy-momentum tensor. It not only
provides a criterion for judging whether a strong coupling
system has a holographic dual description, but also
uncovers a potentially important property of some strongly
coupled systems.

V. MONOTONICITY OF THERMODYNAMIC
QUANTITIES

For a CFT, Refs. [22,35] considered the normalized
entropy density ¢ defined as the ratio of entropy density 3
over T

¢=3/(T""y,). (19)

with y, a constant. In order to consider a general case
beyond CFT, we introduce the “normalized grand potential
density” g, that is given by

y = —d 'y Tl (T, V). (20)

We point out that g, becomes a constant and reduces to ¢
for a CFT. Moreover, as shown in Ref. [22], for a CFT with

central charge ¢, g, = ¢ is a necessary condition for that a
CFT has a dual gravitational description.

When a CFT is deformed by some relevant operators,
both g, and ¢ cease to be constant. Using 8 = —dy /0T, we
can find that

wd = —T3$ + Ty, d! %, (21)
oT
where 8 is the entropy density.

Let us use the scaling hypothesis which stipulates that
the grand potential density is a homogeneous function of its
thermodynamic quantities. Here we consider the case of the
systems having no Weyl anomaly, for which the scaling
symmetry of the bulk fields guarantees that the dual
boundary theory has the scaling symmetry (y, T, <p§”) -

(A, AT, /ld‘ﬁ"gogs)) with A a positive constant. Then,
Euler’s homogeneous function theorem yields

yd=-T8- (d- &)/ (o). (22)

For a system that has no spontaneous condensation or has a
spontaneous Z,-symmetry breaking, we have shown that
<oi>gog‘v) >0 (11) in a thermodynamically stable phase.

Therefore, one immediately obtains from Eq. (22) that
0go/0T < 0. (23)

i.e., go 1S a nonincreasing function of 7. Moreover, using
Egs. (19)—(21), we obtain

P
¢ =gyt d“T% < go. (24)

Therefore, for a strongly coupled system that has a dual
gravitational description, if it has no spontaneous conden-
sation or has a spontaneous Z,-symmetry breaking, g,
must be a nonincreasing function of 7" and should satisfy
¢ < go. Let us consider the high-temperature limit, 7 — oo,
for which other energy scales become irrelevant and
therefore the conformal symmetry will restore. We denote
the central charge in this limit to be cyy. Then the
normalized entropy density equals to the central charge
[22], i.e., ¢|7_ o = cuy. Note also that in the high-temper-
ature limit gy|;_ ., = cyy. We then find that

8o = Cuv- (25)

It is still a longstanding issue to quantify the number of
effective degrees of freedom of a system as a function of its
energy scale. In particular, the c-theorem [36,37] hasn’t yet
been extended to a general case at all energy scales. Here
we provide a candidate c-function g, which is monotonic as
one accesses lower scales and potentially gives a clear
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measurement for the number of effective degrees of free-
dom at a given temperature.

VI. DISCUSSION

A. Paradox of negative susceptibility

We now discuss a “paradox” raising by the negative
susceptibility, for which the resolution begs a new question
on the basic dictionary (3) but so far has received limited
attention. Although our following discussion will focus on
the scalar model, a similar phenomenon will also appear in
other fields.

We consider a simple model which describes a bulk free
scalar field ¢ in (d + 1)-dimensions.

@ —=m?¢>. (26)

This describes a scalar operator o at the boundary with the
conformal dimension A. We consider the case for which the
backreaction of the scalar to the background geometry can
be ignored. In the following discussion, we focus on the
case

A€ (d/2-1,d/2) U (d/2.d),

due to the unitarity bound and the requirement that the
source will not destroy the asymptotically AdS geometry as
r — oo. For simplicity, we do not consider the one that
saturates the BF bound with A = d/2.

When A € (d/2-1,d/2), we have to consider the
alternative quantization by choosing ¢¢) as the source,
i.e.,J = ¢'°). From the bulk point of view, it corresponds to
ve (0,1) and A = d/2 — v with v = \/d?/4 + m>. Then
we have

(0) = (2A — d)p") = —2ugp").

The relationship between ¢*) and ¢'® can be found by
solving the equation V2¢p = m?¢ under the background of
Schwarzschild-AdS black brane. More precisely, the sol-
ution of ¢(r) can be expressed in terms of the hyper-
geometric function, from which the susceptibility reads

d(o) d \22-d
st~ (4=28) (m) K(d/2-A.d),  (27)
with

_ I(1/2=x/d)’T(1 + 2x/d)

(28)

Since A € (d/2—1,d/2), one sees that susceptibility is
positive, as required by Eq. (10).

When d/2 < A < d, we must take the standard quan-
tization and choose J = ¢'*). The scaling dimension of the
operator o is A = d/2 + v. One obtains

(0) = (24 — d)p'*) = 2ugl,
from which one finds

d(o)
a(/,(s>

— (d-24) <i> k-, (29)

4nT

One then immediately finds that the susceptibility is
negative because now A € (d/2, d). This shows a paradox
since the basic relationship (3) requires that the suscep-
tibility should be non-negative.

We stress that such negative susceptibility of standard
quantization does not result from the “semiclassical
approximation” when using the dictionary (3), since the
negative susceptibility is always order O(1) in those
models even in the large-N and weak gravitational coupling
limit. Moreover, this paradox cannot be relaxed even if one
considers the backreaction, since all such models will
reduce into the probe free scalar model when the source
is infinitesimal (see, e.g., Ref. [38]). For the same reason,
this paradox will also appear in the top-down models for
which the mass term of (26) is typically replaced by a
suitable potential term from a UV complete theory (see,
e.g., the supergravity model of Ref. [39]).

B. Resolution of the paradox

The free scalar field shows up in many string theory
compactifications, and the probe limit can be considered
when the scalar field appears as an excitation on probe D-
branes. Since most string compactifications are believed to
allow holographic dictionaries, the resolution of this para-
dox is necessary and important.

The key point is that we have implicitly assumed that
(0;) defined via Eq. (5) should be finite at the thermal
equilibrium state. However, this is not always true in
quantum field theory. Let us now make some discussion
on this assumption. From the definition of the two-point
(connected) correlation function G(x,y), we have the
following relationship between the expected value and
the external source

@@»—/GQJW@@MG- (30)

To ensure that (0(x)) is finite for arbitrary bounded source,
it is necessary and sufficient that

/wmm%mw, (31)
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1.e., the correlation function
integrable.

If the condition (31) is satisfied, the expectation value
will be finite and so its derivative with respect to the source
is well defined. Therefore, the proof from Egs. (7) to (10)
makes sense and the susceptibility will be non-negative.
However, if the condition (31) is violated, (o(x)) computed
from (30) could be divergent. In this case, the susceptibility
obtained from holography does not correspond to the value
appearing in Eq. (10) since ((O; —(0;))* will also be
infinite in general. Instead, we should understand it in the
following way.

should be absolutely

d(o;)

(s)
a(pi holography

= analytical continuation or

(0= (0)))

x renormalization of
TQ,

(32)

Although ((O; — (O,))?) is formally positive-definite, its
analytical continuation or renormalization could be neg-
ative. For example, the Riemann-Zeta function {(s) is
formally defined as {(s) = > "%, n™*, which is positive
when it converges. However, its analytical continuation of
s =—1reads {(-1) =—-1/12 < 0.

We now return to our scalar model. From the viewpoint
of holography, when the two boundary points are suffi-
ciently close to each other, their correlation cannot “feel”
the bulk interior and so the correlation will be dominated by
the near boundary geometry. As the result, their correlation
will be given by the form in AdS vacuum. When they are
separated far away, they will probe the black hole geometry
near the event horizon. Therefore, the correlation function
will be dominated by thermal fluctuation, which in general
will show an exponential decay. Thus, the correlation
function of the boundary theory satisfies the following
universal property.

alx y)«{W’ Moyt

decay expotentially, T|x —y|> 1.

(33)

It is now clear that the correlation function is “absolutely
integrable” if and only if A < d/2. One can then conclude
that the susceptibility must be non-negative for the scalar
field case if its scaling dimension is less than d/2.
When the scaling dimension A > d/2, the holographic
results should be understood as the analytical continuation
from A < d/2 to A > d/2. We have already obtained the
analytical result for A < d/2 [see Eq. (27)], i.e.,

2(A) = (d—24) <%> ka2 - ), (34)

which is an analytical function of A and is well-defined
even when A > d/2. The uniqueness of analytical con-
tinuation implies that, after a suitable analytical continu-
ation to remove the divergency of (o), the resulting
susceptibility for A > d/2 must still be given by the
expression (34). Thus, we obtain that the susceptibility,
in this case, is negative.

To further support the above discussion, we consider the
Barfiados-Teitelboim-Zanelli (BTZ) black hole as an exam-
ple. The (Euclidean) thermal correlation function reads
G(x,y) = g(p,7) with

4(p.) = (5>M( “ ()

B sinh? %p + sin? %)A

Here x = (x1,7),y = (X2, 72), p =1 —Xp, T=17; — 1,
and f = 1/T. The parameter c, is a positive factor. One
finds that this correlation function satisfies the behavior of
Eq. (33). The expectation value of the scalar operator then
reads

(o(xy,7y)) = /g(xl - X2, ) = 72) ") (x5, 72)dx,drs.

(36)

In the homogenous case, ¢*) (x5, 7,) is constant, for which
we have

(o) = qo(“)/g(r, 7)drdr. (37)

We then obtain the susceptibility that is given by

){0, A< 1,
+o00, A>1.

x(8) = / 9(p.7)dpdr = { (38)

with y a finite positive number that depends on A. For the
case A < 1, we can choose the normalized factor ¢, so that
the holographic result coincides with the integration (37).
For the case A > 1, although (o) is formally defined by the
integration (37), its numerical value is ill defined. One
could treat (o) as the analytical function of A and make an
analytical continuation from A < 1to A > 1. As a conse-
quence, a formally positively defined susceptibility now
becomes to be a negative value.

The resolution of the above “paradox” raises another
interesting issue. While the expectation value computed
from the field theory side could be divergent, the holo-
graphic computation yields a finite result. This suggests
that in quantum field theory the correct partition function
associated with the scalar operator should be

126020-6
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Zor = lim(ew Y, [l = ClolNatx) (9

QFT

so as to match holography. Here ¢ is a suitable cutoff that
(s)

i

regularizes the divergency when A > d/2. C(¢p

function of the source ¢l(s) and cancels the divergency of

[¢odlx when A > d/2. C(¢!") should also satisfy
lim,_ C((pl(s)) = 0 when A < d/2. Thus far, the details of

this new “counterterm” C ((pl(.s)) are not clear to us, but it
must be a nonlinear function. Based on Eq. (C5) of

Appendix C, the susceptibility could be nonpositive due

) is a

to the appearance of nonlinear counterterm C(gol(-s)). It is

worth having a deeper understanding of this issue in the
future.

VII. SUMMARY

We have shown some necessary conditions for a strongly
coupled system that allows a gravity dual description. More
precisely, for the case where the correlation function is
absolutely integrable, we have uncovered that the trace
energy condition should be violated once the scaling
dimension A of the operator o; and its rank s, satisfy
d — A; > s;. Moreover, we have found a normalized grand
potential density g, that is a monotonically decreasing
function of T and is larger than the central charge of the UV
limit. There is an interesting paradox associated with
negative susceptibility, for which we have discussed the
origin of such paradox and its resolution.

In the present study, we have limited ourselves to a
boundary system that is relativistic. Nevertheless, our
discussion can be generalized to some nonrelativistic
theories. In particular, in Lifshitz holography [40,41], the
temporal and spatial directions are scaled in a different way
(t,x) = (4%, Ax*) with z the dynamical exponent. Such a
system is dual to an asymptotically Lifshitz black brane. A
similar discussion can be applied to those nonrelativistic
theories.

ACKNOWLEDGMENTS

We thank E. Kiritsis, J. Zaanen, and S. A. Hartnoll for
helpful conversations. This work was partially supported
by the Natural Science Foundation of China Grants
No. 12122513, No. 12075298, No. 11991052,
No. 12047503, No. 11821505, No. 11851302 and
No. 12005155, and by the Key Research Program of the
Chinese Academy of Sciences (CAS) Grant No. XDPB15,
the CAS Project for Young Scientists in Basic Research
YSBR-006 and the Key Research Program of Frontier
Sciences of CAS.

APPENDIX A: DISCUSSION ABOUT
EXPECTATION VALUE

In this appendix, we will provide a detailed discussion on
the expectation value, in particular, Eq. (6). Consider a
quantum field theory in d-spacetime dimensions and
denote the field operator to be w. Suppose that an external
source ¢'*) couples with an operator o. In general, for a
thermal equilibrium system, we can always write down the
“first law”

dy = —8dT — odgp®®) — .. - (A1)

where

o= —0y/¢p"). (A2)
The quantity ¢ may be different from the expectation value
(o), since in path integral formulism the expectation value
(o) is defined according to Eq. (5), i.e.,

(o) = / Dlwr]oe-Simo] / / Dlale-Smol (A3)

If the action S[w, »*)] has the following form

Sl 9] = Solaw] - / g, (Ad)

one can prove that

o = (o). (AS)
Nevertheless, if S[w, ¢'*)] has a different form from (A4),
the result of (AS) will become not valid. For example,
consider

S[@, )] = Sy[w] — /(ogo(s> + 21029") + 2,0%p92)dx,
(A6)

we have ¢ # (o).

Thus, to obtain Eq. (6), we have implicitly assumed that
the operator o and its “external source” ¢'*) couple with
each other in the following way

Sl = Sofo] = [ (oo)atx. (a7

as shown in Eq. (3). This assumption is nontrivial when we
apply the holographic duality to the strong coupling
systems. Note that in many materials the external source
can contribute to the partition function in a different way,
see Appendix C for more details.
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APPENDIX B: SUSCEPTIBILITY
IN INHOMOGENEOUS CASE

In the main text, we have argued that the holographic
dictatory (3) requires a non-negative susceptibility for
homogeneous thermal equilibrium states. In this appendix,
we will show that this result can be generalized to an
inhomogeneous state. For simplicity, we only consider a
single operator that couples with its source @) by (A7).
The expectation value of o(x) can be obtained by

oln ZQFT
o(x)) = ————. B1
In following we will denote
1
<> ;:—<...exp/[p(5>oddx> .
Zgrr QFT
If we define
0= /o(x)ddx,
then the “total expectation value” is given by
(0) = </ o(x)ddx> = /(o(x))ddx. (B2)

Here we have used the fact that (a + b) = (a) + (b).
We now consider the “susceptibility,” which is defined as
the following functional derivative:

2(x) = (0).

50 () Y

It is straightforward to show that

x(x) = / ddyWW
= /ddy[<0(y)0(X)> = (o(x))(o())]
= (Oo(x)) = (0){o(x)).
The function y(x) can be either positive or negative

somewhere. Nevertheless, its average on the whole
Euclidean spacetime, i.e.,

In ZQFT

(B4)

_ <02> - < >2 (BS)

must be non-negative. Here V := [ d“x. In the homogenous
and thermal equilibrium case, we have y = d(o)/ "),
V =T7"'Q,,,and O = T~'O. Then Eq. (B5) just reduces
to Eq. (10).

APPENDIX C: EXAMPLE OF NEGATIVE
SUSCEPTIBILITY

After showing the non-negativity of susceptibility, one
may have some confusion. For example, if we treat () as
the external magnetic intensity B, it is well known that
many materials have negative magnetic susceptibility.

To understand this problem, let us consider the famous
“Landau diamagnetism” as an example. Though this is the
standard context in the textbook of statistic mechanics of
magnetic materials, the reader of the holographic duality
community might not be familiar with it. Therefore, we
make a brief introduction here (for more details, see,
e.g., Ref. [27]).

The Landau diamagnetism describes diamagnetism in a
free electron gas. In the presence of a uniform external
magnetic field B directed along the z-axis, a charged
particle would follow a helical path whose axis is parallel
to the z-axis and its projection on the (x, y)-plane is a circle.
Quantum-mechanically, the energy associated with the
circular motion is quantized and reads
e, = ugB2n+ 1)+ p2/(2m), n=0,1,2,..., (C1)
where up is the Bohr magneton. At the high-temperature
limit, the system is effectively Boltzmannian. The partition
function in the continuous limit reduces to

ad B(2n+1 G »?
Z = exp [aoﬂd_lB<Z JB(T))/ e_mdpz}- (€2)

n=0 ©

Here a, is a positive constant and its expression can be
found in Ref. [27]. This gives us

(C3)

B./2 T
Z = exXp |:Cl()gd_l ﬂm/ :| .

2 sinh(ugB/T)

From the partition function (C3) one can find that the
susceptibility in the limit ugB <« T is given by

=2
_Me

7 <0 (C4)

x =
with 7 the particle number density.
It is clear that partition function (C3) cannot be written
into a magnetic dipole coupling, i.e.,

Z # Tr exp|—(Hy + Bcy)/T), (C5)
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where both operators H, and c; are independent of B.
Thus, the response of applied magnetic field in a “Landau
diamagnetic” material cannot be described by Eq. (3).

In general, when we turn on the source y for a thermal
equilibrium system, the Hamiltonian can always be written
into H, + H;, where H, is the additional contribution due
to the external source y. Then the partition function reads
Z = Tre~(MotH")/T and the response is X := To,InZ. The
susceptibility is given by

X

- T7[{(0yH41)%) = (0, H1)’] = (95Hy).  (C6)

It is now manifest that if H; is a linear function of y, the
stable equilibrium phase should have a non-negative
susceptibility. This is what we have found in the main
text. Otherwise, the susceptibility could be negative.
Indeed, in many materials, the response to an applied
magnetic field is complicated and is not simply described
by the local magnetic dipoles. In such cases, the suscep-
tibility can be negative.

APPENDIX D: SUSCEPTIBILITY AND
THERMODYNAMIC STABILITY

The “heat capacity” and “minus of compressibility” are
also two kinds of susceptibilities corresponding to temper-
ature and pressure, respectively. It is known that thermo-
dynamic stability requires both the heat capacity and the
minus of compressibility to be non-negative. This usually
leads to a widespread misconception: the non-negativity of
susceptibility is always necessary for thermodynamic
stability. This appendix aims to clarify this misunderstand-
ing. Particularly, we will explain why the susceptibility in
some cases has a relationship to stability but in other cases
it does not. In the following, we will use the heat capacity
and the magnetic susceptibility as concrete examples.

Let us first explain why the negative heat capacity will
lead to instability. This argument can be found in many
standard textbooks. We write it here again in order to
compare it with the magnetic susceptibility. The specific
heat is a susceptibility of temperature defined as

C =0E/dT. (D1)
There are two characteristic properties that play key roles:

(1) The energy is a conserved charge.

(2) The energy can flow from the high-temperature
region into the low-temperature region spontane-
ously without causing any other change.

Let us consider an isolated system that contains two
subsystems A and B as shown in Fig. 2. Assume that the
system is in equilibrium at temperature 7. Now consider
that, due to a fluctuation, the energy of subsystem A
becomes E4 + 0E, with 6E4 > 0 and subsystem B then
becomes E + SEp. Since the total energy is conserved, we

EA—)EA+6EA
TA—>T+6TA

Ep - Ep + 6Ep
TB—)T+6TB

A B

FIG. 2. Energy fluctuations in two subsystems.

have 0Ep = —0E, < 0. Let us consider that the temperature
susceptibility C is negative. Therefore, the temperature of
subsystem A becomes Ty =T + 6T, < T and the temper-
ature of subsystem B becomes Ty =T + 6T > T. Since
energy will run from the high-temperature region into the
low-temperature region spontaneously, more energies will
run into A from B. This results in the temperature of
subsystem B becoming higher and higher while its energy
becomes less and less. Thus, the system is unstable under
fluctuation. The same argument will also work for com-
pressibility if one uses “minus volume (—V)” to replace
energy and pressure to replace temperature.

Now let us consider the magnetic susceptibility which is
defined as

y = 0M/oH, (D2)
where H stands for the magnetic field and M stands for the
magnetic moment. It is clear that M is not a conserved
charge since the magnetic moment can disappear. Moreover,
the magnetic moment M does not always flow from the high
magnetic field region into the low magnetic region sponta-
neously. For example, if one puts a magnet into the water
and then takes it out after a long time, one will find that the
magnetic moment of the magnet will not decrease and the
magnetic moment of water will not increase—no magnetic
moment runs from magnet into water. If one follows the
above argument of the specific heat, one can find the
following differences:

(1) The fluctuations of magnetic moment in two sub-
systems are independent.

(2) Even if at a special moment with 6M, > 0 and
oM < 0, the magnetic moment of subsystem B will
not run into subsystem A spontaneously without
causing any other change.

Therefore, it is easy to see that negative magnetic suscep-
tibility does not cause instability.

These two concrete examples clearly show that the non-
negativity of susceptibility and thermodynamical stability,
in general, will not have a close relationship. There is only
one simple situation, where the stability has a relationship
to the sign of susceptibility: the source contributes to the
action linearly—this is the situation considered in the
holographic formula (3).

We can also understand why the non-negativity of
susceptibility is not required by stability from the 2nd
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law of thermodynamics. Let us consider the canonical
ensemble of which the dynamics is given by free energy
F(T,X). The X stands for the extensive independent
variable (“minus volume,” particle number, magnetic
moment, and so on), and the conjugate intensive quality
(pressure, chemical potential, the magnetic field, and so on)
is denoted by y. Then one has
dF = —-SdT + ydX. (D3)
We begin with a “wrong” derivation on the stability of
the equilibrium condition. Since the 2nd law of thermo-
dynamics requires the free energy in an equilibrium state to
have minimal value, one has §>F > 0. Considering that the
temperature is fixed, one obtains

*F dy

&FF = —(6X)> > —>0. D4

This shows that the susceptibility should be non-negative.
Nevertheless, this is wrong since the equilibrium state also
requires 0F = 0. Following the logic of (D4), one should
obtain

OF
SF =L oX—0=y—0.
oX =

(Ds)
This is obviously wrong. Therefore, Eq. (D4) is not a
correct result.

The correct derivation is as follows. One separates the
system into two subsystems A and B. The 2nd law of
thermodynamics leads to the following equations on an
equilibrium state.

SF = 6F + 6F =0,
&F =8F,+ 8 Fp >0, (stable condition)
C(XA’XB) = 07

(equilibrium condition)
(D6)

(constraint condition)

We will show that the constraint condition is also important.
Let us first consider X = —V as the concrete example.
Then the variable y stands for the pressure. In flat
spacetime, the variation of volume is caused by the
move/deformation of boundary between A and B. Thus,
the constraint equation reads
C(XA?XB):XA+XB_XO' (D7)
Here X, is a constant and stands for the minus of total
volume. This leads to
5X A — —5X B>

52XA - _52XB' (Dg)

The equilibrium condition then yields

OF s+ 0Fg = ys6X4 + ypoXg = (ya —yp)0X, =0. (D9)

This gives us the correct equilibrium condition: the

pressures of the two subregions are the same. The stable
condition then shows that

d
62FA + 52FB = yA52XA + y352XB + ﬁ (5XA)2

0X 4
a.VB 2
—= (56X
+ aXB( B)
dyy | Oyg 2
= =24+ =2)(6Xz)%>0. D1

Here we have used the constraint condition (D8) and
v4 = yg. Now assume that A is the environment and is
large enough, i.e., X, > Xjp. Then we have

A
0X 4

Np

: D11
3X, (D11)

Therefore, the stable condition (D10) immediately leads to
dyg/0Xp > 0. Since y stands for pressure and X stands for
—V, this gives us the correct stable condition: the minus of
compressibility should be non-negative.

For general variable X, such as the magnetic moment, one
should nor expect that the constraint equation C(Xy4, Xp) is
as same simple as Eq. (D7) since X may not be conserved.
Then one cannot obtain Egs. (D8)—(D10), particularly, one
cannot obtain

yA(SzXA + y352XB = O (DIZ)

Therefore, the non-negative susceptibility is not always
guaranteed by the stability of equilibrium.

APPENDIX E: A BRIEF DISCUSSION
ON ALTERNATIVE QUANTIZATION

In the main text, we only consider the so called “standard
quantization.” The alternative quantization chooses the
term () := (¢, qoj\ef)) to be the source. This corre-
sponds to a Legendre transformation (7, $'*)) — (T, $(*)),
and the corresponding grand potential density becomes

FTG) =w(T§) = Cl. (ED)

Here ¢; satisfies ¢\ (3¢, /0p\*)); = (dy /")), in order to
match the first law

df = —8dT - > Cidgl. (E2)
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The expectation values of the operators read (o;) =
—of /6(pl(-e> ={;. The scaling dimension of (o) is
A; = d — A,. Note that we also need to modify the boundary
term S, of the bulk action (1) such that the on-shell
Euclidian action satisfies 7' Sgycfigian.on-shetl = J$24—1- Then
the holographic dictionary requires

9{o,)(T. "))

dap.”

> 0. (E3)

All our discussions in the standard quantization can be
applied to the case with the alternative quantization.
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