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Black holes are well known to be fast scramblers, responsible for physics of quantum chaos in dual
holography. Recently, the Euclidean wormhole has been proposed to play a central role in the chaotic
behavior of the spectral form factor. Furthermore, this phenomena was reinterpreted based on an effective
field theory approach for quantum chaos. Since the graded nonlinear o-model approach can describe not
only the Wigner-Dyson level statistics but also its Poisson distribution, it is natural to ask whether the
dual holography can touch the Poisson regime beyond the quantum chaos. In this study, we investigate
disordered strongly coupled conformal field theories in the large central-charge limit. An idea is to consider
a quenched average for metric fluctuations and to take into account the renormalization group flow of
the metric-tensor distribution function from the UV to the IR boundary. Here, renormalization effects at a
given disorder configuration are described by the conventional dual holography. We uncover that the
renormalized distribution function shows a power-law behavior universally, interpreted as an infinite

randomness fixed point.
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I. INTRODUCTION

Quantum chaos [1] and effective hydrodynamics [2—5]
are two fingerprints in dual holography [6-9]. Black holes
[10] play a central role in this physics, regarded to be
fast scramblers [11] and reflected in the entropy formula
proportional to the black hole’s area. [12,13]. Such exten-
sive degrees of freedom serve as the source of strong
inelastic scattering, responsible for the quantum chaos and
the emergent hydrodynamics.

Recently, the quantum chaos in the dual holography has
been more deeply understood by the study of the spectral
form factor [14]. It turns out that the Euclidean wormhole
geometry was proposed to be responsible for the quantum
chaos in the spectral form factor perspective, more pre-
cisely, the ¢-linear increase (“ramp” behavior) in the
spectral form factor [15]. Through the Euclidean worm-
hole, the spectra of both boundary conformal field theories
are correlated, giving rise to the so-called phenomena of
level repulsion [16].

The level-repulsion phenomena has been revisited in an
effective field theory approach. The spectral form factor is
reformulated in a graded nonlinear o-model field theory,
reproducing the ramp behavior in a perturbative approach
of the large Hilbert-space dimensional limit [17]. In
particular, this graded nonlinear o-model approach tries
to construct correspondences in order by order between the
field theory approach and the quantum gravity theory of the
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dual holography, where the role of the Euclidean wormhole
is more clarified.

We would like to point out that the supersymmetric
o-model approach [18] can describe not only the Wigner-
Dyson level statistics but also its Poisson distribution,
which allows level degeneracy. If this effective field theory
is dual to the gravity theory of the holographic approach, it
is natural to ask whether the dual holography can touch
the Poisson-distribution regime beyond the quantum chaos
identified with the Wigner-Dyson distribution. We believe
that this is a physically reasonable question that we address
in this paper.

In this study, we investigate disordered strongly coupled
conformal field theories in the large central-charge limit.
We recall that the Wigner-Dyson distribution of level
statistics appears in a diffusive metallic phase, while the
Poisson level statistics arises in an Anderson insulating
state [19]. In this respect we try to reach an analog of the
Anderson localized phase in the dual holography. An idea
is to consider a quenched average for metric fluctuations
and to take into account the renormalization group flow of
the metric-tensor distribution function from the UV to the
IR boundary [20]. Here, renormalization effects at a given
disorder configuration are described by the conventional
dual holography [21-23]. It turns out that the renormalized
distribution function shows a power-law behavior univer-
sally. We interpret that this power-law distribution function
describes an infinite randomness fixed point [20] in
strongly coupled disordered conformal field theories of
the large central-charge limit.

© 2022 American Physical Society
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II. GENERAL PRESCRIPTION FOR STRONGLY DISORDERED AND INTERACTING ELECTRONS

Before going to a concrete example, we discuss a general structure of this problem. We start from the following free
energy:

F =5 [ anpltneotin [ Dessness] = ["ae [ atutientrion ) et} )

Here, L{c,(x,7); {g.(x,7)}. {va(x)}] is an effective UV Lagrangian to describe dynamics of electrons ¢, (x, 7) under their
effective interactions with strengths {g,(x, 7)} and quenched random potentials with strengths {v,(x)}. o represents the
electron spin, extended from 2 to . a and b denote the number of effective interactions and random potentials, respectively.

Fl{n()}] = —5ln [ Dern exp{— [ ar [ atxcieotr.o: ot r)},{vbocm}

is the free energy, given a disorder configuration {v,(x)} at UV. f is inverse temperature. To obtain the physically
observable free energy, we have to perform quenched averaging of the free energy for various realizations of disorder
configurations. Here, P[{v,(x)}] is the probability distribution function of disorder configurations, and

Fo /dvb Pl (x)}F {0, (x)}]

is the quenched-averaged effective free energy. [ dv,(x)P[{v,(x)}] =1 is assumed.

Now, we perform a functional renormalization group transformation in real space. Although it is not easy to take such
a task, we perform the Kadanoff block-spin transformation explicitly in one dimension [24], to be presented below. In
higher dimensions, it is more difficult to perform the functional renormalization group transformation because the lattice
structure is modified to depend on the renormalization-group transformation step. See refs. [25-32] for real-space
renormalization-group transformations above one spatial dimension. Whatever the regularization is, suppose that we take
the renormalization-group transformation. Then, we would obtain the following free energy:

F= /_ : dga(x. 7, z2p)dv,(x, 2p) P[{ga(x. 7. 2p) b {va (X, 20) b 2] F[{9a (3. 7. 20) } {va (3, 20) 3 (2)
Here,

Fl{ga(x.7.2) 1 {va (¥, 2¢) }]

= —;ln/ch(X,T)Dga(x,T,Z)DUa(X, 2)8(v4(x,0) — v,(x))8(g,(x,7,0) — g,(x,7))

X 6{611}1/1 (x’ Z) - ﬁv,, [{ga (x’ T, Z)}’ {vu (x’ Z) }]}Det{azéab - %ﬂvu [{ga (xv T, Z)}’ {Ua (.X, Z) }]}

X 5{0.9,(x.7.2) = By, {50 (5.7.2) . {1 (x.2)}] } Det{ 9,3, — ﬁ‘)ﬂ {ga(x.7.2)} (v )1}

xexp{— / ’ e / dxLle, (6,7 ga(r 7,20} (a0 2) ] = N / “dz / ’ e / ddxveff[{ga<x,r,z>},{va<x,z>}1}
(3)

is an effective free energy functional in terms of both effective interactions {g,(x, 7, z) } and random potentials {v,(x, z/)}
renormalized at IR, given a disorder configuration {v,(x)} at UV.

N / - / dr / d XVl {ga(x. 7.2}, {va(x, 2)}]
= —Eln/A@ Dc,(x,t exp{ / dr/ddxﬁ o(%,7):{ga(x,7,2) }, {va(x, z)}]} 4)
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is an effective potential at a given energy scale z with a B, [{9.(x, 7. 2)}, {v,(x.2)}]
reduced cutoff A(z) for c¢,(x,7), which arises from the P
renormalization-group transformation at the scale of z. z is = - agveff[{ ga(x,7,2) } {va(x,2)}],  (6)
the renormalization-group transformation scale. Val(¥.2)
Both disorders {v,(x,z)} and interactions {g,(x,7,2)}
evolve from their UV bare values of v,(x,0) = v,(x) and
9a(x,7,0) = g,(x,7) to their IR renormalized ones of Po,[{9a(x. 7. 2) } {va (%, 2)}]
{va(x,z7)} and {g,(x,7.z;)}, respectively, through the B 0
renormalization-group transformation, given by their T 09,(x,7) Verrl{ga(x. 7. 2) 1 {va(x. )} (7)

renormalization-group flows

_ Such fully renormalized coupling functions and random
0:0a(x,2) = f,[{9a (%, 7. )} {valx, 2)}, potentials appear in the IR renormalized effective
0:94(x.7.2) = By, [{ga(x. 7. 2) }. {wa(x. 2)}]. (5)  Lagrangian L[c,(x.7): {ga(x.7.27)}. {va(x. 2/)}] for a

H 5 ol 1 (e 2))] and B [{oul N given disorder realization at UV. Det{d.5,, —
ere, Vo ga x, T,Z ) Ua X,Z an Ja ga x777Z ) 0 _
{v,(x,z)}] are renormalization-group f functions [33], "”b(()x~z)ﬂ”“ {9a (7. 2)} {walx,2)}]} - and Pet{dzﬁab

resulting from high-energy quantum fluctuations of matter Wﬂga [{94(x.7.2)}. {va(x,2)}]} are Jacobian factors,
fields. More precisely, they are given by the effective  which appear in the Faddeev-Popov procedure [33]. In

potential as follows: other words, we obtain
|

/ Dy, (x,7.2) Dy (x, 2)8{0.v4(x. 2) = By, [{9a(x. 7. 2) }. {va(x, 2) }]} Det{ 0,345, — Pr{9a(x. 7. 2) ), {wa(x, 2)}]}

_ 9
ovy(x, 2)

X 6{0:94(x, 7, 2) = Py, [{9a(x, 7, 2)}, {va(x, Z)}]}Det{aszab - Po.{9a(x. 7. 2)} {va(x, Z)}]} =1 (8)

_ 9
agp(x, 2)

which leads the partition function to be invariant under the renormalization-group transformation.
Introducing the Lagrange multiplier and ghost fields into the above partition function, we reformulate the effective field
theory as follows:

F == [T dgu(x.2.2))dva(x 2 PL{ga(x. .20} {ale 1)} 2]

—0o0

“ln / Dc,(x,7)Dg,(x, 7, z) DI, (x,2)Dv,(x,z)DI, (x,2)Dé,(x,2)Dcy(x,2)Dfo(x,2)Df (%, 2)
X 6(v4(x,0) = v,4(x))8(ga(x,7,0) — g,(x, 7)) exp [_ Aﬂ d’/dd“:[ca(xv 7);{9a(x, 7, 20) }, {va(x, 24) }]
N [Yae [ [ atel 1, (50040, = ot )t 1)

+ Hg,, (x’ Z)(azga(x’ T, Z) _ﬁgl, [{ga(x’ 7, Z)}’ {Ua(x’ Z)}]) + Veff[{ga(x’ T, Z)}’ {va(x’ Z)}]

2 2) (azaa,, _ ﬁﬂ [{ga(x.7.2)} (v zm) ey(x.2)

# 752 (000 = 5O Pl ) G ) )2 . o)

This expression manifests the renormalization-group transformation in the level of an effective action, claimed to be an
emergent holographic dual effective field theory. Although it would be interesting to discuss the formal aspect of this
effective field theory more deeply, we do not discuss symmetries and Ward identities further and focus on the disorder
physics in this paper.

An idea is to introduce the renormalization-group flow for the distribution function of random potentials and effective
interactions into the quenched average of the free energy as follows:
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F = /_: dga(x, 7, 25)dvg(x, 2p)P[{ga(x, 7, 27) } {va(¥, 20) 5 20 F[{9a (X, 7, 24) }o {00 (3, 24) H- (10)

Here, P[{g,(x.7.27)}.{v4(x.2/)}:2/] is the renormalized distribution function for renormalized interactions and
potentials at IR. Considering that the free energy functional F[{g,(x,7,zs)},{v,(x.2f)}] has to be invariant under the
renormalization-group transformation in a given disorder configuration at UV, we obtain the following identity:

/_ ® dga(x. 7. 2)dve (5, 2 P{ga (5.7, 20)} {valx. 2) }: 2]

(e8]

= / dg,(x,7, 25 +dz)dv,(x, 2y + dz) P[{g,(x, 7, 25 + d2) }, {v,(x, 2 + d2) }; 24 + dz]. (11)

[e5]

As a result, we obtain
Pl{Aa(x.7.2)}57] = Det( 8, + dz Zelle ) PG (x,7,2) + dfy, {7 2) Y 2 + ), (12)

where the IR energy scale z, is replaced with a general scale z. Here, we used a shorthand notation for 1,(x,7,z) =
(9a(x,7,2), v,4(x, 7)) as follows:

0.44(x,7,2) = 0.(9a(x,7,2), v4(x, 2))
= (By, [{9a(x. 7. 2) } {va(x, 2) }, Bo, {90 (x, 7, )} {va(x, 2) }]) = B, [{Aa(x, 7, 2) }.

The physical meaning of Eq. (12) is simple. We just rewrite the distribution function of old variables {4,(x, 7, z)} at the
energy scale z as that of renormalization-group transformation updated ones {4,(x,7,z) + f; [{4,(x.7.2)}]} at the energy

93, [{Aa(x.7.2)}]

scale z + dz. Here, f3; [{4,(x.7.2)}] is the renormalization-group f function. Det( 6, + ) is nothing but the

Ay (x,7,2)
Jacobian factor to count the change of the “volume” integration.
It is straightforward to reformulate Eq. (12) as the following differential equation:
0 9 I, {Aa(x. 7, 2)}]
— Aa(x, 7, t < Pl{A.(x,7,2)}; 2] =0, 13
(et pultaatrs g s Pt = i )i (13)

which may be regarded as one of the main results in this study. This first-order differential equation can be considered as the
Callan-Symanzik equation [33] for the distribution function of all the coupling functions, although the Jacobian factor
appears due to the change of the volume integration in the coupling function space.

It is not possible to solve Eq. (13) in a general situation. Instead, it is not difficult to examine this renormalization-group
flow near a fixed point, given by $, [{4;(x,7)}] = 0. The linearized renormalization-group f function is given by

I, {4a(x, 7, 2)}]

0,62,(x,7,2) = oy (x.7.2)

(X, 7,2) = Vgp(x,7)0A(x, 7, 2) (14)
Pra {20 (x,7)}]=0

near the fixed point. Here, v,,(x,7) :%m [{(re))—o0 1S the local critical exponent. As a result, the

renormalization-group flow of the distribution function reads

0
(+m<x, 26y (x.7.2)

e > In P [{62,(x,7,2)};2] = —v4u(x,7) (15)

062,(x,7,2)

near the fixed point {4} (x,7)}. Here, the right-hand side represents trace of the critical-exponent matrix.
To solve Eq. (15) with Eq. (14), we diagonalize Eq. (14) as follows:

0.62,(x,7,2) = Uge(x,7)0,(x, 7, 2). (16)
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844(x,7,z) forms the diagonalized basis near the fixed
point, and 7,,,(x, 7) is the actual critical exponent. Then, the
Callan-Symanzik equation for the distribution function is
given by

0 () 0
—+v,, (X,T) —————
gz ™ 01n 64, (x,7,7)

xInP.[{6,(x,7.2)}:2] = ~Da(x.2)  (17)

near the fixed point. As a result, we find

_ _ Zbibb()c.r)
P*[{éﬂa(x’T’Z)};Z]ZC*Hazl([%(Xﬂ,Z)] e )

(18)

which shows a power-law behavior, characterized by the
critical exponent of the fixed point with a given disorder
configuration at UV. C* is a normalization constant. Since
this power-law distribution function gives rise to infinite
variances for variables, this distribution function governs
an infinite randomness fixed point [20].

This theoretical framework reminds us of the strong-
disorder renormalization-group approach [20], mainly
applied to one-dimensional strongly disordered systems.
It is fair to say that our theoretical framework bench-
marks this strong-disorder renormalization-group approach
actually. However, we emphasize that the renormalization-
group transformation in this study is taken into account in a
homogeneous way instead of picking up strong-disorder
positions in the previous approach. Moreover, we suggest
how this framework can be generalized to the dual holo-
graphy, which allows us to consider higher-dimensional
strongly coupled systems.

III. A FUNCTIONAL RENORMALIZATION-
GROUP TRANSFORMATION METHOD FOR
ONE-DIMENSIONAL DISORDERED
NONINTERACTING FERMIONS

A. Kadanoff block-spin transformation and
renormalization-group transformation for the
distribution function of disorder

As a proof of working principle, we consider one-
dimensional disordered noninteracting fermions. The aver-
aged free energy is given by

1 foo B N
F = _B/ d”iP(”i>1n/DCia exp [—A dr Z{ng(ar —H+0)Cig = fi(CzTaCiHa + clrlncia)} . (19)
- i=1

(e8]

Here, c;, is an electron field with spin 6 = 1, ..., N, on a lattice site i. 4 and ¢; are the chemical potential and the hopping
integral, respectively. Although the hopping integral defined on a link is better to be written as #,;, |, we use a short-hand
notation #;. v; is a quenched random potential, the distribution of which is

P(v;) = (24T,) exp{— 2111 XN: vg}. (20)

) i=1

This Gaussian distribution function is normalized as [ dv;P(v;) = 1.
To perform the Kadanoff block-spin transformation in a recursive way, we introduce a superscript (0), which represents
the iteration number of renormalization-group transformations as follows:

1

F = [ 0 PO A [ D, DU D50 5 0 1)

i 0t
co

i

B N
X exp [— A de > {eh 0. = uM)ei = 17 (clyein, + cLlﬁcw)}] : (21)
i=1

Here, the expression of [ Dyl(-o)Dt(-O)ﬁ(u@) —u+ v,-)é(tgo) —t;) is easily understood. The quenched average part is

1 1

rewritten as

(e8] (o8]

with PO 1) = P(u!”)s(”

i i

/ ") = / " ar” ("

i it

13(10 — 1) = / " au0at? PO P 10, (22)

[es]

t;) because the renormalization-group transformation in a given disorder configuration

leads the distribution function to depend on the hopping integral, as will be seen below.
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Separating all dynamical fields into even- and odd-site degrees of freedom and performing the path integral with respect
to even-site degrees of freedom, we obtain an effective lattice field theory on odd-site quantum fields. Then, we rescale the
lattice structure coming back to the original one and all quantum fields recovering the original expression of the lattice field
theory. As a result, we obtain

1 1 [ l 1

0 0 1 o 2007 y A2
x 8" =+ 051 = 1)5( ) = Wl + )6 Y 4
0 0

i

1 0
F= 5 / dplVdr” PO [0 A9 1n / Dei, D" DAY DY DAY

N . N, &
_ ZT — M — /Dot ' _Z 8
xexp[ Adr - {Cia(ar Hi )Clo‘ ti (Ciact+la+ci+lo— m 2 — +eﬂ :|’ (23)

(0)2

©)2
M) 0 _2 M= —t”<—0) are the renormalized chemical potential and hopping integral, respectively,
”.

where u; ' = pu; "’ - P2 and ¢t

introduced into two ¢ functions. This is the standard Kadanoff block-spin transformation. Here, we did not rewrite the
distribution function of bare variables as that of renormalized ones yet.

Since the quenched-averaged free energy has to be also invariant under the renormalization-group transformation,
we obtain

[ a0 PO = [ PO 2

It is straightforward to find the relation between P(O)[y(O) (0 )] and P )[,u( ) A )] given by

I’I l’l

(1) 5,(1) (1) 5.(1)
01,0 () Oui "0t~ Opi " 01\ pyyp, (1) (1)
P [)“z o1 ] ( ) 5,00 (0) (0) P [/“z o1 ] (25)
ou; " ot; ot;” ou;
oV oV gV gD | . .
Here, (< — — —o7 ) is the Jacobian factor to compensate the change of the volume integral.

o ol g
Introducing Eq. (25) into Eq. (23), we obtain an effective free energy with a quenched average as follows:

1 o0
F = _3/ dplVarV PN Y] ln/Dc,»,;D,uSO)DtEO)D,uSUDtEl)

0) 0) o o 2" m 1
X6y —pu+v)o(t; =)0\ up = +—o— |6 ;) +
O O

i i

X exp[ / dr Z{Cm ,u, Cio (cwc,H(T + clercu7 1+ —= Zln + eﬂu } (26)

This completes the first iteration step of the Kadanoff block-spin transformation.

Before going to further iterations of renormalization-group transformations, we point out two types of approximations in
the Kadanoff block-spin transformation. First of all, nonlocal terms are neglected in the resulting effective Lagrangian. The
Wilsonian renormalization-group transformation generates nonlocal terms inevitably. Within the present regularization
scheme, nonlocal hopping terms along the time direction are given by the even-site electron propagator. Resorting to the
gradient expansion for the time derivative in the even-site electron propagator, we keep the lowest order of (d,/u;)" with
n = 0. The other approximation is to assume local homogeneity in the hopping integral. In other words, we also neglect
differences between neighbor hopping integrals in the sense of the gradient expansion for the spatial derivative.

B. Recursive renormalization-group transformations

Now, we repeat the Kadanoff block-spin transformation in a recursive way. It is straightforward to generalize Eq. (26) as
follows:

126014-6
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1 0 : : .
F=—- d,u(-f)dt(.f)P(f) (»f), ] 1n DcigDﬂ(O)Dt<0)5 ,u(-o) —u+v;)0 - t
ﬂ 1 1 1 ] 1 ] 1 1

Y R A A W AR
X/H“Dﬂi o 6<ﬂi A M?k—n)é(t,- +M(k—1))

i i

—
X exXp |:_[) dT Z{Cja(a‘r - ﬂgf))cia (f)(cjacl+la + C1+lacla } + = Z Zln(l + eﬂﬂ a :| . (27)
i=1

_ k= 12 (k=1)2
Two recursive equations of yl(k) = yl(.k D_ 2”( 7~ and t( ) = —; = describe how yl( b

i i

and t,(»k_l) ®)

i

and tl(-k)

evolve to u

through the renormalization-group transformation, given by two 6 functions. Fully renormalized chemical potential ,ugf ) and

hopping integral tl(-f ) appear in the IR effective Lagrangian. The renormalized free energy functional

1
Flut" 1) = —5hn / DD DAV =y + v)8(1” = 1,)

k) (k k w22 o kD2
x| 0 D D5 ( ) — Y+ = sl P44
L 1 1 1 ”(k_]) L H(k_l)

i i

5 & Ny~ &
X exp [—/ dr Z{Cj(r(ar - .“gf))cia - tgf)(cjaciﬂﬂ + CITHU Cig) 72 Z L4 e }
0 i=1

k=1 i=1

in a given disorder realization (,u< ), tff >) is quenched-averaged by the renormalized distribution function PV )[,u(f ), tl(f )] as

F= [ an PO ),

It is also straightforward to generalize Eq. (25) to

(k) (k) (k) (k)
P("—l)[ﬂ(.k'l) A0] = ( Ou; ot~ oW 0y )P(k) 9, (28)
i i aﬂgk—l) atf."‘” 6t5k_1) 0/4<.k_1> i i

1

Another interesting idea is to replace the discrete index (k) of the superscript with a continuum coordinate z in the
following way:

1
F = 5/ dﬂ:(Zf)df (2)Plui(zs). 1i(2s): 2]
222)\ £(2)
xIn [ DcioDpi(z)Dti(2)8(u;(0) — p + v;)8(1;(0) — 1;)8( 0.pi(z) + () .1i(2) + 1:(2) ‘f’m
¥ " N [z N
X exp / dt Z{Cm = pi(zp)]cis = 1i(25) (CipCiv1o + € 15Ci0) } + 7/ dzZln(l + @)1 (29)
0 i=1
Here, we consider ygk) — ,ugk_l) = 0,4;(z) and z; = fdz, where dz is an energy scale in each step of the renormalization-

group transformation. In this continuum expression, we do not introduce ghost fields explicitly into the effective action just
for simplicity.

The power of this continuum-coordinate representation can be seen in the equation for the distribution function to satisfy,
given by
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0lpui(z) + dzo.pi(2)] [ti(z) + dz0.1:(z)]

Pln(2). 1(): 2] = (

oui(z) ot;(z)

_ Olpi(z) + dzo i (2)] 0[ti(2) + dz0.1;(2)]

0t;(z) opi(z)

)P[/t,-(z) +dz0u;(z), 1;(z) + dz0,t;(z);z + dz].  (30)

As discussed in the previous section, the above relation is translated into the following differential equation:

0
ot;(z)

which may be called the Callan-Symanzik equation for the
distribution function. This completes our derivation for the
present theoretical framework.

C. Renormalization-group flow
of the distribution function

The remaining task is to solve the renormalization-group
equations for all the coupling functions in a given disorder
configuration at UV and find the distribution function for
quenched averaging of the free energy. Introducing

(32)

into the renormalization-group equation for the hopping
integral, we obtain

PrTi(2)]=0.7(2) =T ;(2)[2T i(2) +1][T;(z) - 1]. (33)

This renormalization-group f function shows three stable
fixed points given by 77 =0 and 7} — oo and two
unstable ones given by 77 = 1 and 7; = —1. Below, we

will discuss how these three stable fixed points in the clean
|

17(z)\ 9
% ae) ) ("‘Z) mz))
)

To replace t;(z) with 7;(z), we have to consider

o]

0t;(z)

[ dn@an P, 1 = [ dm(Z)dTi(Z)(

9[0:pi(2)] _ 0[0:1:(2)]

(3 + (o) 5,75 + et 5.7 ) nPhita). apec] = - T A4S, a1

oi(z) 0t;(z)

limit evolve into novel ones in the disordered case. It is not
difficult to solve this differential equation in a general case
and find

G4 G Gy - o

The renormalization-group flow for the chemical poten-
tial is given by

9, Inp;(z) = —273(2). (35)

resulting in

u@ =m0 ew(2 [‘aT0)). G6)

Near the insulating fixed point 7} = 0, we have a fixed-
point value of the chemical potential u, determined by its
initial UV value.

Introducing the renormalization-group S functions into
the renormalization-group flow of the distribution function,
we obtain

‘ 2
porwiriors 13 ads o
aaqt:i((zz))>_IP[”i(Z)’T,’(Z);Z]- (38)

As aresult, the distribution function is changed from P[u;(z), t;(z); z] to u;(z) Pu;(z), 7 ;(z); z]. Based on this modification,
we obtain the following renormalization-group flow of the distribution function:

9 1 2 9 ,
(e (145 )o@ 3 + 0T el 3 I Ple). T2l = 1427, (0) 42730 (39

Compared to the renormalization-group flow in terms of the original coupling functions, there appears a correction term

given by 1 + —= in these newly introduced variables. Finally, we have

1
Hi(2)

5 0
{a_z =277 (2)(1 + pi(2)) oui(2)

+T:(2)274(z) + 1][T(z) - 1]

S | PR T@ia] = 14 27,(2) + 2730,

(40)
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In this paper, we do not investigate the solution of this
Callan-Symanzik equation for the distribution function in
detail. Instead, we focus on a near fixed-point solution.
Here, we consider an insulating fixed point given by
7F =0and p; = u;(0), where the linearized renormaliza-
tion-group f functions are

0,67 (z) = =67 ,(z), 0,6u;(z) = 0. (41)
Introducing 7 ;(z) = 67 ;(z) and u;(z) = p;(0) + Su;(z)
into Eq. (40) and keeping all the terms up to the linear
order for these variations, we obtain

9 _
0z

:r,@#?(z)} InP,[5T,(2):2] = 1 + 267 (2).

(42)
This gives rise to
P,[6T i(2);2]
= P.[u:(0),0; zo]e*™* exp{—-2[67 i(z) — 6T i(20)]}-
(43)

1
F=__
BJ-

dﬂ, (MI) In / Dcm 6Xp|: / dr Z{Cuj /’li)cio‘ - t(cjgci-s—lo' + C}L+1(yci5> +5 N Cj-gczacjgfcm’} ’

Considering the fixed point 77 =0, it is natural to
interpret that this distribution function describes the locali-
zation physics of an Anderson insulating phase in one spatial
dimension. This does not correspond to an infinite random-
ness fixed point. The renormalization-group flow of the
distribution function also allows an exponential tail in the
Anderson localized phase. Recall that there are other fixed
points 7; — £oo0. Here, we do not investigate the behavior
of the distribution function near this fixed point, but we
suspect that this clean fixed point may evolve into a random
singlet state (spin language) or a critical metallic phase [20],
identified with an infinite randomness fixed point genuinely.
More careful studies have to be performed and compared
with the strong-disorder renormalization-group approach.

IV. A FUNCTIONAL RENORMALIZATION-
GROUP TRANSFORMATION METHOD FOR
ONE-DIMENSIONAL DISORDERED
INTERACTING FERMIONS

A. Recursive Kadanoff block-spin transformations

It is straightforward to generalize the previous framework
into the case of one-dimensional disordered interacting
fermions. The quenched-averaged free energy is given by

(44)

where density-density interactions are introduced. Here, we consider the chemical potential as a random variable, given

by p; = p —v;.

In the presence of interactions, we perform the Hubbard-Stratonovich transformation to introduce a scalar potential dual
to the density field and repeat essentially the same renormalization-group transformation as that of the previous section. As

a result, we obtain the following partition function:

ZMJ=1/lkmD¢A)Dm() 14(2) Dty (2)3(1,(0) —

4 ;)6(1;(0) — 1)5(u;(0) — u)

26 (2)pilz
x5{0 W@+ T }5 9.1,(z
du;(z)tH(z
X5{¢ (@) D) = Ry - i@»}

X GXP[ / dt Z{Cm — ui(zy) —ipi(zf))cio — fi(Zf)(C;CiHo + C}L+loci6)}

p
- dr

N M,’(Z)
120 - ui)

N /zf /ﬂ LN
@;(0) — dz dt
) © 0 0 ; 4u

N / 2y L
+ = dz tr, In(0
@2l 2 e In(

{33 (05 —t0)

(45)

@]

in a given disorder configuration x,;(0). We point out that essentially the same renormalization-group transformation has
been performed in a one-dimensional ¢*-type Landau-Ginzburg theory as an effective field theory of a transverse-field Ising
model [28,30,31,34,35]. More detailed discussions on this partition function will be given below.
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B. Renormalization-group flow of the distribution function

The next procedure is to quench average the free energy Flu;| =

1

—3In Z[u;] as follows:

F= —B/_w dui(zp)dti(zp)dui(zp)de;(zp)Plui(zy) ti(zp) ui(zp), @i(zy)s 24] ln/DCionPi(Z)Dﬂi(Z)Dli(Z)D”i(Z)

Xﬂm«»—ﬂ+vﬂﬂhm)—ﬂﬂmﬁﬁ—uﬁ{@m&)+

4u;(z )t“(Z)
H ()i (2) -

Xé{@m&)+m&)

. (Z)_u <Z)}(‘S{aztl(z)ﬂ,(z)qL 5 0z<p,(z)}

}exp[ /er{c,,,a —pi(zp) —igi(zf)|ci

ui(z) —u(z) 2

p 1 7y B 1
— 1. e i A E — 02(0) — E - (]2
tz(Zf)<cht+la =+ Cz+locm)} NSA dr - 4u P; (O) NSA dZA dr — {41/11'(Z> [az¢z(z>]

1 ow@@ 10 e
20w U )}}

(46)

As discussed before, the essential point is to rewrite the distribution function of unrenormalized UV variables as that of IR

renormalized ones, based on the following equation:

a[a l (2)] 9[04 (2)] 0l0.:(2)] 9[04 (2)]
1+dz . Toui(z) dz 0:(1)Z dz ”(Z§ dz 0(/::(1;
a[azz,m] 9[0.1,()] d0.:(2)] ol0.1,(2)]
L A VPSR A A
Pli(2), 1:(2), ui(2), @i(2); 2] = Det g (2] FRLLCO1 S WALV AL
) $70n) + i(2) 2 700i(2)

e) do.:(2)] Ao.04(2)] @) Ae)

dz Oﬂiz; dz 0:](@1 dz Bu() I +dz 0(/)?(5

x Plui(z) + dzo p;(2), ti(z) + dz0.1;(2), u;(z) + dz0,u;(z), 9;(z) + dz0.9:(2); z + dz].
(47)

It is straightforward to rewrite this expression as the following Callan-Symanzik equation for the distribution function:

d d 3}
(a—z—kdzm(z) l()—i—at(z)atl()—kau()au()
_ _a[azﬂi( )] _ a[azti(z)] _ a[azui(z)} _ a[az¢i( )]
aﬂi(Z) 61‘,-(1) al/ti(Z) a(p,(Z)

Renormalization-group f functions for three coupling
functions are encoded into three 6 functions of the
quenched-averaged free energy, given by

267 (z)pi(2)

R e
0:i) = =12) = E 4 Lo, a). (50

4u;(2)1} (2)
pi () (47 (2) — ui(2))
These first-order differential equations require three inte-

gral constants, given by their UV data, y;(0) = u — v,
11(0) =1, and MZ(O) = U.

0.u;(z) = —u;(z) +

(51)

#0(2) 5,5 ) NP2 ) (2. i)

(48)

The renormalization-group flow for the scalar field ¢;(z)
dual to the density field at UV is given by minimization of
the free energy with respect to ¢;(z), resulting in

—029;(2) + [0, Inu;(2)][0,90:(z)] = 0. (52)

This second-order differential equation requires two boun-
dary conditions. The UV boundary condition can be
determined by

@Qgﬁ&lﬂ‘

where the UV boundary Lagrangian is

o; (Z) 72=0

=0,  (53)
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Luov = g 0 = g 0O (@no. (59

derived from the free energy equation (46). As a result, the
UV boundary value of the scalar potential is ¢;(0) = 0.
The IR boundary condition can be also derived from the
free energy equation (46). The IR boundary effective
Lagrangian to include ¢;(z) is

-

Lig = =ipi(z)(CiyCio) +

(pi(zf)[az(pi(z)]z:zf‘

(55)

du;(zy)

The Euler-Lagrange equation gives rise to the IR boundary
condition for the IR scalar field ¢;(zs),

0, ( 4u,~1(z) (p,(z))zzzf + 1<NL§; c,TGci6> =0. (56)

Here, (- ng | Ch c;,) tepresents the ensemble average for

the IR effectlve action

SIR:/O er{cw —Hi Zf) if/’i(Zf)]Cia
- ti(zf)(ciac

Now, all the ingredients of the renormalization-group flow
for the distribution function are completely determined.

itle T Ci+lncio‘>}’ (57)

C. General structure near a fixed point

Solving all these renormalization-group equations for
three coupling functions and one collective dual scalar field
is quite involved and is beyond the scope of the present
study. We suspect that our self-consistent nonperturbative
renormalization-group improved mean-field theory would
reproduce the Luttinger-liquid physics [36] in the clean
limit. Following the discussion on the general structure
of this field theory, it is natural to expect that the
distribution function follows a power-law behavior near

a disorder-modified conformally invariant fixed point,
where the power-law critical exponents are given by
those of the Luttinger-liquid-type fixed point in a given
disorder configuration. Although we leave this investiga-
tion for a future study, we discuss a general structure near a
fixed point.

It is straightforward to solve the equation of motion for
the dual scalar field and to obtain

{azﬁﬂi(Z)]zzo <
W[) dyu;(y). (58)

Applying the UV boundary condition to this solution, we
obtain ¢;(0) = 0 as mentioned before. One may rewrite the
solution in the following way:

. fPi(Zf) < »
s dyui(y)A D), )

(Pi(o) +

?i(z)

where ¢;(z/) is determined by the IR boundary condition.
Now, we consider the renormalization-group flows for
the coupling functions. Introducing

T =9 uep=" ()

into Eq. (51), we obtain

2 3
0.T(z) = -T(z) - 7_'}/(12(2) + 123—&(2)
. f"”';yzft o),
O2(2) = U (2) + 42/11,- EZZ)/Z'(Z()Z) 42/11 ifzz),{?;iz()Z) ’
o.pi(z) = —%ﬂi(z)- (61)

Considering this change of coupling functions into the
renormalization-group flow of the distribution function, we
find

0 3 0 d 0
Lot (125 )0l 2.0+ 0T ) 2+ 0UE) s+ 0a(2) 5. I P2 (00 U212

0[0.ui(z)] 0[0.T:(z)] d[o.U;(2)]

0Tl~(z) OL{,(Z)

0[0.¢:(2)]
09;(z)

correction
97 i(2)\—1 (9U;(z)
- o) Gag

where there

Plu;(z).1;(2),

appears a

u;(z), 9i(2); 2]

term  given

3
by 1 +lli(Z)'
)~ Plpi(2). ().

(62)

number 3 arises from

ui(2), ¢i(2); 2.

Here, the

u;(2), 9:i(2): 2] = w3 (2) Plui(2), 1:(2),
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To determine a fixed point, we first consider
0.U;(z)|.e = 0. Then, we obtain either (i) U; =0 or
(i) U = 1-4T%(z) — 47 :*. Point (i) is nothing but the
noninteracting fixed point, where 0,7 ;(z)|,_., = 0 with
U; = 0 gives exactly the fixed-point structure discussed in
the previous section. On the other hand, the fixed point
(i) leads to 4773 + 2772 + 1 = 0, where u; = 0 is taken
into account from the renormalization-group flow of the
chemical potential. Interestingly, the noninteracting fixed
point 7} = 0 does not satisty this equation. Instead, the
fixed-point value is given by a complex number, which is
rather unexpected.

Near a fixed point, the renormalization-group
flows of effective hopping and interaction parameters
are given by

()Z(STi (Z) = 1/7’7-57','(2) + I/Tuél/{i(z),
0.0U;(z) = vy767 (2) + vy dU;(2). (63)

Here, critical exponents are as a function of the fixed-
point values of 7} and U, respectively. Introducing
these linearized equations into Eq. (62), we obtain

{32+ OrrdT (&) 4 umda) g5 o5+ (urdT (2) 4 vadlh(2) g 0P T 6). i

087 (z)

= VU = VUTT — Vit — Viep-

One can verify that both contributions of (1 +ﬁ) X

0.4 (2) WL(Z) and 0.¢,(z) «ML(z) do not appear near the fixed
point of uf = 0. This differential equation leads to a power-

law distribution function, generally.

V. HOLOGRAPHIC DUAL EFFECTIVE
FIELD THEORY FOR DISORDERED
INTERACTING ELECTRONS

Finally, we generalize the previous theoretical frame-
work to that in higher spatial dimensions than one.
|

062/{,(Z)
(64)

|
Resorting to the AdSp./CFTp duality conjecture, we
propose the following quenched-averaged free energy:

fzﬁm/meqWMMJMMMWQH (65)

Zf—>00

where the effective free-energy functional in terms of the IR
boundary metric tensor g, (x, zs) is

Flg (x, 27)] = —%1“/ Dy, (x. 2) D" (x. ) exp [—N% / dz/ d{< 2)0-u (x.2)

LA
2\/g(x.2)

0,2 1, )27 (5,2) 3 TR R 2) = 20) . (66

Here, Pl[g,,(x,zs)] is a renormalized distribution function, governed by

(£+@%@@1 5 10:0,(x.2)

0
0. (x, 2 agij(x’ z)

a[azgﬂ'(xv Z)] a[azgij<x’ Z)]

> In Plg..(x,2), gij(x,2):2] = — - . (67)

09, (%, z) dg;;(x. z)

The Jacobian factor is expressed symbolically, to be clarified below. In the dual gravity action, we consider the Gaussian
normal coordinate system in the Arnowitt-Deser-Misner decomposition [37], given by

ds* = (N?(x,z) + N, (x, 2)N*(x, 2))dz* + 2N, (x, 2)dx*dz + g, (x, 2)dx*dx”, (68)

where the gauge-fixing condition for the lapse function \V'(x, z) = 1 and the shift vector N/, (x, z) = 0 is taken into account
[10]. In addition, we consider the case of finite temperatures, meaning that the time circle S' is assumed with the periodicity
p.uand v cover from 7 to i, j = 1,..., D — 1. In other words, g, (x, z) is a D-dimensional metric tensor at a given slice z.
R(x, z) is the corresponding D-dimensional Ricci scalar. 7#¥(x, z) is the canonically conjugate field to the metric tensor
G (%.2) Gy (%,2) = (%, 2) 94, (X, 2) — 57 9 (X, 2)g,, (%, 2) is de Witt supermetric [38], taking into account trans-
verseness. N, represents the color index. Taking the z; — oo limit, the dual gravity action reduces into the conventional
holographic description as a gauge-fixed version.
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The Euler-Lagrange equation of motion reads

A

2k+/9(x, 2)

Both UV and IR boundary conditions are given according to the conventional dual holographic dictionary. Since this
equation of motion is essentially identical to that of the dual gravity action (with introduction of both the lapse function and
the shift vector), the background geometry is given by an anti—de Sitter (AdS) black hole.

Considering small fluctuations as

1
P 5:2) = G 5. P (3. ) Rpel,2) = (Ru3:2) = 3R 0.2) + Mg (2:2)). (69

gﬂb(x’ Z) - g/]lgfl(x, Z) + h/w(x’ Z) (70)

in the background black hole solution, one can find a linearized equation of motion for weak metric perturbations as
follows:

gBHgBH g Q Q Q |“‘g g a
5 o, [0 G080 + 20505810 0.03) + 25 0] + i o [0 s

gBH

'0:9ap g o

2—;ﬂ (0-055)Goht” (0-hy5) = = (0,955 (81T ) (0.003") = 5 (0.8 \Gily” (0.3")

hre o)
- 7(( Zgﬂp )(0 gBa ) - ( zg/w )(0 9/13’0' )) + ﬂ ((azgup )(a h ) + (azhup)( /5—1> - (azgﬂu )(azh/w) (azh/w)( zgp;_I))

1
e PR R = 2Ry + Ve (Vi + VIl hy, = Vil ) = VIRVEER,
+ gl (h*oRBE — VRHVBHpro - 8 VBHRe ) — b, (Rpy — 2A)] = 0. (71)
Here, we introduced the following notation for simplicity:
5Ty’ = —(h"7 gk + W g — h Gy — Gighe ). (72)

Symmetrization for either super- or subscript symbols are easily understood and conventionally utilized. Accordingly, we
can find the renormalization-group flow for the distribution function near the conformally invariant fixed point as follows:

0[0:her(x,2)] _ 9[0:hn(x, 2)]

(0 0.y (5, D) =9 1 [0 (. 2)] L) In P [ (x. ). By (5, 2): ] = =

0z oh,.(x, z) Oh,(x,2) oh,.(x,z2) Oh,(x,z2)
(73)
|
Here, the renormalization-group flow for the weak pertur- H..(x,2) Nee O H..(x,2)
bation of the metric tensor is taken into account, and only 0, H,.(x.2) = 0 7 H, (x.2) : (75 )

the case of one spatial dimension is considered for
simplicity.

Based on the solution of the weak metric fluctuation near
the AdS black hole background geometry, we obtain

(i B (el i CE

As a result, we obtain

0 0
<a_z + Mee aln HTT()C, Z) + Mxx 0ln HXX(X, Z))
X InP,[H . (x,2), Hyo(x.2)s2) = =5 =13y, (76)

where the physical meaning of the critical-exponent matrix
is clear. It is straightforward to diagonalize the critical-
exponent matrix as

This linearized Callan-Symanzik equation gives the
following solution for the distribution function near the
fixed point:
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1 C* Resorting to this power-law distribution function

P [Her(x.2). o (x.2):2] = Vi Vet of the metric tensor near the AdSp,, black hole geo-
[Hr‘r (x ’ Z)] e [Hxx (x < )] e

(77)

This power-law solution is determined by the critical-
exponent matrix in the absence of randomness.

metry, we find an effective free energy as follows. First,
we obtain an effective on shell action from the dual
holographic effective field theory in the large N, limit,
given by

NZ [
Flgu (@ %.2). g (7. x.€)] = = / dr / dP~x{m (v, %, 24) g (7. %, ) — 2 (7, %, €) g (7. %, €)}. (78)
0

Here, the Euclidean time circle was explicitly shown and ¢ is the UV boundary. The IR boundary canonical momentum
tensor corresponds to the IR boundary energy-momentum tensor [39], given by extrinsic curvatures [10] at z = z; as

follows:

1 1
nlex) = g (Ru(eon.20) = 3R gl ). (79)

As a result, we obtain the following expression for the on shell effective action:

_ A2
Flgu(t.x,27), gy (7, x,€)] = (DT;)NCAﬂ dr/dD"x{—KifR(r,x,zf) +%R(r,x,e)}. (80)

Inserting this on shell free energy of a given disorder
realization into

F = /ng/(x’Zf)P[g/w(x’Zf)]F[g/w(x7Zf>]’

with the introduction of the power-law distribution function
of the metric tensor, we find the disorder-averaged free energy
for strongly coupled holographic conformal field theories.

VI. DISCUSSION

We believe that our proposal is casting various questions
on the physics of disordered strongly interacting conformal
field theories in the large central-charge limit. Resorting to
the power-law distribution function for the IR boundary
metric tensor, one may investigate how the black hole
entropy can be quenched-averaged to show a modified area
law. Accordingly, one can ask how the quantum chaos from
the black hole physics, i.e., the Wigner-Dyson distribution

of the level statistics, turns into the physics of Anderson
localization or the regime of the Poisson level statistics by
this averaging procedure. Moreover, we can discuss how
the effective hydrodynamics due to the black hole entropy
changes into rather integrable quantum dynamics by
quenched averaging over correlation functions of metric
tensors, gauge fields, etc. It is also a fundamental question
to ask whether the present theoretical proposal can repro-
duce the quantum chaos or not.
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