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Thermodynamics of isolated horizons in loop quantum gravity
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The statistical mechanical calculation of the thermodynamical properties of nonrotating isolated
horizons are studied in the loop quantum gravity framework. By employing the Hawking temperature
and horizon mass of isolated horizons as physical inputs, the microcanonical ensemble associated with the
system are well established. As a result, the black hole entropy and other thermodynamical quantities can
be computed and are consistent with well-known Hawking’s semiclassical analysis. Moreover, the value of
the Immirzi parameter of loop quantum gravity for the higher-dimensional case and four-dimensional U(1)

case are also obtained.
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I. INTRODUCTION

Black holes (BHs) as predicted by general relativity
(GR) supply splendid platforms for both experimental and
theoretical physics. Recently, the Event Horizon Telescope
(EHT) observations of the shadows of M87* [1] and
Sgr A* [2] have supported the existence of BHs and
unveiled some mysteries about them. Theoretically, as a
simple and strong gravitation object, a BH is a practical
research object for GR, modified gravities, and quantum
theories of gravity, especially after its thermodynamics was
established by Bekenstein and Hawking [3,4] in the 1970s.
Whereafter, the thermodynamics was extended to the
quasilocally defined boundary of the BH, namely, the
isolated horizon (IH) [5]. The IH enables us to describe
the BH as a physical object using local geometry which
is independent of the spacetime outside the horizon.
The Bekenstein-Hawking formula of BH entropy [6,7]
brings GR, quantum mechanics, and statistical mechanics
together; accounting for the statistical mechanics origin of
BH entropy then becomes a great challenge for quantum
theories of gravity.

As a well-known candidate for the quantum theory of
gravity, there are various attempts made in the framework
of loop quantum gravity (LQG) [8-11] to account for the
BH entropy by applying the notion of IH; for example,
from the aspects of boundary topology theories [12—17],
state counting methods [18-21], and symmetries of IH
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[22,23]. Usually, in previous examples, the leading orders
of entropy will agree with the Bekenstein-Hawking entropy
if and only if the Immirzi parameter y takes some special
value y, [13,14,18,21]. It gives a way to fix the free
parameter y in LQG. In Ref. [24], the authors proposed a
new method for calculating the entropy by introducing the
universal horizon temperature and the energy measured by
a local observer. In this approach, the Bekenstein-Hawking
entropy could be reached for arbitrary values of y; y occurs
in the semiclassical correction term of statistic entropy via
chemical potential. Then, the value of the Immirzi param-
eter can be fixed, if one further requires the classical
formula of entropy is exactly the Bekenstein-Hawking
one. This requirement is reasonable because if chemical
potential is nonvanishing, one could achieve a lower energy
by adding or removing particles (named punctures or
intersections in loop quantized black hole depending on
the boundary theory used). Then, in four-dimensional
LQG, this SU(2) counting method leads to the following
equation determining the value of Barbero-Immirzi param-
eter as [24]

N @)+ D)e VI =

J

(1.1)

with j being half integers. This equation was also obtained in
all previous SU(2) state counting of BH entropy in the LQG
method [19,25]. Except for the SU(2) Chern-Simons theory
description of the quantum IH, the U(1) Chern-Simons
description is also widely acknowledged [12,14,26]. Since
the types of the constraints in U(1) and SU(2) descriptions
are quite different, it is worth investigating whether the state
counting in these two descriptions can be unified.
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Higher-dimensional gravity as an extension of general
relativity has received wide attention. It is motivated from the
Kaluza-Klein theory [27] where apparently unrelated physi-
cal phenomena, namely gravity and Maxwell theory, can be
unified in a higher-dimensional theory. The loop quantiza-
tion of higher-dimensional spacetime has been achieved in
Refs. [28-31]. It is further applied to higher-dimensional
cosmological models [32] and coherent states for semi-
classical analysis [33-37]. Even though there are many
achievements in higher-dimensional LQG, the first law and
entropy of higher-dimensional BHs in the framework of
LQG is still an open issue. It also leaves the Immirzi
parameter undetermined in higher-dimensional LQG.

The aim of this article is to extend the IH statistic
mechanics in LQG obtained in Ref. [24] into higher-dimen-
sional spacetime and U(1) description in four-dimensional
spacetime, and fix the Immirzi parameter. This article is
organized as follows: In Sec. II, we perform the local
version of the first law measured by stationary observers in
higher -dimensional spacetime. Utilizing the area operator
in higher-dimensional LQG and the variational method, the
quantum-corrected entropy and the first law are given in
Sec. III. The value of the Immirzi parameter is analyzed in
Sec. IV. We extend the statistic mechanics to the U(1)
description in Sec. V and conclude in Sec. VI. Throughout
the paper, we work in the unit of ¢ = kg = 1.

II. THE CLASSICAL CONFIGURATION OF
BLACK HOLES IN HIGHER DIMENSIONS

Let us consider the (D + 1)-dimensional Schwarzschild
spacetime. The metric expressed under spherically-
symmetric coordinates is [38,39]

o2 (1 (1) Jee s 1 (2)) e

+ rAdo?,_,, (2.1)

where ry is the horizon radius and da)%)_l is the line
element of the wunit (D — 1)-sphere. Let Qp_; =
27zP/2/T(D/2), with ['(n) being the gamma function,

denote the area of the unit (D — 1)-sphere. Then, the BH
horizon radius r; matches the BH mass M through

r”:{( 167G M}— 22)

D—-1)Qp_,

where the (D + 1)-dimensional gravitational constant in
terms of the Plank length ¢ is G = ¢*¢2~!/h. For further
convenience, we introduce the horizon area A, the surface
gravity kg and the Komar mass Ey. The relation between
the horizon area and ry is A = Qp_ er . The surface
gravity is defined by

1
Kfp = = Evafhvaébv (23)
where & = ¢, is the Killing vector which is timelike outside
the horizon and normalized at the null infinity. Then, given
the metric (2.1), one gets

D-21
Ky =———

P (2.4)

For the Komar mass Ej;, one has

E, = - 16”G(D 5 /v £ds,, = M, (2.5)

where S is an arbitrary (D — 1)-sphere surrounding the BH
and the area element dS,, = ¢, A r, with ¢, and r, being
the unit conormal vectors to S.

The classical version of the first law of BH thermo-
dynamics have been extended to higher dimensions
[38,40-43]. Omitting the work term, one obtains

dE, = 2 4a.

— (2.6)

With this equation, we can use the scaling arguments
proposed in Ref. [44] to get the Smarr formula
. D—-1 KHA
"7 D-281G

(2.7)

The Schwarzschild BH evaporates due to the Hawking
radiation. The equilibrium could be achieved by imbedding
the BH into the Hartle-Hawking vacuum with the Hawking
temperature

T, = kN

- (2.8)

at null infinity, which leads to a time symmetric thermal
bath of radiation [45,46]. Comparing the first law (2.6) of
BH with that in the thermodynamics i.e., dE = TdS and
replacing T by Ty (the temperature of equilibrium state
consisting of BH and Hartle-Hawking vacuum), one can
get the entropy of the BH as

A
S=—~0—, 2.9
arp (29)

where #8=! = Gh. It is nothing but the generalization of
the BH entropy in four dimensions. For simplicity, the
classical configuration containing the surface gravity, the
Komar mass, etc., is introduced via the Killing horizon.
However, those quantities can also be defined on the IH,
since the IH is the generalization of the Killing horizon
without requiring a global Killing vector. Without the
global structure required for normalizing the Killing vector
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at the null infinity one can not choose a unique null norm
on the IH. That is to say, the Killing vector £ on the IH can
only be fixed up to a constant . As a consequence, the
surface gravity given by (2.3) contains a free constant a.
The IH mass can be defined using the Hamiltonian method
as the generator of a preferred time-translation thereon [47].
In this approach, the horizon mass is a secondary quantity
expressed in terms of the fundamental quantities, including
the area, angular momentum and charges, defined intrinsi-
cally at the horizon. If we think of the nonrotating Killing
horizon as a specific IH, then the IH mass can also be
defined on it. It turns out that the IH mass equals the Komar
mass up to the constant a. Since a is an overall factor, we
will drop it in the expression of the first law even for the
case of IHs. Indeed, the first law of BH thermodynamics
has been extended to higher-dimensional IHs [40-42]. It is
worth noting that since the quantities on the IH are
independent of the spacetime outside it, we are allowed
to quantize the IH and the outside spacetime separately in
the framework of LQG, which is an advantage of the TH.

III. THE STATISTIC MECHANICS OF QUANTUM
IH IN HIGHER DIMENSIONS

We reviewed the classical description of thermodynam-
ics of higher-dimensional IHs in the last section. Now we
use the classical configuration as physical input to inves-
tigate the statistic mechanics of the higher-dimensional
quantum IHs via the microcanonical ensemble.

To begin with, we describe the bulk with the (D + 1)-
dimensional LQG with the structure group SO(D + 1)
which was established in [28-31]. The phase-space vari-
ables are SO(D + 1) connection A,;x and its conjugate
momentum 7K, where a,b=1,...,D are the tensor
indices on a spatial slice £ and I,K =0,...,D are the
internal SO(D + 1) indices. The reason for choosing SO
(D + 1) instead of SO(D) as the gauge group is to match
the degrees of freedom of the connection and its conjugate
momentum [28]. In the (D + 1)-dimensional LQG, in
addition to the Gauss, spatial diffeomorphism and scalar
constraints, the simplicity constraints are imposed to form a
first-class system. After the simplicity constraints are
solved, the remaining degrees of freedom [48] on each
edge are depicted by the Hilbert spaces labeled by a non-
negative integer J. The dimension of the J-space reads

(J+D-2)1(2]+D—1)
J(D=1)!

(3.1)

dim(z;) =

Here the integer J plays a role somewhat like the half-
integer j labeling the representation space of SU(2), the
structure group of the four-dimensional LQG. In (D + 1)-
dimensional LQG, the discrete spectrum of its (D — 1)-
dimensional area operator reads [30]

(3.2)

Ap-i =87Ghyy \JI(J+D-1).
J

For the (nonrotating) IH, it is described by the SO
(D + 1) Chern-Simons theory as shown in [49,50]. In this
theory, a quantum state of the IH is a set of punctures on it
where each of these punctures carries a real number. Now,
let us identify the boundary of the bulk with the IH. The
boundary condition requires that spin network edges in the
bulk intersect the IH at the punctures. Thus, each puncture
inherits an integer J from the edge intersect it. The IH area
A then is proportional to the summation of those real
numbers required by the boundary condition. Let s; be the
number of punctures with the integer J. A quantum
configuration is given by the sequence {s;}. Applying
the strategy given in [24], one has the following constraint
on {s;}

i S VITFB=T]s, -
CZ: ZSJ:N
J

where N denotes the total number of the punctures.
Moreover, the number of states d[{s;}]| associated with
the configuration {s;} is

fD — . (33)

(3.4)

dlfs,)] = 'Hs '{J+D—2)!(2J+D—1)

JI(D=1)!
(3.5)

The configuration which maximizes the entropy
log(d[{s,}]) and subjects it to the above two constraints
is exactly what we are looking for. Thus, we have the
variational equation

Slog(d[{s;}]) — 46C; — 66C, = 0, (3.6)
where 1 and o are the two Lagrange multipliers. By using
Stirling’s approximation formula

logN!~ N(logN — 1) (3.7)

we can obtain the dominant configuration
D-2)!1(2J+D -1
Sr ( + )27 + )e—,l J(J+D=1)—¢ (3.8)
N JI(D-1)!
Summing over all possible J, we get
—UZ (J+D-2)!(2/+D-1) e—IUHD=T) _ 4
5 JY(D-1)!
(3.9)
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by which we can solve ¢

B J+D-=-2)!2J+D-1) _, 557p-1)
"_log[; J(D—1)! ¢ '

(3.10)

Let d denote the number of states associated with the
dominant configuration. Then d can be calculated with
Eq. (3.5) once we replace s; therein by that given in
Eq. (3.8). Applying the Stirling’s approximation formula
again, with a straightforward calculation, we get the
entropy approximated by

A

A———>=—+0oN.
8rytB! o

S =logd = (3.11)

where ¢ depends on A due to Eq. (3.10).
The Lagrange multiplier A can be expressed as a function

of the inverse temperature f = ( a“’ES )N once we differentiate

Eq. (3.11) and employ Eq. (2.6). Then, we get

A = yhxyp. (3.12)
As explained in the last paragraph in Sec. II, the surface
gravity and hence the Hawking temperature can be defined
on the horizon properly (The constant dilation of the
temperature is usually fixed to 1 in the literature [13]).
Note that the system we consider is the horizon itself. Thus
we can use the Hawking temperature as the system
temperature. Setting temperature T as in Eq. (2.8), one
could get the Lagrange multipliers A as 1= 2xy.
Substituting the value of 4 into Eq. (3.10), ¢ can thus be
obtained. Now, in terms of the free parameter y in LQG, we
can express entropy as

A
§ = 5=+ No(y),

47071 with

(3.13)

{Z J+D 2 2J+D—1) o2\ /IT+D1)
—1)! '
7

(3.14)

One could see that o(y) plays the role of the chemical
potential y by its definition

as
Hon

hKH

=-——0a(y).

E 27

The chemical potential depends on y through the Lagrange
multiplier 6. As shown in (3.14), y performs as an
exponential decay power. Thus, the larger value of y
implies the smaller value of ¢. Differentiating Eq. (3.13)
and replacing dA by dEy via (2.6), we get the first law

dEy = TydS + udN. (3.16)

Substituting energy (2.5) into (3.13), one could get the
entropy at the quantum level as S = oN. The
coefficient (D —2)/(D — 1) is caused by the dependence
of the temperature on the horizon mass, which matches the
one in the classical formula (2.7). We get a different integral
formula of the first law with the one in Ref. [24] when
D + 1 = 4, since the universal temperature is employed in
that article while we use the Hawking temperature.
Compared with the classical one (2.9), the quantum entropy
(3.13) contains the extra term No. This term is interpreted
as a quantum hair as in Ref. [24]. This interpretation is
convincing since N is the total number of the punctures in
the quantum description of the IH and thus has no classical
correspondence. Up to the term of the quantum hair, the
entropy (3.13) is consistent with the semiclassical
Bekenstein-Hawking formula.

For large BHs, the chemical potential x and, thus, o
which is proportional to p should approach O as the
classical limit to achieve equilibrium [24]. In other words,
y takes the value such that ¢ — 0 as N — . Hence, we
obtain by Eq. (3.10)

277 /J(J+D-1) _ 1,

Z(J+D-2)!(21+D—1) G

J(D=1)!

which determines the value of y in higher dimen-
sional LQG.

IV. ANALYSIS OF IMMIRZI PARAMETER IN
HIGHER-DIMENSIONAL LOOP QUANTUM
GRAVITY

As the most crucial free parameter in LQG, the Immirzi
parameter occurs in the spectrums of geometric operators
and the Spin Foam dynamics. The Immirzi parameter canot
be fixed by LQG individually. In the last section, we obtain
the equality (3.17) that the Immirzi parameter should
satisfy by comparing the statistic entropy and the
Bekenstein-Hawking entropy. Solving this equality, we
can now analyze the value of the Immirzi parameter in
higher dimensions. In Fig. 1, we show the value of y for
4 <D+ 1<50. As shown therein, for D = 3, one gets
y = 0.195177. This result is different from the one obtained
in previous papers (see e.g., [14,19,24,26]), because we use
a different gauge group in order to adapt the higher-
dimensional LQG. Moreover, as shown in Fig. 1, the
Immirzi parameter increases first and then decreases as
the dimension increases. y takes the maximal value y,,,x, =
0.197360 at D + 1 = 6.
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FIG. 1. The values of Immirzi parameter in (D + 1)-dimensional
spacetime.

V. THE STATISTIC MECHANICS OF QUANTUM
IH WITH U(1) GAUGE GROUP

There are two widely acknowledged choices of the gauge
group of the Chern-Simons description of the quantum IH
in four-dimensional spacetime, namely SU(2) and U(1). In
Sec. III, we have extended the SU(2) case to SO(D + 1) to
derive the entropy and the first law of the quantum IH in
D + 1 dimensions via the method proposed in Ref. [24]. In
this section, we will apply the same strategy to the U(1)
case. In this case, the induced boundary degrees of freedom
could be described by U(1) Chern-Simons theory at the
classical level [13]. Due to the boundary condition, count-
ing the number of the U(1) Chern-Simons states converts to
counting the number of the magnetic number sequences
(my, m,,---) under some constraints [13,26], where m;
belongs to {—j;,—j; +1,...,j;} and is a nonzero half
integer. Denote the number of punctures carrying the
quantum magnetic number k by s;. The constraints that
the sequence (my, m,,---) satisfies are

/A A
Cl' zk:\/|k|(|k|+1)skﬁm, (51)
Cy: Y si=N, (5.2)
k
(5.3)

Cy: ) ks =0,
k

where C| and C} are the analogues of C; and C, in the
SO(D + 1) case and C; means that the sum of the angle
deficits caused by the punctures vanishes modulo 4z in the
U(1) case [13]. Moreover, for the number d[{s;}] of the
microstate with the configuration {s;}, one has

dl{s;}] = N!Hf—:;. (5.4)
L

To find the configuration which maximizes the value of
log d[{s;}] under the above constraints, one could still
implement the variational method where the inequality
constraint (5.1) is dealt with by the Karush-Kuhn-Tucker
(KKT) conditions [51,52]. More precisely, we construct the
Lagrangian function as

L =logd[{s;}] —AC| — 6C} — wC%, (5.5)
with the Lagrangian multipliers 4, o, and ®. Then,
according to the KKT conditions, the configuration we
are looking for turns out to be the solutions of constraints

> C4, and C} and the following equations

log(2N) —log s, — A/ |k|(Jk| +1) —o —wk =0, (5.6)
220, (5.7)
A(;\/|k|(|k| + 1““8;:?5’3,) =0. (5.8)

There are two types of solutions: (i) If the solution s; is in

the interior of the region restricted by C/, it is called the

interior solution. In this case, the constraint Eq. (5.1) is

ineffective and 4 = 0. (ii) If the solution is on the boundary

of the region restricted by C, it called the boundary

solution. In this case, Eq. (5.1) is effective and 1 # 0.
Equation (5.6) gives

SNk — 26—/1\/|k|(|k\+1)—6—wk_ (59)
Substituting it into the constraint (5.3), we get
Zke—i |k|(|k|+1)—o—wk
k
=) |ke VK=o (gmolll — eolkl) = 0. (5.10)

Ikl

Since |k|e™*V K(K+1)=¢ 0 for any nonzero k and the sign

of ekl — ¢»¥l js independent of k, the above equation
holds if and only if @ = 0. Then Eq. (5.9) is simplified to

% — 2~V IK(k+1)=o (5.11)
Summing over all possible k, we get
1
- =/IkI(kl+1) — — 5.12
7S . (5.12)

k

Now let us analyze which type the solution belongs to.
If (5.11) is an interior solution, A must be zero. Then,
sp =2Ne . Summing over all k, we get Y ,e™° =1
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Since there are infinitely many terms in this summation and
o is a constant independent of k, one cannot find a solution
for 0. Therefore, the solution (5.11) can only be a boundary
solution. Substituting the solution (5.11) into Eq. (5.4), the
approximated entropy is given as

+ oN.

s = logdl{si}] = 4 4 (5.13)

nyt

Setting the energy and the temperature as the Komar mass
and the Hawking temperature respectively, we can get the
entropy in the U(1) case as

A
S = o7+ Nop),  with (5.14)
P
o(y) = log {226_2”7’\/ kmk“)} . (5.15)
k

The first law is dEy = TydS + udN with the chemical
potential 4 = =T yo(y). The entropy and the first law take
the same formula as the ones in the SU(2) case in regardless
of the expression of o(y).

As explained above Eq. (3.17), the chemical potential
must be zero classically. It determines the value of Barbero-
Immirzi parameter through

S em2er/RITR) 1 (5.16)
2 9
k

where k € N/2 and k # 0. The approximated value of
the Barbero-Immirzi parameter is y =~ 0.2375. This value
matches the previous results in Refs. [14,26] by the U(1)
state-counting method.

VI. CONCLUSION

The statistically mechanical calculation of the thermody-
namical properties of nonrotating isolated horizons is studied
in the framework of LQG. By employing the Hawking
temperature and horizon mass of IHs, we establish the
microcanonical ensemble associated with the system and
extend the first law of quantum IH with SU(2) gauge group
in four-dimensional spacetime to the (D + 1)-dimensional
case with SO(D + 1) group and four-dimensional case
with U(1) group, that is, dEy = TpdS + udN. It turns
out that the higher-dimensional BH entropy and other
thermodynamical quantities can be computed and consistent
with well-known Hawking’s semiclassical analysis. As a
byproduct, the quantum hair of puncture N has originated
from the underlying quantum geometry, and hence, the first
law of classical isolated horizons does not possess this term.
Therefore, the only natural value of the chemical potential is

zero at the classical level. This in turn fixes the value of the
Immirzi parameter (3.17) in higher-dimensional LQG.

Nonperturbative quantum theories of gravity with differ-
ent values of y are not equivalent to each other, even though
they could emerge the same classical theory. It means that
physical input is needed to fix this free parameter. The role
of the Immirzi parameter played in quantum gravity itself
has already been a research topic [53-55], which is still
understudying. In this paper, the Immirzi parameter affects
the BH entropy through the quantum hair term, instead of
the term proportional to the horizon area as in the earlier
methods for calculating BH entropy in LQG did in four-
dimensional cases [13,18] and higher-dimensional cases
[50,56]. The primary reason for this difference is the
various state counting method used in the literature. Let
us try to give a reasonable understanding of this new role.
Since different quantum theories with different values of y
should emerge the same classical theory, a naive perspec-
tive is that y should affect entropy as quantum correction so
that it disappears in the classical limit. This is exactly the
new role of y played in the entropy (3.13), which is first
proposed in Ref. [24] and extended to higher-dimensional
nonrotating IH in this article. In four-dimensional space-
time, different choices of gauge groups of boundary states,
ie., SOD + 1 =4), U(1l) and SU(2), determine the differ-
ent values of Barbero-Immirzi parameter through the spin
distributions (3.8), (5.11) and the one in Ref. [24]. This
means that different gauge groups lead to different spin
distributions but give the same leading term of the number
of microstates for a given horizon area. The differences
among subleading terms in the cases of different gauge
groups are worth further study.

This article only concerns the equilibrium state of BHs;
we embed the BH into the Hartle-Hawking vacuum and
keep its area and, hence, mass fixed; therefore, black hole
evaporation is not involved. LQG and its symmetric-
reduced models give discrete BH mass [57-60]. It offers
the possibility of realizing Hawking radiation in the
framework of LQG.
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