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Once famous and a little mysterious, Alday-Gaiotto-Tachikawa (AGT) relations between Nekrasov
functions and conformal blocks are now understood as the Hubbard-Stratanovich duality in the Dijkgraaf-
Vafa (DV) phase of a peculiar Dotsenko-Fateev multilogarithmic matrix model. However, it largely remains
a collection of somewhat technical tricks, lacking a clear and generalizable conceptual interpretation. Our
new claim is that the Nekrasov functions emerge in matrix models as a straightforward implication of
superintegrability, factorization of peculiar matrix model averages. Recently, we demonstrated that, in the
Gaussian Hermitian model, the factorization property can be extended from averages of single characters to
their bilinear combinations. In this paper, we claim that this is true also for multilogarithmic matrix models,
where factorized quantities are just the point-split products of two characters. It is this enhanced
superintegrability that is responsible for existence of the Nekrasov functions and the AGT relations. This
property can be generalized both to multimatrix models, thus leading to AGT relations for multipoint
conformal blocks, and to DV phases of other non-Gaussian models.

DOI: 10.1103/PhysRevD.106.126004

I. INTRODUCTION

Once upon a time, in [1], we explained that the most
important reason for Nekrasov functions [2] and Alday-
Gaiotto-Tachikawa (AGT) relations [3] to exist are the
Kadell formulas [4–6] for the Selberg integrals [7], i.e.,
factorization of pair averages of Schur functions with the
double-logarithmic Selberg measure (see Sec. III A 2),

hSR0 fpk þ vg · SR00fpkgi

≡YN
i¼1

Z
1

0

dxixui ð1 − xiÞvΔ2ðxÞSR0 fpk þ vgSR00 fpkg ð1Þ

with pk ¼
P

N
i¼1 x

N
i . The Nekrasov function is nothing but

N R0R00 ¼ hSR0 fpkþvg ·SR00 fpkgiþhSR0 fpkþvg ·SR00fpkgi−
ð2Þ

with two different sets of the u, v variables denoted byþ and
−, or with two different integration contours, associated with

the Dijkgraaf-Vafa (DV) phase of the three-logarithm matrix
model [8].
Nowadays we identified the property that an average of

Schur-like functions (characters) is factorized into a product
of similar functions as superintegrability, pertinent to
specific class of matrix and string models; see [9] for a
recent review and an ample list of references. This factori-
zation strengthens the usual integrability of matrix and
eigenvalue models [10], and, generically, of any nonper-
turbative functional integrals [11], and resembles the close-
ness of orbits for quadratic and Coulomb potentials, which
are peculiar superintegrable cases of the generically inte-
grable motion in any central potential [12].
It is a natural question to ask what is the connection of

these two properties, and if the Selberg measure possesses
some enhanced superintegrability, which applies to pair
correlators of characters and is responsible for the very
existence of the (still partly mysterious) Nekrasov calculus.
The latter deals with the Nekrasov functions, which are
nicely factorized quantities providing a new class of objects
in representation theory; the Nekrasov functions are still
awaiting a clear nontechnical definition.
The usual problem with pair correlators is that the

product of characters is expanded in characters, but gives
rise to a linear combination with sophisticated Littlewood-
Richardson coefficients, not to a single term [13]. Thus,
within the superintegrable context, the average is also a
linear combination of factorized quantities, which is not
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expected to, and generically does not, factorize. The
Kadell formulas, however, demonstrate that, for a par-
ticular double-logarithmic Dotsenko-Fateev matrix model
[8,14], they do, at the expense of a simple point-splitting
by v in (1). This is a drastic simplification as compared to
the recently analyzed Gaussian Hermitian model where
certain bilinear combinations of characters were also
shown to factorize [15], but the simple point-splitting
interpretation is not available.
In fact, after the β deformation (and further after the full-

fledged q, t deformation) factorized are both pair correla-
tors of the Jack polynomials and also the averages of
generalized Jack polynomials, and these latter are respon-
sible for the emergence of the standard Nekrasov functions.
In this paper, we propose to call the Nekrasov function a

product of two different Dijkgraaf-Vafa (DV) blocks, which
are defined to be a bilinear combination of characters
(symmetric functions) factorized with a proper averaging.
This allows us to associate a matrix (eigenvalue) model
with a given set of Nekrasov functions. The DV blocks
giving rise to the standard Nekrasov functions are obtained
as averages of point-split bilinear products of two Schur
functions in the nondeformed case, and as averages of
generalized Jack polynomials, which are bilinear combi-
nations of the Jack polynomials in the deformed one.We
also consider other factorized averages of simple bilinear
combinations of characters; they can be also associated
with Nekrasov functions, and we explain what matrix
(eigenvalue) models they give rise to.
This means that the notion of Nekrasov function turns

out to be intimately related to factorization properties of
averaging, and this is exactly what is known under the
name of superintegrability of matrix models. Moreover, the
Nekrasov functions are related this way with a more subtle
avatar of superintegrability, with the factorization property
of bilinear correlators of characters. The latter is basically a
new issue in superintegrable theories.
The paper is organized in the following way. In Sec. II, we

consider the matrix model with potential that is a sum of
three logarithm terms. This model is a Dijkgraaf-Vafa type
model, and it leads to the standard Nekrasov functions,
which we demonstrate in Sec. III. In Sec. IV, we discuss the
β deformation of this matrix model, and realize that the
corresponding Nekrasov functions are given by averages of
the generalized Jack polynomials. At last, in Sec. V, we
discuss eigenvalue models that originate from the Nekrasov
functions associated with averages of point-split products of
Jack polynomials, and with the matrix model emerging from
the Nekrasov functions associated with factorized bilinear
correlators in the Gaussian matrix model. Section VI con-
tains some concluding remarks.
Altogether, we reproduce results about logarithmic

models, which are partly known from [1,4–6,16–18] but
now we rewrite and interpret them differently. This new
interpretation provides us with a unified look at Nekrasov

functions: as factorized bilinear character correlators. This
gives rise to various new generalizations mostly discussed in
Sec. V, and, no less important, to links with nonlogarithmic
matrix models in Sec. V B, where factorization is far less
obvious and technically more involved.
One of the applications that we discuss in Sec. V is an

explicit solution of the conformal matrix models (70)
[19,20]. These kinds of models emerged in various physical
contexts, particularly, in the double scaling limit; they
describe 2d gravity interacting with conformal matter,
minimal models, i.e., rational string theories with the central
charge less than 1 [20]. These models are also nothing but
the ADE matrix models, which were introduced in [21,22].
We considered only the case of two matrix model; the
extension to arbitrary ranks is immediate. Note that, while
complete solutions (in terms of symmetric functions) of
many one matrix models has been found so far [9], to the
best of our knowledge, this is the first time that a complete
solution of a multimatrix models is found.
Put differently, (i) we start from bilinears in characters

that have factorized averages; (ii) this allows us to construct
DV blocks; (iii) products of two DV blocks define Nekrasov
functions; (iv) this gives rise to a matrix or eigenvalue
model. The construction immediately extends to multilinear
products of DV blocks. This is one of the main new results
of this paper.
Another new result is expressed in formulas (47), (59),

and (78). It supports our conjecture that the factorized
averages of bilinears of characters are expressed through
the same characters.
Notation.—Throughout the paper, we use the notation

SRfPkg for the Schur functions [13]. It is a graded
symmetric polynomial of variables ξi, or of the power
sums Pk ¼

P
i ξ

k
i . The Schur functions are labeled by

partitions (Young diagrams) R∶R1 ≥ R2 ≥ … ≥ Rl with lR
parts (lines of the diagram), jRj ≔ P

i Ri. We also use the
notation SRfxg ≔ SRfPk ¼ xg and dR ≔ SRfδk;1g.
Similarly, we use the notation JRfPkg for the Jack poly-
nomials [13]. We normalize the Jack polynomials as in
[23]. We denote skew Schur function SR=QfPkg and skew
Jack polynomials JR=QfPkg.

II. DV PHASES OF THE THREE-LOGARITHM
MODEL

A. DV phases of matrix models

Consider the Hermitian one-matrix model with a potential
VðHÞ,

ZNfV;Pkg∼
Z

dH exp

�
−TrVðHÞ þ

X
k

Pk

k
TrHk

�
; ð3Þ

where the integration goes over theN × N matrixH, and dH
is the Haar measure on Hermitian matrices. The integral is
understood as a power series in variables Pk’s, hence it is
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given by moments of invariant polynomials of H with
measure exp ð−TrVðHÞÞ. As soon as the integrand of (3) is
an invariant function, one can integrate over the angular
variables to obtain [24]

ZNfV;Pkg∼
YN
i¼1

Z
dhi exp

�
−VðhiÞ þ

X
k

Pk

k
hki

�
Δ2ðhÞ;

ð4Þ
where hi’s are eigenvalues of matrix H, and ΔðhÞ is the
Vandermonde determinant. The integration contour is
chosen in such a way that the integral converges.
The Dijkgraaf-Vafa phase [25–27] emerges when the

potential VðhÞ possesses several different extrema at points
h ¼ αr, r ¼ 1;…; s. Then [28–30], there are s different
independent integration contours Kr such that the integral
(4) converges. These contours definitely form a linear space,
since one may choose a linear combination of them. In fact,
one may define the DV partition function so thatNr out ofN
eigenvalues hi are integrated alongKr. TheseNr serve as the
s additional moduli, if the answer is analytically continued
from the integer values ofNr to arbitrary ones. Thus, one can
define the Dijkgraaf-Vafa partition function ZN1;…;Ns

ftkg as
a matrix (or, better to say, eigenvalue) model with s different
integration contours so that

P
s
r¼1Nr ¼ N integration var-

iables hi are parted into s subsets which we denote by the
superscript of h: the eigenvalues with i ¼ 1;…; N1 are

integrated over K1, we denote them hð1Þi , i ¼ 1;…; N1;
those with i ¼ N1 þ 1;…; N1 þ N2 are integrated over K2,

we denote them hð2Þi , i ¼ 1;…; N2, etc.:

ZN1;…;Ns
fPkg ∼

Ys
r¼1

YNr

i¼1

Z
Kr

dhðrÞi

× exp

�
−VðhðrÞi Þ þ

X
k

Pk

k
ðhðrÞi Þk

�
Δ2ðhÞ:

ð5Þ
In this paper, we mostly concentrate on the case of

potential with two minima, and consider partition functions
at Pk ¼ 0 so that they are just functions of parameters of the
potential VðhÞ and of N1, N2, and apply the technique of

superintegrability. The case of nonzero Pk’s requires further
refinement of superintegrability approach (see, e.g., [31]),
and will be discussed elsewhere.

B. Three-logarithm model

In order to demonstrate the phenomenon that we discuss
throughout the paper, we consider the matrix model with the
potential that is a sum of three logarithms, since this model
admits very explicit calculations. This model is inherited
from the Dotsenko-Fateev [32] representation [8,14,33] of
the conformal blocks in 2d conformal field theory, and is
given by the matrix integral overN × N Hermitian matrixH

ZNðfαag; fwagÞ ∼
Z

dH exp

�
Tr

�X3
i¼a

αa logðH − waÞ
�
:

ð6Þ

Here dH is the Haar measure on the Hermitian matrices, and
fαa; wag, a ¼ 1, 2, 3 are parameters. By a rescaling and a
constant shift of H, one can achieve w1 ¼ 0, w2 ¼ 1, and
we will denote w3 ≔ w.
After integrating out the angular variables, one can

reduce this matrix integral to the integral over eigenvalues
of H

ZNðfαag;wÞ∼
YN
i¼1

Z
dhih

α1
i ð1−hiÞα2ðw−hiÞα3Δ2ðhÞ: ð7Þ

Partition function (7) is associated with the potential

VðhÞ ¼ α1 log hþ α2 logð1 − hÞ þ α3 logðw − hÞ: ð8Þ

This potential has two minima, and, in accordance with the
general rule above, there are two independent contours. We
choose them to be C1 ≔ ½0; w� and C2 ≔ ½1;∞Þ. Thus, the
N integrations in (7) are parted between these two contours.
Let us assume Nþ variables hi, i ¼ 1;…; Nþ run over
contour C1, and the remaining N− ¼ N − Nþ, over contour
C2, and change the variables: hi ¼ wxi, i ¼ 1;…N1,
hN1þj ¼ y−1j . Then, integral (7) becomes

ZN1;N2
ðfαag;wÞ ¼ C ·

YNþ

i¼1

Z
dxix

α1
i ð1 − xiÞα3ð1 − wxiÞα2Δ2ðxÞ

×
YN−

j¼1

Z
dyjy

−α1−α2−α3−2N
j ð1 − yjÞα2ð1 − wyjÞα3Δ2ðyÞ ×

Y
i;j

ð1 − wxiyjÞ2 ð9Þ

and we fix the normalization C so that ZN1;N2
ðfαag; 0Þ ¼ 1. Later on, we use the traditional notation uþ ¼ α1, vþ ¼ α3,

u− ¼ −α1 − α2 − α3 − 2N, v− ¼ α2 so that there is a constraint for these four variables

2N þ uþ þ vþ þ u− þ v− ¼ 0: ð10Þ
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C. Selberg model as an elementary building block

The representation (9) of the three-logarithm model implies that it can be constructed from the two building elementary
blocks, which we will call the DV building blocks, each of them being associated with one concrete contour. In other words,
we represent (9) as an average in two distinct matrix models of the usual (non-DV) type:

ZN1;N2
ðu�; v�;wÞ ≔

��YNþ

i¼1

ð1 − wxiÞv−
YN−

j¼1

ð1 − wyjÞvþ
YNþ

i¼1

YN−

j¼1

ð1 − wxiyjÞ2
�

þ

�
−

ð11Þ

where the two matrix model averages are given by Selberg-type integrals

hfiþ ¼
Z

1

0

dx1…
Z

1

0

dxNþ

Y
i<j

ðxi − xjÞ2
Y
i

xuþi ðxi − 1Þvþfðx1;…; xNþÞ

hfi− ¼
Z

1

0

dy1…
Z

1

0

dyN−

Y
i<j

ðyi − yjÞ2
Y
i

yu−i ðyi − 1Þv−fðy1;…; yN−
Þ ð12Þ

and the averages are as usual normalized in such a way that h1iþ ¼ h1i− ¼ 1.
In order to calculate this average, we use the transformation [34]

YNþ

i¼1

ð1 − wxiÞv−
YN−

j¼1

ð1 − wyjÞvþ
YNþ

i¼1

YN−

j¼1

ð1 − wxiyjÞ2

¼ exp

�
−
X∞
k¼1

wk

k
p̃kðpk þ vþÞ

�
exp

�
−
X∞
k¼1

wk

k
pkðp̃k þ v−Þ

�
; ð13Þ

where pk ¼
P

i x
k
i and p̃k ¼

P
i y

k
i .

Using the Cauchy identity, the right-hand side of (13) can be expanded to a sum bilinear in the Schur functions:

exp

�
−
X∞
k¼1

wk

k
p̃kðpk þ vþÞ

�
exp

�
−
X∞
k¼1

wk

k
pkðp̃k þ v−Þ

�

¼
X
R0;R00

wjR0jþjR00jSR0 f−pk − vþgSR00fpkgSR0fp̃kgSR00f−p̃k − v−g: ð14Þ

Now the averages in (11) split into products of two Selberg averages [1]:

ZN1;N2
ðu�; v�;wÞ ¼

X
R0;R00

wjR0jþjR00jhSR0 f−pk − vþgSR00 fpkgiþhSR0 fp̃kgSR00 f−p̃k − v−gi−|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Nekrasov functions

: ð15Þ

These Selberg averages are factorized due to the superintegrability, and are called Nekrasov functions.
Hence, this illustrates our general approach to the DV type matrix model: one first has to part the partition function of this

matrix model into DV building blocks and then, using superintegrability to evaluate contributions of factors mixing between
the parts. These contributions are typically presented as a series in (factorized) expressions, which are called Nekrasov
functions. These mixing terms can be dealt with in different ways, each of them leading to a different set of Nekrasov
functions. The invariant notion is the DV matrix model, and, in this concrete case, the integral (11) can be associated with
the Losev-Moore-Nekrasov-Shatashvili integral [35], or with the 4-point conformal block [3], while the Nekrasov functions
are associated with a very concrete expansion of these.

III. NEKRASOV FUNCTIONS AND THREE-LOGARITHM MODEL

A. Factorization of double correlators

In this section, we demonstrate that superintegrability implies a factorization of proper double correlators of the Schur
functions, which allows one to rewrite (15) as an explicit series with coefficients being the standard Nekrasov functions.
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First of all, note that superintegrability implies that the single average is factorized (as usual, our normalization of
measure is such that h1i ¼ 1) [4,5]:

hSRfpkgi ≔
YN
i¼1

Z
1

0

dxixui ð1 − xiÞvΔ2ðxÞSR
�
pk ¼

X
i

xki

�
¼ SRfNg · SRfN þ ug

SRf2N þ uþ vg : ð16Þ

1. Factorization property of double correlators

The product of two characters is a sum of characters with the coefficients made from the Littlewood-Richardson
coefficients and the skew-characters at the point-splitting parameter ζ:

SchurR0 fpg · SchurR00fpþ ζg ¼ SchurR0 fpg ·
X
Q

SchurQfpg · SchurR00=Q½ζ�

¼
X
R

�X
Q

NR
R0Q · SchurR00=Q½w�

�
· SchurRfpg; ð17Þ

where NR
R0Q are the Littlewood-Richardson coefficients. The question is what is so special about the coefficient in brackets,

and why is it so nicely adjusted to the Selberg measure in (1)?
Nothing of this kind happens in the Gaussian Hermitian matrix model: point splitting is not enough to make pair

correlators factorized, e.g.,

hSchur½2�fpg · Schur½2�fpþ ζgiGH ¼ hSchur½4�iGH þ hSchur½31�iGH þ hSchur½22�iGH
þ ζ · hSchur½3�iGH þ w · hSchur½21�iGH|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

0

þ ζðζ þ 1Þ
2

· hSchur½2�iGH ¼ NðN þ 1ÞðN2 þ N þ ζ2 þ ζ þ 4Þ
4

ð18Þ

which does not factorize for any reasonable choice of ζ, while the same average in the Selberg case is much more
complicated for generic ζ, but is nicely factorized for ζ ¼ v:

hSchur½2�fpg · Schur½2�fpþ ζgi ¼ hSchur½4�i þ hSchur½31�i þ hSchur½22�i

þ ζ · hSchur½3�i þ ζ · hSchur½21�i þ
ζðζþ 1Þ

2
· hSchur½2�i

¼ NðN þ 1ÞðN þ uÞðN þ uþ 1ÞðN þ vÞðN þ vþ 1ÞðN þ uþ vÞðN þ uþ vþ 1Þ
4ð2N þ uþ vÞ2ð2N þ uþ v− 1Þð2N þ uþ vþ 3Þ : ð19Þ

A simpler version of the latter example is factorization for ζ ¼ v of the average

hSchur½1�fpg · Schur½1�fpþ ζgi ¼ hSchur½2�i þ hSchur½1;1�i þ ζ · hSchur½1�i

¼ NðN þ uÞðN þ vÞðN þ uþ vÞ
ð2N þ uþ vþ 1Þð2N þ uþ v − 1Þ ; ð20Þ

where the expression for generic w is short enough to be presented, see (21) below. This example is not interesting in the
Gaussian case: the average is just N, because hSchur½1�iGH ¼ 0, as all Gaussian averages of the Schur functions for the
diagrams of odd sizes.
In fact, there are bilinears in the Gaussian model, which are factorized, but they are more complicated [15] (see Sec. V B).

Thus bilinear factorization has a chance to be a generically present enhancement and even corollary of superintegrability,
but only in the Selberg case it is described by a point-splitting.
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2. Factorized double correlators

Now let us concentrate on the double correlators of the Selberg averages. The simplest example is

YN
i¼1

Z
1

0

dxixui ð1 − xiÞvΔ2ðxÞS½1�fpgS½1�fpþ ζg

¼ Nðuþ NÞΞ
ðuþ vþ 2N − 1Þðuþ vþ 2NÞðuþ vþ 2N þ 1Þ

Ξ ≔ ζðuþ vÞ2 þ Nðuþ vÞðuþ 4ζÞ þ ð4N2 − 1Þζ þ 2N3 þ 3N2uþ ðN2 þ 1Þv: ð21Þ

This expression is factorized at ζ ¼ v:

Ξ ¼ ðvþ NÞðuþ vþ NÞðuþ vþ 2NÞ: ð22Þ

The general formula at this value of ζ is still factorized [1,6]:

hSR0 fpk þ vg · SR00fpkgi≡
YN
i¼1

Z
1

0

dxixui ð1 − xiÞvΔ2ðxÞSR0 fpk þ vgSR00 fpkg

¼ ηR0R00

η∅∅

SR0 fvþ NgSR00 fuþ Ng
SR0 fNgSR00 fuþ vþ Ng ð23Þ

where

ηR0R00 ≔
Q

N
i<jðR0

i − i − R0
j þ jÞ ·QN

i<jðR00
i − i − R00

j þ jÞQ
N
i;jðuþ vþ 2N þ 1þ R0

i − iþ R00
j − jÞ : ð24Þ

Using the identity

η∅∅

ηR0R00
SR0 fxþ NgSR00 fxþ NgSR0 fNgSR00 fNg ¼ ð−1ÞjR0jGR00R0 ðxþ 2NÞGR0∨R00∨ð−x − 2NÞdR0dR00 ð25Þ

with

GR0R00 ðxÞ ≔
Y

ði;jÞ∈R0
ðxþ 1þ R0

i − iþ R00
j − jÞ ð26Þ

one obtains that

hSR0 fpk þ vg · SR00fpkgi ¼
ð−1ÞjR0jSR0fvþ NgSR00fuþ NgSR0fuþ vþ NgSR00 fNg

GR00R0 ðuþ vþ 2NÞGR0∨R00∨ð−u − v − 2NÞdR0dR00
: ð27Þ

This explains how to deal with a particular case of R0 ¼ ∅, when the double correlator is reduced to a single one: using
GR∅ðxÞ ¼ SRfxgd−1R , one obtains from (27) at R0 ¼ ∅ formula (16). Note also that GRR∨ð0Þ ¼ d−1R ; therefore one can
rewrite (27) in the form

hSR0 fpk þ vg · SR00fpkgi ¼
ð−1ÞjR0jSR0fvþ NgSR00fuþ NgSR0 fuþ vþ NgSR00 fNg

FR0R00 ðuþ vþ 2NÞd2R0d2R00

FR0R00 ðxÞ ≔ GR00R00∨ð0ÞGR00R0 ðxÞGR0∨R00∨ð−xÞGR0R0∨ð0Þ: ð28Þ

The denominator of (28) is proportional to z1=2vect, where zvect is the standard vector Nekrasov function,

zvectðR0; R00; xÞ ¼ FR0R00 ðxÞ2: ð29Þ
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Note that there is a simple rule of transposition of the Young diagram for the Schur function, which allows one to change the
sign of all time variables at once:

SR∨fpkg ¼ ð−1ÞjRjSRf−pkg: ð30Þ

Hence, formula (28) becomes in this case

hSR0 f−pk − vg · SR00fpkgi ¼
SR0 f−v − NgSR00 fuþ NgSR0f−u − v − NgSR00 fNg

FR0∨R00 ðuþ vþ 2NÞd2R0d2R00
: ð31Þ

B. Nekrasov functions and AGT

Now we can immediately evaluate (15). Indeed, from (31) one obtains

ZN1;N2
ðu�; v�;wÞ ¼

X
R0;R00

wjR0jþjR00j SR0∨fvþ þ NþgSR00 fuþ þ NþgSR0∨fuþ þ vþ þ NþgSR00 fNþg
FR0∨R00 ðuþ þ vþ þ 2NþÞd2R0∨d2R00

×
SR00∨fv− þ N−gSR0 fu− þ N−gSR00∨fu− þ v− þ N−gSR0 fN−g

FR00∨R0 ðu− þ v− þ 2N−Þd2R0d2R00∨
: ð32Þ

Using the notations

2μ1 ≔ vþ − uþ; 2μ2 ≔ vþ þ uþ; 2μ3 ≔ v− − u−; 2μ4 ≔ v− þ u−; μ ≔ Nþ þ μ2 ¼ −N− − μ4 ð33Þ

and

zfðR; xÞ ≔
SRfpk ¼ xg

dR
ð34Þ

which describes contributions of the fundamental matter to the Nekrasov functions (μa’s are proportional to masses of the
fundamental hypermultiplets), one rewrites (32) in the standard Nekrasov form [1]

ZN1;N2
ðu�; v�;wÞ ¼

X
R0;R00

wjR0jþjR00j
Q

4
a¼1 zfðR0∨;μa þ μÞzfðR00∨;μa − μÞ

FR0∨R00 ðuþ þ vþ þ 2NþÞFR00∨R0 ðu− þ v− þ 2N−Þ
d2R0∨d2R00∨

d2R0d2R00

¼
X
R0;R00

wjR0jþjR00j
Q

4
a¼1 zfðR0∨;μa þ μÞzfðR00∨;μa − μÞ

FR0∨R00 ðuþ þ vþ þ 2NþÞ2
¼

X
R0;R00

wjR0jþjR00j
Q

4
a¼1 zfðR0;μa þ μÞzfðR00;μa − μÞ

zvectðR0; R00∨; 2μÞ
ð35Þ

since dR ¼ dR∨ and FR00∨R0 ðu− þ v− þ 2N−Þ ¼ FR00∨R0 ð−uþ − vþ − 2NþÞ ¼ FR0∨R00 ðuþ þ vþ þ 2NþÞ.

IV. β DEFORMATION OF THREE-LOGARITHM MODEL

Now we will consider the β-ensemble deformation of the three-logarithm matrix model. This example is important as an
illustration of an ambiguity of the Cauchy expansion when there are several natural bases of symmetric polynomials, and
only one of them leads to factorized quantities (or to Nekrasov functions). The model is now given by the integral

Zβ
Nðfαag; wÞ ∼

YN
i¼1

Z
dhih

α1
i ð1 − hiÞα2ðw − hiÞα3Δ2βðhÞ

≔
��YNþ

i¼1

ð1 − wxiÞv−
YN−

j¼1

ð1 − wyjÞvþ
YNþ

i¼1

YN−

j¼1

ð1 − wxiyjÞ2β
�

þ

�
−

ð36Þ

with Selberg averages
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hfiþ ¼
Z1
0

dx1…
Z1
0

dxNþ

Y
i<j

ðxi − xjÞ2β
Y
i

xu−i ðxi − 1Þv−fðx1;…; xNþÞ

hfi− ¼
Z1
0

dy1…
Z1
0

dyN−

Y
i<j

ðyi − yjÞ2β
Y
i

yuþi ðyi − 1Þvþfðy1;…; yN−
Þ ð37Þ

and the constraint instead of (10) is

Nþ þ N− ¼ 1 − β−1 − ð2βÞ−1ðuþ þ u− þ vþ þ v−Þ: ð38Þ

We again use the transformation

YNþ

i¼1

ð1 − wxiÞv−
YN−

j¼1

ð1 − wyjÞvþ
YNþ

i¼1

YN−

j¼1

ð1 − wxiyjÞ2β

¼ exp

�
−β

X∞
k¼1

wk

k
p̃kðpk þ β−1vþÞ

�
exp

�
−β

X∞
k¼1

wk

k
pkðp̃k þ β−1v−Þ

�
ð39Þ

where pk ¼
P

i x
k
i and p̃k ¼

P
i y

k
i .

Now there are two different natural Cauchy expansions of this exponential into symmetric functions, which we discuss in
the next two subsections.

A. Double correlators of Jack polynomials

First of all, one can naturally expand (39) into the Jack polynomials

exp

�
−β

X∞
k¼1

wk

k
p̃kðpk þ β−1vþÞ

�
exp

�
−β

X∞
k¼1

wk

k
pkðp̃k þ β−1v−Þ

�

¼
X
R0;R00

wjR0jþjR00j JR0 f−pk − β−1vþgJR00 fpkgJR0 fp̃kgJR00 f−p̃k − β−1v−g
jjR0jj · jjR00jj ð40Þ

where

Gβ
R0R00 ðxÞ ≔

Y
ði;jÞ∈R0

ðxþ R0
i − jþ βðR00

j − iþ 1ÞÞ ð41Þ

and

kRk ≔
Ḡβ

R∨Rð0Þ
Gβ

RR∨ð0Þ
βjRj ð42Þ

with the bar over the functions denoting the substitution β → β−1.
The quantityGβ

RR∨ð0Þ can be interpreted as a β deformation of the product of the hook lengths over the Young diagram R,
when length of the vertical part of the hook is multiplied by β. At β ¼ 1,Gβ

RR∨ð0Þ is given by the usual hook formula, which

is evident already from the identity Gβ
RR∨ð0Þ ¼ d−1R .

The Jack polynomials, indeed, form a proper superintegrable basis for the Selberg β ensemble, since the Selberg average
of one Jack polynomial is factorized [4,5]:

hJRfpkgi ¼
YN
i¼1

Z
1

0

dxixui ð1 − xiÞvΔ2βðxÞJR
�
pk ¼

X
i

xki

�
¼ JRfNgJRfβ−1ðuþ 1Þ þ N − 1g

JRfβ−1ðuþ vþ 2Þ þ 2N − 2g : ð43Þ
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Similarly, there is a factorization of double correlators of the Jack polynomials [1,6] (see also [16]):

hJR0 fpk þ ρgJR00fpkgi ¼
ηβR0R00

ηβ∅∅

JR0 fvβ−1 þ N þ β−1 − 1gJR00 fuβ−1 þ N þ β−1 − 1g
JR0fNgJR00fuβ−1 þ N þ β−1 − 1þ ρg ð44Þ

where ρ ¼ β−1vþ β−1 − 1, and

ηβR0R00 ≔
Q

N
i<jðR0

i − iβ − R0
j þ jβÞβ ·

Q
N
i<jðR00

i − iβ − R00
j þ jβÞβQ

N
i;jðuþ vþ 2Nβ þ 2 − β þ R0

i − iβ þ R00
j − jβÞβ

ð45Þ

with

ðxÞβ ≔
Γðxþ βÞ
ΓðxÞ ð46Þ

being the Pochhammer symbol.
This expression can be also rewritten in the form

hJR00fpkgJR0fpk þ ρgi ¼ JR0fN þ ρghJR00 fpkgi ×
YN
i¼1

JR0fβ−1ðuþ 1þ R00
i Þ þ ρþ 2N − 1 − ig

JR0fβ−1ðuþ 1þ R00
i Þ þ ρþ 2N − ig : ð47Þ

Hence, the factorized average of properly normalized Jack polynomials is expressed completely in terms of the same Jack
polynomials, exactly in the spirit of the superintegrability approach.
Note that this formula is not suitable for calculating the averages of products of Jack polynomials in (40): first of all, the

shift of pk in the Jack polynomials in (47) is different from that in (40). Second, an additional minus sign in the argument of
JR in (40) cannot be removed just by transposition of the Young diagram as in the Schur case, since the transposition rule for
the ordinary Jack polynomial is

JRf−pkg ¼ ð−1ÞjRjkRk · J̄R∨fβpkg: ð48Þ

Because of it, expansion (40) does not lead to factorized Nekrasov functions, while (47) does, but they do not correspond to
the matrix model Zβ

Nðfαag; wÞ, (36). As we shall see in the sext subsection, in order to deal with exponentials in (40), one
needs other, more involved bilinear combinations of the Jack polynomials, which still give rise to factorized expressions.

B. Another deformation: Generalized Jack polynomials

Besides the β deformation that promotes the Schur functions to the Jack polynomials, there is another one that deforms
just the whole product SR00 fpkg · SR0 f−pk − vg replacing the product with generalized Jack polynomials (GJP). Since the
GJP are bilinear combinations of the Jack polynomials, one can just look at them as a proper candidate for bilinears that
have factorized averages.
The GJP, JR;Pfpk; p̃kjλg depends on two Young diagrams R and P, on two sets of variables pk and p̃k, and on some

spectral parameter λ. They are defined to be eigenfunctions of the Hamiltonian

ĤJR;Pfpk; p̃kjλg ¼ ΛRPðλÞ · JR;Pfpk; p̃kjλg

Ĥ ¼ β
X
n;m

�
ðnþmÞpnpm

∂

∂pnþm
þ ðnþmÞp̃np̃m

∂

∂p̃nþm

�
þ
X
n;m

�
nmpnþm

∂
2

∂pn∂pm
þ nmp̃nþm

∂
2

∂p̃n∂p̃m

�

þ ð1 − βÞ
X
n

�
ðn − 1Þnpn

∂

∂pn
þ ðn − 1Þnp̃n

∂

∂p̃n

�
þ λ1

X
n

npn
∂

∂pn
þ λ2

X
n

np̃n
∂

∂p̃n

þ 2ð1 − βÞ
X
n

n2pn
∂

∂p̃n
ð49Þ

with the eigenvalues
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ΛRPðλÞ ¼ λ1jRj þ λ2jPj þ 2
X

ði;jÞ∈R
ðj − 1 − βði − 1ÞÞ þ 2

X
ði;jÞ∈P

ðj − 1 − βði − 1ÞÞ ð50Þ

and λ1 − λ2 ¼ λ.
This Hamiltonian is not self-adjoint because of the last term. In fact, it is clear that the set of conjugated functions is

obtained from the GJP’s by interchanging ðpk; λ1; RÞ ↔ ðp̃k; λ2; PÞ [R and P have to be interchanged because of
formula (50)], which means that the dual (adjoint) set of polynomials J�R;Pfpk; p̃kjλg is1

J�R;Pfpk; p̃kjλg ≔ JP;Rfp̃k; pkj − λg: ð51Þ

These dual GJP’s are orthogonal to the GJP’s,

hJR;Pfpk; p̃kjλg; J�R0;P0 fpk; p̃kjλgi ¼ kRk · kPk · δRR0δPP0 ð52Þ

with respect to the scalar product

hpΔ1
p̃Δ2

jpΔ0
1
p̃Δ0

2
i ¼ β−lΔ1−lΔ1 zΔ1

zΔ2
δΔ1Δ0

1
δΔ2Δ0

2
: ð53Þ

Thus, we normalize the GJP in such a way that the Cauchy identity looks like

X
R;P

JR;Pfpk; p̃kjλg · J�R;Pfp0
k; p̃

0
kjλg

kRk · kPk ¼
X
R;P

JR;Pfpk; p̃kjλg · JP;Rfp̃0
k; p

0
kj − λg

kRk · kPk ¼ exp

�
β
X
k

pkp0
k þ p̃kp̃0

k

k

�
: ð54Þ

The GJP’s turn into the product of two Schur functions at β ¼ 1:

JR;Pfpk; p̃kjλgjβ¼1 ¼ SRfpkg · SPfp̃kg ð55Þ

so that the dependence on the spectral parameter disappears. Hence, the GJP can play a role of a deformation of the product
of two Schur functions. Now one can check that the superintegrability also survives for the GJP’s. In this case, one evaluates
the matrix model (Selberg) average of one GJP, which is a deformation of the product of two Schur functions. The GJP
counterpart (β deformation) of formula (31) becomes in this case (see also [17])

hJR0;R00 fpk;−pk − β−1vjλ�gi

¼ ð−1ÞjR0jþjR00jkR0k · kR00k
β2jR00j

JR0fβ−1ðuþ 1Þ þ N − 1gJR0fNgJ̄R00∨fNβ þ vgJ̄R00∨fβðN − 1Þ þ uþ vþ 1g
F β

R00∨R0 ðβ−1ðuþ vþ 1Þ þ 2N − 1ÞJ2R0fδk;1gJ̄2R00∨fδk;1g
ð56Þ

where

λ� ≔ 4Nβ þ 2ðuþ vþ 1 − βÞ ð57Þ

1This very simple relation is uplifted to a far more involved formula for the dual generalized Macdonald polynomials

M�
R;Pfpk; p̃kjQg ¼ MP;R

�
p̃k; pk −

�
1 −

t2n

q2n

�
p̃k

				Q−1
�

which follows from the Hamiltonian for the generalized Macdonald polynomials [36,37]

Ĥfp; p̄g ¼ resz¼0

�
exp

�X
n

ð1 − t−2nÞzn
n

pn

�
exp

�X
k>0

q2k − 1

zk
∂

∂pk

�

þQ−1 · exp

�X
n

ð1 − t−2nÞzn
n


�
1 −

t2n

q2n

�
pn þ p̃n

��
exp

�X
k>0

q2k − 1

zk
∂

∂p̃k

��
:
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and

F β
R00R0 ðxÞ ≔ Ḡβ

R00R00∨ð0ÞḠβ
R00R0 ðxÞḠβ

R0∨R00∨ð1 − β − xÞḠβ
R0∨R0 ð0Þ: ð58Þ

Similarly to (47), this formula is also expressed completely in terms of the Jack polynomials in the spirit of the
superintegrability approach:

hJR00;R0 fpk;−pk − ρ̄jλ�gi ¼ JR0 f−N − ρ̄ghJR00 fpkgi ×
YN
i¼1

JR0f−β−1ðuþ 1þ R00
i Þ − ρ̄ − 2N þ 1þ ig

JR0 f−β−1ðuþ 1þ R00
i Þ − ρ̄ − 2N þ ig ; ð59Þ

where we denoted ρ̄ ≔ β−1v in order to emphasize a resemblance of this formula and (47). Indeed, this expression is just
(47) with signs of arguments of JR0 properly changed and with the replacement ρ → ρ̄.
In the case of GJP, the transposition rule requires changing signs of the both sets of times:

JR∨;P∨fpk; p̃kjλg ¼ ð−1ÞlRþlP · kRk · kPk · J̄R;Pf−βpk;−βp̃kj − β−1λg ð60Þ

and the average hJR0;R00 fpk; pk þ constjλgi is not immediate to factorize.
Similarly, as follows from (51),

hJ�R0;R00 f−pk − β−1v; pkj − λ�gi ¼ hJR00;R0fpk;−pk − β−1vjλ�gi: ð61Þ

In the Appendix, we explain how one can technically check in concrete examples that these correlators are indeed
factorized.

C. Nekrasov functions and AGT

Now we are ready to present the three-logarithm β ensemble as a sum over factorized terms using the GJP. Indeed,

Zβ
N1;N2

ðu�; v�;wÞ ¼ð39Þ
��

exp
�
−β

X∞
k¼1

wk

k
p̃kðpk þ β−1vþÞ

�
exp

�
−β

X∞
k¼1

wk

k
pkðp̃k þ β−1v−Þ

��
þ

�
−

¼ð54Þ

¼
X
R0;R00

wjR0jþjR00j

kR0k · kR00k · hJR0;R00 fpk;−pk − β−1vjλþgiþ · hJ�R0;R00 f−pk − β−1v; pkjλþgi− ð62Þ

where we choose the spectral parameter (which can be freely chosen) to be λþ ≔ 4Nβ þ 2ðuþ þ vþ þ 1 − βÞ. Note that it
follows from (38) that this λþ ¼ −4Nβ − 2ðu− þ v− þ 1 − βÞ ¼ −λ−. Hence, one can finally write

Zβ
N1;N2

ðu�; v�;wÞ

¼
X
R0;R00

wjR0jþjR00jhJR0;R00 fpk;−pk − β−1vjλþgiþ · hJ�R0;R00 f−pk − β−1v; pkj − λ−gi−
kR0k · kR00k

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{Nekrasov functions

¼ð56Þ;ð61Þ

¼
X
R0;R00

ðβ−2wÞjR0jþjR00j

kR0k−1kR00k−1 ·
JR0 fβ−1ðuþ þ 1Þ þ Nþ − 1gJR0fNþgJ̄R00∨fNþβ þ vþgJ̄R00∨fβðNþ − 1Þ þ uþ þ vþ þ 1g

F β
R00∨R0 ðβ−1ðuþ þ vþ þ 1Þ þ 2Nþ − 1ÞJ2R0fδk;1gJ̄2R00∨fδk;1g

×
JR00fβ−1ðu− þ 1Þ þ N− − 1gJR00 fN−gJ̄R0∨fN−β þ v−gJ̄R0∨fβðN− − 1Þ þ u− þ v− þ 1g

F β
R0∨R00 ðβ−1ðu− þ v− þ 1Þ þ 2N− − 1ÞJ2R00 fδk;1gJ̄2R0∨fδk;1g

: ð63Þ

Using the notations
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2μ1 ≔
vþ − uþ − 1

β
þ 1; 2μ2 ≔

vþ þ uþ þ 1

β
− 1; 2μ3 ≔

v− − u− − 1

β
þ 1;

2μ4 ≔
v− þ u− þ 1

β
− 1; μ ≔ Nþ þ μ2 ¼ −N− − μ4 ð64Þ

and

zβfðR; xÞ ≔
J̄Rfpk ¼ βxg
J̄Rfδk;1g

ð65Þ

one rewrites (63) in the standard Nekrasov form [1]

Zβ
N1;N2

ðu�; v�;wÞ ¼
X
R0;R00

ðβ−2wÞjR0jþjR00j

kR0k−1kR00k−1 ·
JR0fμ − μ1gJR0fμ − μ2gJ̄R00∨fβðμþ μ1ÞgJ̄R00∨fβðμþ μ2Þg

F β
R00∨R0 ð2μÞJ2R0fδk;1gJ̄2R00∨fδk;1g

×
JR00 f−μ − μ3gJR00 f−μ − μ4gJ̄R0∨f−βðμ − μ3ÞgJ̄R0∨f−βðμ − μ4Þg

F β
R0∨R00 ð−2μÞJ2R00fδk;1gJ̄2R0∨fδk;1g

¼½48�

×
X
R0;R00

ðβ−2wÞjR0jþjR00j

kR0k−3kR00k−3 ·
Q

4
a¼1 z

β
fðR00∨; μa þ μÞzβfðR0∨; μa − μÞ
F β

R00∨R0 ð2μÞF β
R0∨R00 ð−2μÞ

·
J̄2R0;∨ J̄

2
R00∨

J2R0 fδk;1gJ2R00 fδk;1g

¼
X
R0;R00

ðβ−4wÞjR0jþjR00j

kR0k−1kR00k−1 ·
Q

4
a¼1 z

β
fðR00∨; μa þ μÞzβfðR0∨; μa − μÞ
F β

R00∨R0 ð2μÞF β
R0∨R00 ð−2μÞ

¼
X
R0;R00

wjR0jþjR00j ·

Q
4
a¼1 z

β
fðR00; μa þ μÞzβfðR0; μa − μÞ
zβvectðR00; R0∨; 2μÞ ð66Þ

since

JRfδk;1g ¼ βjRjkRk · J̄R∨fδk;1g ð67Þ

and

zβvectðR00; R0∨; 2μÞ ¼ β4jR0jþ4jR00j

kR00∨k · kR0kF
β
R00R0 ð2μÞF β

R0∨R00∨ð−2μÞ: ð68Þ

V. MORE EXAMPLES OF DV MODELS

Now we will apply our general construction

factorized correlator of character bilinears → DV block → Nekrasov function → matrix model

to other factorized correlators in order to construct new solvable eigenvalue matrix models.

A. Models of logarithm type

First of all, using (47), one can easily deal with the models (one needs to carefully deal with the poles in this expression,
see, e.g., [19]):
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Zð1Þ
N1;N2

ðu�; v�Þ ¼
YNþ

i¼1

Z
dxix

u−
i ð1 − xiÞv−ð1 − wxiÞ−ρ−Δ2βðxÞ

×
YN−

j¼1

Z
dyjy

uþ
j ð1 − yjÞvþð1 − wyjÞ−ρþΔ2βðyÞ ×

Y
i;j

ð1 − wxiyjÞ−2β

¼
��

exp

�
β
X∞
k¼1

wk

k
p̃kðpk þ ρþÞ

�
exp

�
β
X∞
k¼1

wk

k
pkðp̃k þ ρ−Þ

��
þ

�
−

¼
X
R0;R00

wjR0jþjR00jhJR0 fpk þ ρþgJR00 fpkgiþhJR00 fp̃k þ ρ−gJR0 fp̃kgi−
kR0k · kR00k|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Nekrasov functions

ð69Þ

and

Zð2Þ
N1;N2

ðu�; v�; ξk; ηkÞ ¼ ð1 − wÞ−βρþρ−
YNþ

i¼1

Z
dxix

u−
i ð1 − xiÞv−ð1 − wxiÞ−ρ−Δ2βðxÞ exp

�
β
X
k¼1;i

xki ξk

�

×
YN−

j¼1

Z
dyjy

uþ
j ð1 − yjÞvþð1 − wyjÞ−ρþΔ2βðyÞ exp

�
β
X
k¼1;i

yki ηk

�
×
Y
i;j

ð1 − wxiyjÞ−β

¼
��

exp

�
β
X∞
k¼1

wk

k
ðp̃k þ ρ−Þðpk þ ρþÞ

�
exp

�
β
X∞
k¼1

ðpkξk þ p̃kηkÞ
��

þ

�
−

¼
X

R0;R00;R000
wjR0jhJR0fpk þ ρþgJR00 fpkgiþhJR0fp̃k þ ρ−gJR000 fp̃kgi−JR00 fξkgJR000fηkg

kR0k · kR00k · kR000k|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Nekrasov functions

ð70Þ

where ρ� ≔ þβ−1ðv� þ 1Þ − 1, and ξk, ηk are arbitrary constants. Note that the triple summation arises here since the
partition function includes the sources ξk, ηk, which generate all invariant correlation functions. The partition function
without the sources reduces to just a single sum

Zð2Þ
N1;N2

ðu�; v�; 0; 0Þ ¼ ð1 − wÞ−βρþρ−
YNþ

i¼1

Z
dxix

u−
i ð1 − xiÞv−ð1 − wxiÞ−ρ−Δ2βðxÞ ×

Y
i;j

ð1 − wxiyjÞ−β

×
YN−

j¼1

Z
dyjy

uþ
j ð1 − yjÞvþð1 − wyjÞ−ρþΔ2βðyÞ ¼

X
R0

wjR0jhJR0fpk þ ρþgiþhJR0 fp̃k þ ρ−gi−
kR0k|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Nekrasov functions

: ð71Þ

These are eigenvalue models, and the second model is the model of the type considered earlier within the framework of
conformal matrix models, whose partition functions satisfy W-algebra constraints [19,20] (see also [22]), and they are
described by the Nekrasov functions following from (47).
Another interesting set of models arises when one changes the mixing factor 1 − xiyj in the above models for xi − yj

(again, one has to be careful with the poles). This gives rise to p−k ¼
P

i x
−k
i and p̃−k ¼

P
i y

−k
i in the exponentials (69),

(70), and the corresponding Nekrasov functions are based on the factorized Selberg correlators related to (47),

hJR0fpk þ ρgJR00 fp−kgi ¼ hJR0 fpk þ ρgJR̃00fpkgiju→u−R00
1

ð72Þ

after using the identity by Kadell [5]:
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JRfp−kg ¼
YN
i¼1

x−R1

i · JR̃fpkg ð73Þ

where p−k ¼
P

N
i x−ki and R̃i ≔ R1 − RN−iþ1.

B. Model with Gaussian DV building blocks

All of the models we considered so far were based on DV blocks with the Selberg measure. Now we consider the case of
Gaussian measure, where the bilinears in Schur functions are more involved, and the whole construction is looking more
complicated. Still, it exists and can be dealt with.
The starting point is constructing bilinears [15], which are the products

KΔfTrHkg · SRfTrHkg; with KΔfTrHkg ¼ ð−1ÞjΔje1
2
trH2

Ŵ−
Δe

−1
2
trH2 ð74Þ

where2

Ŵ−
k ≔ Tr

�
∂

∂H

�
k

Ŵ−
Δ ≔

YlΔ
a

W−
Δa

ð75Þ

and H is an N × N Hermitian matrix. The quantities KΔfTrHkg are linear combinations of the Schur functions that form a
full basis in the space of polynomials of TrHk. The crucial point is that the averages of KΔfTrHkg · SRfTrHkg are
factorized with the Gaussian measure:

h…iGH ≔
Z

dH… exp

�
−
1

2
TrH2

�
; h1i ≔ 1

hKΔfTrHkg · SRfTrHkgiGH ¼ μR;ΔhSRfTrHkgiGH ¼ μR;Δ
SRfNgSRfδk;2g

SRfδk;1g
; ð76Þ

where μR;Δ are numbers that do not depend on the size of matrix N, see [15] for details. In this formula, P is even, since
otherwise both the average of SR vanishes and μR;Δ becomes singular. However, after rewriting it in another form, see
formula (78) below, this restriction is lifted.
In fact, one can naturally consider the linear combinations of KΔ:

χP ≔
X
Δ

ψPðΔÞKΔ

zΔ
¼ ð−1ÞjPje1

2
trH2

SPfŴ−
k ge−1

2
trH2 ð77Þ

where ψPðΔÞ is the character of symmetric group SjPj in representation P, and zΔ is the standard symmetric factor of the
Young diagram (order of the automorphism). If mk is the number of lines of length k in the Young diagram Δ,
then zΔ ≔

Q
k k

mkmk!.
The quantities χP are generated by the operators SPfŴ−

k g, and the averages now take the form

hSPfŴ−
k gSRfTrHkgiGH ¼

Z
dH exp

�
−
1

2
TrH2

�
SPfŴ−

k gSRfTrHkg

¼ hχPfTrHkg · SRfTrHkgiGH ¼ SR=Pfδk;2g
SRfδk;2g

hSRfTrHkgiGH ¼ SR=Pfδk;2gSRfNg
SRfδk;1g

ð78Þ

where we integrated by parts in the second equality. This average certainly vanishes when jRj − jPj is odd (but jRj and jPj
can be both odd giving rise to a nonzero contribution).

2See also [38] on another realization of these operators, which better suits the framework of [39].
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Hence, these averages give us DV blocks, and one can use them to construct the Nekrasov functions and then a matrix
model:

ZG
N1;N2

≔
X
R0;R00

wjR0jþjR00jhχR0fTrXkg · SR00 fTrXkgihχR0fTrYkg · SR00 fTrYkgi|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Nekrasov functions

: ð79Þ

It is a two-matrix integral over Nþ × Nþ Hermitian matrix X and N− × N− Hermitian matrix Y:

ZG
N1;N2

¼
Z

DXDYe−
1
2
trX2

e−
1
2
trY2

X
R00

wjR00jSR00 ftrXkgSR00ftrYkg
X
R0

wjR0jχR0ftrXkgχR0 ftrYkg

¼
Z

DXDY exp

�X
k

TrXkTrYk

k
wk

�X
R0

wjR0jSR0 fŴ−
k ðXÞgSR0fŴ−

k ðYÞge−1
2
trX2

e−
1
2
trY2

¼
Z

DXDY exp

�X
k

TrXkTrYk

k
wk

�
exp

�X
k

wk

k
Tr

�
∂

∂X

�
k
Tr

�
∂

∂Y

�
k
�
e−

1
2
trX2

e−
1
2
trY2

: ð80Þ

VI. CONCLUSION

In this paper, we explained that the very existence of Nekrasov functions, i.e., factorization of the average of point-split
pair correlators is a peculiar property of superintegrability. We introduced a notion of the DV block, which is defined by the
input pair: “measure” and “bilinear combination of characters” such that averaging of this bilinear combination with this
measure is factorized. This allowed us to extend the notion of Nekrasov function and ascribe this name to the product of two
arbitrary DV blocks. Thus defined Nekrasov functions give rise to a matrix or eigenvalue model, on one hand, and the class
of Nekrasov functions becomes well defined and well structured, on the other hand.
Thus, our construction is

factorized correlator of character bilinears → DV block → Nekrasov function → matrix model:

In Sec. V, we constructed in such a way various new models that can be solved.

In this paper, we considered four examples of factorized
averages of bilinears of characters:
(1) the Selberg average, when the bilinear is just

SR0fpkg · SR00 fpk þ vg;
(2) the β-deformed Selberg average, when there are two

factorized averages of bilinears of Jack polynomials:
(a) a simple bilinear JR0fpkg · JR00 fpk þ β−1

ðvþ 1Þ − 1g and
(b) a more complicated linear combination of Jack

bilinears, the generalized Jack polynomials;
(3) the Gaussian average, when the bilinear is

χPfpkg · SRfpkg, and χP is a peculiar linear combi-
nation of the Schur functions.

In all of these cases we observe that the factorized average
of bilinears is expressed through the properly normalized
characters [13]: see formulas (47), (59), and (78). Hence,
we conjecture that this is a general phenomenon: factorized
averages of bilinears of properly normalized characters are
expressed through the same characters.
Our approach can be embedded into an algebraic

framework. Indeed, the Nekrasov functions we described
in this paper are associated with the SUð2Þ group. In the
case of arbitrary SUðNÞ group, the Nekrasov function is
still constructed as a product of two DV blocks; however,

the DV block is now not a bilinear combination of
characters, but an N-linear one. More precisely, one has
to introduce N − 1 different measures μa, a ¼ 1;…; N − 1,

each one associated with a set of variables fpðaÞ
k g, and

consider a linear combination of products of the formQ
N−1
a¼0 χafpðaþ1Þ

k − pðaÞ
k g, pð0Þ

k ¼ pðNÞ
k ¼ 0, where χ denotes

proper characters (for instance, the Schur functions, or the
Jack polynomials) [18]. These linear combinations are
chosen in such a way that they are factorized after
averaging with fμag, which leads us to a DV block. If
one now looks at the matrix model that is generated by the
constructed Nekrasov function, it becomes an essentially
multimatrix model.
Extensions to other root systems of Lie algebras, and

to quivers are immediate. In particular, in order to deal
with the affine algebra ÂN−1, it is enough to switch from

the Dirichlet boundary conditions pð0Þ
k ¼ pðNÞ

k ¼ 0 to the

periodic ones pð0Þ
k ¼ pðNÞ

k .
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APPENDIX: FACTORIZATION OF THE
GJP AVERAGES

A general reason and a proof of factorization in for-
mula (59) are not present in this paper. Let us, however,
explain how one can technically check that the averages
(47) and (59) are indeed factorized in concrete examples.
First of all, in order to calculate hJR00 fpkgJR0 fpk þ αgi

with some parameter α, one can expand the Jack poly-
nomials into the skew Jack polynomials,

JR0fpk þ αg ¼
X
Q

JR0=QfαgJQfpkg ðA1Þ

and use the expansion

JR00 fpkgJQfpkg ¼
X
P

NP
R00QJPfpkg; ðA2Þ

where NP
R00Q are the β-dependent Littlewood-Richardson

coefficients, in order to express the product JR00 fpkg
JR0 fpk þ αg through the single ordinary Jack polynomial,
its average being given by (43). This would be enough to

calculate the averages of the products of two Jack poly-
nomials as in (47).
The simplest way to evaluate the GJP average is to

expand the GJP into products of pairs of the ordinary Jack
polynomials at the two different sets of time variables,

JR0;R00fpk; p̃kjλg ¼
X
Q0;Q00

cQ
0Q00

R0R00 ðuÞJQ0 fpkgJQ00 fp̃kg: ðA3Þ

Now there is an additional minus sign in front of pk, and
one has to reexpand JRf−pkg to JRfpkg, using the
orthogonality of the Jack polynomials

hJR0 fpkgjJR00 fpkgi ¼ kR0k · δR0R00 ðA4Þ

with respect to the scalar product

hpΔjpΔ0 i ¼ β−lΔzΔδΔ;Δ0 ðA5Þ

hence obtaining

JRf−pkg ¼
X
Q

kQk−1hJRf−pkgjJQfpkgi · JQfpkg: ðA6Þ

Thus, finally one obtains

JR0 f−pk − β−1vgJR00 fpkg ¼
X
Q0

JR0=Q0f−β−1vgJQ0f−pkgJR00 fpkg

¼
X
Q0;Q00

JR0=Q0 f−β−1vgkQ00k−1hJQ0f−pkgjJQ00fpkgi · JQ00fpkgJR00fpkg

¼
X
Q0;Q00

JR0=Q0 f−β−1vgkQ00k−1hJQ0f−pkgjJQ00fpkgiNP
Q00R00 · JPfpkg ðA7Þ

and, inserting this formula into (A3) and evaluating further the average of the single Jack polynomial JPfpkg using (47),
one can check the factorization of the GJP average in concrete examples.
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