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Scalar fields and Lifshitz black holes from Derrick’s theorem evasion
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We study classical scalar fields in asymptotically Lifshitz spacetimes. By evading Derrick’s theorem
requiring the scalar potential to explicitly depend on the background coordinates, we induce a diffeo-
morphism invariance breaking and settle a formalism to find spatially localized solutions in the probe field
limit. By inserting a backreaction equipped with a cosmological constant and a Maxwell term coupled to a
dielectric function in the model, we find a Lifshitz black hole solution.
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I. INTRODUCTION

Spatially localized structures modeled by classical sca-
lars in field theory has brought several contributions to the
understanding of topological solutions and their applica-
tions [1-3]. In flat spacetime the existence of stable,
nonzero finite-energy solutions in systems governed by
standard covariant Lagrangians constituted only by scalar
fields has hard restrictions arising from Derrick’s theorem
[4,5], which states that nontrivial solutions only exist in
1 4+ 1 dimensions in models where non-negative scalar
potentials are equipped with some nonunitary set of
degenerate minima. Spatially localized scalar field solu-
tions are then trapped inside the topological sectors existing
between consecutive degenerate minima and have a kink-
like profile.

There are some paths to evade Derrick’s theorem in flat
spacetimes and capture nontrivial scalar field solutions in
arbitrary dimensions. One of these ways is presented in
[6], where it’s proposed to put aside general covariance by
requiring the scalar potential to have an explicit depend-
ence on the background coordinates. It generates non-
dynamical degrees of freedom in the action which implies
that the energy-momentum tensor is no longer conserved
in general. Studying models in this setup has provided
several results involving topological solutions in different
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scenarios (recent related works are in [7-13]).
Generalization of Derrick’s theorem for curved space-
times has been proposed in some works [14—16], pointing
out that it is not possible to exist nontrivial probe scalar
field solutions on flat or static, asymptotically flat space-
times with more than 1+ 1 dimensions in relativistic
scalar field models with standard covariant structure, but
there are already paths for its evasion [17-22], which
leads to new tools on finding soliton-like structures in
different scenarios. Some of these routes are also based on
[6], but mainly on models with no backreaction since the
diffeomorphism invariance breaking results in compati-
bility problems with the gravitational field equation when
it comes to backreacting configurations.

We are interested in working on radially symmetric
backgrounds asymptotically approaching Lifshitz space-
times [23] as

r\%* £\? %, . .
o (DN ar e (O e (D) aviax. (11
. <f> dt —|—<r) dr +(5> dx'dx', (1.1)

where z denotes the dynamical exponent, read as a measure
of the spacetime anisotropy since within its set of iso-
metries the metric (1.1) is equipped with the nonrelativistic
coordinate scaling [24]

ds?

D.:t—=pt, x->px and r—-r/p (1.2)
Lifshitz geometries were introduced in [23] in the context
of gauge/gravity duality to study strongly correlated non-
relativistic field theories presenting anisotropic scaling
properties. For z # 1 the boundary geometry (1.1) does
not arise from scalar-tensor theories, but usually only
emerges in the presence of massive vector fields [25] or

in the context of Hordva-Lifshitz gravity [26]. For z = 1 we
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retrieve anti—de Sitter (AdSp) spacetime. Additionally,
black hole solutions asymptotically approaching Lifshitz
spacetimes have emerged in models where the temperature
of the gravity side is used to involve the dual field theory in
thermal bath [24,25,27,28] and since then several solutions
of asymptotically Lifshitz black holes have been carried out
(see, for instance [29-39]).

In this work we study scalar fields in asymptotically
Lifshitz spacetimes both in probe limit and in the full
backreacting setup by breaking general covariance (or
diffeomorphism invariance). Initially, we are interested in
capturing spatially localized structures in an effective
model where the probe scalar field is placed on fixed,
nonbackreacting geometries. In this regime, analytical and
numerical solutions were found on the Lifshitz boundary
geometry (1.1) [19] and on generic static, isotropic space-
times, with applications in topological black holes and
wormholes [20-22]. In particular, in [19,20] a routine to
capture nontrivial probe scalar solutions from first-order
field equations on curved spacetimes has been introduced.
Here we extend these studies to asymptotically Lifshitz
spacetimes.

We insert backreaction in the model from a minimally
coupled Einstein-Maxwell-scalar model equipped with a
coordinate dependent dielectric function. In this scenario,
in addition to losing coordinate invariance, we also
have a compatibility problem in the field equations, since
in the gravity sector the divergence of the Einstein tensor
is zero (due to the contracted Bianchi identity which
holds even in absence of general covariance) while the
divergence of the energy momentum tensor in general is
not due to contributions arising from the nondynamical
degrees of freedom in the action. Consequently, we can
only find solutions in the particular cases where the sum
of contributions arising within the divergence of the
energy momentum tensor due to the diffeomorphism
invariance breaking cancel out, as extensively discussed,
for example, in refs. [40-45]. It leads us to a neutral
topological Lifshitz black hole despite the presence of the
Maxwell field, which is a net effect of the compatibility
condition on the background dependent ingredients in the
action. It is interesting to point out that although there is
no prior correlation between the critical exponent and the
nondynamic degrees of freedom, the latter vanish for
z — 1, where one finds an AdS black hole. Thus, in this
regime both relativistic scaling and general covariance
are restored.

The work is organized as follows. In Sec. II we present
the scalar field action with its respective field equations and
develop the formalism to deal with probe scalars on Lifshitz
spacetimes, where we study the formation of soliton-like
structures. In Sec. III we insert backreaction in the model
and find a Lifshitz black hole solution, whose thermody-
namics is analyzed in Sec. IV. In Sec. V we make final
remarks about the study we present.

II. SCALAR FIELDS IN THE PROBE LIMIT

A. General setup

The action for the model we study in this section is
given by

S) = / de\/_—_g'(—%Va¢V“¢—V(x,¢)>, (2.1)

where g = det(g,,) is the metric determinant, ¢(x) repre-
sents a scalar field that self-interacts through the scalar
potential V(x, ¢), which explicitly depends on the back-
ground coordinates x4, a = 0,1, ..., D — 1. The field equa-
tion and the energy-momentum tensor derived from the
action (2.1) are

(2.2a)

1
®ab = va¢vb¢ - Egab (v¢)2 - gabv<x7 ¢)’ (22b)

respectively, where [J = ¢**V,V,, is the d’Alembertian
operator. By requiring the action to explicitly depend on the
background coordinates, we explicitly break the diffeo-
morphism invariance of the model, which implies—in
particular—that the energy-momentum tensor is no longer
conserved, since

V0% =0,V(x,¢) #0. (in general)  (2.3)
The explicitly coordinate dependence can be read as the
presence of nondynamical degrees of freedom in the action,
which induces part of the self-interaction energy of the
scalar field to be dissipated on the background geometry in
form of energy and momentum, but for now not in quantity
enough to change the background geometry.

We are interested in finding spatially localized structures
in the probe limit where the scalar field is placed on fixed,
static geometries describing asymptotically Lifshitz space-
times generically written as

2 INZ oo (N 212 AT
ds = — 7 evdr + = e“*dre + 7 o,»jdxdxf,

(2.4)

with v = u(r), 2 = A(r) and (x°, x') = (¢, r). The standard
Lifshitz spacetime (1.1) is recovered in cases where the
limit (e?,e*),_ . = (1,1) is satisfied along with the
identification 6;; = 6;;, but here we assume a larger
setup where the metric 6,;(x*) depends on the remaining
coordinates x',i =2,...,D — 1, describing a transverse
(D — 2)-dimensional Einstein manifold ﬁl}, with Ricci

tensor fiij =y6;; and y = 0, %1, hence ﬁy can hold SP-2
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(for y =1), RP=2 (for y =0) or HP2 (for y = —1)

topologies.
The background metric (2.4) supports a time-like Killing
vector £ = —d,, which can be used to build a conserved

current related to the probe field as J¢ = ®%¢&, and define
the energy of the scalar as

E(&) = - L dP~' x/|h|n, &0, (2.5)

where X denotes a (D — 1)-dimensional manifold defined
at fixed time, equipped with unit normal vector n, =
—(£)*e"8,9 and induced metric h,,, with h = det(h,,)
and p,g=1,...,D — 1. For simplicity, we assume that
the scalar field and potential only depends on the radial
coordinate, i.e., ¢ = ¢(r) and V(x,¢p) = V(r, ). Opting
for a static configuration of the model is important here
because it allows us to ensure that there is no energy flux
from the field to the background geometry. In this way, the
energy of the field is conserved even in the presence of a
gradient term of the scalar potential along the radial
coordinate.

Under these considerations, the field equation (2.2a)
becomes

P e (Y25 ) 0V
r dr \ \¢ dr o

The above equation is second order and in general hard to
solve due to possible nonlinearities arising from the metric
and scalar potential functions. For regular spatially local-
ized solutions with finite energy the appropriate boundary
conditions are

(2.6)

P(r=ro) =do,  Plr—>0)=0¢s,  (273)
. d
rll)rg —| < rllm dqf 0, (2.7b)

where ¢ and ¢, are constants specified in each scalar field
model and r;, > 0 denotes a possible lower bound on the
radial coordinate range, depending on the background
geometry one uses.

B. Minimal energy setups for probe scalars

A possible route for finding spatially localized field
solutions within the system described so far is by reducing
the order of the field equation (2.6), since it can relieve
some difficulties when dealing with its nonlinearities.
In order to capture suitable first-order equations, we look
up for minimal energy field solutions. To begin with, we
note that —n,&,0% = —(£)?%¢*@°, and that ©% can be
rearranged as

—@00_l( rd¢¢\/_> (2.8)

,rdg
——2V.
2 dr
By inserting these expressions in the energy of the scalar
field in (2.5) one can improve the bound

E(§) zi/ZdD—‘x |h|e”‘ﬂ(§>z+1%\/2_% (2.9)

which is saturated for cases where the first-order differ-
ential equation

a _ j:e’léx/ﬁ (2.10)

dr

is satisfied, leading us to minimal energy field solutions. A
direct checking proves that scalar fields solving equa-
tion (2.10) also satisfy the second-order equation (2.6).
A consequence of the first-order equation (2.10) is that its
solutions must come in pairs. Furthermore, since the sign
of the derivative does not change, such solutions are
monotonic and, in accordance with the boundary con-
ditions (2.7), must present kink-like profiles. We use kink
for the positive sign and anti-kink for the negative sign
in Eq. (2.10).

The minimal energy is given by E,;, = min {E(¢)} and
by using relation (2.10) one can express it as

) / . ,1< )D+z 1<d¢>
Ein = o) dre
D-2 . Y dr

where !, = f dP=2x\/|6] is the world volume of the

(2.11)

transverse space ZV, with & = det(6;;). Moreover, one can
also use the equation (2.10) to rewrite the energy density of
the scalar field and shows that it automatically satisfies the
weak energy condition

e (2) (&) -oueesn any

which indicates that the scalar fields we are treating here are
well behaved since its energy density measured by observ-
ers on time-like curves on the background geometry is
always nonnegative [46].

We can distinguish the kink solution from the antikink
solution by associating the field values on the spacetime
boundaries with conserved quantities. Here, we follow a
routine similar to the one recently settled in [19,20] and
build such a charge from the 1-form

B = B,dx* = """ A¢(r)¢(r)dt, (2.13)

with A¢p(r)

= ¢(r) — o and
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- (£ a, if a#1,
{0
Zlnr, ifa=1,

(2.14)

where for simplicity we writt a=D—z—1. The
vector B, is used to define the antisymmetric tensor f,, =
0,B;, — 0,B,, which is necessary to build the auxiliary
conserved current J¢ = V, f*. Applying Gauss’s law on
the current J¢, one finds the conserved charge

sy = - 7{ P2 [ s, 0,
)

‘00

(2.15a)

= wﬁﬁ%}iﬂ; (1 + <;)a(u + A)’g’(r)), (2.15b)

where Agy, = o — o and s* = e*25¢ denotes the unit
normal vector to the boundary surface 0% defined at fixed r,
with induced metric h,(-jz-) = (£)?6;; and taken at spatial
infinity (0X,).

The last important ingredient to setup this formalism is
given through the insertion of an auxiliary function W(¢)
as follows:

D+z—1
b _ | - (f) W (2.16)

dr r dp

Under this choice the above first-order equation is—in
principle—calculable by using standard calculus tech-
niques, depending on the choice we made for the back-
ground geometry and the scalar potential, which now can
be factored out by separating the field-dependent term from
the coordinate-dependent one, leading to

1 >y 2\ 2(D+z=2) [ dW\ 2

V(r.¢) =5e <r> (d¢) . (217)
once we require compatibility between Eqs. (2.10) and
(2.16). In order to avoid possible divergences arising from
the metric functions and ensure the compatibility of the
scalar potential and the field equation (2.16) with the
boundary conditions (2.7) we also require that the scalar
potential satisfy V(rg, ¢o) =0 = lim,_,V(r,¢), which
implies that the boundary values (¢, ) have to be
extremes of W(¢). Another advantage of the presented

formalism is that the minimal energy now depends only on
the boundary values of the auxiliary function W(¢),

Emin = 0 |AW

: (2.18)

where AW = W(¢,) — W(¢o). In this way, we can find
the energy of the scalar even if we do not know the exact
solution of the field equation, since it is enough to know the

auxiliary function related to the model and the scalar field
boundary values.

C. Example

Now let us discuss an illustrative example where the
ideas discussed so far can be applied providing analytical
and numerical field solutions. We use as auxiliary function
W($) = ¢ — ¢>/3 and for background geometry we pick
out the uncharged scenario of the Lifshitz topological black
hole solution found in [47],

2m £\?2
2w =20 1—-== ~2 (2 , 2.19
e e = +ya <r) ( )

with a=(D-3)/(f=3),f=D+z—land2m = r) '+

ya* >, where ry = r;, denotes its event horizon, which

exists for any possible value of y in cases where f — 1 > 0.

With these ingredients the self-interaction potential (2.17)
becomes

2(p-1) _ 42)2

V(mﬁ):%(f) 1 (1-¢?)

—#tra (P

(2.20)

r

and the first-order field equation (2.16) is here given by

W_ (O 1=
dr  ~\r 1 -2 4 ya? (9

The above equation has no general solution for all possible
values of z, but it leads to scalar fields asymptotically
behaving as

AN AV 1

where we consider ¢, = 0 in order to completely suppress
the presence of the field in regions far from the black hole
horizon, where the Lifshitz background (1.1) is dominant.
Analytical solutions emerge in cases where z =3 — D. In
these cases we have event horizon given by r, = m + i,
where m? = m? —y(D —3)*¢? and the scalar field—in
terms of the parameters m and /m—becomes

2 _ ~
+tanh <;—~ln (M> > Cif >0,

m \1—(m—m)/r

52
:Ftanh< )
r—m

The energy density of the field is

(2.21)

P(r)=

125017-4
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FIG. 1. Numerical solution of the Eq. (2.21) and its energy
density 2.24) for D=3+ 1,7=1,y =0, r, = 1/4 and some
different values of z.

(f) 2(p-1) (1 _ ¢2)2
P=\r S AR

and has its profile depicted in Fig. 1 along with a numerical
field solution of (2.21) for different values of z. Note that it
has a spatially localized shape where the increasing of the
z-parameter accentuates the rate the field is asymptotically
suppressed, in addition to making the field density more
concentrated in the sectors near the horizon. As required,
the field is regular throughout the region outside the event
horizon and has a kinklike profile. In the vicinity of the
horizon the field assumes one of the extremes of W(¢) and
the energy density strongly approaches zero, delimiting the
region where the curvature effects are dominant over any
self-interacting response of the field. Finally, the energy in
(2.18) and the conserved charge (2.5) are evaluated as

(2.24)

(Enmin» Oag) = o) 5(2/3, £1), (2.25)

where the “+” (“=") sign is used to characterize the kink
(antikink) solution.

D. Radial stability

The radial stability of the solutions found from the model
we are discussing in this section is given by considering
periodic fluctuations around the static solution as ¢(r, 1) =
¢(r) + ey (r) in the field equation (2.6), which provides
the stability equation

<—D i (p(r))l//(r) . <§> C (). (226)

a¢>

After some manipulations, one can rewrite the Eq. (2.26) as
a Sturm-Liouville problem,

(=5 (p0 ) + a0 Jw =2 () et

(2.27)
where
r\# A2 PV
p(r) = <—) e* and q(r) = <—> et
¢ ¢ e
(2.28)

with, again, f = D + z — 1. Its compatible inner product is

) = [ (f) g, (). (2.29)

0

Equation (2.27) can be factorized as STS{r = w?{ where
¥ = e My and

st = (;) g <% W) + §(r)>, (2.30a)

S = (;) mev—ﬂ <—% + W(r)> , (2.30b)

with
W) == ~+ rvzvﬁﬁ <§> Vet -y (3
) =2 -2y - 222 (2.31b)

One can show that the operators ST and S are adjoint
under the inner product (2.29) [48], which implies that the
Sturm-Liouville problem (2.27) have no states with neg-
ative energy, which ensures the radial stability of the
solutions found. In particular, the zero-mode (ground-state)
is extracted from equation Sy, = 0, resulting in

Wop (2N -
Yo = CEXp (/ drm (7) e ( l)>’ (232)

where ¢ denotes a normalization constant.

III. LIFSHITZ BLACK HOLE SOLUTION

Now we consider backreaction effects in the system.
We use the action of an Einstein-Maxwell-scalar model
given by

1
S =Sy +5/ dPx\/=g(R — 2N\ — e(x)F ,, F*),  (3.1)

where S,y denotes the scalar action (2.1), R represents the
Ricci scalar, F,, = V,A, — V,A, is the Maxwell tensor

125017-5



MOREIRA, BRITO, and MOTA-SILVA

PHYS. REV. D 106, 125017 (2022)

and A = —(D —2)(D +3z—4)/2¢* plays the role of a
cosmological constant. The Maxwell field is coupled with a
coordinate-dependent function &(x), denoting a nondynam-
ical background field which induces another diffeomor-
phism breaking in the model and plays the role of an
effective dielectric [49,50]. In usual scalar-tensor models
presenting this type of coupling the effective dielectric
depends only on the scalar field (a necessary condition to
ensure general covariance in these scenarios) and it has
recently been used in modeling scalarization mechanisms
for black holes (see, for instance, [51-60] and references
therein).
The field equations derived from the action (3.1) are

oV
0~ 55= 0. (3.22)
V. (e(x)F) =0, (3.2b)
5ab =Gy + Agab =Ty = 0, (320)

where G, denotes the Einstein tensor and

1
Ty = O + £(x) <2FaCFbc - EgachdFCd> . (3.3)

represents the energy-momentum tensor with its scalar
sector O, presented in Eq. (2.2b). The action (3.1) is not
invariant under diffeomorphisms, presenting explicit sym-
metry breaking in both scalar and Maxwell sectors induced
by the background dependence. It causes a compatibility
problem with the gravitational field equation (3.2c) since
we must have V€, = 0 but each nondynamical degree of
freedom within the action (3.1) provides a new contribution
to the gradient of the energy-momentum tensor (3.3), while
the contracted Bianchi identity V,G* = 0 holds even in
the absence of the general covariance due to the Riemann
tensor symmetries. It restricts the possibility of existence of
solutions to cases where the sum of contributions arising
from the background dependence comes in such a way that
V,T%, = 0, which leads to

0, V(x,p) = —%chF"daas(x), (3.4)

used as a compatibility equation.

The ansatz we use for the background geometry is given
by the metric (2.4), but for simplicity we focus on cases
where the metric functions are related by v(r) = —A(r).
Motivated by the results described in the previous section
we assume that the scalar potential is

V(r,¢) = %e—b (é) AP @_Z)z LU, (3.5)

for some functions W = W(¢) and U(r) to be specified. In
this way, we factorize the dynamical degrees of freedom
from the nondynamical ones without affecting the field
equation (3.2a), which can still be reduced to the first-order
equation given by (2.16). Furthermore, we require the
effective dielectric and both scalar and Maxwell fields to
have again only radial dependence, i.e.,

¢ =o(r), A= A(r)dt

and e(x) =¢(r). (3.6)

In particular, the Maxwell field equation (3.2b) becomes

Al(r) = a/¢ <f)D—z—1,

e(r) \r

where g denotes an integration constant and prime denotes
derivation in relation to the r-coordinate. We can associate
to the Maxwell field a charge given by

1 o #a q
0= _Eéz dP2x |/’l(2)|nast b= W@g)-zv

where F = g(x)F®. One can also verify that the com-
patibility equation (3.4) is satisfied by the pair of functions

I @=-1)(D+z-2) ()” (3.92)

(3.7)

(3.8)

e(r) 2q* 4

z(z - 1)62U

U(r)=- 72 )

(3.9b)

and note that both approach zero in the relativistic limit
z — 1. Note that these background geometry dependencies
affect obtaining the expression for the Maxwell field, which
can now only be obtained after solving the gravitational
field equations (3.2¢). The components (r, r) and (z, t) of
the zero tensor £%, in Eq. (3.2¢) becomes

(D—-2)(D=3)y

(D-2)z-1) ,

E = A— v
! 20777 N 2
1 2 D=2
a 5 €2y¢/2 (;> * 22 yD+2:—4 <rD+22_3 eZy)/ =0,
(3.10a)
(D=2)(D=3)y (P=2)(z=1) ,,
Eimhm—py ¢
1 r\2 D=2
+3etg” (E) +5 a5 (7)) =0 (3.10b)

In the above equations we have no charge term con-
tributions associated with the Maxwell field. This comes
from the compatibility Eq. (3.4), which means that the
effective dielectric, the scalar and Maxwell fields compete
in such a way that the background geometry remains
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uncharged. The remaining equations &’ j =0 are left for
checking. From subtracting the identity (3.10b) from
(3.10a) one finds

() == e

I%

which is used within Eq. (3.10b) to finally find the
background solution

£\ D+32-4
ez”zl—2m(—> —|—ﬁ

r

(3.12)

with y, = (D —3)y/(D + 3z — 6) and m is an integration
constant interpreted as a “mass parameter,” along with the
field solutions

b(r) =+ (D—2)(z—1)ln§, (3.13a)
A(r)=0+ (D +§q— 2)m (é) 2=1)

z—1 [r\P+2 (D+z-3)y.

v le) T (rpras) e

where the pair (¢, ®) are integration constants. Since the
scalar field solution is invertible, the auxiliary function
W(¢) is found by using Eq. (2.16), leading to
W(g) = W((9))

_(D=2)(z-1) ( AP my Y

D+z—2+

4 z—1
D+z—4
V2 X
2 A 3.14
+f2(D+z—4)> (3.14)

with y(¢p) = exp (£(¢p — @)/+/(D —2)(z—1)). Once we
know the expression for W(¢) its simple to find the scalar
potential by inserting expressions (3.14), (3.12) and (3.9b)
in Eq. (3.5). For z = 1 the auxiliary function, the scalar and
Maxwell fields becomes constants, while the effective
dielectric and the function U(r) goes to zero, which implies
that in this regime, in addition to recovering the AdS
solution, we cancel all contributions arising from the
diffeomorphism invariance breaking, restoring the general
covariance.

IV. THERMODYNAMICS

We choose the extended thermodynamics framework
[61,62] for the analysis of black hole thermodynamics
obtained in the previous section. The cosmological constant
is understood as a constant thermodynamic pressure
term given by P = —A/8x [63] and the mass of the black
hole is read as the enthalpy of the solution, rather than its

internal energy. The black hole temperature and entropy are
given by

Ty :@ <r—;>z<(D+3z—4) + (D—3)r%>, (4.1a)

1 (r,\P2
Son =3 (;) o), (4.1b)
respectively, while the first law becomes
dM — THdSbh + Vbth, (42)

where V,;, denotes the thermodynamic volume conjugate to
the pressure.

The black hole thermodynamic mass is obtained by
integrating Eq. (4.2) at constant pressure from zero to the
horizon and can be expressed in terms of pressure and
entropy as

M(P,Sy;) —ﬂ( "2

167£2P3E;?
TC O ) (4.3)
4nt \D +z -4

D+z-2

where, for simplicity, we define S,;, = 45,/ a)g)_ 5. A direct
check reveals that Ty = (0M/0S,,)|p and since the black
hole mass is identified with enthalpy, the thermodynamic
volume becomes

oM 4 ry D+z-2 ()
Vih==—| =7——=I|— : 4.4
which naturally matches the Smarr-like relation
D -2
=—T -—FPV,,, (45
b THSm = PV (49)

also found in [47] for another class of Lifshitz black holes,
which coincides with the known Smarr relation associated
with AdS black holes for z =1 [61,64]. In this way, the
internal energy is Legendre transform of the mass,

?wg)_z (r_h) D+z—4 (46)

Ep =M — PV, =
ot P l6nt (D +z—4)\ 7

which is proportional to the curvature on the horizon.

By assuming that the temperature can be expressed as a
function of the pressure and volume, the state equation for
the system is

{7D+:=2

V
T(P, V) =

e 7

=2
(16z?P + Vi),

with V,, = (D+z—2)Vbh/fa)(D7)_2. Its associated P — V an
T —V diagrams for fixed z are depicted in Figs. 2(a) and 2(b),
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FIG. 2.
Eq. @) with¢=1,y=1,z=125and D =3+ 1.

respectively. In Fig. 3 we depicted the P —V and T —V
diagrams with fixed 7" and P, respectively, for different
values of z. The specific heat at constant pressure is
C, = Ty/(0Ty/0Sp;)|p, which leads to

~ 2
16202P30,7 + 7

C,=(D=2)Sy, — :
167£2z2PSD? +7(z —2)

(4.8)

For 7 =0 the internal energy (4.6) is zero and the
temperature is simply T = 4/PVoi=/(D —2), while
the specific heat is proportional to the entropy, with
C, = (D =2)S,;,/z, which in this case is always positive
(Note that for (7,z, D) = (0,2, 4) the entropy and specific
heat are equal). In addition, for 7 # 0 we have C, > 0 only
for —2Ar7 > |7|, which sets a lower bound on the event
horizon possible values,

> D=3 3 A
r .
"\ D+3;-4

These results generalize those obtained in [61] in the Ads
setup for the Lifshitz black holes we present here. After some

(4.9)

T

Alw

N

N|=
Al
4
°
N
w

\ v 2
< 1
" SO0 —— 15
N ~
1h TSl R S —-——-2
4 §.‘-_'—"~-~-:E:—_‘.:_"_—_:-_é_'l—_-.-m..,... __________ 25
\%
0 1
FIG. 3. P —V (with fixed Ty = 0.25) and T — V (with fixed

P = 0.25) diagrams for Eq. (4.7) withZ =1,y =1,D=3+1
and some different values of z.

N|=

1 3
2 4

FNENS

(a) P —V diagram for isotherms with different values of Ty and (b) T — V diagram for curves of constant pressure from

manipulations, the thermodynamic mass can be also
expressed in terms of the “mass parameter” m as

= (z=1)(D-2)w},

M=M 1) 4o
" 4nt(D+z2-2)(D+z-4)\ 7 » (410)
with
_ D+3z-6 £\ (D-2)0},
M=="""""" b2 4.11
D+z—4<> ez 1

T'n

proportional to the mass of a topological AdSp) black hole.
Forz=1wehave M = M (z=1)» which coincides with the
mass of the topological AdS(m [65,66], as expected.

V. ENDING COMMENTS

In this work we studied scalar fields in asymptotically
Lifshitz spacetimes in scenarios presenting general covari-
ance breaking from the requirement of coordinate depend-
ence within the action. In the probe limit we presented a
method to capture analytical and numerical spatially
localized solutions based on evasions of the Derrick’s
theorem in curved backgrounds, generalizing the previous
results of [19]. The energy-momentum tensor is not
conserved in these setups, but when considering both
background geometry and field solutions static, we keep
the main conditions to have finite energy, as expected from
Noether’s theorem. The solutions found are radially stable
and a zero mode can be captured from its stability equation.

We also extended our study to consider backreaction
effects from an Einstein-scalar-Maxwell model presenting
explicit coordinate dependence in both scalar and Maxwell
sectors. In the scalar sector—inspired by the expression we
found for the scalar potential in the probe limit—we
factorized the scalar sector into two subsectors, one
depending only on the scalar field and the other holding
nondynamical degrees of freedom, while the Maxwell
sector was equipped with an effective dielectric, also
coordinate dependent. In this setup the diffeomorphism
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invariance breaking induces a compatibility problem with
Einstein equations, since in general the energy-momentum
tensor is no longer conserved while the Einstein tensor still
holds zero divergence due to the Bianchi identity. We can
only solve the complete set of field and gravity equations in
the particular case where the sum of the contributions
arising from the nondynamical degrees of freedom arising
in the divergence of the energy-momentum tensor is zero,
which was used to specify the background geometry of the
model, revealing a noncharged Lifshitz black hole solution
whose thermodynamics we analyzed in detail.

An interesting feature of the solution we found is that
the effects arising from the general covariance breaking
elements inserted in the action disappear in the relativistic
limit z — 1, despite the fact that there was no required
condition relating these two ingredients in the initial
assumptions. Furthermore, the emerging compatibility
equation exhibits a competition between the effective
dielectric and the scalar potential which has the net effect
of discharging the background geometry. We must point
out that there are several paths to extend the ideas
outlined here. For example, new solutions can be found
when considering distinct effective actions or different

geometries presenting anisotropic scaling, such as those
discussed in [67]. Another possibility is the search for
new gravity solutions in geometries with no scaling
anisotropy—the probe limit in these cases has already
been explored in [20], but scenarios which present
backreaction have not yet been considered. Finally, we
hope that the idea of using minimal energy solutions on
probe limits in a coordinated way with explicit general
covariance breaking will be useful for other future works
on effective gravitational models and their applications,
since the variety of choices which can be made about
diffeomorphism invariance breaking brings us a wide
range of possibilities to explore.
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