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We show that the main properties of the fracton quasiparticles can be derived from a generalized
covariant Maxwell-like action. Starting from a rank-2 symmetric tensor field A,, (x), we build a partially
symmetric rank-3 tensor field strength F,,,(x) which obeys a kind of Bianchi identity. The most general
action invariant under the covariant “fracton” transformation &g,y A, (x) = d,0,A(x) consists of two
independent terms: one describing linearized gravity (LG) and the other referable to fractons. The whole

action can be written in terms of F,,(x), and the fracton part of the invariant Lagrangian writes as F(x), in

up
analogy with Maxwell theory. The canonical momentum derived from the fracton Lagrangian coincides
with the tensor electric field appearing in the fracton literature, and the field equations of motion, which
have the same form as the covariant Maxwell equations (¢ F,(x) = 0), can be written in terms of the
generalized electric and magnetic fields and yield two of the four Maxwell equations (generalized electric
Gauss and Ampere laws), while the other two (generalized magnetic Gauss and Faraday laws) are
consequences of the “Bianchi identity” for the tensor F,,,(x), as in Maxwell theory. In the covariant
generalization of the fracton theory, the equations describing the fracton limited mobility, i.e., the charge
and dipole conservation, are not external constraints, but rather consequences of the field equations of
motion, hence of the invariant action and, ultimately, of the fracton covariant symmetry. Finally, we
increase the known analogies between LG and fracton theory by noting that both satisfy the generalized
Gauss constraint which underlies the limited mobility property, which one would not expect in LG.
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I. INTRODUCTION, SUMMARY OF RESULTS,
AND DISCUSSION

Fractons are quasiparticles with the defining property
of having restricted mobility [I-11]. In particular “true”
fractons cannot move at all, while other quasiparticles
which can be traced back to fractons can move only in a
subdimensional space, like “lineons,” which move on a line
and “planons,” which move on a plane [2,11]. The first
observations of a fractonlike behavior appeared in lattice
spin models [3], and since then many developments
followed [4,5,12—15]. Lattice models describing fractons
fall into two classes, depending on their particle content:
“type 1,” the most representative of which is the X-cube
model [5], has both fractons and 1,2-dimensional particles,
while “type II,” of which the Haah’s code [4] is the
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prototypical example, describes fractons only. Fractons,
like linearized gravity (LG), can be described by a gauge
theory of a symmetric tensor field, which generalizes the
ordinary Maxwell electromagnetism for a vector field [6].
This class of fracton theories, which can be related to
the previous lattice models via a Higgs-like mechanism
[16,17], were first introduced to describe gravity-related
phenomena [18-21], and later were developed into the
actual fracton theory [6-9]. Written in terms of a rank-2
symmetric tensor field A;;(x) (i, /... spatial indices), the
typical starting point is a Maxwell-like Hamiltonian
[E%(x) + B?(x)], where the “electric” field EV(x) is the
conjugate momentum of A;;(x) as in standard electromag-
netism, and the “magnetic” field B;;(x) is defined as the
gauge invariant object depending on the lowest possible
number of derivatives of A;;(x) [8]. From these definitions,
generalized Maxwell equations follow [6]: Faraday’s equa-
tion is a relation between E;;(x) as conjugate momentum
and the time derivative of B;;(x), while Ampére law is a
Hamilton’s equation for E;;(x). Finally, the usual Gauss
theorem in this picture is not really a theorem, but, rather, is
imposed as a constraint. The gauge transformation of A;;(x)
is crucial since, besides determining B;;(x), it is strictly
related to the Gauss-like constraint, which has a key role in
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implementing the restricted mobility of fractons [1,6—10].
There are two possibilities [1,2,6-8,10,22]:
(i) scalar charge theory: the Gauss constraint and the
gauge transformation of A;;(x) are

In the presence of fractonic matter one can define a
charge density operator p(x) [10] and the Gauss
constraint generalizes to [7]
The restricted mobility becomes evident, since (1.3)
implies charge and dipole (p'(x) = x’p(x)) neutral-
ity when integrated on an infinite volume V (or up to
boundary terms) [1,2,6,7,23]

/ dV0,0,E = / dVp =0
—/dVd,-E”‘ = /dekp:/dek =0. (1.5

Eq. (1.5) states that single charges cannot move
(fractons) due to dipole conservation, while di-
poles do.

(1.4)

(i1) vector charge theory : the Gauss constraint and the
gauge transformation of A;;(x) are
0;E7 =0 (1.6)

As in the scalar case, a vector charge density
operator p/(x) can be defined [10] and the gener-
alized Gauss constraint is [7]
O,EV = p, (1.8)
which immediately implies (1.3) together with the
conservation laws (1.4) and (1.5), but yields a further

mobility constraint due to conservation of angular
momentum

/dVeOijkxipj = —/dVGOijkEij =0.

symmetry -

5fractA/w = ay auA(x) -

1
B 6/ e

Hence, vector charges can move only along the
spatial direction related to the charged vector.
In Maxwell theory the Ay(x) component of the gauge field
A,(x) is a multiplier enforcing the standard Gauss con-

straint V - E (x) = 0. Following this, in fracton models the
Gauss constraint (1.1) is implemented by introducing a
Lagrange multiplier, as done for instance in [8], sometimes
called Ag(x) to enhance the Maxwell analogy. This
multiplier seems to have no relation with the A;;(x) tensor
field and in addition, due to this “by hand” implementation,
the Lagrangian acquires an inhomogeneous number of
(spatial) derivatives [8]. For these reasons, despite all the
similarities we mentioned, while Maxwell theory has a
natural covariant formulation, the construction of fracton
models appear to be intrinsically noncovariant.

In this paper we show that the main results concerning
fractons, in particular the existence of tensorial electric and
magnetic fields, the Gauss constraints, the Maxwell-like
Hamiltonian and the dipole response to “electromagnetic”
fields through a “Lorentz force,” to cite a few, are indeed
consequences of a covariant action for a symmetric rank-2
tensor field A, (x), invariant under the covariant extension
of the fracton transformation (1.2)

5fractA/,w = a}lal/A’ (19)
which therefore plays, as usual in quantum field theory, a
central role. We shall show also that from the gauge tensor
field A, (x) it is possible to construct a rank-3 tensor
F,,(x) which we may call the fracton field strength,
invariant under (1.9) and satisfying a kind of geometrical
Bianchi identity. Quite surprisingly, the fracton action can
be written in terms of the fracton field strength as f F2, as
the ordinary Maxwell theory, and all the above mentioned
equations characterizing fractons are nothing else than the
“Maxwell” equations, without need of introducing any
external constraint or particular request, and therefore are
just consequences of the covariant symmetry (1.9).
Moreover, electric and magnetic tensor fields emerge
naturally, and in terms of the action and the energy density
read, respectively, [(E?> — B?) and (E® + B?). Finally, the
Lorentz force for fracton dipoles derived “by intuition”
(sic) in [6] is here recovered as part of the conservation law
for the stress-energy tensor. As a matter of fact, the
covariant generalization described in this paper makes
apparent that the fracton theory is, indeed, a direct
extension of the standard electromagnetic theory which
can be formulated covariantly according to the typical field
theory chain

action —  equations of motion

9,F =0,
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which really appears as a higher rank extension of Maxwell
theory.

The relation between fractons and gravitons has been
already remarked [1,2,22,23]. From the field theory point
of view this is evident from the covariant extension (1.9) of
the fracton symmetry, which is a particular case of the
stronger infinitesimal diffeomorphism transformation [22]

5diffA/41/ = 0,4/\,, + al/A/r (110)
In practice, this means that, while the diff symmetry (1.10)
uniquely defines the LG action, the most general action
invariant under (1.9) is formed by two separately invariant
terms: the LG action and the fracton action f F2, which is
quite peculiar since, to our knowledge, this is the only case
of a Lorentz invariant action which, although free and
quadratic, shows a dimensionless constant which cannot be
eliminated by a field redefinition, and which cannot be
identified as a physical mass, like in topologically massive
3D gauge theory [24]. Coherently with this covariant
picture, both fractons and LG can be given an electromag-
netic formulation (the first, as discussed, in terms of
tensors, while the second, known as gravitoelectromagnet-
ism [25-27], involves vectors), but, as we shall see, they
also share the “Gauss” constraint (1.1) (which is not an
external constraint in our formalism) which underlies the
fracton limited mobility property.

The analogy with ordinary electromagnetism can be
pushed further through the topological #-term that can be
added to the Maxwell Lagrangian (see for instance [28] and
references therein). The role of an analogous boundary
term has been studied in the case of fractons in [8] and, as
for dyons, the result is that the electric charge gains an
additional contribution related to a magnetic vector charge
[1,2,8]. As the standard Witten effect has consequences in
condensed matter physics, this higher rank version of the
fracton O-term might give interesting results in the context
of higher order topological phases [29]. The case of a local,
instead of constant, 6(x) is relevant in axion models
[30,31], where Maxwell equations acquire additional con-
tributions [32,33]. In [27] a local 6(x)-term has been added
to LG, with mainly two consequences: a correction to the
Newtonian gravitational field and a Witten-like effect for
gravitational dyons, in which “gravitipoles” [34] acquire
mass. The results of [27] for LG suggest the possibility of
generalizing what has been found in [8] for fractons, since
both LG and fractons are described by a rank-2 symmetric
tensor field.

There are of course, and fortunately, a few open ques-
tions, which deserve further efforts. The first is that we were
not able to find a symmetry which separates fractons from
gravitons. In other words: while the diff symmetry (1.10)
uniquely defines the LG action, the fracton symmetry (1.9)
gives two invariant functionals. One must necessarily buy
gravitons, together with fractons. The way out in field

theory is to recover the fracton action for vanishing LG
constant, but, still, it would be more satistying to pick up
the fracton action by means of an additional symmetry.
Moreover: the fracton symmetry (1.9) [but also the original
(1.2)] is dimensionally problematic. In 4D the rank-2 tensor
A,,(x) has mass dimension one, both in fracton and LG
theory. Hence, to be dimensionally homogeneous, the
fracton gauge transformation would require a scalar gauge
parameter A(x) with negative dimension
d=4=Al=1; 6A,=0,0A=[A]=-1, (1.11)
but this would not be the case in 6D, which would be the
most “natural” spacetime dimensions for fractons to live in
d=6=[A]=2; 64, =0,0,A=[A]=0. (1.12)
As we shall see, this reflects also in the fact that, in 4D, the
stress-energy tensor is not traceless, hence the theory is
not scale invariant, differently from the classical Maxwell
theory. Instead, tracelessness is recovered in 6D.

Finally, we remark a subtle point which concerns the
stress-energy tensor of the fracton action. In Sec. III we
compute the stress-energy tensor, defined as

ryoo 25 113)
V/=969"

and we show that it has the correct components, which are
exactly the higher rank generalizations of the Maxwell
energy density (Tgo(x)), of the Poynting vector (T;(x))
and of the stress tensor (7;;(x)). The time component is
conserved on shell, i.e.d,7#°(x) = 0, and gives the con-
tinuity equation relating the energy density to the Poynting
vector. So far so good. But the space component of the
stress-energy tensor conservation law is not exactly con-
served. We find a breaking term which might be interpreted
as follows. The stress-energy tensor (1.13) is the conserved
current associated to the infinitesimal diff invariance (1.10)
[26], which is not a symmetry of the theory defined by
(1.9). Hence, the stress-energy tensor (1.13) should not
be conserved. Nonetheless, the fracton transformation
(1.9) is a particular case of the general diff transformation
(1.10). Hence, it is not that unexpected that the stress-
energy tensor is almost conserved. A further confirmation
that T,4(x) (1.13) is the correct one is that, when matter is
added, quite remarkably the conservation equation gives
exactly the Lorentz force for fracton dipoles that has been
conjectured in [6].

The paper is organized as follows. In Sec. II we derive
the theory defined by the fracton symmetry (1.9), com-
posed by two terms, fracton and LG. We then construct the
rank-3 fracton field strength F,,,(x) and we show that both
the fracton and the LG actions can be written in terms of
this tensor, which satisfies an identity analogous to the
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Bianchi one. We then compute the canonical momentum
I1% (x) associated to A,4(x) and derive the field equations
of motion. In Sec. III we consider the fracton theory only,
obtained by putting the LG constant to zero. Without
imposing any external constraint, we recover the main
properties of the fractons simply from the equations of
motion, which, written in terms of the electric and magnetic
tensor fields, impressively reminds the ordinary Maxwell
equations. We derive the stress-energy tensor and physi-
cally identify its components, which are the higher rank
extensions of their Maxwell counterparts. We then write,
interpret and discuss the stress-energy tensor conservation
laws. In Sec. IV we add matter to the theory, represented by
a symmetric rank-2 tensor coupled to A,4(x), and extend
the previously found results in the presence of matter. The
most important achievement of this section is the expres-
sion of the Lorentz force which describes how dipole
fractons respond to the electromagnetic tensor fields.
This Lorentz force coincides with the one conjectured in
[6]. Finally, in Sec. V we add to the fracton action the
generalized -term, which, again, can be written both in
terms of the electromagnetic tensor fields and of the fracton
field strength, in complete analogy with Maxwell theory.
We recover and generalize previous results obtained in
the context of LG [27] and of fractons [8] giving to the
O-parameter a local dependence. Some final remarks can be
found in Sec. VL

II. FRACTONS AND LINEARIZED GRAVITY

A. The symmetry

We adopt the standard point of view of field theory, that
is to consider the symmetry as the birth certificate of a
theory. In our case, the symmetry, hereinafter “fracton”
symmetry, is the covariant generalization of the extended
electromagnetic transformation (1.2) invoked in [6-9] for
fractons, i.e.,
5fractAyv = a}lal/A’ (21)
where A, (x) is a rank-2 symmetric tensor field and A(x) a
local scalar parameter. The fracton transformation (2.1) is
obtained from the more general infinitesimal diffeomor-
phism transformation
6diffAm/ - 0,41\,, + al/AM (22)
for the particular choice of the gauge parameter
A,(x) =%0,A(x). The most general 4D action invariant
under the fracton symmetry (2.1) is a linear combination of
two invariant actions

Sinv = gISfracl + gZSLGv (23)

where

Sfract = / d4x(apAmzapAlw - a/)A/,waﬂAbp) (24)
Sig = / d4x(0ﬂA0”A - apA,waﬂA/“’ - 20;4A0pAW
+20,A,,0'A"), (2.5)

g1, g» are dimensionless constants, and A = #**A,,, is the
trace of the tensor field. The action S;g is readily
recognized to be the linearized action for gravity [35],
while Sp,. 1s our candidate to be the covariant action for
fractons, as we shall motivate in this paper. Hence, the
space of 4D local integrated functionals invariant under
the fracton symmetry (2.1) has dimension two, and one of
the two constants g; and g, can be reabsorbed by a
redefinition of A, (x), so that we have the rather peculiar
feature that the free quadratic theory defined by the action
(2.3), hence by the fracton transformation (2.1), depends on
one constant. To our knowledge, this is the only example of
a free quadratic covariant theory depending on a constant
which cannot be reabsorbed by a field redefinition, without
being identified as a mass, like in 3D topologically massive
gauge theories [24]. In particular we have that Sg, (2.4)
and Sy (2.5) are both invariant under the fracton trans-
formation (2.1)

5fractSLG = 5fractSfract =0, (26)

but only the LG action (2.5) is invariant under the diff
transformation (2.2)

5diffSLG - 07 (27)

while the fracton Sy, (2.4), hence the whole action Sj,,
(2.3), is not

OdifrStract = 91 / d4x[2d” AN,

— PAL (A + FA] £0.  (2.8)

B. The fracton field strength

The first step toward a Maxwell theory for fractons,
which is the main purpose of this article, is the construction
of the “building block™ of the theory, namely the extension
of the electromagnetic field strength F, (x)

A, - F,=0A,-0A,

-9
A/w_’me_'

(2.9)

To this aim, we look for a rank-3 tensor built from the first
derivative of the rank-2 tensor field A,, (x)

125008-4
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TABLE L. Properties of the fracton and Maxwell field strengths.
Fractons Maxwell

Invariance OtractFuwp = 0 OgaugeFw =0

Cyclicity Fup+ Fopy+Fp,=0 F,+F,=0

Bianchi euﬂwa"Fﬁ”f’ =0 €uped” FP7 =0

F,,=a0,A,+a0,A, +as0,4,, (2.10)

where a; are dimensionless constants. As the electromag-
netic tensor F,,(x) is invariant under the ordinary gauge
transformation dgyeeA,(X) = 0,A(x), in the same way we
require that F',,(x) is invariant under the fracton symmetry
(2.1), which gives a constraint on the coefficients a;

5fractFﬂw) =0= az = _(al + aZ)’ (21 1)

so that

F

Hvp (al + a2)6 A

= a;0,A,, + ax0,A,, — LA (2.12)
As a consequence of its definition, the invariant tensor
(2.12) has the properties listed in Table I, compared to those
of the Maxwell field strength F, (x).

We remark that the fracton invariance of F,,,(x) (2.11)
and the property which we called “cyclicity” in Table I are

equivalent
5fractF/wp =0e F/wp + Fl/pﬂ + Fp/u/
:0©a1—|—a2+a3=0. (213)
All the physically relevant quantities (like for instance the
equations of motion and the conjugate momenta) are
obtained by making functional derivatives with respect
to A, (x), which is a symmetric tensor field. With the aim
of writing everything in terms of the tensor field strength
F,,,(x), it is natural to ask that also this latter is symmetric
by the change of two indices, for instance the first two

Fup,=Fy,, (2.14)
which implies a, = —2al.1 Therefore, after a rescaling of
A, (x), our fracton field strength is

Fup=Fy,=0,A,,+0,A,—20,A,. (2.15)

Rather surprisingly, the same symmetric tensor (2.15)
appears as an unnumbered comment in the final part of
a 1988 paper by Y. S. Wu and A. Zee [36] as a consequence
of the covariant symmetry (2.1), but in a completely

'"We checked that this is indeed the case, ie., F (%) —
F,,,(x) is always ruled out.

different context, since fractons were not even con-
. 2
ceived yet.

C. The fracton and LG actions

The actions (2.4) and (2.5) can be written in terms of the
fracton field strength F,,,(x) (2.15) as

1
Sfract == 6 / d4xF’””’FWp (216)

1 w 1o
Sie = / d4x<ZF”WFp’ —¢ ﬂFW>. (2.17)

Notice that also the LG action (2.5) can be written in terms
of the newly introduced tensor F,,,(x) (2.15). The fact
that the fractonic component of the total action S;,, (2.3)
turns out to be of the form | F? tells us that we are on the
right way to build a Maxwell theory of fractons, but the
analogies are even more surprising in what follows.

D. The canonical momentum IT*(x)

In the theory of the fracton quasiparticles an important
role is played by the momentum canonically conjugated to
A, (x) [1,6-8,37]. From (2.3) we have

(g1, g5) = 0(%::/3) =g F" ~ g, [Waﬁsz
_ % (;,IOaFlﬂﬂ + ”OﬂFAAa) _ Faﬂo] , (2.18)
whose components are
M =0 (2.19)
0 = —g, Fio0 _ %QZFjji (2.20)
MV = —g F0 4 gy (F0 — i FKO). (2.21)

From (2.19) we see that Ay (x) is not a dynamical field for
the whole theory (both fractons and LG). For what concerns
LG alone, it is known [23,35] that the components with a
time index, Agy(x) and Ay;(x), have nondynamical equa-
tions of motion, acting as Lagrange multipliers to enforce
gauge constraints, in the same way as Agy(x) acts as a
Lagrange multiplier enforcing Gauss law in Maxwell
theory. The physical degrees of freedom are contained in
the spatial symmetric tensor A;;(x). We shall see that this
property concerning LG holds for fracton theory too, which
therefore remarkably shares close similarities with both LG

*We thank Giandomenico Palumbo for this remark.
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and Maxwell theory. We finally notice that for a particular
combination of g; and g, the trace of I1* vanishes

NplI? =T1% =TI, = —(g; +29,)F/° =0

if g +29, =0. (2.22)
This corresponds to the fact that, as already remarked in
[22], the theory defined by S;,, (2.3) at (2.22) does not

|

oS inv
SA%P

1
= glaﬂFGﬁM + (%)) r]aﬂdﬂFyW - = (aaFﬂﬂﬂ + aﬁF”#a) — 0'F

2

whose components are

i a=p=0
G10;F™" — g50;(F ' 4+ F*)

SO .
=20, <—91F100 - 5ng/’> =2910 =0, (2.24)

where we used F%% = —2F%0 and the definition of
the canonical momentum IT (2.20).
() a=0,p=1i

. 1 ) . )
glaﬁFOM _ EQZ(aOFﬁM + alFfO + Za}LFOM)
. o1 . .
= —0pIT" + g,0;F% — 3 92("F 0 +20,F7) = 0;
(2.25)
(i) a=i, f=
w1
91 Fij + ¢ |:7]ija/4Fl/” 3 (0:F',; +0;F,)

III. MAXWELL THEORY FOR FRACTONS

In this section we treat the case g, = 0, and we shall
recover the main features generally attributed to the fracton
quasiparticles [1,6-8], thus allowing us to justify the
identification of Sp, (2.16) as the action for fractons.

A. Electric/magnetic tensor fields and “Maxwell”
equations

As far as only fractons are considered, in [1,6-8,37] an
electric tensor field EV(x) is defined as spatial “canonical
momentum” as follows

apu

depend on the trace of the tensor field A, (x), further
lowering the number of degrees of freedom.

E. The field equations of motion

As the fracton and LG actions (2.16) and (2.17), the field
equations of motion (EoM) can be written in terms of the
fracton field strength F,,,(x) as well

=201[(0"0,A,5 + 0"0pA,,,) — 02Aaﬁ] +295[1145(0,0,A" — ?A) + 0,05A + 02Aaﬂ —2(0"0,A,5 + 0"05A,,)]

=0, (2.23)

E;j x —0,A;; + 0;0;A,. (3.1)
We would like to show here that E;;(x) (3.1) can indeed be
derived from the action (2.16) in a way which also clarifies
which is the origin of the scalar field Ay(x) appearing in
(3.1). In fact, Ay(x) cannot be directly part of a canonical
momentum unless in the Lagrangian weird terms with three
derivatives are admitted [8]. The covariant extension (2.1)
of the fracton symmetry has a central role in determining
(3.1), without the need of any ad-hoc introduction. In fact,
starting from the fracton transformation (2.1) one gets
the action Sj,, (2.3) from which the spatial canonical
momentum (2.21) is derived. In the case where only
fractons are present, namely g, = 0, the canonical momen-
tum IT9(x)|,, _, reads:

|, _y = —giF'° = g, (20°A — /A" — 9'A%),  (3.2)
which differs from (3.1). Nevertheless, the electric tensor
field (3.1) can be indeed obtained from the spatial canonical
momentum I17(x)|, _, using the EoM (2.23) with g, = 0,

i.e., those derived from the fracton action (2.16) alone,
which closely remind the usual Maxwell equations
HMF

=0. (3.3)

afu

In fact, taking (3.3) at @« = # = 0 (or, equivalently, (2.24) at
g» = 0) we have

0'Fooi = 20'(3pAg; — 9;Apy) = 0. (34)
A particular solution is given by
AOﬂ - A/JO = O”AO, (35)

which introduces the missing scalar potential Ay(x). What
renders remarkable the solution (3.5), which is a direct
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consequence of our covariant approach, is that it leads to
recover, up to a constant, the electric tensor field (3.1). In
fact, using (3.5) in (3.2) we get

(Hij|g2:0)|(3‘5) = 2g,(0°AYT — 0'9/A°) = EV, (3.6)
which indeed coincides with the tensor electric field (3.1).
Hence, finally, the answer to the question is the following:
the electric tensor field £ (x) (3.1) introduced in [6-8,37]
is defined as the canonical momentum II;; (3.2) of the
fracton action Sp, (2.4), evaluated on the EoM (3.4). In
addition to the properties listed in Table I, which hold in
general, the particular solution (3.5) implies also

Fi00 _ F0i0 _ p00i _ () (3.7)

Fi0 = 2F0 = _2F0j, (3.8)
which hold for fractons only. As anticipated, because of
(3.7), for the fracton theory g, = 0 we have an additional
Hamiltonian constraint, besides (2.19)

(Hio|gz=o)|(3.5)A0 = _91Fi00 =0, (3-9)

which corresponds to the fact that, like in LG, also for
fractons the degrees of freedom concern only the spatial
components A;;(x). Moreover, again in surprising analogy
with Maxwell theory where the electric field and the field
strength are related by E!(x) = —F%(x), we have that
El = —g, F0 =29, F% = 2g,F, (3.10)

Taking (3.3) at « = 0 and f = i (or, equivalently, (2.25) at
g> = 0) we have

. . 1 g
aﬂFO/‘zdeOJ:—EdeJ():O, (3.11)
which, using (3.10), writes
ajEij =0, (3.12)

which is the vacuum Gauss law for the electric tensor field
(3.6). It is the tensorial extension of

V-E=o0. (3.13)
Eq. (3.12) trivially implies
0,0,E7 =0, (3.14)

which, together with (3.12), is crucial for the property of
limited mobility characterizing the fracton quasiparticles
[1,2,6,7]. As we shall show in a moment, while the Gauss-
like equation (3.12) holds only for the fracton action (2.16),
an equation formally identical to the limited mobility
equation (3.14) holds for the LG action S;g (2.17), too.
In fact, taking the divergence 0, of the whole EoM (2.25)
and using (2.24) we have, at g; = 0, i.e., for LG only,
0;0'F}° 4+20,0,F'° = —0,0;117|, _ =0, (3.15)

where we used the cyclicity property in Table I of the tensor

F,,,(x), which in particular implies

i, 1 -
aiajFO” - —EaiajFUO. (316)

Equation (3.15) is formally identical to its fracton counter-
part (3.14), and its possible consequences on the limited
mobility of the gravitational waves are worth to investigate
and to interpret. Finally, taking (3.3) at « = i and f = j (or,
equivalently, (2.26) at g, = 0), we have

QuF I = OgF 0 O = =00 O =0,
1

(3.17)

where we used the definition of the electric tensor field
E'(x) (3.10). The fracton EoM (3.17) suggests to define the
magnetic tensor field, in analogy with the ordinary vector
magnetic field B;(x) = €;;,0/A¥(x) = 1€, F/*(x), as

Bij = geoind' A = %eol'kszkl, (3.18)

where g is a constant to be suitably tuned. Its inverse is

. 1 ) ; ) .
Filk = = ("B + "M B). (3.19)
The EoM (3.17) then can be written
1 P R T .
——0yEV —— ("0, B/ + €0, B}') =0, (3.20)
g1 g

which turns out to be completely analogous to the electro-

magnetic Ampere law of electromagnetism in vacuum
—0,E+VxB=0, (3.21)

of which (3.20) is the tensorial extension. It coincides with

Eq. (26) in [6]. From the definition (3.18) we find that the
magnetic tensor field is traceless
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(3.22)
and satisfies

Bl =0, (3.23)

which is analogous to the standard Maxwell equation

V.B=0, (3.24)
and coincides with Pretko’s second equation (38) in [6]. As
in standard electromagnetism, the Eq. (3.23) is a geometric
property, consequence of the definition of the magnetic
tensor field B/ (x) (3.18).

Let us now study which information comes from the
“Bianchi” identity in Table I

® a=0,p=j

N 3.
€0iap0' F/*? = =0'B! =0, (3.25)
9

we therefore recover the tensor magnetic Gauss

) a=Lp=i

— ivp

O—GI”W,O”F /
_ ij0 ijk i0]
= €1”j()aFFU +€lﬂjkd“F1 +€lﬂ0ja”Fl J

3 y .
= EelmjoamF”O + €lojkaoFUk

3 3 .
= —€OlmjamElj + EaOBll’ (326)

2g,

where we used (3.7), (3.8), (3.10) and the definition
(3.18). Equation (3.26) is new, and it is the tensorial
extension of the Faraday equation of electromag-
netism:

VxE+aB=0. (3.27)
It coincides with Pretko’s Eq. (36) in [6].
(ili) a =p =0 and a = i, # = 0 are trivial identities.
Summarizing, from the EoM (3.3) and the “Bianchi”
identity in Table I we have the following strong analogy

law (3.23). with classical electromagnetism:
Maxwell Fractons
> . (3.28)
V-E=0 0;E7 =0
V-B=0 0B =0 (3.29)
. o201
VXE-0B=0 €gimj0"EY ———0d"B =0 (3.30)
g
oL - ) Oikly B J Ojkly B i
VxB-0E=0 —aoElf—ﬂ<€ £ ”2% £ ’>_o. (3.31)
|
Setting of the tensor F,,,(x) as (2.16). This makes apparent the
strong analogy with the classical electromagnetic Maxwell
@ —_1 (3.32) theory, of which the fracton theory appears to be the higher
g rank generalization. This analogy is even more spectacular

the last two Eqgs. (3.30) and (3.31) are fully analogous to the
corresponding ordinary Maxwell equations at the left-hand
side, and coincides with those introduced by Pretko in [6]
from a completely different point of view, where actually it
is written (3.14) rather than the more fundamental (3.12).

B. Fracton action in terms of electric and magnetic
tensor fields

We have seen that the fracton action (2.4), originally
written in terms of the field A,, (x), can be written in terms

when the four Egs. (3.28)—(3.31) governing the theory are
considered, which can be written in terms of the two

electric and magnetic tensor fields E7(x) (3.6) and B/ (x)
(3.18). As in Maxwell theory, two equations, namely (3.28)
and (3.31), are the EoM of the action (2.16), while the other
two, (3.29) and (3.30), are consequences of the “Bianchi”
identity written in Table I for the tensor F,,,(x), hence have
a geometrical nature. The analogy with electromagnetism
can be pushed further by noting that the fracton action
(2.16) can be written in terms of the electric and magnetic
tensor fields as follows:
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Sfract - 6 /d4XF Frr

:%/d4X(FOi'jF0ij+Fi'i0Fij0‘I’FiojFioj‘l’Fiijijk)

1 .. y 1. N
= %1 d*x <4 FiOF o+ FIOF o + ZF’JOF,»J»O + FiikF, jk>

31 .. 2
d4x[ ~ S EUE, - =
2 % J gZ

91
= /d4x

6
6
1 1 29
= | d*x —fE”E ZJ1

2/ < 29, 7

where, besides the definitions of the electric and magnetic
tensor fields (3.6) and (3.18), we used the properties of
F,,,(x) (3.7) and (3.8), and the tracelessness of the tensor
magnetic field (3.22). The result (3.33) closely reminds the
electromagnetic action, whose Lagrangian is proportional
to E> — B2, provided that

which is compatible with the previously found constraint
(3.32), that we will assume from now on.

C. Stress-energy tensor and conservation laws

The stress-energy tensor for the fracton action Sp,
(2.16) is

2 5Sfract
Taﬂ -
/=g 8¢
- / d“x\/——gwgvygﬂ“FmFM
3\/ - 690: p P =nP
=3 N g2 = 3 O gy (QF F,, - FRAE,T). (3.35)
Notice that taking the trace of 7, we have, in d-spacetime
dimensions
d—=6
T — ’,]aﬁTaﬂ — gl ( )FZ — _&FZ’ (336)

which does not vanish in d =4, differently from what
happens in Maxwell theory. The tracelessness of the stress-
energy tensor would be recovered in d =6, which, as
already remarked in the Introduction, seem to be the most
natural, although unphysical, spacetime dimensions for
fractons. The nonvanishing of the trace of the fracton stress-

3
d4x< FUOF 0 + F’/kF,]k>

€0kmanl€0kabBbc(5:ln5f + 5?5;1)]

1
( —EVE,; + 9 B /B )
4g, 7

(3.33)

Jni
Bl-Bj>,

[

energy tensor is the sign that the theory, already at classical
level, is not scale invariant. This suggests the existence of
an energy scale. Now, since tracelessness is eventually
related to the masslessness of the photon, the fact that the
trace (3.36) does not vanish might suggest the existence of
a mass (as the typical energy scale) for the fractons, which
can be introduced in a similar way as in LG [38,39]. The
components of the stress-energy tensor are physically
interpretable as follows:

(1) a = p =0 gives the energy density Ty = u

91
6

6 F2 + 2 FZJOFUO

It 2 +£;‘ (2F%Fy, + FUOF, )

1 1 .
6o
9 91

(3.37)

TOOZL‘:

1 y
= —(E’/E BJB’ )+ (
4g,

1
= ——(E”E +BJB’ ),
49

where (3.7), (3.8), (3.33), (3.10), and (3.34) have
been used. Again, this expression is formally iden-
tical to the corresponding electromagnetic result
u o< E? + B%. From the positivity constraint of the
energy density u it must be

g1 <0, (3.38)
and, from now on, we choose
g =—1; (3.39)
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(i) a =0, p =i gives the Poynting vector Ty, = §;

1
Ty =S8;= g”liﬁ(ZFMpFODp + F**F 00)
1 . .
= 5’15/(2FWF01¢1 + FMiFy0)

1 ) . . .
= g’lij[—(eoﬂpok + %P BVEy + (GOk’pol + GOI’pB;)Ekz]
1

= gﬂijEkl(—Zeo-ﬂ”B,f‘ —Wpps 4 kgl
1 .
=73 nijEwe”'? By
1
=5 o BBl (3.40)

- -

which, as in Maxwell electromagnetism, is the vector product of the electric and magnetic tensor fields S« E x B;
(iii) a =1, f =] gives the stress tensor T;; = o;;

1 1
T;;=- 6’71‘sz + g’?jk(szﬂUFiuu + FPYF )
1 1
=- gﬂisz + g’?jk(3Fka0Fiao + 2F*PFpp, + FU5F ;)
1 1
== 8’71‘sz - ’ijEkaEia + g"]jk(szabFiab + FKF 1)
1 1
= iF* = EME;, + ol i (285B B4 — 2B *B*, + 4B fFB% — "*¢,, B P BY,)
1 1
== gﬂisz — BN Ejy + 5’7jk<5§BabBab — BB’ + BJB%)
1
= 1;;Too — njnaEME', — E”jk’]il(BluBka - B/B"), (3.41)

where we used
1
2Fk ) = — 3 (PP B 4 €207 B ) (€0ipg B + €0angBY)

(*B}B% — B“B*, + 4B fB%) (3.42)

N[ =

1
FabkFabi = _Z (€0akpob + GObkpB;)(GOaiqub + €0biqua)

= %(5{?3,]’3@ — B/B*, — €"*r¢y,,, B BY), (3.43)
and, from [40],
" eqyy = =03 (510 — 6] 54) + 87 (8,04 — 8,54) — 84(8,07 — 8,57), (3.44)
so that
"*r ey, BB = —5¢B}B°, + B “B*, + B fB“, (3.45)

because of the tracelessness of the magnetic tensor (3.22). Finally, we used also the fact that, because of (3.33) and
(3.37) we have Tog = —t F2 + 1 B/B%. As expected, the stress tensor is symmetric i <> j:
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1 1
T;; = Z’?ij(EubEah + BlBY) —nPE E ), — Eﬂ“b(Biqub — B,;By;). (3.46)

Once again, the analogy with Maxwell theory, for which the stress tensor is

1
Oij = 5’7ij(E2 + Bz) — EiEj = B;Bj, (3'47)

is impressive.
Let us now discuss the (on-shell) conservation of the stress-energy tensor

&T,, =0, (3.48)
whose components are
i) u=0:
6’“Ty0 - 00T00 + aiTiO
- aou + aiSi
1 1 )
== ZaO(EabEah +B/BY) + §€Oizpa’(Elepk)
1 .
=73 [Eap00E” + B%0yB. — €0;1,0'(EX'BY, )]

1 .
T2 (%M E 0B + €0amnB 0" E™" = €0i10' (E' B, )]

= %e()amn [E**9™B", 4 B" 0" E*> — 0" (E**B",)]
=0, (3.49)
where we used the EoM (3.20) and (3.26). The continuity equation is therefore verified on-shell
d'S; + °u = 0. (3.50)
() u=1i
T, = Ty + 0T,
=S, + o/ i
= 3 Coumn B0 BY) + Oy =m0y (EE',) ~ 0, (BB, ~ BLB)
_ _é €oimn { B (e0aklg B + Omklgy B aY| B, — €01 E, Eam}
+ 0 — 10 (E*E',) = ;104 (B" BY, — BB
= - i o€ N0, BY+ (536} — 45)) BBy — 5 (3705, = 8,5 E 0,y
+ 0u = ;0 (EME}) = 110, (B"“ B, — BfB")
= (B0, B~ 2B%,0,B" + BdBT) 3 (BT~ E0,E,)
+84— E, 0,E¥ — E*0,E,, — % (B",0,B," — B"0,,B," — B,"0,,B")

1
—[(38%0,B," +-2B,10,B") — 2E"0, E,

£0, (3.51)
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where (3.20), (3.26), (3.44), and (3.12) have been
used. Differently from the continuity equation (3.50),
the spatial components of the divergence of the
stress-energy tensor do not vanish. Now, what
should we expect actually ? If we think of the
stress-energy tensor as the conserved current asso-
ciated to the diffeomorphism symmetry, as the
definition (3.35) suggests, it should not be conserved
in a theory like the fracton one, which is not
diffeomorphism invariant (2.8). On the other hand,
we are facing here with a partial conservation of the
stress-energy tensor, because its time component is
indeed conserved, yielding the continuity equa-
tion (3.50), which relates the flux of the energy
density to the divergence of the momentum density.
The partial conservation of the stress-energy tensor
might be explained by observing that the fracton
symmetry (2.1) is indeed a diff transformation (2.2)
with a particular choice of the vector diff parameter.

IV. FRACTON LORENTZ FORCE

It is interesting to study how the physics is modified if
matter is introduced by means of a symmetric rank-2 tensor
JH(x) = J¥(x) coupled to the fracton field A, (x)

Stract = Stot = Stract T 575 (41)

where Sy, 18 the pure fractonic action (2.4) [or (2.16)], and
S; is the matter action

S, =— / dTA,,. 4.2)
The EoM (3.3) modifies as
0, F = —J°7. (4.3)

We observe that, due to the cyclicity identity in Table I, J%
is conserved in the following sense

0a0ﬂ1“ﬁ =0. (4.4)
The components of the EoM (4.3) are
i) a=p=0:
0;F0 = —J00 =0, (4.5)

which vanishes because of (3.7), consequence of
(3.5). Hence, there is no coupling with Ayy(x), as
expected, since it is not a dynamical degree of
freedom of the theory, due to (2.19).

(i) a=0,p=1:

0;F0i = —Joi, (4.6)

(iii)

125008-12

which, using (3.10), becomes
djEij =2J9, (4.7)

Taking the divergence of (4.7) we find the analogous
of the Gauss law

where we defined the charge density
p=20,J°. (4.9)

This equation plays a central role in [1,2,6-8], since
it yields not only the charge neutrality condition, but
also the vanishing of the total dipole moment. In
fact, integrating (4.8), we get

/ dVo,0,El = / dVp=0, (4.10)

which states that the total charge inside an infinite
volume is zero. Moreover, from (4.8) we also have

/dekdidjEij = /dekp: /dek =0,
(4.11)

according to which the dipole moment density,
defined as

pk = xp, (4.12)
of an infinite volume vanishes.
a=1,p=]:
0, Fir = —Ji, (4.13)
which, using (3.20), becomes
—0yEV + % (e"%9B/ 4 2¥ o B/) = Jii.  (4.14)
Differentiating with 9;0;, we have
0 = 000;0;E" + 0;0;J"
= 0pp + 0;0,JY, (4.15)

where (4.8) has been used. It is a kind of continuity
equation [6,37,41], which can also be obtained from
the conservation equation (4.4)

0 = 0,050 = 2000;J% + 0,0,J" = dpp + 0,0,J",
(4.16)
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where we have used the definition of the density

charge p(x) (4.9) and the fact that J%(x) = 0 (4.5).
It is also interesting to see how the (partial) conservation of
the stress-energy tensor is modified by the presence of
matter. The continuity equation (3.50) is modified as
T,y =Ty + 0Ty = u+09S; = EpJ, (4.17)

while the spatial components of (3.51) acquire the term in
the last row

aDTM' = GOTOi + ajle == 00S, + ajO'ji
1
= ;[380,B," +2B,"0,B") - 2E%9,E,]

1
+3 €0imn‘]amBna

-2JYE,,,
2 a

(4.18)
The additional terms appearing in (4.17) and (4.18) can be
easily interpreted if, again, we think to the standard
Maxwell theory of electromagnetism, where the divergence
of the stress-energy tensor in presence of matter involves
the 4D “Lorentz force” per unit volume on matter f*:

0,T" + f* =0. (4.19)
At the right-hand side of (4.17) appears
fO=E,J?, (4.20)

which is the analogous of the electromagnetic power E-J.
The last term at the right-hand side of (4.18)

. N
f'= 2 B =5, B (4.21)

can be traced back to the generalized Lorentz force on a
dipole p’(x) moving with velocity v’ proposed in [6]

Fi = —pEV — ' pv,B J (4.22)
once we take
JO ~ pi, (4.23)
and
Ji ~ pivd + piy. (4.24)

The first identification (4.23) is compatible with (4.11),
when (4.7) is taken into account, and the second relation
(4.24) agrees with the microscopic lattice definition of the
current of a dipole made in [6,19]. What is remarkable
is that we recover here as part of the conservation law of
the stress-energy tensor the picture conjectured in [6]: the
isolated electric monopoles of the theory described by the

action (2.16) are fractons, which do not respond to the
electromagnetic fields and, hence, do not move, due to the
dipole conservation constraint (4.8). What we find here
is that, instead, dipole motion, which preserves the global
dipole moment, does respond to the electromagnetic
field tensors EY(x) and B/(x) according to (4.21), like
a conventional charge particle responds to an ordinary
electromagnetic field. Hence, from (4.21), we confirm the
“Intuition” proposed in [6] concerning the Lorentz force on
a fracton dipole (4.22).

V. 6-TERM

In ordinary vector gauge field theory, it is known that a
term can be added to the Maxwell action (or to its non-
Abelian extension, namely the Yang-Mills theory): the so
called O-term, which has the form

uvt po

S9~€/d4xe””/’”F F ~9/d4x1§-1§, (5.1)

where 6 is a constant parameter. The 6-term represented by
(5.1) is topological, since it does not depend on the
spacetime metric, and it is a total derivative, hence it does
not contribute to the EoM. Nonetheless, the 6-term is
relevant in several contexts, like axion electrodynamics, the
Witten effect and the strong CP problem (see for instance
[28,30-33]). For what concerns the fracton theory, in [8]
the O-term has been generalized as E;;B"/, in analogy with
the fractonic Hamiltonian density, assumed to be propor-
tional to (E;;E” + B;;B"). Considering a compact tensor
gauge field, which implies a magnetic monopole (0,8 =
g #0), the introduction of the -term gives to the Gauss
constraint an additional contribution related to the magnetic
field. As for dyons in the Witten effect [42], the electric
charge gains an additional contribution related to the
magnetic vector charge [1,2,8]. On the other hand the
possibility of a nonconstant @-term has not yet been
investigated in the context of fractons. The motivation
for such a generalization comes from the topological
insulators, which are characterized by a step function -
term, which switches between 8 = 0 outside the material
and 6 =z inside. Another example is given by axion
models [30,31], which describe a dynamical field coupled
to photons via a local 6(x)-term. This generates modified
Maxwell equations [32,33] as follows

V-E=p—Vo-B (5.2)

hd -

VxB—0E=J+00B+VOxE,  (53)

where the additional terms contribute as an excess of charge

(Vo - I§) and current (c’)ﬁﬁ + Vo x I::) densities. Thus axion
models are frequently used in the context of condensed
matter and topological insulators to mimic a nonconstant
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O-term, like for instance in [43]. As we are dealing with a
rank-2 tensor theory, an interesting example is the case
studied in [27] in the context of LG, where modified
gravitoelectromagnetic [25] equations analogous to (5.2)
and (5.3) are recovered. According to the formalism
presented in this article, based on the Maxwell-like con-
struction of a consistent theory for fractons, the analogous
of the f-term should be the following

1
Sy = §/d4x€€ﬂme’1””Fg” = /d4x9€ﬂwm(3“A’1”6f’Aj.

(5.4)

We shall see that this is indeed the case by comparing the
consequences of adding this term to the action Sy, (2.4) to
the known results concerning the #-term in the theory of
fractons [1,2,8] and of LG [27]. Notice that, differently
from the standard @-term introduced to solve the strong
CP problem [28,44], Sy is not topological, due to the
contraction of the A-indices in (5.1). Moreover, here 6(x)
is not constant, like in [27]. For instance, 6(x) might be
the Heaviside step function, which would correspond to
introducing a boundary at x = 0 [45-49]. The contribution
of Sy to the EoM is

58,
éAfﬁ = (848 + 855)) 0 Oe oty O A

(5.5)

It is interesting to observe that this contribution is the same
as the one that in [27] gives the #-modified term of the
gravitoelectromagnetic equations, where the electric and
magnetic fields are vectors. The EoM (3.3) acquire an
additional term

oS fract oS [

sAT T 5Ad O 56
whose components are
i) a=p=0
0;FO% — 2ak9e0ijkafA0f =0, (5.7)
which is still solved by A% = 9#A°? (3.5);
(ii)) a=0,p=1i
0;EV — afeB;' =0, (5.8)
which is the tensorial extension of (5.2)
V-E=-Vo-B; (5.9)

(i) a=1i, f=j
52][) [aOEuh _ €0aklakBlb
+ 7% ("9, 0F,,. + 0,0B%)] =0, (5.10)
where we defined the symmetrized delta
8 = ! (8987 + 626%) (5.11)
ij =75\0i9 i9j) ‘
which agrees with (5.3)
VxB-0E=00B+VOxE (512

Therefore Eqs. (5.6) are generalized tensorial #-modified
Maxwell equations. In particular, as in the standard modified
Maxwell equations [33], we can interpret the #-dependent
terms as an excess of charge and current densities:

. . o] . ; . . s
ajEt/ :'51 ; _ aOElj +§(€0’k10k31/ +€OjklakBlt) — Jl]’
with

pl=00B] ;U =65 (e 0,0E  + 00B".).

We have a further confirmation that S, (5.1) is indeed the
correct f-term when we write it in terms of the electric and
magnetic tensor fields (3.6) and (3.18)

1 . . 1 .
SH — —§/d4x07’]lm€0iijlloFm/k — —§/d4x0EllBil,
(5.13)

which is the tensorial extension of the standard 6-term
Sy ~ HfE . B for constant @ [28].

VI. FINAL REMARKS

In this paper we adopted a covariant approach to the
theory of fractons. This is not only a matter of formalism,
but, rather, it allows to better understand the nature itself
of these quasiparticles. In the usual approach of the theory
of fractons, space and time are treated separately, hence
noncovariantly. The standard way to proceed is to take the
spatial Gauss contraint (1.1), written for a “tensor electric
field” E;;(x), as the tool to realize the defining property of
fractons, i.e., their limited mobility, by extending to fracton
dipoles the usual conservation law holding for electric
charges. This is usually achieved by introducing a “tensor”,
instead of a vector, potential A;;(x), obeying the general-
ized spatial gauge transformation (1.2). As we explained,
the tensor field E;;(x) was, somehow, defined as the spatial
canonical momentum, as in (3.1). We say somehow because
in the definition of E;;(x) a scalar field Ay(x) appears, as a
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multiplier introduced by hand in order to enforce the Gauss
constraint. Moreover, given the fracton limited mobility,
it comes naturally to ask which is the generalization of
the Lorentz force, and how the absence of motion could
be compatible with the existence of an electromagnetic
Lorentz force, and, above all, which is the elementary
object on which such a force acts. Last but not least, in the
Literature fractons are often seen in relation to gravity in a
nontrivial way, starting from [23]. The main contribution of
this paper is to show that, embedding the usual spatial and
non covariant theory of fractons in a more general covar-
iant gauge field theory, everything goes to the right place
naturally, without introducing by hand any external ingre-
dient. Our unique and starting point, as usual in field theory,
is the covariant transformation (1.9), from which the most
general covariant invariant action (2.3) is derived. To cite a
few new results following this approach, the relation with
linearized gravity appears immediately, since the action
(2.3) consists of two terms, one of which, namely (2.5),
just describes linearized gravity. The theory of fractons as
“emergent electromagnetism,” as often has been called, is
evident from the beginning as well, once we defined the

rank-three “electromagnetic” tensor field (2.15) by means
of which the fracton Lagrangian writes as F, just like
Maxwell theory (from which the title of this paper).
According to our field-theoretic point of view, the Gauss
constraint is not an external constraint anymore, but turns
out to be one of the equations of motion, the others formally
coinciding with the Maxwell equations, which is mostly
interesting, in our opinion. Finally, studying the conserva-
tion of the stress-energy tensor, we recovered the Lorentz
force (4.21), exactly as it was correctly guessed in [6], from
which we see that, as one might expect, the force acts on
fracton dipoles, and not on isolated charges, thus preserv-
ing the absence of mobility for isolated fractons.
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