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We exploit an ambiguity somewhat hidden in Noether’s theorem to derive systematically, for relativistic
field theories, the stress-energy tensor’s improvement terms that are associated with additional spacetime
symmetries beyond translations. We work out explicitly the cases of Lorentz invariance, scale invariance,
and full conformal invariance. The main idea is to use, directly in the translation Noether theorem, the fact
that these additional symmetries can be thought of as suitably modulated translations. Compared to more
standard derivations of the improvement terms, ours (1) unifies all different cases in a single framework,
(2) involves no guesswork, (3) yields the desired algebraic properties (symmetry and/or tracelessness) of
the stress-energy tensor off-shell, and (4) unifies the translation Noether theorem with those of the
additional spacetime symmetries, yielding at the same time both the improved stress-energy tensor and the

additional Noether currents.
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I. INTRODUCTION: AMBIGUOUS CURRENTS
FROM AN AMBIGUOUS THEOREM

Noether’s theorem relates continuous symmetries to
conservation laws. For local field theories, it yields one
locally conserved current for each independent symmetry
generator. However, the conserved currents one derives
from the theorem are notoriously ambiguous, for two main
reasons:

(1) First, given a current J# that is conserved “on-
shell’—that is, on solutions of the equations of
motion—one can always add to it a contribution
of the form

AJF =0z, T = _3pe (1)

where X* is any local functional of the fields that
is antisymmetric in a and p. Such an addition is
conserved “off-shell”—that is, on any field configu-
ration, regardless of whether this solves the equa-
tions of motion or not. Moreover, it does not
contribute to the global charge associated with the
current, Q = [ d°xJ°, because, using the antisym-
metry of £* and assuming the fields vanish suffi-
ciently fast at spatial infinity, one has
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/d3xAJ0 = /d3x6i250 =0. (2)

So, the two currents, J* and J'* = J# + AJ#, obey
equivalent conservation laws and yield the same
global charge.

(2) Second, since the current J# is only conserved on-
shell anyway, one can add to it contributions that
vanish on-shell. At the classical level, this does not
modify the value of J# or of Q on solutions of the
equations of motion, and so it does not modify the
associated conservation laws either. At the quantum
level, this modifies the Ward identities in the contact
terms only, since the equations of motion are obeyed
in correlation functions up to contact terms.

These two ambiguities are routinely exploited in the case of
spacetime symmetries, to “improve” the current associated
with spacetime translations, the stress-energy tensor 7+: if
the theory has spatial rotational invariance, T/ can be made
symmetric; if the theory also has Lorentz invariance, the
full 7# can be made symmetric [1,2]; if the theory further
has scale invariance, 7% can be made traceless up to a total
divergence [3-5]; finally, if the theory has full conformal
symmetry, 7#¥ can be made fully traceless [3—5]. Notice
that these algebraic properties of symmetry and trace-
lessness are generically only valid on-shell; however, we
can always make them valid off-shell by adding suitable
terms of the type discussed in item 2 above.

For the purposes of what follows, it is instructive to trace
the ambiguities discussed above back to Noether’s theorem:
it is the theorem itself that is ambiguous. To see this, let us
review how the theorem usually works. From now on,
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we will be using ¢(x) to denote a generic multiplet of (real)
fields, not necessarily scalars, and the dot “”” to denote the
contraction of indices in field space. We assume that we
have an action S[¢] that is invariant under some continuous
symmetries, enumerated by a,

P —P+eA, (3)

where € are constant infinitesimal parameters, which we
will always keep up to first order only, and A, are given
local functionals of the fields. To be precise, let us say
that under (3) the Lagrangian density changes by a total
derivative,

L — L+ e“0,Fa, (4)

where F!, are some functionals of the fields. Then, the
theorem goes, let us see how the Lagrangian density
changes if we make €” in (3) spacetime dependent,
€? = €%(x). To first order in €%, the variation must take
the form

6L = €*(x)0,Fa + 0,6*(x)Gla + 0,0,€°(x)Ga" +---, (5)

where the G’s are suitable functionals of the fields, and
usually the series in derivatives of ¢ truncates at finite
order. For example, for a Lagrangian with at most N
derivatives on a single field, the series usually truncates at
0" e“ order. Notice that if one sets €“ to a constant, only the
first term survives, and one goes back to Eq. (4). If we now
integrate 6L over spacetime we get the variation of the
action for generic ¢“(x). Restricting to functions ¢“(x) that
go to zero at infinity, we can integrate all derivatives of ¢¢
by parts and end up with

58 = / d*xsL = / d*xe?(x)0,J%  (off-shell), (6)

where J% are whatever functionals of the fields emerge from
the procedure just described. This defines the Noether
currents. The last step is to recognize that Eq. (3) for
generic ¢“(x) vanishing at infinity is a particular field
variation that vanishes at infinity, but on-shell the action
should be stationary for all field variations that vanish at
infinity. So, on-shell one must have

d,Ja =0 (on-shell). (7)

Why are we saying that such a procedure is ambiguous?
The ambiguity of item 1 above is easy to spot: Adding to J%
identically conserved terms of the form (1) does nothing
to the integrand in (6), precisely because such terms are
identically conserved. The ambiguity of item 2 instead is
more subtle to unveil, but more relevant for what follows. It
has to do with the very first step of the Noether procedure,

when we make ¢“ spacetime dependent: it is usually
assumed that corresponds to replacing (3) simply with

¢ = +e(N)A,, (8)

but, in fact, in the theorem as we just described it, nowhere
are we using this specific form of the transformation. The
only property that we are using is that the x-dependent
transformation that we perform should reduce to the
symmetry (3) in the limit in which ¢ are constants.
Then, instead of (8), we could use [6]

§ = ¢+ " (x)Dg + 0,6 (X) D + 9,0, ()X + -+,
9)

where the ®’s are arbitrary functionals of the fields.
By definition of functional derivatives, these new terms
in the transformation of ¢ modify the variation of the

action (6) by

oS
5S3/d4x%-[dﬂea(x)%+aﬂ0y€“(x)9ﬁ”+~-~} (off-shell).

(10)

Integrating by parts all derivatives of ¢ and comparing
to (6), we see that the current gets new contributions of the
form

5
H —__. — v
JiD 5 (@) —0,Du" + - -]

(off-shell), (11)

which clearly vanish on-shell.

So, in summary, both ambiguities discussed above are
inherent features of Noether’s theorem itself. The second
one—the one we just discussed—is more interesting, in
that it ties new terms in the current to a modification of how
the fields are declared to transform under the spacetime-
modulated version of the symmetry. This will allow us
to derive systematically, directly from the theorem, the
improvement terms for the stress-energy tensor that are
associated with spacetime symmetries beyond translations.
As we now explain, the main idea is to tailor, each time, the
translation Noether theorem to the particular additional
symmetry one wants to exploit.

Note added in revised version: Brauner, Torrieri, and
Yonekura have brought to our attention Refs. [7-9], which
also explore ambiguities in Noether’s theorem and use
them to derive, in a systematic way, a number of desired
properties for the conserved currents. The overlap of our
work with those papers is, in fact, substantial, especially
with Ref. [8]. We plan to analyze the connection more
closely in the near future.

Notation and conventions: We use natural units
(h=c=1) and the “mostly minus” signature for the
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metric throughout. For Lorentz generators, we use the
same normalization as [4,5], which differs from that of
Weinberg [2], Thee = —iT Weinberg- When addressing scale
and conformal invariance, we keep the spacetime dimen-
sionality D generic. Otherwise, we work in D = 4.

II. THE MAIN IDEA

We want to improve Noether’s theorem for spacetime
translations, exploiting the ambiguities discussed above,
especially the second one. This, as we saw, is related to
modifying the transformation properties of the fields as
in (9). We then have to ask under what condition we can
gain something by considering (9), perhaps with some
judicious choice of the @ functionals, instead of the
apparently simpler (8).

In fact, for internal symmetries, we see no general benefit
of using (9) in place of (8). On the other hand, for
translations, we can make use of the fact that other possible
spacetime symmetries, such as Lorentz invariance, scale
invariance, and conformal invariance, can in fact be thought
of as very specific spacetime-modulated translations. For
instance, an infinitesimal Lorentz transformation of con-
stant parameter @,, = —,,, shifts the coordinates by

X = M =¥+ o x* (Lorentz), (12)

which is formally a spacetime modulated translation

X = X = xt 4 et (x), (13)
with parameter

(x) =€ (x) = 0¥ x". (14)

(“L” for “Lorentz.””) Notice that the index a of the
infinitesimal parameters now becomes the spacetime
index, €* — ¢*.
Our fields transform under a translation of constant
parameter € as
¢(x) = ¢(x) —€"9,¢(x) (translations),  (15)

and usually we would run the translation Noether theorem
by generalizing this to

P(x) = P(x) — €' (x) 9, (x), (16)

for generic ¢#(x), which yields the so-called canonical
stress-energy tensor. But, in alternative, we can notice that
since under a Lorentz transformation of constant parameter
@y, the fields transform as

Q(x) - Q(x) - a)”,,x”aﬂg(x) —%a)ﬂyj”” Q(x) (Lorentz),
(17)

we can run Noether’s theorem for translations with a
“Lorentz-friendly” version of (9):

D) = 9(x) — (), H(0) ~ 30,6, (T - p(x). (18)
Such a transformation rule has the property that for a very
specific e#(x)—Eq. (14)—it corresponds to a symmetry of
the action: Lorentz invariance. This implies that the stress-
energy tensor one derives running Noether’s theorem in
this way will have an additional property besides con-
servation. In particular, as we will see, the fact that Eq. (14)
corresponds to the most general ¢#(x) that has constant,
antisymmetric first derivatives, will force the stress-energy
tensor to be automatically symmetric, oft-shell.

This of course matches the standard conclusion—
Lorentz implies a symmetric 7#*—but in our procedure
there is no guesswork involved: by making the translation
Noether theorem sensitive to Lorentz invariance, we
automatically get a symmetric stress-energy tensor. And,
contrary to the standard Belinfante procedure, nowhere do
we have to use the equations of motion. Of course, this
means that the Belinfante stress-energy tensor differs from
ours by terms proportional to the equations of motion. As
we tried to emphasize in the Introduction, such an ambi-
guity is to be expected on general grounds.

This is the basic idea that we will try to exploit. As usual,
the devil is in the details, so let us see explicitly how these
work out in the case of Lorentz, scale, and conformal
invariance.

III. PASSIVE VS ACTIVE, ACTION
VS LAGRANGIAN

As a preliminary step, it is useful to be precise about the
symmetries we want to consider. At least for the cases we
study here, we can think of a spacetime symmetry as a
symmetry of the action that is associated with a specific
change of coordinates,

X — x*(x), (19)

under which the fields transform in a certain way,
P(x) = ¢'(x'). (20)
This is the so-called passive viewpoint. According to it, the
transformation above is a symmetry if the infinitesimal

action element does not change

Ll ()]d*y" = L[p(x)ld*x. (1)
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that is, if the Lagrangian density changes as

0.
det _x

Llp'(x)] = 7| £l (x)]- (22)

In principle we could insist on a weaker requirement—that
the action change only by boundary terms—but, at least for
standard spacetime symmetries, this subtlety happens to be
relevant only in the case of conformal transformations, and
we will discuss it in due time. For the moment, we are going
to ignore it.

Now, it so happens that, for an infinitesimal trans-
formation, it is more convenient to adopt the so-called
active viewpoint, whereby we transform directly the fields,
evaluating all fields and derivatives at the same values of
their arguments. Writing

XM (x) = X + e (x), (23)

for the specific ¢#(x) that corresponds to the infinitesimal
symmetry we want to consider, from (22) we get

Ll¢'(x)]

where we kept terms up to first order in ¢#. Thus, from the
active viewpoint, the spacetime transformation under study
is a symmetry of the action if the Lagrangian density
changes by a specific total derivative term [10]:

SL= L (x)] - Lp(x)] =

We are now ready to run our improved translation Noether
theorems.

+¢€"9,L = Lp(x)] — d,e"L, (24)

~3,(eL).  (25)

IV. IMPROVED TRANSLATION
NOETHER THEOREM

A. Generalities

For simplicity, we focus our attention on Poincaré
invariant field theories, with the field multiplet ¢ trans-
forming linearly under Lorentz symmetry, according to a
generic representation J*¥, not necessarily irreducible.
Moreover, when we consider scale-invariant or conformal-
invariant theories, we assume that the fields transform
linearly under those as well. In other words, we assume that
no spacetime symmetry is spontaneously broken. As we
hope it will be clear shortly, these simplifying assumptions
are not really needed for our strategy to work, and in
principle, our analysis can be straightforwardly extended to
non-linear realizations as well.

Likewise, for simplicity we consider Lagrangian den-
sities that depend at most on the first derivatives of the
fields,

Llp) = L(¢.0,0). (26)

In principle we could repeat our analysis with any number
of higher derivatives. Even better, in this day and age, given
the ongoing proliferation of effective field theories and
derivative expansions, it would be nicer to find a more
general functional approach that does not require specify-
ing the maximum number of derivatives entering the
Lagrangian. We leave this task for future work.

Under rigid translations, our fields transform as in (15).
We want to run the associated Noether’s theorem general-
izing that transformation law to

P(x) = $(x) — € (x) 9, (x) — e, ()P (x).  (27)
for generic ¢”(x), and for a specific (field-dependent)
W+ (x), which will change from case to case, depending
on the additional symmetries we want to consider.

The variation of the Lagrangian density is

oL oL
5L = e 5+ 35 5 J a0, (28)

which, after some straightforward algebra, can be written as

0L = —0,(e"L) — 0,e,T" — 0,0,€,5" (29)
with

, OS
TH =T 4+ — . P 9,8, (30)

¢

ac

SPHY — 31
do0,p T (31)

where T%" is the so-called canonical energy-momentum
tensor—the one that emerges from the standard Noether
procedure—

0L o h—8L. (32)

Tlg v =
a0, "

and the equations of motion & are nothing but the Euler-

(/
Lagrange equations,

oS oL oL
%W‘aﬂ(m) (33)

Also notice that the quantity 7+ differs from the canonical
stress-energy tensor, 7%, by two terms: one is proportional
to the equations of motion, the other is a total derivative. As
a result, at low energies 7+ reduces to 7%  on-shell.

According to the general logic of Noether’s theorem as
reviewed in the Introduction, for generic e#(x) the variation
of the Lagrangian density must take the form
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0L = —d,e, T + total derivatives, (34)

and this can be taken as the definition of the stress-energy
tensor. To rewrite (29) as (34), we must integrate by parts
the third term. The obvious way to do this would be to write

—0,0,6,8" = 0,€,0,5”" + total derivatives,  (35)

but, in fact, we can be more general and keep in mind an
ambiguity related to that of item 1 in the Introduction: since
d,0,€, is symmetric in p and p, we can add to whatever
multiplies it any functional of the fields that is antisym-
metric in p and y. This will prove useful for what follows.
We can thus write that, for our generalization of the
translation Noether theorem, the stress-energy tensor is
TH =T —0,(S™ + 2, PRV = —_FHPY (36)
where X* is a generic functional of the fields that is
antisymmetric in p and p.

Notice that, crucially, to arrive to (29) we did not drop
total-derivative terms. So, we can use the result of the last
section: for the choices of ¢#(x) and ¥ (x) that make (27)
a symmetry transformation, only the first term in (29)
should survive. As we will see, this will typically imply
some algebraic property for 7#*. One can then try to use the
ambiguity associated with Z#¥ to extend that property to
the full 7#." 1t may seem that at this point our procedure
could use some guesswork, despite our bragging about the
opposite. In practice, however, one parametrizes 2’* as the
most general linear combination of the tensors at one’s
disposal with the right symmetries, and checks whether
there is a choice of coefficients that achieves the desired
result. Phrased in this way, this step is a linear algebra
problem and, as advertised, there is no guesswork involved.
We will see this explicitly at work in the three examples
that follow.

B. Lorentz-friendly version

To begin with, consider a Poincaré-invariant field theory,
with the fields ¢ transforming according to some repre-

sentation [J* under Lorentz, as in Eq. (17). So, if we
choose the functionals ¥* in (27) to be simply

W) = W) =T 4 (37

(“L” for “Lorentz”), we have that for ¢”(x) = ¢, (x)=

¥, x", with constant and antisymmetric w,,, Eq. (27)

corresponds to a symmetry transformation; that is, only
the first term in (29) should survive.

For this reason, one should resist the temptation to cancel the
last term in 7# [see Eq. (30)] against the first term inside the

d,(---) in Eq. (36) until all the symmetries have been exploited.

On the other hand, for these specific choices, Eq. (29)
reads

5L = —0,(éL L) — w, TH. (38)

This immediately implies that 7# is symmetric, since @,
is the most general antisymmetric constant tensor:

Tw =T, (39)

Keep in mind that 7#* is not conserved by itself and has to
be complemented by a correction AT* in order to restore
conservation. The reason behind this is that (38) is obtained
using a specific transformation, while in (34) we are using
an arbitrary €”. We should then ask whether we can choose
2 in (36) to make the rest of the stress-energy tensor,

AT™ = —0,(S™ + T), (40)

also symmetric. We parametrize ¥ as the most general
linear-in-S combination of S and # tensors with the correct
antisymmetry property. Taking into account that SP#* is, in
this case, antisymmetric in uv [because of (31) and (37)],
we write

PILLEEED Y
= aS" + ﬁ(Sp}w - SMPU) + Y(Srla/)”/w - Sa(l}t”ﬂb),
(41)
with arbitrary a, f, and y. The only choice for which
Eq. (40) is symmetricingandvisa = —f =1andy = 0.
Thus, for this choice, putting everything together we

arrive at our Lorentz-friendly version of the stress-energy
tensor:

168 1 oL
Wy _ Ry 7T v, — = . v,
T =T sy ¢+2a,)[aap¢ VLY
oL o .
305 7" g " 4. (42)

As we proved, as a consequence of Lorentz invariance, this
is guaranteed to be symmetric, on- and off-shell:

T =T} (off-shell). (43)
It differs from the standard Belinfante expression [1,2],
which in general is symmetric only on-shell, by the

second term on the right-hand side (rhs) of (42), which
is manifestly zero on the equations of motion.

C. Scale-friendly version

The case of scale invariance proceeds along the same
lines. Suppose that we have a scale-invariant theory in D
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spacetime dimensions, and let us call d the matrix of
scaling dimensions of the fields. So, under a scale trans-
formation x* — (1 + w)x*, with infinitesimal, constant w,
the fields transform as

d(x) = p(x) — 0x*9,¢p(x) —d - p(x). (44)

In order to make use of this symmetry for our purposes, we
can choose W** in (27) to be

W) =W () = prdog (49)

(“S” for “scale”), so that we have a symmetry when e(x)
takes the form appropriate for a scale transformation,

e(x) = é5(x) = wx*, (46)

with constant . Plugging this particular choice of e(x)
into (29), we get

S5sL = —0,(é'L) — wT¥,, (47)

while, for scale invariance to be a symmetry, only the first
term should survive. So, scale invariance guarantees that
TH is traceless, off-shell:

T, =0. (48)

Similar to the case of Lorentz, we now have to ask
whether we can choose 2# in (36) in order to extend this
property—tracelessness—to the rest of the stress-energy
tensor, Eq. (40). Since now S is proportional to #7**
[see (31) and (45)] the most general linear-in-S combina-
tion of S and 7 tensors with the right antisymmetry property
is simply

Yo = 3R = §5(SPr — SHev), (49)
with generic 6. Equation (40) is traceless only for 6 =

—D/(D — 1). With this choice, putting everything together
we arrive at our scale-friendly stress-energy tensor:

1 oS
T’”’:T’Cw v 2 .
s o 56 d-¢
1 oL oL
o cd-db—n" d-o).
oo /’(” 20,0 4L 0.4 Q)

(50)

As a consequence of scale invariance, this is guaranteed to
be traceless, on- and off-shell,

Tg, =0 (off-shell). (51)

Before proceeding, there is a small puzzle that we need
to address. According to standard results [3-5], scale
invariance is not enough to make the stress-energy tensor
traceless. The best one can do, usually, is to make it
traceless, on-shell, up to a total divergence:

T+, = —0,V#* (standard result). (52)
Here V* is a quantity known as the “virial current,” which
we will encounter and explore further in the next section.
Only if the theory enjoys full conformal symmetry can the
stress tensor be further improved to eliminate this total
divergence. In our case, there is no sign of this: scale
invariance alone guarantees that Eq. (50) is completely
traceless, off-shell. How is this possible?

The resolution of the puzzle is that Eq. (50) is not
symmetric in general. The standard result (52) assumes that
one is only considering symmetric stress-energy tensors,
such as the Belinfante one [1,2], which is symmetric on-
shell, or our version (42), which is symmetric off-shell
as well. What we just proved is that if one gives up this
requirement, in a scale-invariant theory one can make the
stress-energy tensor completely traceless, off-shell. In fact,
with hindsight, this is obvious already from Eq. (52): by
adding to 7" the trivially conserved improvement term

1
S (10,V = V), (53)

one can cancel the trace of 7#¥ at the expense of giving up
its being symmetric.

D. Conformal-friendly version

Before moving on to the case of full conformal invari-
ance, it is instructive to first combine the two strategies that
we adopted in the previous subsections. This will also shed
some light on the tension between tracelessness and
symmetry of the stress-energy tensor we just alluded to.

Consider then a Lorentz-invariant, scale-invariant theory.
To make use of both symmetries, we can combine the W+*’s
in (37) and (45), and use for the translation Noether
theorem the transformation rule (27) with

P (x) = W' (x) + W7 (x). (54)

In this case, Eq. (27) reduces to a translation for constant e,
to a Lorentz transformation for ¢(x) as in (14), and to a
scale transformation for e(x) as in (46).

Precisely because of the same reasons as in the last two
subsections—Lorentz invariance and scale invariance—the
TH contribution to the stress-energy tensor is both sym-
metric and traceless, off-shell:

Tw=Tw, TH =0. (55)

u
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The question is what to do with the rest, Eq. (40). We can
first notice that, as far the y and v indices are concerned, our
SPH has the same algebraic properties as our W** in (54): it
is made up of a scale part, which is pure trace, and a Lorentz
one, which is antisymmetric,

S =8 +8M, S ounpr, SP=-8". (56)
In turn, the most generic X’ we can add is simply the
combination of (41) and (49):

SPHY — Z/ill’/ + Z?w
= aSP" + PSP — S") + 7(Spa " — Span)
+O(SY =) (57)

Symmetry of AT requires a=—-f=1,y=6=0 in
the equation above, while tracelessness requires
a-p—-y(D-1)=0,6=-D/(D—1). The two solu-
tions of this linear algebra problem are inconsistent,
meaning one can make AT* symmetric or traceless, but
not both. In either case, AT*" contributes a total derivative
to the stress-energy tensor. And so, in particular, if one
decides to make it symmetric, its trace will be a total
divergence, in agreement with the standard result (52).

Now, what happens in the case of full conformal
invariance? It so happens that infinitesimal special con-
formal transformations are precisely a spacetime-
modulated specific combination of Lorentz and scale
transformations of the form (54), when e(x) in (27) is
taken to be

e"(x) = €-(x) = b*x> = 2b - xx* (58)

(“C” for “conformal”), with constant b*. The derivatives of
such an e(x) are in fact a combination of a trace part and an
antisymmetric one,

d.€ec, = 2(b,x, — b,x,) —2b - x1,,, (59)
as befits a (spacetime-dependent) combination of Lorentz
and scale transformations. So, if we use this €*(x) in (29),
the 7" term vanishes because of Lorentz and scale
invariance, and we are left with

ScL = =0,(¢" L) + 2b, (8" +28,).  (60)

Reasoning as before, we would be tempted to say that, if
conformal transformations are a symmetry, only the first
term should survive. But this is where the subtlety we
briefly alluded to in Sec. III becomes relevant, and so we
must finally address it.

In most common cases, even under a passive trans-
formation, the action of a (classically) conformally invari-
ant theory is not strictly invariant under conformal

transformations, but changes by a boundary term. This is
not necessarily related to the existence of Wess-Zumino
terms, as for instance that studied in [11]. Rather, it
usually happens because one is not really using the most
symmetric version of the action. To make this very explicit,
consider a free massless scalar field ®(x) in four spacetime
dimensions:

Sig] = / d4x%(a<1>)2. (61)

The passive version of a special conformal transformation
is

Xt = XM = x* + bFxE —2b - xx*,

D(x) = ¥(¥') = O(x) — 2(b - x)®(x), (62)

and it is easy to check that the action above changes by a
boundary term

1 1
d4x’§ (') = d*x (2(0(13)2 - b”(),,(d)z)). (63)
However, if one instead starts from the equivalent action
- 1
S = — / dhes o0, (64)
that boundary term is gone:
4,1 1 imli Y 4 1

For simplicity, whenever possible, we tend to rewrite
actions in a way that they only involve up to first derivatives
of the fields, and, in fact, we have assumed just that in all of
our derivations above. So, if we insist on this assumption,
in general for conformal transformations we have to allow
that the action changes by a total derivative beyond that
of Eq. (25). This means that, for a conformally invariant
theory, the last term in (60) must be a total derivative,

Vi =8, 428, = 9,07, (66)

for some local functional 6. V* is traditionally called the
“virial current” [4,5].

We can now go back to the form of the stress-
energy tensor, Eq. (36). We already saw that its 7#¥ part
is symmetric and traceless, off-shell. As to the rest,
Eq. (40), we saw in (56) that S#* is made up of the
equivalent scale and Lorentz parts. The virial current (66)
relates these two parts. And so, for example, using (66) we
can eliminate the scale part,
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1
S = 5 [nﬂvauaa/) + DSPL/“/ - 2SL(1/M’7ﬂD} ’ (67)

and rewrite (40) as’

2 1
AT/W — _a/) <S/LWV _ B‘S‘L(l/)arlﬂb + z‘/)/,t u> _ B},Iuyaaapg((lp) .
(68)

This expression, together with the tracelessness and sym-
metry of 7#¥, encodes conformal invariance at the level of
the stress-energy tensor. There is no reference anymore to
the transformation properties of the fields under scale
transformations because, for conformal invariant theories,
those are related to the fields’ Lorentz transformation
properties through the virial current (66).

The question now is whether one can choose an (anti-
symmetric in p and u) X’* in such a way as to make AT
also traceless and symmetric. For vanishing ¢, the answer
is simply the same as in the Lorentz-friendly case—see
Sec. IV B:

=S =SSP =S ()
The reason is that, as we know from that section, this choice
makes (40) symmetric, and the extra terms in (68) are
already symmetric. Moreover, as to the trace, we have

=28, (70)

which makes the trace of the first line in (68) vanish.
|

For nonvanishing ¢*, we can supplement X/ with total
derivative terms, which, in order not to spoil the uv
symmetry just obtained, and recalling that X’ must be
antisymmetric in p and u and that it is acted on by a d,
in (68), should take the form

PR = T 4 aaE[Pﬂ] (o] (71)

where E should be symmetric under the pu <> av pair
exchange, while we are displaying the needed antisymme-
tries explicitly. The trace of (68) then is

AT*, = —0,0, (nﬂDE[ﬂﬂ][ab] + o)), (72)

Following the same logic as before, we parametrize E as the
most general tensor with the right symmetries and con-
structed out of ¢ and # tensors:

=leullar] — A (;/Il“’o-(a/’) + ,]apg(uw — nuag(vp) — ”vpg(ua)) (73)

+B(n* " — nrn?)ob . (74)

Demanding that Eq. (72) vanish, we get A = — 15 and

_ 1
B = pono=y

Putting everything together, we find that the conformal-
friendly version of the stress-energy tensor is

6S 1 1 1 oL oL oL
™ =T + —. (—n"”d + _j;w> “p+=0, [_ T — T — T
¢ s¢ \D 2 = 270000,9)" = 000, T 00,7 —
1 1 1
HY (o) — (¥ .5\PH) (pv) e
+[D_2n 0,0,0 D_z(aapa +0"d,0 )+D—2 c
1 1
Mo ——— p[o? 75
I R e 73)

where o is related to the virial current by (66),
V# = 0,06%. This stress-energy tensor is guaranteed to
be symmetric and traceless, off-shell:

Y =Tk, T, =0 (off-shell). (76)
Before we conclude, notice that (D — 2) is showing up in

denominators in many terms. Indeed, our procedure does
not work for D = 2, and this special case needs to be dealt

*Notice that only the symmetric part of 6" enters the stress-
energy tensor.

|
with separately. It is also important that the virial current be
a total derivative, as per Eq. (66). The reason is that in (75)
there are combinations such as o) and o’ - These
cannot be written directly in terms of the virial current V#—
rather, one needs to extract the ¢ tensor from V# = g,6%.

V. THE OTHER CURRENTS, FOR FREE

We have seen how modifying the translation Noether
theorem along the lines of Sec. IVA can make the
derivation of “improved” stress-energy tensors systematic.
The reason the strategy works is that it makes explicit use of
the fact that Lorentz, scale, and conformal transformations
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can be thought of as suitably modulated translations. They
are still defined by certain constant parameters, respec-
tively, w,,, o, and b,. Now, suppose we wanted to run
Noether’s theorem not for translations, but for those extra
spacetime symmetries. These parameters would have to be
modulated in x in an arbitrary way to find the correspond-
ing currents. But the advantage of how we organized our
Lorentz-friendly, scale-friendly, and conformal-friendly
translation Noether’s theorems is that these can be used
directly also as Noether’s theorems for, respectively,
Lorentz, scale, and conformal transformations.

Concretely, adopting the general transformation law (27)
for completely generic €/(x), the Lagrangian changes as
in (34). This can be taken as the definition of the
stress-energy tensor associated with this particular imple-
mentation of Noether’s theorem. If we are running the
Lorentz-friendly version of the theorem (Sec. IV B), and we
perform an x-modulated Lorentz transformation,

w/w(x) = Wy, (x)’ (77)

the variation of the Lagrangian density reduces to

e (x) = o, (x)x",

6L = —0,(w,ax*) T} + total derivatives  (78)
= —0,w,,x°T}" + total derivatives, (79)

where we used that, as a consequence of Lorentz invari-
ance, T%" is symmetric, off-shell. Now, by definition,
whatever multiplies the derivatives of the w,, parameters
in 6L is the Noether current M*** associated with Lorentz
transformations,

oL = —0,w,,M"* + total derivatives. (80)

Taking into account that the w’s are antisymmetric, we
thus have

1
MHre :E(x“T’Z” —x'Th"), 0,M"*=0 (on-shell), (81)
in agreement with the standard result [1,2].

Likewise, if we are running the scale-friendly version of
the theorem (Sec. IV C), and we perform an x-modulated
scale transformation,

e'(x) = w(x)x, (82)
the variation of the Lagrangian reduces to

8L = —0,(wx,)T%" + total derivatives (83)

= —0,wx,T% + total derivatives, (84)

3Similar ideas were exploited in [12] in the case of Galilean
invariance.

where we used that, as a consequence of scale invariance,
T% is traceless, off-shell. By definition, whatever multi-
plies the derivatives of w(x) is the Noether current S*
associated with scale transformations,

0L = —0,wS" + total derivatives. (85)
We thus get

St =x, T, 9,8* =0 (on-shell). (86)
Related to our comments at the end of Sec. IV C, notice that
this differs from the standard expression of the scale current
in a nonconformal theory,
St =x,T" + V¥ (standard result). (87)

The V# appearing here is precisely the same as in Eq. (52).
In fact, using the conservation of S* and of T, from (87)
one derives (52), which shows that Eq. (52) is only valid
on-shell. Again, the difference between our result (86) and
the standard one (87) stems from our using a traceless but,
in general, nonsymmetric stress-energy tensor.

Finally, consider the conformal-friendly case (Sec. IV D).
If we choose €#(x) to be an x-modulated special conformal
transformation,

e(x) = b*(x)x* — 2b(x) - xx*, (88)

the Lagrangian changes by
8L = —0,(b,x* —2b - xx,)T¥ + total derivatives  (89)
= —0,b,(x*84 — 2x*x,) T + total derivatives,  (90)

where we used that 7" is symmetric and traceless, off-shell.
Following the same logic as above, we see that the Noether
current associated with special conformal transformations is

K = (x*84,—2x"x,)T¢,  0,K* =0 (on-shell), (91)

in agreement with the standard results [3-5].

VI. EXAMPLES

Let us work through a few explicit examples of the
different improvements we have presented for the trans-
lation Noether theorem.

(1) Symmetric T* from Lorentz invariance

We can start by taking a look at the nontrivial case
of a Dirac spinor y(x), with Lagrangian

L=y(ig—my. (92)

The canonical stress-energy tensor is as usual not
symmetric,

T = gy o'y — L. (93)

125005-9
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(i)

Applying our formula (42) from the Lorentz-
friendly procedure, we get

i
Ty = iy oy —n L= SwlT". 110w

i T 12 77V
=30, Ty Ty, (94)
with the Lorentz generators given by
v ] v
J ZZ[J’”’H- (95)

The commutator [7#, y”] = (y"n*? — y*n’*) fixes
the nonsymmetric part coming from the first term in
T"*, while the rest of the expression is already
symmetric. With a bit of y-matrix algebra, the final
expression becomes

i i
T =Sy ly =S vy ly

i _
510, (pr'y) =" L, (96)
which is manifestly symmetric, off-shell, as promised.
Traceless T* from scale invariance

For our scale-invariance example we may look at
scalar theories of the form
(9g)?
which are scale invariant for any function f in
D = 4. The canonical stress-energy tensor for such
theories is

£=¢4f<

T =2f'0"pd"p — ™ f¢*, (98)

(99)°
¢4
that 7%" happens to be symmetric, since we are dealing

with a scalar field, but is not traceless in general.

Our prescription for a traceless stress-energy tensor
(50) (with d — 1) gives the following improved
expression for such theories:

. Notice

where the prime means f = dyf, X =

4 1
T§ =30 h =< f (0p)
1 2
D0, (O P) =59 (D). (99)

for which one can readily check that the trace vanishes
off-shell.

However, T%’ is not symmetric in general: the first
three terms are manifestly symmetric, but the last one
is symmetric only if f’ is a constant, that is,
only if

(iii)

@iv)

125005-10

f(X) = const + const x X. (100)

It is clear from (97) that this choice corresponds, in

D = 4, to a conformally invariant theory.

Traceless, symmetric T* from conformal invariance
Up to changing the normalization of ¢, the

conformally invariant theory mentioned above is

1
ﬁ:i(aqs)?—,u/f‘. (101)
For such a simple theory, the virial term (66) takes
the form V¥ = ¢¢“¢ and hence o** = L ¢*. Fol-
lowing (75), and given that J#* = 0 for scalar fields,
the improved stress-energy tensor in D = 4 becomes

2 1
T =9~ (o)
1 1
+Ef7” ¢D¢—§¢5”0”¢, (102)

which is manifestly symmetric and traceless, off-
shell. In fact, recalling that compared to our previous
example now we have f' = %, we see our scale-
friendly 7% in (99) reduces precisely to our
conformal-friendly 777 above.

Notice that, compared to the more standard

improved stress-energy tensor associated with (101),

1
T = 0 g0 — S () + M’

1

~% (0#0® —y**0)¢?* (standard result)
2 1

= 56”495”915 - 671””(545)2 +

+ %n"”qﬂqﬁ - %W‘a”cﬁ, (103)
ours has a different coefficient for the ¢[¢p term
and, perhaps more surprisingly, has no sign of the
potential. In particular, our 7% does not depend on A.
The reason is that, as we tried to emphasize, our
expressions for improved stress-energy tensors dif-
fer from the more standard ones by terms propor-
tional to the equations of motion. For solutions of

the equations of motion, the value of the potential
can be related to that of ¢[l¢:

At = I = —L—ll(pmqs (on-shell).  (104)

Using this on-shell relationship, the two expressions
(102) and (103) coincide.
Electromagnetism

Finally, we may also look at the electromagnetic
field’s Lagrangian, which is Lorentz, scale, and, in
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D =4, conformal invariant. We can then apply
and compare all of the three different prescriptions.
Consider then

1
L= —ZFWF””. (105)
The canonical stress-energy tensor is
n
T = o’A, F* + TFZ, (106)

which is neither symmetric nor traceless.

The Lorentz generators for spin-1 fields are
given by (J")’, = n?8; —n*8.. Our formula
for Lorentz invariance yields the manifestly sym-
metric stress-energy tensor

v
’1/’

TV = TFZ + AW 4 0, (AWFYY). (107)

Our scale-friendly prescription (50) (with d — DT_Q)
instead gives

D-2

T} = A F¥ + ”;lFZ ~ ma”(AlF”‘)
D22 w(a,0,F + Do,ALF).
2D(D —1) , P
(108)

Using ##, = D and 0,A;F# = —F?/2, we see that
the trace vanishes, in generic D,
T . =0, (109)
without the use of equations of motion. However,
notice that this stress-energy tensor is no longer
symmetric.
As is well known, in D =4 the theory is also
conformally invariant. In fact, the virial term van-

ishes, and the resulting conformal-friendly stress-
energy tensor is

TV = 0,A'¥ A" — #AP A, — A¥9,FVF

’,];w
+A 10,F,

(110)
which is manifestly both symmetric and traceless,
without using the equations of motion.

Notice that none of these stress-energy tensors for
the electromagnetic field is gauge invariant. This is a
common issue, and it is usually fixed, on-shell,
by adding ad hoc further improvement terms. For a
more constructive approach, somewhat similar to
ours, see instead [13] and references therein.

VII. SUMMARY AND CONCLUDING REMARKS

Despite the dryness and length of our algebra, our
strategy and findings are easy to summarize:

(i) There are ambiguities in the standard formulation of
Noether’s theorem. One of these is related to a
modification of how the fields are chosen to trans-
form in the case of a spacetime-modulated symmetry
transformation. Since spacetime symmetries beyond
translations can be thought of as suitably modulated
translations, such an ambiguity can be used to one’s
advantage, constructively, to derive directly from
the translation Noether theorem the algebraic prop-
erties of 7" associated with said additional space-
time symmetries.

(i) We formulated this strategy in general and applied it
to the cases of Lorentz invariance, scale invariance,
and conformal invariance. We reobtained the standard
results, albeit with some modifications: first, our
stress-energy tensors have the standard algebraic
properties (symmetry and/or tracelessness) off-shell;
second in the case of combined Lorentz and scale
invariance, we noted a tension between tracelessness
and symmetry of the stress-energy tensor. The stan-
dard choice corresponds to making the stress-energy
tensor symmetric. But we showed that there is an
equally valid choice in which the stress-energy
tensor is traceless, off-shell, but in general nonsym-
metric.

(iii) Since the additional spacetime symmetries are in-
corporated into the structure of the translation
Noether theorem, this serves as Noether’s theorem
for those additional symmetries as well, yielding
directly their associated currents in terms of the
stress-energy tensor.

Our unified framework shows that the standard
improvement terms that make the stress-energy tensor
symmetric in the case of Lorentz invariance, and traceless
in the case of scale and conformal invariance have the
same origin: they are a direct consequence of the fact that
all those additional spacetime symmetries are suitably
modulated translations.

We have already mentioned two possible extensions
of our analysis at the beginning of Sec. IVA: the case of
nonlinearly realized spacetime symmetries, and the case
of Lagrangians with higher-than-first derivatives of the
fields. Another possible extension would be to push the
starting point of our improved Noether’s theorem,
Eq. (27), to higher orders in derivatives of e“(x). We
see no obvious use for this at the moment, but maybe
there is one, perhaps related to the question of nonlinear
realizations alluded to above. Finally, we wonder whether
the viewpoint we have put forward here can prove useful
for the ongoing conversation on scale vs conformal
invariance (see for instance the recent [14] and references
therein).

125005-11



KOURKOULOU, NICOLIS, and SUN

PHYS. REV. D 106, 125005 (2022)

ACKNOWLEDGMENTS

We thank Tomas Brauner, Giorgio Torrieri, and Kazuya
Yonekura for bringing to our attention Refs. [7-9], which
we had missed. Some of our ideas had already been

explored there. Our work is partially supported by the
U.S. DOE (Award No. DE-SC011941) and by the Simons
Foundation (Grant No. 658900).

[1] E.J. Belinfante, On the spin angular momentum of mesons,
Physica (Amsterdam) 6, 887 (1939).

[2] S. Weinberg, The Quantum Theory of Fields. Vol 1:
Foundations, (Cambridge University Press, 2005).

[3] J. Wess, The conformal invariance in quantum field theory,
Nuovo Cimento 18, 1086 (1960).

[4] C.G. Callan, Jr., S.R. Coleman, and R. Jackiw, A new
improved energy—momentum tensor, Ann. Phys. (N.Y.)
59, 42 (1970).

[5] S.R. Coleman and R. Jackiw, Why dilatation generators do
not generate dilatations?, Ann. Phys. (N.Y.) 67, 552 (1971).

[6] I. Kourkoulou, A. Nicolis, and G. Sun, A technical analog
of the cosmological constant problem and a solution thereof,
J. High Energy Phys. 04 (2021) 247.

[7]1 T. Brauner and H. Watanabe, Spontaneous breaking of
spacetime symmetries and the inverse Higgs effect, Phys.
Rev. D 89, 085004 (2014).

[8] T. Brauner, Noether currents of locally equivalent sym-
metries, Phys. Scr. 95, 035004 (2020).

[9] K. Yonekura, On the trace anomaly and the anomaly puzzle in
N = 1 pure Yang-Mills, J. High Energy Phys. 03 (2012) 029.

[10] A. Nicolis, Lorentz from Galilei, deductively, arXiv:2010
.04743.

[11] Z. Komargodski and A. Schwimmer, On renormalization
group flows in four dimensions, J. High Energy Phys. 12
(2011) 099.

[12] A. Nicolis, Galilean currents and charges, Phys. Rev. D 85,
085026 (2012).

[13] M.R. Baker, N. Linnemann, and C. Smeenk, Noether’s
first theorem and the energy-momentum tensor ambiguity
problem, arXiv:2107.10329.

[14] K. Farnsworth, K. Hinterbichler, and O. Hulik, Scale vs
conformal invariance at the IR fixed point of quantum
gravity, Phys. Rev. D 105, 066026 (2022).

125005-12


https://doi.org/10.1016/S0031-8914(39)90090-X
https://doi.org/10.1007/BF02733168
https://doi.org/10.1016/0003-4916(70)90394-5
https://doi.org/10.1016/0003-4916(70)90394-5
https://doi.org/10.1016/0003-4916(71)90153-9
https://doi.org/10.1007/JHEP04(2021)247
https://doi.org/10.1103/PhysRevD.89.085004
https://doi.org/10.1103/PhysRevD.89.085004
https://doi.org/10.1088/1402-4896/ab50a5
https://doi.org/10.1007/JHEP03(2012)029
https://arXiv.org/abs/2010.04743
https://arXiv.org/abs/2010.04743
https://doi.org/10.1007/JHEP12(2011)099
https://doi.org/10.1007/JHEP12(2011)099
https://doi.org/10.1103/PhysRevD.85.085026
https://doi.org/10.1103/PhysRevD.85.085026
https://arXiv.org/abs/2107.10329
https://doi.org/10.1103/PhysRevD.105.066026

