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It has long been debated whether gravity should be quantized or not. Recently, the authors in [Sci. Rep.
6, 22777 (2016); Proc. Natl. Acad. Sci. U.S.A. 106, 3035 (2009)] discussed the inconsistency between
causality and complementarity in a Gedankenexperiment involving the quantum superposition of massive/
charged bodies, and Belenchia et al. [Phys. Rev. D 98, 126009 (2018); Int. J. Mod. Phys. D 28, 1943001
(2019)] resolved the inconsistency by requiring the quantum radiation and vacuum fluctuations of
gravitational/electromagnetic field. Stimulated by their works, we reanalyze the consistency between the
two physical properties, causality and complementarity, according to the quantum field theory. In this
analysis, we consider a Gedankenexperiment inspired by [Sci. Rep. 6, 22777 (2016); Proc. Natl. Acad. Sci.
U.S.A. 106, 3035 (2009); Phys. Rev. D 98, 126009 (2018); Int. J. Mod. Phys. D 28, 1943001 (2019)], in
which two charged particles coupled with a photon field are in a superposition of two trajectories. First, we
observe that causality is satisfied by the retarded propagation of the photon field. Next, by introducing an
inequality between visibility and which-path information, we show that the quantum radiation and vacuum
fluctuations of the photon field ensure complementarity. We further find that the Robertson inequality
associated with the photon field leads to the consistency between causality and complementarity in our
Gedankenexperiment. Finally, we mention that a similar feature appears in the quantum field of gravity.

DOI: 10.1103/PhysRevD.106.125002

I. INTRODUCTION

The unification of quantum mechanics and general
relativity is a fundamental unsolved problem in theoretical
physics. Despite all the efforts that have been made, the
exact theory of quantum gravity has not yet been completed.
Moreover, we do not even know whether gravity really
follows the principle of quantum mechanics or not [1-3].
Recently, testing the quantum nature of gravity has attracted
significant interest in theoretical physics, stimulated by the
proposal by Bose et al. [4], and Marlleto and Vedral [5]. The
Bose-Marlleto-Vedral (BMYV) proposal suggests that quan-
tum entanglement due to the Newtonian potential between
two masses can be an evidence of quantum gravity, which
can be tested by a tabletop experiment (see also [6]).
Inspired by their works [4,5], Newtonian entanglement
was evaluated in experimental proposals for matter-wave
interferometry [7,8], mechanical oscillators [9,10], optome-
chanical systems [11-14], hybrid systems [15-18], etc.
However, there is room for arguments to understand what
the detection of the Newtonian entanglement means, e.g.,

“sugiyama.yuki@phys.kyushu-u.ac.jp
matsumura.akira@phys.kyushu-u.ac.jp
*yamamoto @phys.kyushu-u.ac.jp

2470-0010/2022/106(12)/125002(12)

125002-1

how the Newtonian entanglement is related to the quantum
field theory of gravity and gravitons [19-24].

We revisit the entanglement generation in the BMV
proposal in the framework of the quantum field theory
by focusing on a paradox in a Gedankenexperiment,
which was previously analyzed in Refs. [24-28]. In the
Gedankenexperiment (see Fig. 1), Alice prepares a particle
in a superposition of spatially localized states separated by
a distance L and starts to recombine her particle at a time
t =1, to observe its interference. The recombination
process is performed during a time 75. Bob, who is at a
distance D (> L) from Alice, can choose whether to
release a particle at the time ¢ = 7,. When Bob released
his particle, after a time Ty, he measures his particle to
determine the strength of the Newtonian/Coulomb force
induced by Alice’s particle and gains information about
which path her particle took. The actions of Alice and Bob
after the time ¢ = £, occur in spacelike separated regions
(D > Ty and D > Ty). If Bob acquires any which-path
information from his measurement, the state of his particle
must be entangled with Alice’s particle. This leads to the
correlation between Alice and Bob. Then, because of the
correlation due to the entanglement, Alice’s particle cannot
be in a perfect coherent superposition when Bob measures

© 2022 American Physical Society
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his released particle. This is the result of complementarity.
However, when Bob does not release his particle, Alice’s
particle can maintain perfect coherence. Bob’s choice affects
the coherence of Alice’s particle. Since Alice and Bob
perform their actions in a spacelike separated region, it is
impossible for Bob’s measurement to have any effect on
Alice’s result owing to causality. This leads to the apparent
violation of causality or complementarity. This paradox was
first discussed in Refs. [25,26], and the authors in
Refs. [24,27,28] claimed that the paradox can be resolved
by Alice’s limitation in maintaining coherence due to the
emission of entangling gravitons/photons during the process
of recombination of her particle and Bob’s limitation in
acquiring which-path information due to the vacuum fluc-
tuations of gravitational/electromagnetic field (for a brief
review, see Sec. II). The most important implication made by
the above mentioned authors is that the existence of a
quantum gravitational field and gravitons may be necessary
to solve the paradox.

In this study, we reanalyze the paradox rigorously by
estimating the feasibility of the measurements by Alice and
Bob. We use the theoretical model developed in [29], in
which we investigated entanglement generation between a
pair of charged particles in a superposition of spatially
localized states based on quantum electrodynamics. We
demonstrate that the causality in our model is automatically
satisfied by the retarded propagation of the photon field.
Furthermore, by estimating the visibility measured by Alice
and the distinguishability in Bob’s measurement, we show
that the complementarity in our model is protected by the
radiation and vacuum fluctuations of the photon field.
Additionally, we prove that the complementarity is guar-
anteed by the Robertson inequality for the photon field,
which reflects the noncommutativity of a quantized field.
From the analogy between electromagnetic dynamics and
general relativity, we mention that a similar feature may
appear in quantum gravitational fields.

The remainder of this paper is organized as follows.
In Sec. II, we briefly review the paradox in the
Gedankenexperiment by following Refs. [27,28]. In
Sec. III, we demonstrate that causality is not violated.
In Sec. IV, we show that complementarity is satisfied for
two charged particles coupled with a photon field.
Section V is devoted to the summary and conclusion. In
Appendix A, we derive Egs. (11) and (20). In Appendix B,
we prove the inequality in visibility and distinguishability.
In Appendix C, we present the proof of the statement in
(35). Throughout this study, we used the natural units
with c =h = 1.

II. A BRIEF REVIEW OF THE
GEDANKENEXPERIMENT

In this section, we review the paradox of the
Gedankenexperiment addressed in Refs. [24-28]. As is
shown in Fig. 1, Alice and Bob are separated by a distance

D. Their particles interact via the Newtonian/Coulomb
potential. Alice’s particle with a spin is in a superposition of
spatially localized states separated by a distance L, which
was prepared through a Stern-Gerlach apparatus, and an
interference experiment is performed during a time 7'5. In
contrast, Bob chooses whether his particle is released or
trapped at a time ¢ = ty. If Bob releases his particle, it
moves under the gravitational/electromagnetic potential
created by Alice’s particle. After a time Ty, he measures
the position of his particle.

Assuming the regimes D > T, and D > Tp, in which
Alice and Bob perform their actions in spacelike separated
regions, we can consider the following two incompatible
arguments.

(i) If causality holds, Alice can observe the interference
pattern of her particle regardless of whether Bob
measures his particle.

(i1) If complementarity holds, Bob’s measurement of his
particle should lead to the decoherence of Alice’s
particle.

Arguments (i) and (ii) seem to contradict each other, and
thus the paradox appears.

The authors in Refs. [24,27,28] claimed that this para-
dox is resolved by the quantum radiation of gravitons/
photons emitted by massive/charged particles and the
vacuum fluctuations of gravitational/electromagnetic
fields. The quantum radiation from Alice’s particle causes
the decoherence of her particle, and then the interference
experiment fails. In other words, this entangling radiation
limits the maintenance of coherence in Alice’s experi-
ment. The presence of the vacuum fluctuations limits the
ability to obtain the which-path information of Alice’s
particle for Bob’s measurement. The two effects, the
decoherence due to quantum radiation and the limitation
of which-path information due to vacuum fluctuations are
key to resolving this paradox [24,27,28].

In the following two sections, we reanalyze the con-
sistency between causality and complementarity by

¢ Success

Interference — Aﬂéﬂ&

~, Failure

Ta i SR LY
“.. Released Ty
t=ty-¥ o
R
Alice Bob
FIG. 1. Setup for the Gedankenexperiment introduced by

[27,28].
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assuming a situation similar to that in Fig. 1. This is an
extension of a previous study [29], which investigated the
effect of vacuum fluctuations of a photon field on the
electromagnetic version of the BMV proposal. This work is
based on the quantum electromagnetic dynamics; however,
our result can be reinterpreted for the quantized gravita-
tional field, as discussed in Sec. V.

III. CONSISTENCY OF CAUSALITY

In this section, we show that Bob’s particle does not
affect Alice’s particle because of the causality satisfied for
D > T, and D > Tp. We first introduce the model of two
charged particles (Alice’s particle and Bob’s particle)
coupled with a photon field developed in Ref. [29]. The
total Hamiltonian of our system is composed of the local
Hamiltonians of each charged particle H, and Hy, the free
Hamiltonian of the photon field I:Iph, and the interaction

term ‘A/ as

A

H=H,+Hy+Hy;+V,

7= / (I (x) + T () A (x). (1)

where J; and Ji; are the current operators of each particle

coupled with the photon field operator A*. We consider the
following initial condition

¥(0)) :%|C>A(|T>A +1)A)ICs(M)s + L)p) @, (2)

where [1);(]]);) are the spin degrees of freedom of the
charged particle j with j = A, B, and |C) , and |C)g denote
the localized particle wave function of A and B, respec-
tively. The photon field is in a coherent state |a),, with

) pn = D(a) 0)ph- 10)ph is the vacuum state satisfying
a,(k)|0),, = 0 for annihilation operator of the photon field

a,(k), and D(a) is the unitary operator called a displace-
ment operator defined as

A

D(a) = exp [/ Lk(at(k)aj (k) —He) |,  (3)

where the complex function o# (k) characterizes the ampli-
tude and phase of initial photon field. The form of the
complex function o¥(k) is restricted by the auxiliary
condition in the BRST formalism [29]. The coherent state
|a) , is interpreted as a state in which there is a mode of the
electromagnetic field following Gauss’s law due to the
presence of charged particles (See Appendix A of
Ref. [29]). For t < 0, the charged particles A and B are
localized around each trajectory, whose states are described
by |C), and |C)g, respectively. Then the photon field for
t <0 is not in a quantum superposition and behaves

; particle A
particle B
TA |L>A |R>A //
¢ Tp
e\ /e
L D
Loy

t=20

FIG. 2. Configuration of our model. L, and Ly are each
separation of a spatial superposition of particles A and B, and D is
a distance between Alice’s system and Bob’s system. T, is a
timescale recombining particle A, and particle B in Bob’s system
is superposed during a time 7. Here, we assume the regimes
D > T, and D > Tg. Particle A takes the right or left path |R),
(IL) o) and induces the retarded photon field along each path (as
shown in the dashed red or blue line). The retarded field affects
particle B moving the left or right path [L)y and |R)g.

classically. In this case the states of A and B are uncorre-
lated with the photon field. Now, we assume that each
particle is manipulated through an inhomogeneous mag-
netic field (|C);[1); = |w);|1),, 1C); 1) = lwr); 1)) to
create spatially superposed states with [y );|1);, and
lyr),[{) ;> which is understood as the Stern—Gerlach effect
discussed in [4,27]. In our Gedankenexperiment shown in
Fig. 2, each particle is spatially superposed at different
times. In the following, |C);[1); and |C);||); are repre-
sented by [L); and |R); with j = A, B for simplicity. The
initial state is rewritten as

%(0)) =5 (IL)a + [R)A)(IL)p + [R)p) @)y, (4)

| =

We note that |R), (|R)g) and |L), (|L)g) are the states of
wave packets localized around classical trajectories. After
each particle has passed through an inhomogeneous mag-
netic field, the states [L); and |R); are regarded as the
localized states of the particle j = A,B around the left
trajectory and the right trajectory shown in Fig. 2, respec-
tively. We assume that the current operators J%(x) =
e J#(0,x)e~o! in the interaction picture with respect
to Hy=H,+Hg + ﬁph are approximated using the
classical currents as

jl;\l(x)|P>A ~Jyp(%)[P) A, jl}él(x)|Q>B zJIl;Q(x)|Q>B’ (5)
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dax’
Jap(x) = /df d:P 8@ (x = Xpp(7)),
dx’
Hholo) = en [ dr =226 = Xu(o)) (©

where X,p(7) and Xpo(7) with P,Q = R, L represent the
trajectories of each particle with coupling constants e, and
eg. Note that these approximations are valid for the
following two assumptions [29,30]: the first assumption is
that the de Brogile wavelength is smaller than the wave-
packet width of particle. The second assumption is that the
Compton wavelength Ac of the charged particle is much
shorter than the wavelength of photon field 4, (for example,
the wavelength of photon field emitted from charged
particle) (Ac << 4;p). The initial state evolves as follows:

[¥(T)) = exp[~iHT]|¥(0))
— ¢=ifT T exp [—i AT dt\A/'I(t)} |¥(0))

~ e T Z P)A|Q)s Upgla),,

PQ RL

Z Pr)alQr)pe

PQ R.L

phTﬁPQ|a>ph7 (7)

where T(> T,) is the total timescale while particle A is
spatially superposed. We used the approximations given
|

pa = Trg pn[[¥(T)) (P(T)]]

2

*

where we used the basis {|R¢),, |[Lf)s} to represent the
density operator, and * is the complex conjugate of the
(R,L) component. Ap,(Q =R, L) is the retarded photon
field caused by charged particle B,

Myolo) = [ @G (o). (12)
with the retarded Green’s function,
Gl (x.y) = —i[A,(x), AL(»)]0(x* =)°).  (13)

The quantities ', and @, are

M= [ A5y () = Ty (1) e )

=T 0)) ({4 (0. AL (1)) (14)

l <1 %E—FAH(DA(e—ifd“ x( =T ) Agr, i e—zfdx " —JAL)AW)>
1

by (5) in the third line. [P;), = e~ #2T|P), and |Q;)g =
¢~ifsT|Q)y with P,Q =R,L are the states of charged
particles A and B, which moved along the trajectories P
and Q, respectively. The unitary operator f]pQ is given by

A T A
Upq = Texp {—i/ dt/d3x(Jf,§P + )AL (x) . (8)
0

where T denotes the time ordering, and A,I, is the photon field
operator in the interaction picture. For convenience, we
rewrite the state given in (7) as

Z IPe)AIQs) e

PQ RL

“HaT Upey )y

1
= ﬁ IR¢) AR )p ph + 7 L) AlRL) s pns (9)
where we defined

e Upola)yy.  (10)

Z Q)5

QRL

Q2p) B,ph —

The vector [Qp) ,, describes the composite state of particle
B and the photon field when particle A moves along the
trajectory P. The quantum state of particle A is obtained by
tracing out the degrees of freedom of particle B and the
photon field:

(11)

Ou= [ Ex(Ual0) =T ()4, (0= [ diradty(alo)

—JAL (%) (Tar () + AL () Gl (%) (15)

where (-) denotes the vacuum expectation value and A, (x)
is defined in Appendix A. The derivation of the density
operator p, is presented in Appendix A. The quantity '
characterizes the decoherence effect due to the radiation of
the on-shell photon emitted by particle A [24,29]. The result
(11) with the retarded photon field A Bo Of particle B implies
that the effect of particle B can propagate to Alice’s system.
However, in the spacelike case D > T, and D > Ty (see
Fig. 2), the photon field induced by particle B does not reach
particle A, i.e., A’EQ(x) = 0. Thus, the density operator (11)
becomes

125002-4
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1 1 e—FA-‘ri(I)A
pA = 5 <€_FA—i(I)A 1 ). (16)

This result indicates that the process of charged particle B
during the time 75 does not affect the interference experi-
ment on charged particle A by causality. Note that, given the
law of charge conservation, we also have to consider the
contribution from charged particle B before the time 7.
Even by considering this, we can see that the density
operator p, does not depend on influences from spacelike
separated regions. In the derivation of the above equations,
for simplicity, we only discussed the contribution from
particle B during the time 7'g. In the next section, we
confirm that the paradox does not appear from the view-
points of visibility and distinguishability.

IV. CONSISTENCY OF COMPLEMENTARITY

In this section, we introduce the visibility V5 of charged
particle A and the distinguishability Dy which quantifies
the which-path information of particle A acquired through
charged particle B. These two quantities are useful for
expressing complementarity. Additionally, we discuss the
relationship with the Robertson inequality in the last
subsection. According to Refs. [31,32], the visibility V,
and the distinguishability Dy satisfy the inequality,

Vi+Di<l1. (17)

This inequality expresses the complementarity: if the
distinguishability is unity, Dg = 1, the visibility , van-
ishes, and if the visibility is unity, V5 = 1, the distinguish-
ability Dy vanishes. In Appendix B, we present a simple
proof of the above inequality by using the definitions of
visibility and distinguishability described in the next
subsection A.

A. Visibility and distinguishability

We introduce the visibility V, of charged particle A
defined as

Va = 2|a(LelpalRe) o

, (18)

where p, is the reduced density operator of particle A given
in Eq. (11). The visibility V5 describes the extent to which
the coherence of charged particle A remains when Alice
performs an interference experiment. Using Eq. (11), we

have
2

where @up = [d'x(Jig — JA)AAp, with AAf =
Al — A . For the case D > T, and D > Ty, the retarded
photon field induced by charged particle B during time 7y is

VA =eTa R (19)

Zero (A’]f;Q =0, with Q =R,L). Then, the visibility is
simply written as V, = e7'» with [y, which quantifies
the decoherence effect due to the radiation of photon field
emitted from particle A.

Next, we introduce the distinguishability computed from
the state of charged particle B. Tracing over particle A and
the photon field from the state given in (7), we obtain the
state of particle B:

Tr o (T)) (BT = 3 T [0 (2]

1
+ iTrph[|QL>B,ph<QLH

1 1

= 5PBR + 5PBLs (20)

where we defined pgp = Trpp[|Qp) g o (Qpl] With P =R, L
in the second line. The density operator pgp describes the
state of particle B when particle A moves along the
trajectory P. The distinguishability Dy which characterizes
how Bob can distinguish the trajectory of particle A from
the state of particle B is defined as

1
Dy = - Trg|pgr — paLl: (21)

2

where Tr|O| = 3, ;| is given by the eigenvalues 4; of a
Hermitian operator O. The distinguishability is nothing but
the trace distance between the density operators pgpr and
peL [33]. If the distinguishability vanishes, Dy = 0, and the
two density operators pgr and pg;, are identical. This means
that Bob cannot know which trajectory particle A has taken
from the state of particle B. However, if Dy =1, the
density operators pgr and ppy are orthogonal to each other
(perPBL = 0). Then, by measuring the state of particle B,
Bob can guess which trajectory particle A has passed
through. In this sense, the distinguishability Dy quantifies
the amount of which path information of particle A. The
general property of the trace distance is presented in [33],
and the meaning of the distinguishability mentioned above
was discussed in [32].

Using the expression for the density operator pgp
presented in Appendix A, we obtain the eigenvalues of
the density operator pgr — ppr. as

o= v P
2
_ o Teti®y—i S/ d4x(lgR—l'éL)AL;¢|
1
sin (5/ d*x(Jg — J’éL)AAA”>

= 4 Ts . (22)

where AA}, = AL, — AL with
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Ap(x) = / AR () (), (23)

and I'y and ®p are

o =3 [ s Tha(x) = 75, (0) U )

— T () ({AL (). AL ()}, (24)

@y = [ ala) = Ty ()AL) = [ ey T

= JeL () (Ugr (¥) + T3 (¥)) Gl (%) (25)

The quantity 'y characterizes the dephasing effect induced
by the vacuum fluctuations of the photon field around
particle B (see subsection B or Refs. [29,34,35]). The

distinguishability is computed as
sin Da
2

where ®ps = [d*x(Jig — J5 )AA,,, and therefore, the
inequality (17) is expressed as

Dy =S (JA] + [2-]) = 7' . (20)

1
2

) )
Vi + D = e ' cos? (—§B> + e s gin? (—;A> <1.
(27)
For the case D > T, and D > T, the retarded photon field

of particle B vanishes (Ajp = 0), which leads to @5 = 0,
and we have

®
V2 + D2 = ¢ s 4 ¢~ sin? <%> <1. (28)

This inequality is consistent with the existence of the
quantum radiation emitted from particle A (I'y > 0) and the
|

vacuum fluctuations of the photon field around particle B
(I's > 0) when the causality holds. If we can remove the
two effects (I'y =TI’y =0), this inequality would be
violated as long as the retarded photon field of particle
A does not vanish (A # 0 and then @y, # 0). Hence, if
the two effects vanish, then complementarity is violated,
and the paradox would appear. In the following subsection,
we will discuss that the inequality (28) is never violated by
the Robertson inequality associated with the photon field.

B. Relationship with uncertainty relation

In Refs. [29,34,35], the quantity I'; (i = A,B) was
evaluated as the dephasing effect due to the vacuum
fluctuations of the photon field,

(0]e?1]0) = £~ (0147102 = =T, (29)

with the operators ¢, and ¢y defined by
QAbA = /d4X(JiR(x) - JQL(X))A/II('X)’
o= [ i (0) ~ oy DAL ). (30

where A,I, is the photon field operator in the interaction
picture, and J, and J’EQ are the charged currents of each
particle. The operators (}5 A and (}B describe the phase shifts
due to the quantum fluctuations of the photon field. The

variances of g?ﬁ A and &B are related to the quantities ', and
Iy as follows:

(Aa)* = (01¢310) — ((0]¢ha]0))* = 2T'x,
(Adp)* = (0|@3]0) — ((0l¢s[0))* = 2. (31)
In the following equations, we show that the product of I'

and 'y has a lower bound given by the quantity ®g,. To
observe this, we focus on the commutation relation of the

operators (27 A and ci)B,

[bas de] = / d*xd'y (i (x) = FaL () kg = To ()[4}, (). A, (7))

= [ sty () = T () U = I DAL, AL = )

+ [ Aty () = T () U = S5 DAL (). AL )160° = )

_; / dx(Thg — I ) Ay, — i / dix(To — I )AL,

— —i(I)BA,
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where we inserted the step functions (x° — y°) + 0(y° —
x%) in the second line, and we changed variables as x* <>
y* and indices as y <> v of the second term in the third line.
Note that the first term i®xp = i [ d*x(J4g — J4 )AAg, in
the third line vanished by assuming the case D > T, and
D > Tg, where there is no retarded propagation of photon
field from Bob’s system to Alice’s system. This commu-
tation relation shows that the operators g?SA and q;ﬁB do not
commute with each other because the influence of particle
A causally propagates to particle B from the far past (the
red or blue line in Fig. 2) and then ®g, # 0. Using this
commutation relation, we obtain the following Robertson
inequality as

(A2 (Agu)? = 1 10Dr. dullO)P = [0Bs. (33)

From (31), we get the inequality among ', I'g, and ®@g,,
e
Ay > 16 D4 (34)

This means that the quantities I'y and I'y do not vanish
simultaneously if @5, # 0. Additionally, we can show that
the Robertson inequality (34) is a sufficient condition for
the inequality (28):

1 @
Al > RqﬂBA = ¢ 4 ¢~ gin? (%) <1. (35)

The proof of this statement is presented in Appendix C.
This result implies that the Robertson inequality among "4,
['g, and ®g,, which reflects the noncommutative property
of the photon field, guarantees the complementarity de-
scribed by the inequality between the visibility V, and the
distinguishability Dg.

V. CONCLUSION

In this study, we revisited the resolution of the paradox
proposed by Belenchia er al. [27,28] in the system of a
photon field interacting with two charged particles in the
superposition states of two trajectories. The analysis based
on the quantum field theory explicitly demonstrated the
intuitively legitimate result that causality holds and that
operations on Bob’s system at a spacelike distance do not
affect Alice’s interference experiment at all by deriving
Alice’s reduced density operator. On the other hand, to find
the validity of complementarity, we first derived visibility
and distinguishability, which represent the degree of
success of Alice’s interference experiment and the degree
of distinction of Bob’s quantum state, respectively. Then,
we argued that there is an inequality between these
quantities, which is guaranteed by the Robertson inequality

associated with the noncommutative property of the photon
field (the quantized electromagnetic field). This inequality
describes the limit of complementarity in resolving this
paradox.

Thus, to resolve this paradox, the fact that the photon
field has a noncommutative property is the most important
factor in our analysis. This conclusion is applicable to
gravitational interactions. A similar analysis of the gravi-
tational version of the present paper should be performed
explicitly in future work, but the results will be inferred
with reference to our analysis, as follows. Let us consider
the massive particles A and B. According to the analogy in
Sec. 1V, the phase shifts induced by the quantum fluctua-
tions of gravitational field can be described as follows:

= / (T (x) = T ()L, ().

7 = / (Tl () — T2 ()i (x). (36)

where fz}w is the linearized quantum gravitational field in
the interaction picture which is the perturbation from the
Minkowski spacetime, and 7% (i = A,B and P =R,L) is
the energy-momentum tensor of each massive particle.
Hence the decoherence (dephasing) effects due to the
vacuum fluctuations can be characterized by

IR =5(01(#2)%00).  T§=5(0l(¢4)%00).  (37)

N =
N[ =

and are limited by the phase shift induced by the retarded
gravitational field owing to the Robertson inequality:

1
rrg 2 1 (0F, )2 (38)

where @3, is defined by

Oh= [T -TEIAR, ()

with the retarded gravitational field,

AR (x) = / By (T (3) = T2 ()Gl (5.y). (40)

Note that the function G}, (x,y) is the retarded Green’s
function, and the detailed formula is given in [36,37]. In the
gravitational version of our analysis, the consistency
between causality and complementarity is guaranteed by

the Robertson inequality. Repeating the discussion of
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Belenchia et al. [24,27,28], we suggest that the quantities
I and I'§ do not vanish at the same time so that either 'y
or I'§ must be caused by the on-shell gravitational radiation
from Alice’s particle A and the vacuum fluctuation of the
gravitational field around Bob’s particle B. This shows the
necessity of the noncommutative property of the gravita-
tional field related to the Robertson inequality.
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Note added.—Recently the authors of Ref. [38] revisited
the same paradox by assuming a simple theoretical model
so that Alice with a spin and Bob with a continuous variable
are coupled to each other through a quantized scalar field.
They focused on the quantity (‘¥ ||¥4),p = e725.(M),
which denotes the interference term of Alice’s state after
tracing out the states of the scalar field ¢» and Bob’s states.
The quantity e™7» represents the decoherence due to the
vacuum fluctuations of the scalar field ¢, while 6.(M) is an
overlap of the wave function of Bob’s system with M
described with the retarded Green’s function propagating
from Bob to Alice. Therefore, y4 and M in their study [38]
correspond to I, and ®,p, respectively. Therefore,
e7"28,(M) corresponds to the visibility function (19) in
the present study. The primary purpose of our study in the
present paper is to demonstrate that the consistency
between causality and complementarity is guaranteed by
the Robertson inequality of the quantized field in the
positions of Alice and Bob. This reflects the existence of
a gravitational field with quantum noncommutativity.

APPENDIX A: DERIVATION OF THE DENSITY
OPERATORS p, AND pgp

In this appendix, we derive the expression of the
density operators p, and pgp. To do this, we compute
Tron [[Qp) g pn (] as follows:

1 N N
Tron[[€2p) 5 ph (2] =3 Z |Qf>B<Q;|ph<a|U;Q’ Upqla)pn
QQ=RL

=3 D, et ron|Quy (Qf.
Q.Q'=R.L
(A1)

where ph <0{|U1T),Q, UPQ|a>ph = ¢ Trort®rore  with the

quantities,

Thgpo = / d*x / d*y(Thyy (x

— b)) ({4, (x). A

—Jpo(¥) (Tpg (¥)

AL} (A2)

(I)prpr - /d )C( P’Q/( )_]i;Q(x))AM(x)

__/d4 /d4 P/Q/

oG (x,y),

— p()) Jpg (¥)

(A3)

was obtained in Appendix in [29]. Jp, = Jip + Jjq is
given by the currents J4, and J§ Bo Of charged particles A
and B, respectively. The field A, (x) in (A3) is the coherent
photon field defined as

&’k :
A, (x :/— a, (ke +c.c.), A4
u(¥) (2;;)3/2@( () ), (A4)
and the complex function a, (k) satisfies
J° (k)
a,k)=— AS

to guarantee the Becchi-Rouet-Stora-Tyutin (BRST) con-
dition (Appendix in [29]). Note that J(k) = JQ (k) +
J% (k) is the eigenvalue of the Fourier transform of the
charged current 7’ (k) = 52 (k) + 3% (k) at the initial time
t=0. The function ({A}(x),AL(y)}) is the two-point
function of the vacuum. We can compute the reduced
density operator p, of the particle A in the basis

{IRe)a» [Le)a ) as
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pa = Trg o [[W(T)) (W(T)]]

1
) Z B,ph<QP’|QP>B.ph|Pf>A<PH
P=RL

- D
=1 3> ot ranpy), (B

(. 1
(

where p J; (Qp/|Qp)p pn = Tr [Ty [[Qp)p o (Qp[]], and # s
the complex conjugate of the (R, L) component. Note that

1—‘RRLR =T RLLL — FAa (A7)

B = Pp — / e () = T () Apry(x).  (AS)

iy = By — / de(g () = T () A, (x). (A9)

Here, I'y and @, are defined by Eqgs. (14) and (15), and the
retarded field A’éQ is given in (12). The reduced density

operators pgr and ppp in the basis {|R¢)g,|Ls)g} are
given as

PBR = Tron [|QR)p o (Qr]

:% Z e Troro T Prare |Qp) 5 (QY,
Q.Q':R,L

1/1 e_FRRRLJ"iq)RRRL
T2 < * 1 >

1 <1 e—rB+i<bB—ifd4x(JgR
* 1

_JgL)AR;4
, A10
! J

and

pBL = Tron[|QL) g pn (Ql]

=Y et o))y Q4
Q.Q=R.L

1 /1 e Trti®rr
) (* 1 )

1 —Typ+i®g—i | d*x(Jop—Th )AL,
_§<1 e Sttt ) (A11)
* 1

where we used

1 %e‘FAH(DA (e_ifd4x(J’/‘\R_J’;L)ABRu + e_ifd4x(J’/‘\R_J’;L)ABLu)

1 % (e_FRRLR+iq)RRLR + e—FRLLL+i¢RLLL) )

1 ) ’ (A9)

1—‘RRRL = l—‘LRLL = FB9 (Alz)

DgrrL = Pp — / d4x(J’1§R(x) - JI};L(x»AARﬂ(x)’ (A13)

- / dx(o (3) = T () Anr, (). (A14)

where I'y and ®p are defined in Eqgs. (24) and (25),
respectively. The retarded field A{;‘.Q is given in (23).

APPENDIX B: PROOF OF THE INEQUALITY
BETWEEN VISIBILITY AND
DISTINGUISHABILITY

We prove the inequality (17) between visibility and
distinguishability. First, we derive the visibility for the
state given in (9). The visibility of charged particle A is
calculated as

Va = 2[a(LelpalRe) Al
= 2[Trg pn [ (Ls| (7)) (P(T) [Rp) A

= |B,ph<QR|QL>B.ph| = |al. (B1)
We next evaluate the distinguishability of charged particle
B. For a trace distance D(p,s) with arbitrary density
operators p and o, we use the fact that the trace-preserving
quantum operations are contractive [33]:

D(&(p).£(0)) < D(p, o), (B2)
where £ is a trace-preserving quantum operation. This
inequality means that the operation £ makes it difficult to
distinguish between the two quantum states p and o, i.e.,
the trace distance does not increase. Then, the distinguish-
ability is bounded as
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1
Dy = ETrB lPER — PBL

1
= ETrB|Trph[|QR>B.ph (Qr|] = Trpn[| Q1) g pn (L]

[

< ETrB||QR>B,ph<QR| = [Q0)p pn (L

, (B3)

where the inequality (B2) was used in the third line
because the partial trace is a trace-preserving quantum
operation. To obtain the eigenvalues of the operator
|

Q)5 pn (| = Q1) pn QLI = [ua) (a| = (alup) + /1 = |a*|ug)) (@ (ua| +

1= |af?

a'\/1—|a|?

in the orthonormal basis {|u,), |ug)}. Thus, the eigenval-
ues of this matrix 1, g are

Ia=/1-la.  Ig=-y/1-lal>. (B6)

and the distinguishability Dy is suppressed by the sum of
these eigenvalues as follows:

1
Dg < ETrB||QR>B,ph<QR| — Q) g ph (|

1
=5 (1l + 14g]) = /1 = lal*.

Substituting (B1) into (B7), we find the relationship

(B7)

VA+DE <. (B8)

Therefore, the visibility of charged particle A and
the distinguishability of charged particle B follow the
inequality (17).

APPENDIX C: PROOF OF THE STATEMENT
IN (35)

We first numerically demonstrate the statement in (35).
Using the Robertson inequality(34), [yI'y > ®@35/16, we
have

1 — e a — ¢~ 2B gip?2 (—(D;A)

> (D
> 1— e_ZFA — e_q)BA/grA Sln2 (123A> == f(Xv Y), (Cl)

where we defined the function (X, Y) with X = ¢=?'» and
Y = e~ %a/804 ag follows:

|QR) B ph (-] — [QL)p pn (€|, We define the orthonormal

basis {|un), |ug)} using the Gram-Schmidt orthonormal-
ization as:

. |'QL>B,ph - a|QR>B,ph

ui b
e

where the overlap «a is defined in (B1). In this basis, the
operator |Qg)p pn(Qr| — [QL)p pn (€| can be rewritten as

|“A> = |QR>B,ph’ (B4)

1= | (ug|)

ar/1—|al?

—(1=laP)

f(X,Y)=1-X-Ysin*(\/logXlogY). (C2)

As it is sufficient to consider that I'y > 0 and @z, > 0, we
can assume that 0 < X <land 0 <Y < 1.

Figure 3 shows the behavior of the function f(X,Y),
which is positive in the regions 0 < X < land 0 < Y < 1.
Since the function f(X,Y) is positive, the inequality
e ' + e Mo gin? (Pga/2) <1 in (28) is satisfied.
Hence, the Robertson inequality (34) is the sufficient
condition for the inequality (28), and the statement in
(35) holds. In the following, we show that the function
f(X,Y) is always positive in an analytic manner.

Proof:-Now let derive the partial derivatives to find the
gradient for f(X,Y), and the results are

of (X,Y) YlogYsin(y/logXTogY)cos(y/logXlogY)
——1- ,
X X+/logXlogY
(C3)
f(X,Y)
Y
X
FIG. 3. Behavior of the function f(X,Y) where the region

0<X<landO<VY <.
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Y VlogXlogY

We are looking for the gradient is zero:

0 = log X cos(y/log X1log Y) + y/log X log Y sin(1/log X log Y),

and

of (X,Y) _ (lochos(\/logXlog Y)

0=-X/logXlogY — YlogYsin(y/log XlogY) cos(y/log XlogY)

= —X(logXlogY) —YlogY((y/log XlogY)sin(y/log XlogY)) cos(y/log X1logY),
|

where we multiplied by the factor /logXlogY in the
second line. Substituting (C5) into (C6), we obtain the
following condition

0= (logXlogY)(—=X — Ysin’(y/log X logY) + Y). (C7)

Case 1: logXlogY =0, ie., X=1 or Y =1. When
X =1, by definition of the function f(X,Y), we have

FLY) =0, (C8)

where we used log 1 = 0 and sin 0 = O for arbitrary value

Y. Note that when ¥ — 0, then y/log X log Y is nontrivial.

However, due to Y — 0, f(1,Y) becomes 0. When Y = 1,

fX.1)=1-Y>0, (C9)

—l—sin(\/logXlogY)) sin(y/logXlogY). (C4)
(C5)
(Co)

where we used log 1 = 0 and sin 0 = O for arbitrary values
X. Note that when X — 0, then +/logXlogY is also
nontrivial. However, in this case, f(X,Y) is

)l(ir%f(X, Y)|y_; = 1 —sin?*(y/logXlogY) > 0. (C10)

Thus, in case 1, f(X,Y) is always positive.
Case 2: —X - Ysin?(y/logXlogY)+Y =0. Then
f(X,Y) becomes

f(X,Y)=1-X-7Ysin?(y/logXlogY)

=1-X>0. (C11)

Thus, in case 2, f(X,Y) is also always positive. In either
case, f(X,Y) >0, so the result is proven.

[1] R.P. Feynmann, F.M. Morinigo, and W.G. Wagner,
Feynmann Lectures on Gravitation (Westview Press,
Boulder, 1995).

[2] L. Didsi, Models for universal reduction of macro-
scopic quantum fluctuations, Phys. Rev. A 40, 1165
(1989).

[3] R. Penrose, On gravity’s role in quantum state reduction,
Gen. Relativ. Gravit. 28, 581 (1996).

[4] S. Bose, A. Mazumdar, G. W. Morley, H. Ulbricht, M Toros,
M. Paternostro, A. A. Geraci, P. F. Barker, M. S. Kim, and
G. Milburn, Spin Entanglement Witness for Quantum
Gravity, Phys. Rev. Lett. 119, 240401 (2017).

[5] C. Marletto and V. Vedral, Gravitationally induced Entan-
glement between Two Massive Particles, Phys. Rev. Lett.
119, 240402 (2017).

[6] D. Carney, P.C.E. Stamp, and J.M. Taylor, Tabletop
experiments for quantum gravity: A user’s manual, Classical
Quantum Gravity 36, 034001 (2019).

[7] H. Chau Nguyen and F. Bernards, Entanglement dynamics
of two mesoscopic objects with gravitational interaction,
Eur. Phys. J. D 74, 69 (2020).

[8] D. Miki, A. Matsumura, and K. Yamamoto, Entanglement
and decoherence of massive particles due to gravity, Phys.
Rev. D 103, 026017 (2021).

[9] T. Krisnanda, G. Y. Tham, M. Paternostro, and T. Paterek,
Observable quantum entanglement due to gravity, Quantum
Inf. 6, 12 (2020).

[10] S. Qvarfort, S. Bose, and A. Serafini, Mesoscopic entan-
glement through central-potential interactions, J. Phys. B
53, 235501 (2020).

[11] A. Al Balushi, W. Cong, and R. B. Mann, Optomechanical
quantum Cavendish experiment, Phys. Rev. A 98, 043811
(2018).

[12] H. Miao, D. Martynov, H. Yang, and A. Datta, Quantum
correlations of light mediated by gravity, Phys. Rev. A 101,
063804 (2020).

125002-11


https://doi.org/10.1103/PhysRevA.40.1165
https://doi.org/10.1103/PhysRevA.40.1165
https://doi.org/10.1007/BF02105068
https://doi.org/10.1103/PhysRevLett.119.240401
https://doi.org/10.1103/PhysRevLett.119.240402
https://doi.org/10.1103/PhysRevLett.119.240402
https://doi.org/10.1088/1361-6382/aaf9ca
https://doi.org/10.1088/1361-6382/aaf9ca
https://doi.org/10.1140/epjd/e2020-10077-8
https://doi.org/10.1103/PhysRevD.103.026017
https://doi.org/10.1103/PhysRevD.103.026017
https://doi.org/10.1038/s41534-020-0243-y
https://doi.org/10.1038/s41534-020-0243-y
https://doi.org/10.1088/1361-6455/abbe8d
https://doi.org/10.1088/1361-6455/abbe8d
https://doi.org/10.1103/PhysRevA.98.043811
https://doi.org/10.1103/PhysRevA.98.043811
https://doi.org/10.1103/PhysRevA.101.063804
https://doi.org/10.1103/PhysRevA.101.063804

SUGIYAMA, MATSUMURA, and YAMAMOTO

PHYS. REV. D 106, 125002 (2022)

[13] A. Matsumura and K. Yamamoto, Gravity-induced entan-
glement in optomechanical systems, Phys. Rev. D 102,
106021 (2020).

[14] D. Miki, A. Matsumura, and K. Yamamoto, Non-Gaussian
entanglement in gravitating masses: The role of cumulants,
Phys. Rev. D 105, 026011 (2022).

[15] D. Carney, H. Muller, and J. M. Taylor, Using an atom
interferometer to infer gravitational entanglement genera-
tion, PRX Quantum 2, 030330 (2021).

[16] J.S. Pedernales, K. Streltsov, and M. B. Plenio, Enhancing
Gravitational Interaction between Quantum Systems by a
Massive Mediator, Phys. Rev. Lett. 128, 110401 (2022).

[17] K. Streltsov, J. S. Pedernales, and M. B. Plenio, On the
significance of interferometric revivals for the fundamental
description of gravity, Universe 8, 58 (2022).

[18] A.Matsumura, Y. Nambu, and K. Yamamoto, Leggett-Garg
inequalities for testing quantumness of gravity, Phys. Rev. A
106, 012214 (2022).

[19] R.J. Marshman, A. Mazumdar, and S. Bose, Locality and
entanglement in table-top testing of the quantum nature of
linearized gravity, Phys. Rev. A 101, 052110 (2020).

[20] C. Anastopoulos and B.-L. Hu, Quantum superposition of
two gravitational at states, Classical Quantum Gravity 37,
235012 (2020).

[21] D. Carney, Newton, entanglement, and the graviton, Phys.
Rev. D 105, 024029 (2022).

[22] S. Bose, A. Mazumdar, M. Schut, and M. Toros, Mechanism
for the quantum natured gravitons to entangle masses, Phys.
Rev. D 105, 106028 (2022).

[23] C. Anastopoulos and B.-L. Hu, Comment on A spin
entanglement witness for quantum gravity and on Gravita-
tionally induced entanglement between two massive par-
ticles is sufficient evidence of quantum effects in gravity,
arXiv:1804.11315.

[24] D.L. Danielson, G. Satishchandran, and R.M. Wald,
Gravitationally mediated entanglement: Newtonian field
vs. gravitons, Phys. Rev. D 105, 086001 (2022).

[25] A. Mari, G. De Palma, and V. Giovannetti, Experiments
testing macroscopic quantum superpositions must be slow,
Sci. Rep. 6, 22777 (2016).

[26] G. Baym and T. Ozawa, Two-slit diffraction with highly
charged particles: Niels bohr’s consistency argument that
the electromagnetic field must be quantized, Proc. Natl.
Acad. Sci. U.S.A. 106, 3035 (2009).

[27] A. Belenchia, R. M. Wald, F. Giacomini, E. Castro-Ruiz, C.
Brukner, and M. Aspelmeyer, Quantum superposition of
massive objects and the quantization of gravity, Phys. Rev.
D 98, 126009 (2018).

[28] A. Belenchia, R. M. Wald, F. Giacomini, E. Castro-Ruiz,
v. Brukner, and M. Aspelmeyer, Information content of the
gravitational field of a quantum superposition, Int. J. Mod.
Phys. D 28, 1943001 (2019).

[29] Y. Sugiyama, A. Matsumura, and K. Yamamoto, Effects
of photon field on entanglement generation in charged
particles, Phys. Rev. D 106, 045009 (2022).

[30] H.-P. Breuer and F. Petruccione, Destruction of quantum
coherence through emission of bremsstrahlung, Phys. Rev.
A 63, 032102 (2001).

[31] G. Jaeger, A. Shimony, and L. Vaidman, Two interfero-
metric complementarities, Phys. Rev. A 51, 54 (1995).

[32] B.-G. Englert, Fringe Visibility and Which-Way Informa-
tion: An Inequality, Phys. Rev. Lett. 77, 2154 (1996).

[33] M. A. Nielsen and L. L. Chuang, Quantum Computation and
Quantum Information: 10th Anniversary Edition, 10th ed.
(Cambridge University Press, New York, NY, USA, 2011).

[34] A. Stern, Y. Aharonov, and Y.Imry, Phase uncertainty and
loss of interference: A general picture, Phys. Rev. A 41,
3436 (1990).

[35] L. H. Ford, Electromagnetic vacuum fluctuations and elec-
tron coherence. II. Effects of wave-packet size, Phys. Rev. A
56, 1812 (1997).

[36] R.J. Marshman, A. Mazumdar, and S. Bose, Locality and
entanglement in table-top testing of the quantum nature of
linearized gravity, Phys. Rev. A 101, 052110 (2020).

[37] R. Rivers, Lagrangian theory for neutral massive spin-2
fields, Nuovo Cimento (1955-1965) 34, 386 (1964).

[38] Y. Hidaka, S. Iso, and K. Shimada, Complementarity and
causal propagation of decoherence by measurement in
relativistic quantum field theories, Phys. Rev. D 106,
076018 (2022).

125002-12


https://doi.org/10.1103/PhysRevD.102.106021
https://doi.org/10.1103/PhysRevD.102.106021
https://doi.org/10.1103/PhysRevD.105.026011
https://doi.org/10.1103/PRXQuantum.2.030330
https://doi.org/10.1103/PhysRevLett.128.110401
https://doi.org/10.3390/universe8020058
https://doi.org/10.1103/PhysRevA.106.012214
https://doi.org/10.1103/PhysRevA.106.012214
https://doi.org/10.1103/PhysRevA.101.052110
https://doi.org/10.1088/1361-6382/abbe6f
https://doi.org/10.1088/1361-6382/abbe6f
https://doi.org/10.1103/PhysRevD.105.024029
https://doi.org/10.1103/PhysRevD.105.024029
https://doi.org/10.1103/PhysRevD.105.106028
https://doi.org/10.1103/PhysRevD.105.106028
https://arXiv.org/abs/1804.11315
https://doi.org/10.1103/PhysRevD.105.086001
https://doi.org/10.1038/srep22777
https://doi.org/10.1073/pnas.0813239106
https://doi.org/10.1073/pnas.0813239106
https://doi.org/10.1103/PhysRevD.98.126009
https://doi.org/10.1103/PhysRevD.98.126009
https://doi.org/10.1142/S0218271819430016
https://doi.org/10.1142/S0218271819430016
https://doi.org/10.1103/PhysRevD.106.045009
https://doi.org/10.1103/PhysRevA.63.032102
https://doi.org/10.1103/PhysRevA.63.032102
https://doi.org/10.1103/PhysRevA.51.54
https://doi.org/10.1103/PhysRevLett.77.2154
https://doi.org/10.1103/PhysRevA.41.3436
https://doi.org/10.1103/PhysRevA.41.3436
https://doi.org/10.1103/PhysRevA.56.1812
https://doi.org/10.1103/PhysRevA.56.1812
https://doi.org/10.1103/PhysRevA.101.052110
https://doi.org/10.1007/BF02734585
https://doi.org/10.1103/PhysRevD.106.076018
https://doi.org/10.1103/PhysRevD.106.076018

