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A large class of scalar-tensor theories of gravity exhibit a screening mechanism that dynamically
suppresses fifth forces in the Solar system and local laboratory experiments. Technically, at the scalar field
equation level, this usually translates into nonlinearities which strongly limit the scope of analytical
approaches. This article presents femtoscope—a PYTHON numerical tool based on the finite element method
(FEM) and Newton method for solving Klein-Gordon-like equations that arise in particular in the
symmetron or chameleon models. Regarding the latter, the scalar field behavior is generally only known
infinitely far away from the its sources. We thus investigate existing and new FEM-based techniques for
dealing with asymptotic boundary conditions on finite-memory computers, whose convergence are
assessed. Finally, femtoscope is showcased with a study of the chameleon fifth force in Earth orbit.
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I. INTRODUCTION

General relativity (GR) is our best understanding of
gravity. It passes all the tests thrown at it so far [1],
including the most recent test of the weak equivalence
principle—the MICROSCOPE experiment [2,3]. However,
gravity cannot go but hand in hand with cosmology, a
discipline that relates to many questions in fundamental
physics. In the standard model of cosmology, most of our
Universe’s mass-energy budget is made up of an under-
stood dark sector, namely dark matter and dark energy,
which may be seen as necessary patches to account for
cosmological observations while assuming the validity of
GR [4]. Precision tests of gravity on astrophysical and
cosmological scales (either from the large scale structures
[5,6] or the test of the equivalence principle with funda-
mental constants [7,8]) have been developed but have not
provided precise enough insight, opening the way to a large
activity on the so-called modified gravity theories, i.e.
gravity theories beyond GR. One of the simplest extensions
of GR yet phenomenologically rich consists in supplement-
ing the metric field with additional fields. Among these,
scalar fields have been vastly studied as they could provide
possible models in cosmology, from inflation [9] to late
time cosmic acceleration [10—13]. Untowardly, such scalar-
tensor models are hardly viable because they mediate a so-
called “fifth force” that has not been detected so far (see
Ref. [14] for recent ideas to detect them in the lab). As a
consequence, most of these models are already severely
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constrained by the various experimental tests of gravity
below the Solar system scale unless they are attracted
toward GR during the cosmological evolution [15].

Some models remain viable via screening mechanisms.
Screening mechanisms suppress the fifth force in Earth
and Solar system based experiments, letting them con-
strained but still viable while offering a fruitful pheno-
menology for the cosmic acceleration on astrophysical
scales. The chameleon field is an example of a dynamically
screened scalar field, for which screening arises from the
local density dependence of the field’s mass [16,17]. The
chameleon mechanism has been extensively tested, see
Refs. [18,19] for comprehensive reviews. As a result,
entire regions of the chameleon parameter space are already
ruled out, mainly thanks to laboratory experiments [20].
Exploring unconstrained parts of the parameter space thus
requires designing innovative experiments, which is partly
impeded by the difficulty to accurately model the field
behavior.

At the equations level, the screening mechanism relies on
nonlinearities in the partial differential equation (PDE)
governing the chameleon field’s dynamics—the Klein-
Gordon equation. Consequently, analytical approaches
are of little help to derive quantitative information about
the chameleonic fifth force, although some approximations
in the case of highly symmetrical setups are worth
mentioning—e.g. Ref. [16] for homogeneous solid sphere
immersed in lower density background, Ref. [21] for
ellipsoidal sources, or Ref. [22] for noncoaxial nested
cylinders (semianalytical). The nonlinear nature of the
PDE as well as the need to study the chameleon field
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profile around more diverse matter distributions tilt the
balance in favor of numerical simulations. In particular, the
finite element method (FEM) is well-suited for that purpose
as it hinges on meshes that can fit virtually any given
geometry. The recent PYTHON code SELCIE performs this
ambitious task [23]. In Ref. [24], the finite difference
technique is employed in 1D to study the chameleon
mechanism in the context of the MICROSCOPE experi-
ment, while Ref. [25] conducts similar simulations in atom
interferometry setups. Other types of screening have been
numerically investigated, see e.g. Refs. [26,27].

PDEs cannot be mathematically well-posed unless
specified with proper boundary (and initial) conditions.
This is a burning issue in the case of the chameleon field as
the theory does not predict its exact behavior anywhere near
the matter sources in the general case. Instead, it is known
only infinitely far away from the sources, where density no
longer fluctuates so that the scalar field relaxes to the value
that minimizes some effective potential in this remote
region. This issue is often overlooked, or at least circum-
vented by setting boundary conditions at finite distance
[23] which is not legitimate at all in the general case.
Indeed, the assumption used to justify the choice of setting
a boundary condition at a finite distance is either that: (i) the
setup is encapsulated into walls thick enough that they are
screened, i.e. the unknown field takes the value that
minimizes the effective potential deep inside the walls
(e.g. Refs. [22,25,28]); or (ii) the boundary of the numerical
domain is set sufficiently far away from the matter sources
(typically several Compton wavelengths away) so that the
field has almost reached its asymptotic value [29]. None of
these two hypotheses are fully satisfactory since they
cannot be true in all regions of the parameter space.
This difficulty has already been pointed out in Ref. [24]
which managed to circumvent it through the use of a
shooting method. However, this approach was limited to
1D cases symmetrical about the origin.

This work aims at overcoming the challenge of accu-
rately representing the asymptotic behavior of the chame-
leon field at infinity while dealing with arbitrary matter
distribution setups. This has not been achieved in any of the
aforementioned codes, which is the driving motivation to
develop the new code femz‘oscope.1 This software package
builds on top of sSFEPY [30], a FEM PYTHON package. The
Klein-Gordon equation governing the field dynamics being
nonlinear, semilinear to be specific, a Newton solver is
employed with the possibility to activate a line search
algorithm at each iteration for enhanced convergence. The
bulk of the work lies in the implementation of asymptotic
boundary conditions on the unknown scalar field. To that

'This name was chosen to (1) echo the MICROSCOPE space
mission, (2) contain FEM which is the commonly adopted
acronym for “finite element method” and (3) contain the Danish
prefix femto- — 10713,

extent, three distinct techniques are introduced: one relies
on a compactification of the original unbounded domain
while the two others are based on a domain splitting
followed by a Kelvin inversion. Such techniques are very
general and may interest other fields of study. This article
showcases their use on PDEs relevant to us, namely
Poisson equation for deriving the gravitational potential
and Klein-Gordon equation for studying the chameleon
field. The former has closed-form solutions in some simple
cases which will serve as a basis for validating the
implementation.

This article is organized as follows. First, Sec. II
describes the chameleon model, from its physics to the
mathematical problem to be tackled. Section III is dedi-
cated to a thorough description of the numerical tools
involved in femtoscope, with emphasis laid on the handling
of asymptotic boundary conditions together with a techni-
cal review. After a brief overview of femroscope’s workflow
in Sec. IV, we present the results of a first study of the
chameleon fifth force effects in terrestrial orbit using
realistic density models in Sec. V. Lastly, Sec. VI concludes
and draws future studies with femtoscope.

II. FROM THE CHAMELEON MODEL TO THE
ASYMPTOTIC BOUNDARY VALUE PROBLEM

This section recalls the basis for the chameleon model
without elaborating too much on the physical side (see
Refs. [16,18] for that purpose). Ultimately, our goal is to
write down a mathematically well-posed problem, which
will pave the way to the numerical techniques implemented
in this study. For clarity, we work in natural units where the
speed of light ¢ and the reduced Planck constant 7 are set
to unity.

A. The chameleon field

In the Einstein frame, the action of a generic scalar-
tensor theory is

M3 1
Scham = /d4x V') |:7P1R - Egﬂyaﬂgbay(p - V(¢)

+ [ L (@ @)ge ), (1)

where Mp; = 1/v/87G is the reduced Planck mass, V is the
bare potential of the scalar field ¢ (which completely
dictates its dynamics if it were not coupled to matter), L, is

the matter Lagrangian for the matter fields 1;/5;1) which
couple to ¢ through the conformal factors Q;)(¢) respec-
tively. R, g,,, g are respectively the Einstein frame’s Ricci
scalar, the metric tensor, and its determinant, assuming
signature (—, +, 4, +). While the field could have different
couplings to each matter component, we restrict our
analysis to a universal coupling allowing us to drop the
index i. It follows that we can introduce a unique Jordan
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frame metric, g,, = ng/w' The chameleon model is then
completely defined by the two functions of ¢, Q(¢), and
V(¢). In the following, we choose the specific form of the
former to be

s

Q(g) = i, @)

with f# a dimensionless coupling constant. For the latter, we
use the Ratra-Peebles inverse power-law potential of energy
scale A and exponent n,

V(p) = A4(1 +%>. (3)

The dynamics of the chameleon field is then obtained by
varying the action with respect to ¢, yielding the Klein-
Gordon equation

av. g e
P = ap " My T I @)

where T, is the stress-energy tensor defined as
o 2 /=9Ln)
Hv /— g 59141/

In the Newtonian limit the field’s Klein-Gordon equation
reduces to

Ve  p o nA"
= = P

L = =— -, 5
P T T ®)

with [J the d’Alembert operator and
Veie = V(¢) + pexp(Bp/Mp) (6)

the effective potential. In this article, we only consider
static configurations of matter (there is a discussion of the
quasistatic approximation in Ref. [31] Sec. IV and refer-
ences therein), so that the d’Alembertian reduces to the
Laplacian. The final form of the Klein-Gordon equation to
be studied is thus

ﬁ nAnt4

Ad):M—mP—W, (7)

where we have further assumed f¢p < Mp; to get rid of the
exponential term in Eq. (5). The geodesic equation allows
to identify the effect of the scalar field and hence defines the
chameleon fifth force experienced by a point-mass of mass
m as

I
By = —my-V4. (8)

which is the central physical quantity in this study as it
could be measured at length scales below the Solar system
scale. Note that Eq. (8) is an approximation of the fifth
force, whose exact expression can be found in e.g.
Ref. [14]. Additionally, the reader interested in the clas-
sification of modified gravity models and the nature of their
underlying equation may refer to Table 1 of Ref. [31].

B. Behavior of the field far away from matter sources

Now, we assume that the density uniformly decays to
some vacuum density p,,. at infinity. The chameleon field
then relaxes to the value ¢,,. that minimizes the effective
potential Vg (6). Again, assuming that f¢p < Mp, yields

N w
) . ©)

¢Vac - (MP] ﬂpvac

It is thus reasonable to impose the asymptotic condition

¢(r’ 6’ qo) — ¢V‘rlC’

r—-+oo

where (r, 0, ) are spherical coordinates. Indeed, by con-
struction, this asymptotic value of the field makes the right-
hand-side (rhs) of Eq. (7) vanish at infinity.

In many articles dealing with the Klein-Gordon equa-
tion (7), an additional asymptotic condition is enforced on
the field’s gradient at infinity [24,32,33], namely

IVg| — 0. (10)

[[x[|—>+o0

Yet, we can actually show that if ¢:R3 — R satisfies
Eq. (7) and is such that dy¢h, 9,,¢, 35, 0 are O(1) as
r — +o0, then Eq. (10) is granted (see Appendix C for the
proof of that statement). Nevertheless, this remark is of
minor importance for the numerical techniques to be
introduced in Sec. III. Indeed, the vanishing gradient
condition (10) naturally arises in the framework of FEM.

C. Dimensionless version of the Klein-Gordon equation

Equation (7) is seemingly governed by the three param-
eters (3, A, n). The nondimensionalization of this equation
is done as in Ref. [23], that is we set

(1) po a characteristic density of the problem (for
instance the vacuum density);

(i) go=(Mp2=)= the value of the field that
minimizes the effective potential in a medium of
density pg;

(ili) Loy a characteristic length scale of the system
under study;

and introduce the dimensionless quantities p = p/p, and
(35 = ¢/¢, as well as the modified Laplacian operator
A=L3A. The resulting dimensionless Klein-Gordon
equation reads
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Mapping from the chameleon space parameter (3, A) to the dimensionless a parameter appearing in the dimensionless Klein-

Gordon equation (11). For a given n, the pairs (8, A) that map to the same « value result in the same chameleon field profile up to a

global rescaling constant (as shown by the three ad hoc lines).

ahp=p—¢=Y
Mp A\ [ nMp A\ w1
with aE< il >C’” ) L)

L%/’oﬁ Pro

Figure 1 depicts the mapping (S, A) — a for different
values of the integer exponent n. It has to be put into
perspective with Fig. 21 of Ref. [24], which shows the
delimitation between the screened and the unscreened
regimes for the MICROSCOPE setup in the chameleon’s
parameter space. Indeed, for a given mass distribution, the
chameleon dynamics is solely determined by n and a,
whose iso-values are straight lines in the (logf,logA)-
plane as

MP] 1 ”MPI
1 =1 I
oele) = loe <L2ﬂo> S °g< oo

n+4 n+2
log(A) — 1 .
L o Tlog(A) — T log(4)

_|_

In the remainder of this article, the hat notation used to
designate dimensionless variables is dropped.

III. NUMERICAL METHODS: SOLVING
NONLINEAR PDE ON UNBOUNDED DOMAINS
WITH THE FINITE ELEMENT METHOD

Generic partial differential equations cannot be solved
analytically, yet one can resort to numerical techniques to
find approximate solution. In particular, we are interested in
numerical approximations of the Klein-Gordon equation
that governs the chameleon field.

Let (n,a) € N x R be the two dimensionless parameters
of our model and consider the following boundary value
problem,

abp(x) = p(x) — =" (x)
¢(X) — ¢VaC

. [[x[[=+o0
with , (12)
p(X) —  Pvac

[[x[|—>-+eo

where x € R3. One may note at least two difficulties in this
problem:

(1) The rhs term ¢~"*1) makes the PDE nonlinear.
More specifically, this second order PDE is semi-
linear as the coefficients of the terms involving the
highest-order derivatives of the unknown ¢ depend
only on X, not on ¢ or its derivatives [34];

(2) The chameleon field’s profile is only known infi-
nitely far away from the sources (asymptotic boun-
dary conditions). However, computers’ memory
being finite, it is obviously not possible to produce
a mesh of infinite spatial extension. Consequently,
one has to come up with an alternative for properly
imposing the boundary conditions.

This section describes the implementation of femtoscope,
from the very basics of the finite element method to the
more advanced concepts for tackling the two aforemen-
tioned difficulties.

A. Basic ideas behind FEM

FEM is a general numerical method for solving PDEs
together with a set a of constraints imposed on the domain’s
boundary referred to as boundary conditions. The main idea
behind FEM is to mesh a continuous spatial domain into
a finite set of nonoverlapping subdomains—the finite
elements—over which the problem takes a simpler form.
One of the key contributions in the development of
FEM comes from the analysis of aircraft structures in the
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1950s [35], which is why it is often associated with
elasticity and structural analysis problems in aeronautical
engineering. Since then, the method has been widely
adopted in many other engineering disciplines, including
heat transfer, electromagnetism, acoustics, and fluid dynam-
ics (see e.g. Ref. [36] for an historical perspective). In this
subsection, we outline the key ideas behind this method on a
generic linear second-order PDE

div[C(x)Vu]+b(x)-Vu+a(x)u=f

d 0 ou d ou
@Ea_xi[cﬁ(x)ﬂ+Zbi<x>a—%+a<x>u=ﬂ (13)
ij= =

J

where x € Q, a smooth bounded open set of R? with
deN’, C(X):[Ctj(X)]lg,jgdeRdXd’ b(x)=[b;(X)];<i<s €
R and a(x) € R. For this problem to be well-posed, it is
necessary to supplement this equation with boundary
conditions, imposed at the border I" of Q. A possible
choice is to partition the border into the disjoint union
I'=Tp uly and set

u=uponlp and (CVu)-n=gyonly, (14)

where n is the outward normal vector to I'y. The
former condition is referred to as Dirichlet or essential
boundary condition while the latter is called a Neumann
boundary condition. For the sake of simplicity, we further
assume that up = 0 in the following.

1. Weak formulation of a partial differential equation

The first step of FEM consists in transforming the
boundary value problem into the so-called weak form.
This is achieved by multiplying Eq. (13) by a test function v
that belongs to a functional space V (to be specified later
on) and integrating the resulting equation over the whole
space Q. Concretely, this leads to

_A[C(X)Vu] -Vvdx+AN ngdy+A(b(x) - Vu)vdx
-l—[la(x)uvdx:lzfvdx, (15)

where we have made use of the divergence theorem and
further imposed v = 0 on I'p (Dirichlet boundary conditions
are included in the functional space V). Rearranging the
terms leads to the variational formulation of the problem:

Find u € V such that for all v € V,a(u,v) = I(v), (16)

where a is a bilinear form on V x V and [/ is a linear form on
V. The question whether the weak problem is well-posed i.e.
has a unique solution was studied by mathematicians up
until the 1970s. Famous results are the LAX-MILGRAM
theorem (sufficient conditions for well-posedness) and

INF-SUP theory (sufficient and necessary conditions for
well-posedness) [37].

2. Look for a solution in a finite dimensional
Jfunction space

The second and last fundamental idea of the finite element
method is to approximate the infinite dimensional space V
(in which we look for the solution) by a smaller, finite
dimensional space V" that can fit into a computer’s memory.
Let N := dim(V") and (w;), ;< be a basis of V". Then any
function ¢" € V" may be decomposed equivocally as

N
P => dw. D ER. (17)
i=1

In the weak form (16), testing against all » € V is now
equivalent to testing against all basis functions, such that
the discrete weak formulation reads

Find U € R" such that for all i € {1,...,N},

N

Z Uja(WpWi) = l(w;), (18)
J=1

which is nothing but a linear system of unknown
U= (U,,....Uy)", with matrix A = (a(w;,w;))
and rhs vector L = (I(w;)) <i<y-

The remaining ingredient of FEM is the mesh, which is
composed of simple cells such as triangles in 2D or
tetrahedra in 3D (see Fig. 9). A very common choice for
the basis functions is to employ Lagrange polynomials
associated with a given node and whose support is
restricted to cells sharing this specific node.

1<i j<N

B. Handling nonlinearity

1. Nonlinear solver

The general methodology presented above holds as long
as the PDE is linear, which is not the case of the Klein-
Gordon equation (12). To bring this issue out, let us apply
the techniques described in the former section to Eq. (12).
The asymptotic boundary conditions are deliberately left
out as they are not relevant yet. We thus consider a simpler
problem

aAp(x) = p(x) —¢p~"D(x), V x€Q with
¢ = ¢p on I' := 0Q, (19)

where some artificial Dirichlet boundary condition has
been introduced. Now let v € V, the weak equation reads

—a / V¢ - Vodx + / ¢~ pdx = / pvdx.
Q Q Q

However, the basis decomposition (17) fails to produce a
linear system precisely because of the nonlinear term.
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TABLE 1. Mathematical notations introduced in Sec. III B.
Functionals
fo V>R Continuous weak form
fo. " V-R Continuous linearized weak form
F RN - RN Discrete weak form
F o RN - RN Discrete linearized weak form
Functions Vectors Matrices
u,v,p €V P.Q,.U.6U e RV A, B, € RVN
uh, g e vh
Residual vector Residual
F(U) e RY IF(U)|l, e R,

One successful approach for dealing with such nonlinear
PDE:s is to resort to iterative methods such as the Picard’s
method (also known as fixed-point iteration, successive
substitution or nonlinear Richardson iteration) or Newton
type schemes (see e.g. Ref. [38]). There seem to be some
confusions in the literature regarding the derivation of the
implementation. Table I wraps up most notations intro-
duced down below while Appendix E provides the full
expressions of the Functionals at stake. Here ||-||, denotes
the usual Euclidean norm (also called /> norm or 2-norm)
over RY. The first point to clarify is that the linearization
process occurs before the discretization step (i.e. on the
continuous weak form). Let v € V and f,: V — R be the
functional such that

VuEV,fy(u):a/

Vu-Vvdx—/u‘<”“)vdx+/pvdx.
Q Q Q

We are interested in finding u such that f,(u) = 0, for all
test functions v. The general procedure to obtain Newton’s
iteration step is to write the approximate solution at the
(k 4 Dyth iteration as a small increment from the previous
approximation, that is u; | = u; + ou,. Plugging this new
iterate into the expression of f, yields

Foltsr) = fo(ug + ouy)

:a/Vuk-Vvdx—l—a/Véuk-Vvdx
Q Q

- / (g + Suy )~ pdx + / pvdx.  (20)

Q Q
We can now Taylor expand the nonlinear term at first order
(g + Su)~ D) = 1 Y — (4 1), " Uy + 0(Suy).

By dropping o(Su;) terms and substituting this expansion
in Eq. (20), we obtain Newton’s linearization

fv(ukJrl) = .71),uk(uk+l)
= a/ Vuy, - Vodx + a/ Véu, - Vodx
Q Q

- / u;(n+1)1jdX + (n+ 1)/ u,;(n”)éukvdx
Q Q

+ / pvdx,
Q

where ‘?”-“k is the linearized version of the functional f,
around u. The next iterate u,;, ; is obtained by first solving
71)”’% (ur41) =0 for Su; and then applying the update
Ui, = uy + ouy. Note that at this stage (continuous weak
formulation), one can reformulate the above without having
to use the auxiliary unknown du;. Indeed, replacing éu; by
ui — uy in Eq. (21) yields

(21)

fv,uk(”kﬂ):a/ V”k+1'V”dX—(”+2)/”;(Hl)”dx
Q Q

+(n+1)/u;<"+2>uk+lvdx+/pvdx, (22)
Q Q

so that both the indirect and direct approaches are strictly
equivalent in their continuous form. Therefore, the dis-
tinction between the “Picard method” and “Newton’s
method” in Ref. [23] really boils down to the discretization
step previously described in Sec. III A 2.

For the discretization step, it is useful to define the
matrices and vectors at stake and distinguish between
the ones that are iteration-dependent and the ones that
are not,

A suchthatA;; := / Vw; - Vw;dx
Q
B, such that B, := [zu;("ﬂ)wiw}-dx

P such that P; ::/pw,-dx
Q

Qq such that Q% := / u,:<"+])w,-dx. (23)
Q
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FIG. 2. 2-norm of the residual as a function of @ at the 4th, 7th, and 10th iterations of the Newton solver. The line-search algorithm
consists in finding the value of w such that ®U* + (1 — @)U, minimizes the residual at each iteration.

Note that matrix B, and vector Q; are not computed
with the group finite element method (see e.g. Ref. [38]).
This technique consists in performing the following
approximation,

N —(n+1) N
(¢h)_(n+l> = (Z ¢iwi> = Z ¢i_(n+1)wi-
i=1 i=1

Instead, femtoscope first computes ¢" at the Gauss quad-
rature points and only then raises it to the power (n + 1).
With these notations, Uy, | is solution of the linear system of
unknown U*

F,(U)=0¢ (aA + (n+ 1)B,)U* = (n +2)Q; — P.

Because iterative techniques are sometimes subject to
convergence issues, it is possible to introduce a so-called
relaxation parameter @ € |0, 1] to prevent the new iterate
from being “too far away” from the former one. The update
procedure is then a mere convex combination of U* and U,
which reads,

Uk+1 = oU* + (1 - G))Uk

The price to pay for this added stability to the algorithm is a
potentially slower convergence. An efficient yet more costly
approach is to employ a line search algorithm at each
iteration, that is to find

iy = argmin| F(@U* + (1 = 0)Up) .

Figure 2 illustrates this procedure by representing the
L%-norm of the residual vector F(Uy) given by Eq. (3) as
afunction of @ for k € {4,7, 10}. The convergence will also
depend on the initial guess Uy; the closer it is to the frue
solution, the faster the convergence. There are no ready-
made recipe for initializing the solution which is why it is
often decisive to have insights into the physical problem to
solve. In the case of the chameleon field, the minimum and
maximum density values in the computational domain give
bounds on the scalar field. For more specific cases where the
field is to be studied in the vicinity of quasispherical objects,
the analytical approximation developed in Ref. [16] and
described later in Sec. V A is used in femtoscope to initialize
the field’s degrees of freedom (d.o.f.).

2. Stopping criteria

The iterative algorithm must be terminated at some point.
The relevant stopping criteria should be chosen such that
they can quantitatively assess the convergence. To that
extent, femtoscope implements:

(i) a relative  change that is

1(Ursy = Ug) /Uil Z 5. In other words, the algo-
rithm terminates if the solution does not change
significantly between two consecutive iterations;

a residual evaluation. This is another very mean-
ingful criterion regarding convergence. It simply
consists in evaluating the nonlinearized functional F
at the current iteration and checking how close the

condition,

(i)

9
computed value is to zero, that is || F(Uy)|| < &, fora
given norm ||-||. It has the drawback of being an
absolute criterion, which means &, is actually
problem dependent. Figure 3 shows the residual

107!

— — —

o [en) OI
4 & &
L ! L

F(Uy)| (residual)
3

— 10714

10713 4

10715 J
0

FIG. 3. Residual as a monitoring tool. Absolute value of the
residual vector at the 2nd, 10th and 15th Newton iterations from
1D chameleon field computation with artificial Dirichlet boundary
condition imposed at 7 = 5. At # = 1, the density, which drives the
chameleon field, drops down by five orders of magnitude. As a
result, the residual tends to be large in this localized zone where the
field undergoes rapid variations. The residual is efficiently reduced
thanks to our Newton implementation.
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vector computed at the first three iterations of a 1D

chameleon field FEM simulation (radial depend-

ence only);

(ii1)) a maximum number of iterations.

We emphasize the fact that, beyond assessing convergence,
the residual implementation is also a way to ascertain whether
the computed solution weakly satisfies the original PDE.
This is crucial since, as most nonlinear PDEs, the Klein-
Gordon equation (12) has no closed-form solutions, making
it difficult to validate the nonlinear solver implementation.
The relative size of the Newton step is a very common way to
assess convergence as well as it is independent of the typical
scale of the variables. Hence, §; can be chosen virtually as
small as desired, although it should be bigger than machine
epsilon in practice. Empirically, we set 5, = 107°.

C. Handling unbounded coefficients with
weight regularization

This subsection is an introduction to the next one as we will
have to deal with PDEs exhibiting unbounded coefficients.
Consider the generic second-order PDE (13) and assume that
some of its coefficients (namely C, b, a) or rhs term are not
bounded on Q. We do not make any particular assumption
regarding where such singularities arise; they could be
confined to the boundary or lie within the interior of the
domain. This consequently puts constraints on the function
space V for the weak equation (15) to be well-defined.

|

div[C(x)Vu] + b(x) - Vu + a(x)u = f

When dealing with nondegenerate PDEs, Sobolev spaces
are a suitable functional framework for analysis. However,
in the presence of unbounded coefficients, a natural
approach is to look for solutions in weighted Sobolev spaces
(Ref. [39] reviews some results obtained in the study of such
function spaces). From a mathematical viewpoint, the
choice of an adequate weighted Sobolev space can make
each integral of (15) well-defined and make the variational
formulation (16) well-posed (existence and uniqueness of
the solution). Nevertheless, in the actual FEM computation
as partially discussed in Sec. III A, there is no obvious lever
for ensuring that the problem is numerically free of singu-
larities. Yet, two solutions can be put forth:

(i) choose V' (the discrete counterpart of V) as a
subspace of the adequate weighted Sobolev space
together with basis functions w;. Although it is
arguably the most logical thing to do following
mathematical proofs, having problem-dependent
basis functions is not desirable, all the more as
we are using an existing FEM library—SFEPY—
which we do not wish to modify internally;

(i1) regularize the PDE before deriving its weak form,
i.e. modify the strong form (13). This way, no
changes to the FEM solver are required.

The latter idea leads to the introduction of a function
w:Q — R* with appropriate regularity that serves to weight
Eq. (13),

< w(x)div[C(x)Vu| + w(x)b(x) - Vu + w(x)a(x)u = w(x)f
& div[w(x)C(x)Vu] + [@(x)b(x) — C(x)"Vw(x)] - Vu + w(x)a(x)u = w(x)f.

From there, one can choose a weight w such that the
underlying weak formulation is well-posed [40—42].

D. Handling asymptotic boundary conditions

This is the last step of the numerical implementation to
be covered, building on the previous subsections. As
highlighted in Ref. [24], it is not possible to enforce
boundary conditions at infinity straight away due to the
finite extent of computational memory. The easiest work-
around is truncation which consists in replacing the
unbounded domain by a sufficiently large bounded domain
and applying the set of boundary conditions at the artificial
border. In the context of the chameleon field, sufficiently
large would mean several times the maximum Compton
wavelength in the domain. This method has at least two
disadvantages; first, the domain has to be large which
translates into a rather large linear system to solve [43], and
second, setting infinity at a finite distance can result in
inaccurate solutions [24]. A more interesting approach
would be to derive a new set of exact boundary conditions

|
at the artificial border as done in Refs. [44—49] but it has not
been further investigated in our work.

A successful approach was implemented in Ref. [24]
for solving the Klein-Gordon equation with asymptotic
conditions via a shooting technique. However, it is limited
to one-dimensional cases and hinges on some symmetry
in the density profile, which makes it hardly generalizable to
higher dimensional cases with arbitrary matter distribution.

The broad approach employed in the following consists
in mapping unbounded domains to bounded ones using
appropriate transformation, thereby avoiding the introduc-
tion of an artificial outer boundary. Although appealing,
this approach carries its own issues; as recalled in Ref. [45],
the mapping of an infinite domain into a finite one cannot
be bounded. Ergo, the new mapped problem will neces-
sarily contain singularities in its finite domain. This issue is
dealt with wusing the weight-regularization method
described in Sec. III C. The techniques described below
were applied to a simple 3D unbounded Poisson problem
governing the gravitational potential of a single body,
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K

He

FIG. 4.
x) inside the bod
AD(x) = {aﬂ( ) : y
0 outside the body | (24)
— 0
[x]|=+c0

whose analytical solution is known for perfect solid spheres
and flat ellipsoids of revolution—see e.g. Refs. [50,51].
These techniques are illustrated in Figs. 4-6 and compared
in Fig. 7.

1. Compactification of the whole domain

Here, the idea is to apply a global coordinates trans-
formation 7': Q — Q such that Q is bounded, hence the term
compactification. Typically, tangent or inverse hyperbolic
tangent functions are suitable transformations. To the best of
our knowledge, this was first proposed by Ref. [52]. In
Ref. [53], the author applies 1D compactification x € R™
x/(1 + x) (algebraic map) to solve hyperbolic PDEs on
unbounded domains, while Ref. [54] uses logarithmic
mappings for advection-diffusion equations. Here, we wish
to provide an insightful example in the framework of the
finite element method, which is not considered in the
previous references. Let us consider the Poisson problem
(24) expressed in spherical coordinates (r, 6, ¢) for a rota-
tionally symmetrical body. Poisson equation then reads [see
Appendix (D1) for the expression of the Laplacian]

10 (00 1 0/ , o®

~ 2 (P2 2 (sin() 2 = ap(r.0).

2or (r ar)+r2sin(9)aa (Sm( )a9> ap(r.9)
(25)

Let w >0 be a scale factor and define the algebraic
invertible compactification transform,

K: Qext — Qext

~

2
cut

— X
[

Illustration of the Kelvin transform; see the main text for notations and definitions.

T,:RT = [0,w] 5 T7':00,p[->R*
wr n
ri—  — 26
147 1 Y- (26)

Following Sec. III C, let w(r) be a weight function to be
defined explicitly later on and v a test function. The weak
equation then reads,

/g W(r)[(r2 Si(;l(e) Sirﬁg»m} - Vodrdo

0o
+/ r? sin(0)@' (r) — vdrdd
Q or

+ aL r? sin(@)w(r)p(r,0)vdrdd = 0. (27)

In this expression, V = (0,,dy)? instead of the usual
gradient in polar coordinates. From there, we can apply
the radial coordinate change r — 7 leading to

Lsin(0) 0
[ w(n) {( in(O) ) V@] - Vodndé
Q 0 5 e

(y—n)*

2

no. 00
+ [ —sin(0)w@'(n) — vdndd
[w/ (©) (’7)071 1

2
ta A (wwjn)4sin(9)w(17)p(n, 0)vdndd = 0. (28)

Now in order to remove the singularity when n — y, we set
@(n) = (y —n). A few points should be noted:
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FIG. 5.

Interior and inversed exterior meshes generated for the {domain splitting 4+ Kelvininversion + virtual connection of

boundary d.o.f between the two meshes}. In the computer’s memory, nodes 1 to 12 are not duplicated, which results in a single
FEM linear system after assembling the matrix of the linear system to be solved. The inversed exterior mesh must contain a node at the
origin (N, in the figure) in order to impose the value of the unknown field at infinity. This requirement is relaxed for the interior mesh.
Note that the Kelvin inversion does not preserve polygonal simplices, which are actually mapped to curved lines (in orange).
Consequently, coefficients in the matrix involving these boundary d.o.f. are vitiated by a small error, which can be avoided using other

types of inversion [62] or higher-order curved finite elements [64].

(i) the last integral in Eq. (28) is not singular when
n — y because p has a compact support;
(ii) the weight function does not have to be expressed in
the r variable;
(iii) the asymptotic condition on the gradient of the
unknown field (that was discussed earlier on in
Sec. II B for the strong form of the PDE) is encom-
passed in the function space V for the integrals of
Eq. (27) to be well-defined.
With this particular choice, the compactified and regularized
weak form finally reads

=l Gin (0 0
/ [( v sin(0) )vqﬂ - Vudndd
o 0 w sin(0)

2y — o0
_2 / W =1 G002 ando
6 Y on
2
ta / W<L> sin(0)p(17, 0) vdndd = 0. (29)
o \w-n

This modified weak form together with homogeneous
Dirichlet boundary condition at# = y leads to a well-posed
problem whose FEM solution is in excellent agreement with
the analytical solution, see Fig. 7(a).

2. Domain splitting and Kelvin inversion technique

The above compactification transform [Eq. (26)] is applied
to the whole domain, thus affecting the matter distribution.
Mesh refinement nearby large density fluctuations or jumps

is then more complicated as the domain to be meshed Q has
already undergone a transformation with respect to the
physical domain. In this regard, another fruitful approach
is to split the unbounded domain into a bounded one,
containing the sources of physical phenomena, and an
unbounded one such that Q=0 U Qext.z From there, several
techniques can be found in the literature as early as the late
1970s; infinite elements introduced by Refs. [55-57] and
implemented in the proprietary software COMSOL, combi-
nation of FEM and BEM (boundary element method) [58],
and several methods building on the Kelvin inversion
[41,59-61] or similar transformations [62,63].

femtoscope implements two techniques based on the
Kelvin inversion discussed in the following. For both, we
first let R, > O be the radius of a d-dimensional ball,
d € {1,2,3}, defining the interior domain Q;,, (big enough
to encapsulate the various sources of physical interest)
which is a bounded open subset of Q. Then the exterior
domain Q,, = Q\&;,, is mapped to a sphere of radius R,
thanks to the Kelvin transform

K Qe = Qex
R
> X (30)
2 9
[1x]]
where Q. denotes the image of the exterior domain
through /C, also called the inversed exterior from now

2Here, Q denotes the closure of the set Q.
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on. Note that this mapping is not singular because by
construction 0 & Q... We further set I':= 0Q;, N 02
the boundary delimiting the interior and exterior domains.
This boundary is invariant under the Kelvin transform,
that is K(T):=T =T. Letting d = dim(Q), we have
dim(I") = d — 1 so that I has a measure of zero with respect
to the Lebesgue measure on R’ hence [, = [, + [o_ -

The Kelvin inversion can then be applied on integrals on
Q..» which is illustrated in Fig. 4. Once the solution is
known on both domains, we can apply K~' on Q. to
reconstruct the solution on Q.

a. Virtual d.o.f. connection at the shared frontier. This
first technique is based on the generation of two spherical
meshes with matching facets at their border as illustrated
in 2D in Fig. 5. In the actual FEM computation, these
two sets of surface d.o.f. are merged into a unique
set of d.o.f. (this is possible thanks to the definition of
“linear combination boundary conditions” in SFEPY).
This procedure results in a single linear system to be
solved.

As in Sec. IIID 1, the mapping K leads to singular
coefficients in the weak form near 0 € Q.,,. This ill-posed
problem is regularized again using a weight function
discussed above. Finding an appropriate weight is delicate
in this case, because it cannot be applied on the exterior
domain (which has to be regularized) independently of the
interior domain (which is singularity free). Thus, the weight
must fulfill two requirements: (i) remove the singularity
from the exterior domain, and (ii) not introduce singularity
in the interior domain as a side effect. In that respect,
Sec. III D 1 provided a meaningful example for deriving
relevant weights:

(1) write the weak formulation with an arbitrary weight

function;

(ii) apply the relevant coordinate transformation (com-

pactification, Kelvin transform...) on the integrals;

(iii) choose the weight function in the new coordinate

system so as to remove the potential singularities.

b. Iterative exchange of Dirichlet/Neumann boundary
condition—the ‘ping-pong’ technique. This idea takes
its roots in domain decomposition methods developed
in the field of high performance computing (HPC).
HPC relies on the use of (massively) parallel architectures
as well as huge global memory. Because several
operations can be undertaken simultaneously, it is rele-
vant to split the domain over which the PDE is defined
into smaller subdomains. Adjacent subdomains must
somehow exchange information at their common boun-
dary, which requires substantial efforts and research in
applied mathematics. In our case, we deal with two
subdomains; the interior one €, and the inversed
exterior one Q... We here draw on a domain decom-
position method called the Schwarz method without
overlap [65,66] to connect the two domains. We now
describe our algorithm.

Consider the two interrelated subproblems at the kth
iteration, k > 1,

k+1y _ .
LY = f inQ Lty )=f  InQey
u' - ln i . . .
{ k+11nl ) f o and u’e‘;ql — U, €R atinfinity |
i = Hen onl dugy! — _auikm onI”

Onex Onipy

where £ is an arbitrary linear differential operator. The
algorithm then reads

Initialization: Solve the interior subproblem with ul =
Uy, on I' as an initial Dirichlet boundary condition.

kth iteration:

(1) Compute the flux of uf,
Vuikm’nint:.gﬂ"-

(i) In ., apply the known asymptotic condition on
the d.o.f. representing infinity.

(iii)) Because the two subdomains share a common
frontier I', the flux of the global unknown field u
from €, to Q. must be equal to the opposite of the
flux of u from Qg to ;.. We thus apply Neumann
boundary condition using the ready-for-use g
function.

(iv) Solve the exterior subproblem, yielding u*'.

(v) Use the continuity condition of the global unknown
u at the frontier by retrieving the value of u%}! at T
and impose it as the new Dirichlet boundary con-
dition of the interior subproblem.

(vi) Solve the interior subproblem, yielding uﬁf
The normal vectors n;,, and n.,, are represented in Fig. 4.
In a nutshell, this algorithm boils down to alternatively
computing Dirichlet-to-Neumann (DtN) and Neumann-
to-Dirichlet (NtD) operators via the finite element method.
The continuity of the solution across I" is imposed in the
interior subproblem while the continuity of its normal
derivative is imposed in the exterior subproblem.
Reference [67] provides a convergence analysis for this
iterative method in the framework of FEM. To the best of
our knowledge, this approach has never been implemented
in the literature for the specific purpose of solving linear
PDEs on unbounded domains.

One of the main assets of this technique compared to the
virtual connection of d.o.f. described previously is that the
two subdomains are now completely separated. This
implies that one can employ the weight regularization
method on the inversed exterior domain without having to
care about the interior one, giving more freedom in the
choice of the relevant weight.

The two Kelvin inversion-based techniques discussed
above provide us with a numerical approximation of the
solution on the interior domain €;,, and on the inversed
exterior domain Q.. It is possible to reconstruct the
solution on any bounded subset of the original domain
Q using K~!. This process is illustrated in Fig. 6.

through T" that is
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FIG. 6. Assembling of the solution of Eq. (12) on R, (c) from the solution on the interior domain r € [0, R, (a) and on the inversed
exterior domain 5 € [0, R, (b). This particular simulation showcases femtoscope paramount feature; handling asymptotic conditions
on the unknown. Indeed, there is no way to guess a priori the value of the field at R, and imposing ¢(R.) = ¢, would have led to a

gross error. The dotted lines are set at ¢, = ¢(r = 0) and at ¢y, = P(r > +00).

Convergence test — Polar coordinates

Convergence test

Cartesian coordinates

T ——T T —T—TT T ; - - ————

107 —e— compactification || + —m— ping-pong |-{ 10!

o —&— ping-pong —&— connected
. h —6&— connected true BC
g true BC
g 10771 1 B 1072
2
E
2 .
E 1070 . = - 11073
2 N
3
a
=
g 4 “a
= 10 1 i 10
I Ll L I 1 1 L
103 10* 10° 10* 10°
Number of d.o.f. Number of d.o.f.
(a) (b)

FIG. 7. Convergence of the various algorithms for unbounded domains (discussed in Sec. IIl D)—(a) polar coordinates and
(b) Cartesian coordinates. The test problem is a Poisson equation governing the gravitational potential of a flat ellipsoid. The mean
pointwise relative error (y-axis) is computed by randomly sampling n; = 7091 points in the interior domain over which the FEM
solution is compared against the analytical one. The frue BC curve (green) serves as another benchmark and is obtained by applying the

exact Dirichlet boundary condition at the artificial border.
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k < k+1

FIG. 8.

Finally, the three numerical techniques introduced in
order to deal with PDEs defined on unbounded domains are
compared in Fig. 7, where we represent their respective
convergence curve. The convergence rates obtained are
compared to the result of standard FEM on a truncated
domain with exact Dirichlet boundary condition at the
artificial border (benchmark), depicted by the green curve.
This curve shows how the error varies with respect to the
number of d.o.f. in the ideal case of standard FEM. We can
see that the convergence rates of all three techniques are
almost as good as the benchmark, regardless of the
coordinate system used (Cartesian or polar). In the absence
of rigorous mathematical proof, this convergence study
validates our various implementations.

IV. FEMTOSCOPE

We now lay out how the numerical techniques presented
above fit together into femtoscope’s unified program. Our
PYTHON software is coded in an object-oriented fashion and
builds upon an existing PYTHON FEM package—SFEPY
[30], which was early identified as a flexible open-source
FEM library in pYTHON. This code is being actively
developed on GitHub.?

Jfemtoscope attempts to encompass the widest range of
physical problems (e.g. linear one or not, defined on a
bounded or unbounded spatial domain or not...). The
handling of time-dependent problems is in progress. The
decision tree for achieving this purpose is depicted
in Fig. 8.

*hitps://github.com/sfepy/sfepy, Last visited: June 1st, 2022.

virtual
connection

Domain splitting
+ Kelvin inversion

Q= Qint ) Qext
Qext — Qext

Compactification
Q— 0

Standard
FEM

Overview of femtoscope decision tree with respect to the nature of the PDE to be solved.

Several test cases were run in order to ascertain the
validity of the code. The techniques for dealing with
asymptotic conditions were tested against the analytical
solution to the problem of the gravitational potential inside
and outside an oblate spheroid, governed by Eq. (24). The
solution to this problem inside the spheroid was found by
Maclaurin [50] while we referred to Ref. [51] for the
solution outside the body using oblate spheroidal coor-
dinates. The nonlinear custom Newton solver was first
tested on bounded domains, where the chameleon field is
supposedly known at the boundary. This configuration is
that of an empty vacuum chamber (of density strictly over
absolute zero) surrounded with thick walls. Then, in a
certain part of the chameleon parameter space (S, A, n),
the walls would be screened so that deep inside them, the
field would reach the value that minimizes the effective
potential, which is known analytically see [Eq. (9)]. In
such cases, femtoscope outputs were compared against
SELCIE ones [23], whose code is accessible on GitHub.*
Appendix A provides a comparison between the two
codes on a given test case.

A. Mesh generation

Meshes are created using the GMSH software [68], a two-
and three-dimensional finite element mesh generator
with a built-in CAD’ engine. Its PYTHON API® brings
greater flexibility and allows us to automate the meshing of

*https://github.com/C-Briddon/SELCIE, Last visited: June 1st,
2022.

5Computer—Aided Design.

®Application Programming Interface.
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dimensional reduction
——-
x
#d.o.f. = 963 #d.o.f. =163

FIG. 9. [Illustration of the mesh size reduction process when
dealing with axisymmetric setups (a cylinder here) in Cartesian
coordinates.

recurrent geometries. For an easier handling of matter
distribution in the interior domain, shapes can be incorpo-
rated into a spherical background mesh and tagged with a
unique identifier. As mentioned in Sec. III D 2, the interior
and exterior meshes must have matching surface elements
for using both the virtual connection method or the ping-
pong method. All meshes are saved using the legacy
Visualization Toolkit format (VTK).

B. Coordinate systems and reduction of the space
dimension in case of rotational invariance

femtoscope implements polar coordinates and Cartesian
coordinates for two-dimensional simulations and Cartesian
coordinates for three-dimensional simulations. Reduction
of the space dimension is only possible in certain sym-
metrical configurations, especially when the matter distri-
bution is invariant by rotation around a given axis. In such
cases, this axis is chosen such that d/d@p = 0 in spherical
coordinates Eq. (D1) or in cylindrical coordinates Eq. (D2).
In the latter case, the y-axis coincides with the revolution
axis and we introduce the Cartesian coordinates (x,y) €
R’ x R and consider the modified Laplacian

10 [ of\ &f

Therefore, any 3D-axisymmetric setup can be worked out
in a half plane. The unknown field is necessarily symmetric
about the y-axis. This symmetry is accounted on the x > 0
half-domain by imposing the Neumann condition

of
ox

x=0

This strategy to reduce the computational cost of a
simulation is illustrated in Fig. 9. Two-dimensional FEM
simulations should be preferred over three-dimensional

ones whenever possible as the computational cost is greatly
alleviated (~500 times faster, empirically).7

V. CHAMELEON FIELD AROUND THE EARTH

In the pursuit of being able to accurately model the
chameleon fifth force in satellite-reachable regions of the
Solar system, it is a good start to begin with the Earth
environment. We first use femtoscope on an homogeneous
solid sphere immersed in a background medium of constant
density. We then consider a more realistic physical model,
still 1D, but with typical density profiles. In the remainder of
the article, all simulations are conducted with the potential
exponent set at n = 1. Moreover, the dimensionless para-
meter a depends on the choice of the characteristic physical
scales L and p, [see Eq. (11)]. Whenever relevant, we work
with Ly = Rgg, = 6371 km and py = 1 kg-m™.

A. Perfect homogeneous solid sphere:
Verification of the implementation

We consider a perfect solid sphere of radius R, with
constant density p;, surrounded by a medium of density
Pyac assimilated to vacuum. This first application serves as a
validation test case since it is one of the simplest mass-
distribution configurations. Indeed, the problem is reduced
to a one-dimensional radial problem, for which approxi-
mated analytical solutions exist [16]. For the dimensionless
problem (12), the commonly used expression reads

pin"_H ifr<RTs,
— (.2 R .
¢(r)= Pm“*‘g—'&(% %_%R%s> if Ry <7 <Ry,

T+l

Pva _Igexp[_mvac<r_RA)] if 7> Ry,

(32)
in the screened regime, and
1
T _ K | Pin (2 _ P2 :
o) = pva{ x T (r* —R3) if r <Ry,
puic' = Kexp[—my(r—Ry)] if r> Ry,
(33)

in the unscreened regime. In the above expressions,
2

nt2
1) My, = ’%‘1 peae 18 the effective mass of the field in
vacuum;

R3

i) K = (Ra = )G+ %)

"This figure was obtained empirically by the authors. We first
ran and timed a 3D simulation, then checked the error with
respect to the analytical case, and finally ran and timed a 2D
simulation that would exhibit the same error level.
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FIG. 10. Radial profiles of the chameleon field for various
values of @, exhibiting the transition between the screened regime
(¢ € {1072,107'}) and the unscreened regime (o = 20). The
solid lines correspond to femtoscope’s outputs @pey While the
dashed ones are the associated analytical approximations g%app
given by Egs. (32) and (33).

(iii) Rrg is the thin-shell radius. In the screened regime, it
is computed as the only real root of the third-order
polynomial of the variable X

Myac 3, Lo 1 L b
M x4 X2 (T —p
[ 3a(1+mvaCRA)} +2a +pin (pvic’ = pin")

R% 1 1
_a 74__
Ba \1+my Ry 2

that lies within the interval [0, R,]. If this polynomial
has no such root, it means that we are in the
unscreened regime, and Rtg = 0.
This analytical approximation is useful from a phenom-
enological point of view to study the profile of the
chameleon field around almost spherically symmetrical
objects. In particular, it provides insights into the screening
of an object.

Fig. 10 shows various chameleon field profiles obtained
by FEM in polar coordinates (solid lines). The asymptotic
condition is handled via the virtual d.o.f. connection
method (see Sec. III D 2) with R, = 5. This plot brings
once again to the fore the importance of the FEM
implementation on unbounded domains:

(i) in the screened regime, the field quickly reaches
the value that minimizes the effective potential
in vacuum ¢,,. so that one could apply this
Dirichlet boundary condition at R, without making
a big error;

(i) for a>1 however, the field grows more
slowly towards ¢,,. so that it would not have any
physical sense to impose Dirichlet boundary con-
dition at R.

TABLE II. 2-norm of the residual of Fig. 10 curves (20
iterations).

Residual analytical Residual numerical

approximation solution

a=107? 2.5x 1072 9.7 x 1078
a=10" 4.0 x 1072 3.6 x 1078
a=1 6.0 x 1072 42 x107°
a=10 8.1x 1072 6.7 x 1073
a=20 1.1 x 107! 1.2 x 107

In that same figure, we represent the analytical approxi-
mations in dashed lines. This approximation is not to be
used if quantitative results are expected, even in the
simplistic case of homogeneous perfect spheres. Indeed,
as emphasized in Refs. [24,29], this analytical approxima-
tion is only valid in a certain region of the chameleon
parameter space, which is why Egs. (32) and (33) should
not serve as a benchmark. In this respect, Table II clearly
shows that the residual of the analytical approximation is
larger by many orders of magnitude in 2-norm than that of
the numerical solution after convergence. Besides, one may
have noticed that there seem to be a relation between a and
the size of the residual, especially the greater «, the bigger
the residual. This relation cannot be ascribed to a poor
convergence of the Newton algorithm as the relative change
of the numerical approximation between the last two
iterations ||(Uyy — Uyg)/Ujol|, (see Sec. III B 2) is consis-
tently below 10™'* for all . A better explanation is linked
to the fact that the residual, as defined in this article, is an
absolute quantity and not a relative one (see Appendix B).

Appendix A provides a relevant comparison between
femtoscope and SELCIE on this specific test-case (see
Fig. 17). The overall excellent agreement between the two
codes’ outputs on a carefully chosen example brings further
confidence regarding our implementation. This appendix
further investigates the influence of the truncation radius
R, on the accuracy of the solution.

B. Realistic Earth model

We now consider a more realistic treatment of chameleon
gravity in the Earth vicinity. We look for quantitative
values of the fifth force predicted by the chameleon model
in Earth orbit. When relevant, the altitude is chosen to be
that of the GRACE-FO satellites,’ i.e. around 500 km [69].
As mentioned in Sec. IT A, the chameleon field alters
geodesics. It is natural to study the effect of the underlying
perturbing acceleration on geodesy satellites, hence the
need to quantify it. To put things into perspective, the
chameleon fifth force can be compared to other known
physical effects taking place in orbit around the Earth.

8https://gracefo.jpl.nasa.gov/, Last visited: September 1st,
2022.
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FIG. 11.

Implementation of realistic density models inside and outside the Earth for numerical simulations. Inside the Earth, the

density is retrieved from the Preliminary reference Earth model (PREM) [71] while the atmospheric density is approximated by the
US76 model.’ For altitudes higher than the geostationary altitude, we make the assumption that the density no longer decreases and stays

at its minimum value py,. = 4.04 x 1072 kg.m=3.

Especially, it is meaningful to compare the chameleonic
force against the relativistic correction to Newtonian
gravity and to Newtonian gravity itself. At first order, this
correction reads

3 [ garh \ 2 ~
dagr = F ( Egnh> ~10 96lNewton (34)

for a circular orbit [70], where pp,.q, 1S the Earth’s standard
gravitational parameter. This is already about nine orders of
magnitude smaller than Newtonian attraction for typical
satellite altitudes (from low Earth orbits to the geostation-
ary one).

The first step is to implement a realistic model of the
density inside and around the Earth as in Fig. 11. The use of
purely radial models allows us to conduct numerical simu-
lations in 1D, much cheaper than their 2D or 3D counter-
part.'’ The density decreases from 1.3 x 10* kg.m™ at the
center of the Earth to barely 4.0 x 10~!° kg.m™ beyond the
geostationary altitude, which represent a variation over
nearly 23 orders of magnitude. Moreover, it is subject
to a three orders of magnitude jump at the interface
between the Earth and the atmosphere. Density being
the source of the field, the mesh employed in numerical

Data downloaded from http://www.braeunig.us/space/atmos
.htm, (especially for the density between 1000 km—36000 km
altitude), Last visited: June 1st, 2022.

De facto, the Earth flattening at the poles cannot be taken
into account despite being one of the major perturbing accel-
erations [70]. Reference [72] shows that ellipsoidal departures
from spherical symmetry results in an enhancement of the
chameleon force.

simulations has to be very fine around such rapid variations
(see Fig. 12), and we set the relaxation parameter to @ =
0.5 (experimentally determined to ensure convergence).
The truncation radius R, is set at 7Rg,y, because the
density is assumed constant beyond this altitude. To check
the relevance of such models, we solved for the Newtonian

Density of d.o.f. (normalized)

0.0 2.5 5.0 5.0 2.5 0.0
N 2 A~
n= Rcut/T

FIG. 12. Distribution of d.o.f. of the realistic Earth 1D mesh. In
the interior domain (left side), the mesh is refined around the
various density jumps inside the Earth and at the transition
between the crust and the atmosphere (see Fig. 11). In the
inversed exterior domain (right side), the mesh is refined
around the characteristic slope break at i = my, . R2,/3 which
can be seen on Fig. 6(b). The hat notation is used to denote
dimensionless quantities: 7 = r/Rgamn, Ry = Rewt/Reaetn =7
and 7 = R%, /7.

>
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FIG. 13. Chameleon field radial profile (top) and gradient
(bottom) around a spherically symmetric Earth with density
profiles depicted in Fig. 11.

potential governed by Poisson equation (24) and found the
conventional value of gravitational acceleration on Earth,
llgll, of about 9.8 m.s~2.

In Fig. 13, we represent profiles of the chameleon field
and its gradient for different values of the a parameter. The
computed dimensionless field is further normalized in such
a way that it tends to 1 at infinity, while the gradient is
mapped onto [0, 1]—which allows for a better comparison
of the profiles. The a-values are chosen so as to span over
both the so-called screened regime (€ {10‘3, 1.5x
107°}) and unscreened regime (a € {3.5 x 1075, 107°}).
As can be seen on the inset, in the screened regime, the field
is subject to jumps occurring at density jumps within the
Earth, before stalling when the density crosses some
threshold. This is the region where the corresponding
gradient curve peaks to its highest value, before decreasing
as r~2 in the upper atmosphere and beyond. In the
unscreened regime, the field does not reach the value that

Altitude = 500 km
1 1

F===0

F——— 2

== 4

———t 6

logyy(A/eV)

| 9EGr |

log;, 5™-force [m/s?]

=== 10

E==—-12

FIG. 14. Analytical approximation of the fifth force value
around an homogeneous, spherically symmetric Earth in the
parameter-space (8, A) for n = 1. Isoforce values are depicted by
dashed red lines and clearly exhibit two regimes delimited
by the dimensionless parameter a=~2 x 1075, The upper left
region (& > 2 x 107®) corresponds to an unscreened Earth

while the right region (@ < 2 x 107°) corresponds to a screened
Earth.

minimizes the effective potential at the center of the Earth.
One point worth mentioning is that, in this regime, the
fields’ curves are identical up to an affine transformation.
As a consequence, the associated normalized gradients
almost perfectly overlap. A physical interpretation of this
phenomenon is that in the unscreened regime, the field is
sourced by the entire mass of the Earth and there is no thin-
shell effect. The overall shape of the gradient is reminiscent
of the Earth Newtonian gravity, which makes sense con-
sidering that the gravitational potential is not subject to any
screening mechanism. Finally, let us denote by @.reened =
2.6 x 1076 the value at which the transition between the
two regimes occurs.''

Let us now proceed to a more quantitative analysis of the
chameleon field effects by computing the fifth force
supposedly applied on satellite in orbit. This force is
computed according to Eq. (8). The mapping (f,A) — a
not being injective, it is relevant to study the shape of the
iso-fifth forces in the (S, A)-plane. Using the analytical
approximation Eqs. (32) and (33) is a good starting point to
get a sketch of such contour lines. Because this approxi-
mation can only handle constant density profiles inside and
outside the sphere, we separately average the PREM and
US76 models depicted in Fig. 11 and keep the two mean
values. The result of this process is shown in Fig. 14, where
we can clearly see the demarcation between the two
regimes across the line greeneq = 2 X 1070, The Earth is

T _
For n = 2, one would have @ eeneq = 3.1 x 1073,
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Altitude = 500 km

logio(A/eV)

log10(3)

FIG. 15. Fifth force isolines computed on 1D FEM model with
a realistic density model (see Fig. 11). Isoforce lines are such that
Fsn = 10¥6F g, with k ranging from -4 to 0 and §F g being the
relativistic correction to the Newtonian equation of motion (see
Ref. [70] for instance) given by Eq. (34). Gray lines in the
background corresponds to the isovalues of the a dimensionless
parameter used in the simulations. As one could foresee thanks to
Fig. 14, the screened regime (blue shade) and the unscreened
regime (purple shade) are unmistakably separated on both sides
of gereen = 2.7 x 1076,

screened (respectively unscreened) below (respectively
above) this line. Note that we obtain the same characteristic
isoforce contours as in Fig. 7 from Ref. [72] [plotted in the

(log A, —log f8)-plane].
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It is striking to note that in the unscreened regime,
the fifth force almost no longer depends on the energy scale
A. This is particularly visible on the analytical approxi-
mation. From Eq. (33), one has ¢/ (r) = K(1 +m,.r)r=2 x
exp[—myac(r— R4)]. However, the vacuum density used in
this study is so small (p,,. = 4.04 x 1071° kg/m?) that, at a
satellite altitude, m,.r < 1 and thus ¢'(r) ~ K/r?, with
K ~ pin/3a so that ¢/ (r)<A+4/(+1)  The dimensionful
version of the force is recovered by multiplying the
dimensionless gradient by the factor SB¢,/(MpLg) o
A+D/(144) Consequently, the result of this multiplication
does not depend on A. The insights gained in the above
helps us to comment on the results obtained with femto-
scope and the realistic density model. Figure 15 is the
numerical counterpart of Fig. 14, where we have repre-
sented the curves of equation Fg,, = 1056Fgg for
—2 <k <1. We obtain the same characteristic iso-fifth
forces shape, whose equations roughly reads

for a = Ascreened

{ f ~ const. (35)

A~ Kﬁ_l/s for a < ereened

for some positive constant k. The power —1/5 can be
recovered from the analytical approximation which gives
—n/(n + 4) in the general case. This kind of plot has to be
put into perspective with the current existing constraints on
the chameleon model [20,73]. A space-based experiment in
search of a chameleon fifth force at the level 106F g could
potentially rule out the whole upper right region of the
corresponding curve on Fig. 15. In Figs. 14 and 15, we

(b)

0)0130]

~—

-5 0
log4(63)

FIG. 16. The chameleonic force as a perturbing acceleration for satellites. (a) Order of magnitude of hypothetical fifth forces alongside
known forces (Newtonian gravity and its first order general relativistic correction) vs r. The (8, A) values used to compute the fifth

forces are reported on the chameleon parameter space (b).
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depict in green contour line along which the fifth force is
equal to the relativistic correction given by Eq. (34).

Finally, it is useful to see how the chameleonic force
compares to our current description of gravity in space. To
that extent, we reproduced in Fig. 16 the traditional repre-
sentation of satellite perturbations as a function of the altitude
(see e.g. Fig. 3.1 from Ref. [70]). It features the Newtonian
Eravity dnewon = MEarn/ 7> and its relativistic correction at
first order given by Eq. (34) as well as fifth-force profiles.
Yet, the two pairs (3, A) which result in an unscreened Earth
are already ruled-out by experiments—see, e.g. Fig. 2 from
Ref. [73]."2 Overall, the region of the parameter space
corresponding to an unscreened Earth is more severely
constrained than the screened part. In the latter case, the
freezing of the field inside the Earth means that the exterior
field profile is sourced only by the mass outside the thin-shell
radius. This puts into question the validity of a purely radial
density model. Indeed, the shell sourcing the field might be
so thin that it is no longer possible to make the assumption
that the Earth is spherically symmetric. In which case, it is
reasonable to expect the fifth force to be dependent on the
local landform. FEM would then be necessary to capture the
aspherical shape of the topography.

A commentary has to be made with respect to the use of
realistic physical quantities. Specifically, we noticed that
numerical issues can arise when density varies widely
within the simulation domain, like in Sec. V B where it
ranges across 23 orders of magnitude. Part of the chame-
leon parameter space associated with an unscreened Earth
ended up inaccessible to our numerical tool as the relative
variation of the field ()nax — Pmin)/Pmax Would be of order
~107"*, close to machine epsilon in double-precision
floating-point format.

VI. CONCLUSION AND OUTLOOKS

In this article, we have introduced femtoscope as a novel
numerical tool which is so far dedicated to the study of the
chameleon model, a particular class of nonlinear scalar field
theories. The interplay of self-interactions and coupling to
matter makes for arich phenomenology as the effective mass
of the chameleon field becomes dependent on the local
matter density. At the equation level, this translates into a
nonlinear PDE that is difficult, if not impossible, to tackle by
analytical means. Yet, both the design of an experiment and
the analysis of the observations that come with it crucially
hinge on our ability to make precision predictions of its
outcome. This motivates the resort to numerical techniques
in order to compute an approximation of the fifth force
mediated by the chameleon field.

femtoscope solves the chameleon field equation using
the finite element method which is well-suited for our

To the best of our knowledge, there are no more up-
to-date chameleon constraints’ compilations in the range
pe107°,1073].

purposes as it can handle arbitrary matter distributions
via nonuniform meshes. We implemented the traditional
Newton’s method (optionally with a line-search algorithm
on top of it) in order to deal with the nonlinearity. The main
novelty of this code lies in the implementation of various
techniques to work on unbounded domains; one based on
the compactification of the whole domain and two others
based on domain splitting and Kelvin inversion. Overall,
we have demonstrated the reliability of such techniques by
using a special case of the Poisson equation (for which the
exact solution is known) as a benchmark. In a way, our code
extends the work by Briddon ef al. [23] by adding the
possibility to deal with asymptotic boundary conditions.
Furthermore, we underline the fact that femtoscope is not
inherently limited to the study of the chameleon field.
Indeed, the numerical techniques discussed in this article
rely only on a few assumptions, making femtoscope a
potential tool for dealing with a much wider range of PDEs.
For instance, the symmetron model is another scalar-tensor
model exhibiting yet a different screening mechanism that
could well be studied with femtoscope.

In this article, we conducted a study of the chameleon
field and its underlying fifth force in the Earth environment.
We started from the canonical case of a perfect homo-
geneous solid sphere (for which analytical approximations
exist) before moving to a more realistic model of the matter
distribution inside the Earth and in the atmosphere. This
both showcases the possibilities offered by femtoscope and
paves the way to future, more case specific, numerical
studies of the chameleonic force. Specifically, we have
underlined the fact that modeling the Earth as a sphere is no
longer realistic in the screened regime where the chame-
leonic force is sourced by the outer layers. It would be
interesting to see the imprint of the local relief on the
chameleon field in Earth orbits and whether or not we could
discriminate between the fifth-force signature and known
effects with the current technology embedded on naviga-
tion and potential science satellites. Finally, many astro-
physical systems boil down to the study of a two-body
problem. The nonlinearity of the chameleon field equation
prevents from considering each body independently from
the other and applying the principle of superposition.
Instead, a full 3D computation of the field is required
due to the absence of symmetry of such a setup. Moreover,
having two bodies—say a binary neutron stars—orbiting
each other breaks the assumption of a static scalar field and
one would have to solve the full, time-dependent, Klein-
Gordon equation. This feature is not yet implemented in
femtoscope and is left for future work.
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Comparison between SELCIE (black solid line) and femtoscope, (i) with Dirichlet boundary condition at the truncation radius

Rey = 1 (blue crosses) and (ii) with the virtual connection of d.o.f. technique (red dots). The parameters used are {n =2,a =
5% 1073, Ry = 1, Ry = 0.1, py, = 100, pyoc = 0.1} for the left panel and {n = 1,a = 1, Ry = 1, R4 = 0.3, pi, = 100, py,c = 1} for
the right one. The SELCIE simulations were performed by adapting an existing example provided on its GitHub repository.13

APPENDIX A: COMPARISON BETWEEN
SELCIE AND FEMTOSCOPE

To the best of our knowledge, SELCIE [23] is the only
publicly available code that can be used to compute the
chameleon field for arbitrary density distributions. Despite
sharing many similarities with SELCIE, femtoscope was
developed in an independent way to achieve close aims. It
is therefore all the more important to check that the two
codes’ output coincide on a given simulation as no
analytical solution is available. We selected a set of
physical parameters and computed the chameleon field
for a perfect solid sphere with the two softwares. Unlike
femtoscope, SELCIE is not able to deal with asymptotic
boundary conditions. Instead by default,"* it initializes the
field to ¢,y;, which is computed from the maximum density
within the domain p,,,, via the relation

.
AT+l

a’min = Pmax - (A1)
The artificial border at the truncation radius is left free of
any Dirichlet boundary condition, hence natural boundary
condition applies,

Vén =0, (A2)
which has no physical reality in the general case. Figure 17

aims at comparing SELCIE and femtoscope on two different
simulations performed in 2D Cartesian coordinates. Because

Bhttps://github.com/C-Briddon/SELCIE/blob/main/Examples/
Solve_SphereCylinder.py, Last visited: August 1st, 2022.

“The initial field profile can also be user supplied since
version 1.4.0.

femtoscope is not limited to bounded domains, we solved the

Klein-Gordon equation by way of two techniques:

(1) applying the Dirichlet boundary condition &5 = qfﬁvac
at the artificial border (blue crosses), or;

(2) using the virtual connection of d.o.f. described in
Sec. I[II D 2 to enforce the correct asymptotic behav-
ior of the field at infinity (red dots). We recall once
more that this is the most general method as no
particular assumptions have to be made regarding
the physical parameters of the simulation.

Left panel. In order for SELCIE to produce a reasonable
numerical approximation, we chose a set of physical
parameters such that:

(i) the ball is screened. In this manner, the field is

correctly initialized deep inside the ball via Eq. (A1);

(ii) the field value at the truncation boundary is close to
value that minimizes the effective potential outside
the ball, denoted ¢,,.. As aresult, the field’s gradient
is expected to be small and Eq. (A2) makes
physical sense.

The three outputs—SELCIE, femtoscope bounded and
unbounded—almost perfectly overlap. Indeed, the relative
difference between any two of the three numerical approx-
imations is bounded below 0.3%. There are several
potential causes to explain this subpercentage difference:

(i) We did not use the same meshes for SELCIE and
femtoscope. However, the quality of the FEM
solution is known to be intimately interrelated with
that of the associated mesh [74].

(i1) For all three outputs, the field is initialized and, more
importantly, constrained differently (see the discus-
sion above).

(iii) SELCIE and femtoscope do not use the same linear
solver on these specific simulations.
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FIG. 18. Influence of the truncation radius on the error. The
simulations were performed with the set of parameters {n = I,
a=1,Ry =0.3,p;, = 100, p,,c = 1} (same as the right panel
of Fig. 17). Here, the chosen benchmark is ({femtoscope
unbounded, R, = 3.0}.

(iv) The finite element approximation order is set to one
in SELCIE (by default) whereas we used third-order
polynomials for the computations performed with
femtoscope.

Right panel. This plot aims at showing the limits of
domain truncation. Here, femtoscope unbounded (red dots)
should be regarded as the benchmark as it is the only
simulation that correctly implements the asymptotic boun-
dary condition. We can see that, as we move away from the
ball (7 > 0.3), the three outputs start diverging:

(i) SELCIE (black solid line) implements condition
(A2) which is why we observe ‘é—‘f |._; = 0. This is
wrong because the field should keep increasing to
q;ﬁvac at infinity and results in a significant deviation
from the benchmark (relative difference up to 11%
at ¥ =1).

(i1) femtoscope bounded (blue crosses) implements the
Dirichlet boundary condition ¢(7 = 1) = ¢b,,c. This
results in a 6% relative difference at 7 = 1.

Finally, we complement this comparative study by
addressing the question of the influence of the size of
the truncated domain on accuracy. To do so, we start from
Re = 3 and compute ¢(# = 0.5) using the virtual con-
nection of d.o.f. technique: this is our benchmark. Then we
decrease the truncation radius down to 1 in steps of 0.5 and
compute the relative error at 7 = 0.5 for all three outputs.
The results of this experiment are shown in Fig. 18. The
takeaway here is that truncation techniques (SELCIE and
femtoscope bounded) become increasingly inaccurate as
R decreases. Moreover, for an arbitrary set of parameters,
the truncation radius ensuring an acceptable level of error
cannot in principle be known. One thus has to be very
cautious when using codes relying on truncation and have

enough physical insights into how to choose the truncation
radius. As for femtoscope unbounded, the dependence
between the error and R, is much less pronounced, except
for R., = 1 where the relative error goes beyond 107
This brief investigation, although it is merely one example,
further illustrates why properly dealing with boundary
conditions is of key importance.

APPENDIX B: RELATION BETWEEN a AND
THE RESIDUAL SIZE

This appendix follows on from the discussion initiated in
Sec. VA and proposes an explanation for the apparent
relationship between the a parameter and the residual (see
Table II). We investigated the residual vector for a €
{1072,10%} on 1D simulations and the important results
are shown in Fig. 19. The left-column plots correspond to
a =0.01 while the right-column plots correspond to
a = 100. We have indeed deliberately chosen two values
of a separated by several orders of magnitude so as to
accentuate the trend observed in Table II. The first line of
Fig. 19 (panels a and b) depicts the residual vector as a
function of the dimensionless radial coordinate 7 (the two
plots have the same y-scale). For both values of a, the
residual vector is almost consistent with O (the mean
residual is —3 x 10~ for @ = 0.01 and —8 x 10~'! for
a = 100), but the dispersion is much greater for a = 100
(the standard deviation is more than four orders of
magnitude bigger). Two questions arise:

(1) What is this huge dispersion due to?

(2) Why does the dispersion increase with 7?7
Schematically, the residual vector is evaluated by plugging
the numerical approximation ¢" into the Klein-Gordon
equation (11) and see how small the quantity aA¢p" —
[—(¢™")~"+*D] = p is [a proper definition of the residual
vector is given by Eq. (E3)]. To better understand the
influence of a on the residual, it is insightful to decompose
the residual into three terms—the aA¢ term, the ¢~ (1)
term and the density, or p, term—and plot each of them
against 7. This is done on panels (c) and (d). We then
compare the a-dependent part against the two other terms
(panels e and f) and compute their relative difference
difference with respect to the aA¢ term (panels g and
h). We observe that:

(i) The relative difference between the aA¢ term and

(p— =) is smaller for a = 100 than for a =
0.01 (panels g and h).
(i1) Yet, in absolute terms, these two terms are about five
orders of magnitude bigger for @ = 100 than for o =
0.01 (panels e and f). This is most likely due to the
fact that a appears in the Klein-Gordon equation as a
multiplicative constant before the Laplacian.
Consequently, the difference between these two terms
(which is nothing but the residual) is several orders
of magnitude larger [panels (a) and (b)] as expected.
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FIG. 19. Investigation of the relationship between the a parameter and the residual of the numerical approximation after convergence
has been reached (25 iterations). Left column: @ = 0.01. Right column: @ = 100. See the main text for a more detailed description of
each panel.
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This answers question 1. The second question is more
straightforward to answer. Recall that in 1D, the Laplacian
operator is expressed as

,d¢
AP = 2dr ( dr)

and we multiply both sides of the Klein-Gordon
equation by r? before deriving the weak formulation,

so that the p and ¢~ "*!) are weighted by % As a
result, the terms involved in the residual get larger in
absolute value as 7 increases, which is why the dispersion
of the residual gets wider as we go to larger 7 values
(plot b).

APPENDIX C: MATHEMATICAL PROOF OF
THE VANISHING GRADIENT

Here we provide a mathematical proof that

alp = p — ¢~

Prac = Vg — o.

X||—=+o0
= Jx—-+eo

69¢ a{/)¢ 62¢ a ¢ OH H—>oo( )

The asymptotic value of the field is known to be

Poac = (pvac)‘n;ﬂ so that the rhs of Eq. (12) goes to zero
at infinity, i.e.

Aqﬁ(x)“xmmo.

In spherical coordinates, the Laplacian of ¢:R?> — R reads

- 209
Ad: ror < 0r>
%,—/

radial part

1o o Y
e sin(6) 00 (sm( ) 69> t sin 2(0) 0p*

angular part

Because of the assumptions we have made on the
partial derivatives involving the angles (6,¢), the
angular part of the Laplacian and gradient vanish to zero
as r goes to infinity so that we can focus our attention on
the radial part. In order to simplify the notation, from
now on we consider ¢ to be purely radial and we denote
by ¢’ and ¢” its first- and second-order derivatives with
respect to r, respectively. The vanishing Laplacian
reduces to

(P =0+ 200 =0 e

d

r—>+oo

1. Proof that ¢"(r) — 0

r—+0o0
The asymptotic condition on the radial part of the

Laplacian (C1) may be reformulated as
there exists a function e :R* — R such that
{45”( r)+30/(r) = e(r)
6(r)r:>000

The above is nothing but a second-order linear
ordinary differential equation (ODE) which can be
solved via the method of variation of parameters. The
general solution of the homogeneous equation can be
expressed as —A/r + B, with A, B € R. Then a particular
solution of the inhomogeneous equation is sought in the
form ¢(r) = —A(r)/r + B(r), with A and B two real
functions satisfying the system

{—A'(r)/r+B'(r) =0 {A’(r) = 2e( )
A'(r)/r* +0=¢(r)

Therefore, a particular solution of the ODE on R? is

#r) == [ sels)ds + [ selspas

The general solution then reads

¢(r):—1 [[rsze(s)dSwLA] +1rse(s)ds+B, A,BER.

r

From there, we can compute the second order derivative as

P =2 M el +A} e

and the proof boils down to showing that

T r——+oo

1 r
—3/ s%e(s)ds — 0.
!

Let 6 >0, €e(r) - 0 hence there exists Rs > 0 such

that for all r > Rs, |e(r)| < 6. Let us introduce

R:M
M:= max |e(s) |and R, =—2—.
s€[l,+o0]
For r > max(R,, Rs) =: R, we get
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<1
1 [r 1 [R 1 [r
g—/|¢mmg—/”¢@mn+—/|dmm
rJi rJi I JR;
1 R

5

1 r
<- max |e(s)|ds + / ods
r Rs

rJ1 s€[l,Rs]

Rs—1 —R
<070 max Je(s)] + 05
r o se[lRs]
RsM RsM
<5< 4 5<54+6<26.

r *

We have shown that V§>0,3R,,>0/V r>R,,,|I(r)| <6,
which is the exact definition of /(r) —— 0 and concludes

the first part of the proof.

2. Proof that ¢'(r) —

r—+o

Let f € C*(R,,R) be such that

has alimit / as x approaches + oo
{ f pp . ()

f" goes to 0 as x approaches + oo

These two hypotheses can be rewritten in a more math-
ematical formalism as

[f"goesto 0] Ve >0, IMeR, /Vx>M,|f"(x)] <e,
(C3)

[fgoesto [[Ve>0, IMeR,/Vx>M,

(C4)

The fact that f converges allows us to write a third
proposition that slightly differs from (C4)

[fconverges] Ve>0,IM R, /Vxi,x, > M,

[f(x1) = fln)] <e. (C5)
Strategy: We develop a proof by contradiction. To that end,
let us suppose that ' does not go to 0 at +oo, that is

36§>0/V AeR,, Ix>A/|f (x)] >6.  (C6)
Property (C6) provides us with 6 > 0. Even if it means
redefining f < —f, one can get rid of the absolute value in
(C6) so that

VAeR,, Ix>A/f(x) > 6. (C7)

Note that this potential change of sign does not change in
any way the asymptotic behavior of f’ and f”. From here,
the proof follows the subsequent steps.

f) —1 <e.

(1) f’ reaches 6 for arbitrarily large x.

More precisely, let us demonstrate that VA > 0, 3x >
A/f'(x) =6. Let A > 0, according to (C7), there exists
X, > A such that f'(x,) > 6. We employ reductio ad
absurdum, assuming that for all x>x,, f'(x)#34.
Because f’ is continuous over R ., this implies that V x >
X, f'(x) > 6. This statement is in contradiction with the
convergence of f. Indeed, let e > 0 and get M € R, given
by property (C5). We set

xp :==max(x,,,M) and x,:=x; + e

)

On the one hand,
[f(x1) = f(x2)] <€ becausex;,x, > M,

and on the other hand, V x € [x1, x,], f'(x) > & so that the
mean value inequality gives

/xzf’(x)dxz/x2 ddx thus
X1

X1

2
If (er) = f () [ = f (x2) = f (1) 2 6]oey — x4 :55€:2€>0-

The contradiction is now clear.

(2) f’ reaches §/2 for arbitrarily large x.
Using the exact same arguments as above, one proves that
VA>0,3x>A/f'(x) =6/2. Before going any further,
we define two sets,

Es:={x € R, suchthat f'(x) =6} and

)
Es)p = {x € R, suchthat f'(x) = E}

We have just shown that these two sets are infinite and that
they contain arbitrarily large values of x.
(3) Construction of the interval sequence (1,),cn-
The aim of this part is to show that f’-values stay between
6/2 and 6 on arbitrarily large intervals. To that extent, we
construct a sequence of disjoint intervals (1), such that f”
falls between 6/2 and 6 on each /,;:
(i) For I, we set x5 in E5 and x5/ in Es/, such that
X5 < Xo572 and ¥ x € [xg 5, X0 5/2), f'(x) €[6/2,6].
(i) For I;, we choose x;s5 in EsnN ]xos+ oo| and
X152 in Eg;p N ]xg 5, + oo] such that x; 5 < x; 5/
and Vxe [xl,(;,xl,(;/Q],f’(x) (S [5/2, 5] By con-
struction, I; and [, are indeed disjoints.
(iii) For I,, we choose x, 5 in E5 N |x; 5 4 co] and x, 5/
in E;/, N ]x) 5/, + oo such that ...
(iv) etc.
This construction is illustrated on Fig. 20. We now dem-
onstrate that

ne
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FIG. 20. Construction of the (I,),ey Sequence.

inf(7) > X
VX,A>0,31I¢€ (I,), suchthat {
7| > A
Let X,A > 0 and set ¢ = A~!. We make use of the fact that
f" goes to 0 by applying property (C3) for ¢5/2 > 0. Let us
denote M > 0 the constant provided with this property and
set R := max(X, M). According to what has been shown in
the previous point, one can choose an element I = [a, b| of
the sequence (1), Suchthat/ C [R, 4+oo[. The hypotheses
of the mean value inequality are verified, namely:
(i) f’ is continuous over |[a, b];
(i) f’ is differentiable over |a, b];
(iii) for all x €|a, b[, f"(x) < e5/2 (since x > M);
so that
/ /
F(b) = fla)|

)
—€.
b—a 2

Yet, by definition of I, f'(a) =26, f'(b)=25/2 and

(b — a) = |I|. The above inequality therefore boils down to
5-5 & 1
1< & <es |l >A,
=2 7=

which concludes the proof. |

(4) Contradiction.
Finally, we use the convergence of f to bring out a contra-
diction. Let € > 0 and M > 0 the constant associated to
property (C5). According to the previous point, there exists
I € (I,),en such that

IC M, 4]
1] > %e

Let us denote [a, b] := I. On the one hand, the convergence
of f provides the inequality

f(b)

and on the other hand, V x € [a, b], f'(x) > /2 so that the
mean value inequality gives

/ f(x dx>/ —dx hence
f(

b)—f(a)| = f(b) - f(a)

— f(a)| <€ becausea,b > M,

) o4
> 22 =2e > 0.
_2||_2§€ e>0

The contradiction is clear. Q.E.D.

APPENDIX D: THREE-DIMENSIONAL
LAPLACIAN OPERATOR

1. Spherical coordinates (r.0,p)

Jof 9. of
S = 26r< 6r> T 25in(6) 00 <51n(0) 66’)

1
e o
r* sin*(60) g
2. Cylindrical coordinates (p,¢.7)
af 1 *f f
A= \p ) +3 5+ (D2)
pdp 6p reop- 0z

APPENDIX E: LINE-SEARCH ALGORITHM

A line-search algorithm can be implemented so as to compute an optimal value of the relaxation parameter at each
iteration of the Newton method. To that extent, let us introduce the continuous Functionals

LetveV,f,: V>R

ul—)@c/Vu-Vvdx—/u‘(”+l)vdx+/pvdx.
Q Q Q

Letv.p €V.f, 4V >R

U a/ Vu-Vodx+ (n+1) / ¢~ uvdx — (n +2) / gb_(”“)vdx/ pudx
Q Q Q Q

(E2)
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as well as their discrete counterpart

F:RNY - RN

N
U <az UjLij-Vwidx—L(uh)‘(”+')widx+lzpwidx> . (E3)
j=1

1<i<N

Letg" € V" Fy:RY — RN
N N
> (aZUj/ij-Vwidx—l—(n+I)ZUj/(¢h)‘(”+2)wiwjdx
=1 /e = Ja
—(n+2)/(¢h) (1) wdx+/pw,-dx) , (E4)
1<i<N

where, again, we recall that u” = Zf\’: , Ujw;. Now consider the (k 4 1)th iteration of the Newton method. We know

= (U%, ..., U%)T from the previous iteration and we have computed U* as the solution of the linear system F . (U) = 0.
It follows that the vector U := U* — U is a direction of descent of F,ux so that the new iterate can be constructed as
U" = UF + wsU = wU* + (1 — w)UF. Our goal is then to determine w such that || F,..(U")||* is minimal. Since

N

Z [Fu"‘”’ (UW)LZ ’

i=1

1 (T2 =

we can examine each term [F .. (U")]; separately. Moreover,

N

o— w —
e 3= Y Uy =

Jj=1

N X duhw
Jj=1

N
> 68U w; = buy,
=1
In order to compute this minimum, one takes the derivative of ||F,..(U")||? with respect to w.

d
— ([F oy (U)]2) = 2[F e (U)] [ Z&U / Vw; - Vwdx + (n + 1) / Suy (1)~ D wdu |
w Q

The full result is then simply twice the dot product between
(i) F e (U") and
(ii) G, with G} :==a) Y| 6U; [o Vw; - Vwdx + (n+1) [ Suyy () "2 wdx
Finally, we numerically find a zero of :w > GLF ..(U"), e.g. via the regula falsi method.
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