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Resonant dynamics and the instability of the box Minkowski model
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We revisit the box Minkowski model [M. Maliborski, Instability of Flat Space Enclosed in a Cavity, Phys.
Rev. Lett. 109, 221101 (2012).] and provide a strong argument that, subject to the Dirichlet boundary
condition, it is unstable toward black hole formation for arbitrarily small generic perturbations. Using
weakly nonlinear perturbation theory, we derive the resonant system, which compared to systems with the
anti—de Sitter asymptotics has extra resonant terms, and study its properties, including conserved quantities.
We find that the generic solution of the resonant system becomes singular in finite time. Surprisingly, the
additional resonant interactions do not significantly affect the singular evolution. Furthermore, we find that
the interaction coefficients take a relatively simple form, making this a particularly attractive toy model of

turbulent gravitational instability.
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I. INTRODUCTION

Over the past several years, research on asymptotically
anti-de Sitter (AdS) spacetimes, in particular regarding
their stability, has greatly intensified. This surge was
triggered by [1] which demonstrated, using a direct
numerical solution of the spherically symmetric Einstein-
Scalar field system with negative cosmological constant,
together with a scaling argument, that the AdS solution is
unstable toward black hole formation for generic arbitrarily
small initial perturbations.

Subsequent works, see [2] for a recent review, identified
the key components for this instability. Namely, the
confinement realized by a suitable choice of boundary
condition at the conformal boundary, and related to that, the
resonant spectrum of linear perturbations (see below for a
definition).

Of the many works which appeared over the years on that
topic, some of the most influential were [3-5]. Those
studies extended the initial perturbative calculations of [1]
and analyzed the resonant interactions between the linear
modes to a greater extent. Incidentally, this perturbative
technique not only improved the perturbative expansion of
[1], which was prone to the secular terms identified as the
progenitors for the instability, but it also provided yet
another piece of evidence for the instability of AdS [6,7]
and thus strengthened the scaling argument presented
in [1].
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In the quest to further understand spatially confined
systems and, in particular, to cast new light on the stability
of gravitational dynamics, we revise the box Minkowski
model initially studied in [8]. Using the resonant approach
[6], we investigate the future evolution of small spherically
symmetric scalar perturbations of the flat space subject to
Dirichlet boundary conditions imposed at the perfectly
reflecting cavity located at a finite radius. Our findings
strengthen the previous results [8] and provide evidence
that the model is unstable toward black hole formation for
generic arbitrarily small initial data. This study is yet
another demonstration that the confinement and the reso-
nant spectrum are indeed the key components for turbulent
instability, though not sufficient.

Although the model’s nongeometric origin might not
appeal to some, we argue that this might be one of the
simplest models that exhibit the turbulent dynamics
observed in gravitating systems [1,9]. This is the case
despite some of the most striking differences compared to
AdS, namely the existence of extra resonant interaction
channels as well as the restricted symmetry of the coef-
ficients of the resonant system.

We view the box Minkowski model as an attractive toy
model for the corresponding problem with a negative
cosmological constant. Our results indicate that the per-
turbative approximation correctly captures the energy
transfer between the eigenmodes of the linearized problem
and suggest that the perturbative solution is a good
approximation of the nonlinear solution up to apparent
horizon formation. Additionally, this study may shed new
light on the elusive nature of the singular solution of the
resonant system in AdS, [7].

© 2022 American Physical Society
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The manuscript is structured as follows. In Sec. I, we
introduce the model and review its most important features
relevant for this work. In Sec. III, we present the derivation
of the resonant approximation and discuss its properties
(interaction coefficients and conserved quantities). The
numerical and asymptotic study of the solutions of the
resonant system and comparison with the Einstein-Scalar
field system are presented Sec. IV. We conclude in Sec. V.
In the Appendix, we discuss the effect the residual time
gauge has on the singular solution.

II. THE MODEL

A. Equations

We study the box Minkowski model of [8], which is a
minimally coupled self-gravitating massless scalar field with
zero cosmological constant in four spacetime dimensions,

1
Gm/ = 872G <vy¢vv¢ - Egﬂvgaﬂvad’vﬁd’) ’
glwvyvugb =0. (1)

To mimic the reflecting boundary condition of the asymp-
totically AdS case [1], we require the evolution to be
confined in a perfectly reflecting spherical cavity of fixed
radius r = R > 0. Furthermore, we assume spherical sym-
metry, so the solution outside the cavity is that of a
Schwarzschild spacetime, with a mass parameter equal
to the total mass of the interior configuration. We do not
consider the issue of smoothness of the solution across the
boundary,1 neither do we discuss the issue of a potential
physical realization of such a model.

For clarity of presentation, we state the field equations as
they appear in [8]. We use the following ansatz of a
spherically symmetric asymptotically flat metric written in
spherical polar coordinates (7,8, ¢):

ds? = —Ae 2dr? + A~'dr? + r?(d0? +sin? 0dg?),  (2)

where the metric functions A and 6 depend on ¢ and r only.
The equations of motion (1) are

§ = —r(@? 4 1), 3)
A= _rA—rA(d)2+H2), (4)
¢ =MAe™, (5)

i1 = (PAc7g., ©)

"The global solution, i.e., solution which extends to all radii, is
continuous but not differentiable at » = R.

where we introduced auxiliary variables ® = ¢’ and

M= e‘sqb/A. We adopt the notation where = and ' stand
for time and radial derivatives, respectively. We use the
units where ¢ = 1 and 427G = 1. Without loss of generality,
we set R = 1 (which can always be obtained by a suitable
rescaling of time and radial coordinates).

We want to study the future evolution of small initial data
subject to the reflective boundary condition at the cavity.
These follow from the consideration of the mass of the
system. The total mass of the system

1 [t
M= / A(®? +I1%)2dr, (7)
0
is constant whenever ®II|,_, =0 is satisfied, cf., [10].

Then there is no energy flux through the boundary.
Below we motivate our choice of the Dirichlet condition

¢|r=1 =0.

B. Linear problem

First, we look at linear perturbations of the vacuum
solution p =0, A = 1,6 = 0. In this case, (3)—(6) reduce to
a free wave equation in spherical symmetry

1
L= _ﬁar(rzar)’ (8)

$+Lep=0,

with Dirichlet condition at the cavity ¢|,_, =0. The
eigenvalues and eigenfrequencies of the operator L are

sinw ; r
e(=V2=". @o;=(j+ Dz j=01... (9)

The functions e;(r) form an orthonormal basis on the

Hilbert space L?([0,1],r*dr) with respect to the inner
product

(€l = /O e P, (10)

As for the linear perturbations of AdS space [1], the
spectrum (9) is completely resonant. This means that the
eigenfrequencies are rational multiples of one another,
which then implies that for any 7, j,k =0, 1, ..., a combi-
nation @; + w; + w; is (modulo sign) also an eigenfre-
quency. This fact and the nonlinearities of the governing
equations lead to resonant interactions between modes,
which result in complex, turbulent dynamics [1]. To capture
these interactions, we use a weakly nonlinear expansion,
the main topic of the following sections.

We note that for the boundary condition d,¢|,_, = 0, for
which the total mass (7) is also conserved, the eigenfre-
quencies are only asymptotically resonant, i.e., ®;~
z(j+1/2) for j— oco. Numerical data suggests that
the dispersion introduced by the nonresonant spectrum
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obstructs the collapse of very small initial data [10,11]. On
the perturbative level, there are no couplings between
modes for nonresonant eigenfrequencies, as the resonant
system is trivial. Of course, there still could be self-
interactions. However, they merely affect mode phases,
but not their amplitudes. This supports the observation that
no black hole forms, at least not at the timescale £~2, where
& — 0 measures the size of the initial perturbation. The
model can be extended to higher dimensions, but the linear
spectrum is resonant in four spacetime dimensions and for
the Dirichlet boundary condition only. The other choices
lead to the asymptotically resonant eigenfrequencies. This
motivates the study of the particular case we consider here,
as it corresponds to the completely resonant spectrum of
scalar perturbations of AdS [1].

Note that a solution to the initial-boundary value
problem introduces corner conditions at the cavity. In order
to guarantee a smooth evolution, certain relations on the
coefficients of the Taylor expansion at the time-like
boundary r =1 need to be satisfied, see [10]. This, in
turn, restricts permissible initial data. In particular, any
finite combination of eigenfunctions (9) violates these
conditions, as verified in [10]. Therefore, in this work,
we consider initial data with sufficient decay as r — 1 so
that the corner conditions are automatically satisfied.

C. Nonlinear evolution

The solution to the initial-boundary value problem was
already presented in [8,11], see also [10]. Here we briefly
review those results which are essential for the subsequent
analysis.

We solved the Einstein-Scalar field equations and the
resonant system for various “Gaussian-like” initial con-
ditions and observed a similar behavior within this class of
data, i.e., turbulent evolution leading to the growth of the
Ricci scalar and the development of polynomial spectra of
mode energies with a universal exponent.2 For clarity of
presentation, we focus on the particular choice

®(0,7) =0, H(O,r):.sexp(—64tan2<gr>), (11)

and we only present the evidence that the instability is
generic by considering also

$(0,r) = eexp(—((r—1)72r2 - 16)),
D0, r) = 0,4(0,F),  TI(0,r) = 0,(0,r),  (12)

see Fig. 10 below. In both cases, ¢ is a small parameter.

*We expect that there exist initial conditions which belong to
islands of stability spanned by the time-periodic solutions of the
model, constructed in [10]. Such solutions avoid the collapse at
least at the timescale £2 [11,12].

The solution of the initial-boundary value problem (3)—
(6) uses techniques described in detail in [8,10,11], see also
[13]. The code is an improved, and parallelized version
used in [8,10]. It is based on the method of lines with a
fourth-order spatial finite-difference discretization scheme.
For time integration, we take the fourth-order classical
Runge-Kutta method. The time step At is adjusted so that
1/6 < At/Are™Pmx < 1/3, 80 = max, §(t,7), for fixed
spatial resolution Ar. Typical spatial resolutions vary from
216 to 28 uniform grid points depending on the amplitude
of the initial data (lower amplitudes require finer grid
spacing to resolve steep gradients and for the data to
collapse; the apparent horizon is indicated by the minimum
of the metric function A dropping below 237*/2 on grids
with 2% points). We add the Kreiss-Oliger type artificial
dissipation to filter out high frequencies. The code was
demonstrated to be fourth-order convergent and highly
accurate in following the solution up to a black hole
formation [10].

By decreasing the magnitude of the initial data, we
observe the onset of instability and eventual formation of an
apparent horizon (AH) at later times.” The scaling of the
Ricci scalar evaluated at the coordinate origin suggests that
&2 is the instability timescale, see Fig. 1. Indeed, the fit to
the AH formation time 7,y (e) presented in Fig. 2 strongly
suggests that the limit

TAH = li_{%ngAH(f) (13)

exists and is finite. For the considered initial data (11), we
find

Tan ~ 5499.02. (14)

Later, we will see that this limit agrees well with the
prediction obtained from the resonant approximation.
Moreover, to quantify the energy transfer between the
modes and to investigate the solution close to the AH
formation, we rewrite the total mass (7) as the Parseval sum

M= E{). (15)

where

E;=IE 4020}, @;=(A"2®le}), II;=(A1lle;),

(16)
and E; can be interpreted as the energy contained in the

linear mode e e Close to the time of AH formation, we see
the development of a power law spectrum

The AH formation is indicated by the metric function A
dropping to zero.

124020-3



JOEL KURZWEIL and MACIEJ MALIBORSKI

PHYS. REV. D 106, 124020 (2022)

107,

TI(£,0)?

10*f

FIG. 1.
The right plot shows the rescaled e~2I1(¢%¢,0)? function.
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FIG. 2. The apparent horizon formation time 7,y as a function
of the amplitude ¢ in the initial data (11). The solid line shows
the fit Intoy(e) = —21ne + a + be>. From this we find 7,y =
lim,_o &2, (e) = exp(a) ~ 5499.02.

Ej(t = tan) ~ j7, 1= 6/5, (17)
see Fig. 3. This indicates that the solution loses smoothness
during the collapse. The value of the exponent in (17)
appears universal, independent of an initial perturbation,
for a class of data exhibiting scaling as in (13). We note that
a similar exponent was observed in the AdS, case [1].
However, the exponent depends both on the spacetime
dimension and on the particular “matter” model [9,13]. Up
to now, there is no satisfactory explanation or derivation of
its value.*

We remark that these results were obtained for the origin
time gauge, where ¢ is the proper time of the centre
observer. We repeated the analysis using the data obtained
for the alternative boundary time gauge in which the time
coordinate ¢ corresponds to the proper time of the observer

*For the Einstein-Scalar field-AdS model in (d + 1) spacetime
dimensions the dimensional argument of Bizof and Rostworowski
[14] predicts the energy spectra E; ~ j~@2), but cf. [13] for
another suggestion which is based on numerical results performed
for AdS in different dimensions.

108F
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The upper envelope of the Ricci scalar evaluated at the origin for solutions with different sizes of initial perturbation in (11).

located at r = 1. Although defining the AH formation time
1s more difficult in that case, due to the redshift effect as the
AH is about to form, we obtained very similar results by
tweaking the threshold for black hole formation. In
particular, the extrapolation as in (13) gives 7oy =~ 5484.59.

III. RESONANT APPROXIMATION

A. Resonant system

The derivation of the resonant approximation closely
follows [4,5]. We start with the standard perturbative
expansion, as in [4,5], but contrary to these works, we
arrive at the resonant system by using multiscale analysis
[15] as it was done in [3].

We start with the perturbative ansatz

P(t,r) = ey (t,r) + Eps(t,r) + -+, (18)
At r) = 1= 2Ay( 1) + - - - (19)
5(t,r) = e*6,(t,r) + -+, (20)

where ¢ is a small parameter controlling the size of a
perturbation of flat space ¢ =0, A = 1 and 6 = 0. We plug
in the series (18)—(20) into (3)—(6) expand around ¢ =0
and set to zero terms with equal powers of €. As a result, we
get a sequence of differential equations that we solve order
by order. At the leading order, we find

$1+ L =0, (21)
cf. (8), thus a generic solution satisfying ¢, (¢t,r = 1) =0
can be written as

$i(t.r) = ch(t)ej(r)’ (22)
720
where
ci(t) = aje™' + a;e™'r, (23)
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Left: the time development of the energy spectra during the collapse. As time progresses, the energy (16) is shifted to higher

modes. Right: in the late phases of the evolution, before the AH is detected, the energy exhibits the power law E; ~ j7*. The fit gives
u= 1.2, which is close to the exponent found in the study of AdS,. We present data with the smallest amplitude considered ¢ = 4.

and a; are constant parameters uniquely determined by the
initial data ¢|,_, = ef(r) and 9,¢|,_, = ep(r).
At the second order, we get the equations

() RN S M)
& = —r((f\7 + 1)), 25)
with respective solutions
asle.r) = [ 4201097 + (097, @6)
ult.r) == [ (s @]9 + 09 @)
Combining (24) and (25), we get the identity
M8, == ["asP@hnsP 4 dnles?). @9

which we will use at the later stages of the derivation.
Note that here we use the residual gauge freedom and set

5(t,0) = 0 so that the coordinate time 7 is the proper time of

|

the central observer. The gauge (¢, 1) = 0 is discussed in
Appendix.
At third order, we find

b3+ Ly =S5
= —(AL +85)d) — (A + 85) 1 — 2(As + 8,) b,
(29)

We solve (29) by decomposing ¢5 in terms of eigenbasis (9):

ps(t.r) = e (1)e; ().

J=20

(30)

cf. (22).
Using (30) and projecting (29) onto the mode ¢; we get a

system of coupled differential equations for the mode

coefficients c§3)

..(3 3

&Y + wpe” = (Ssler). (31)
In order to compute the projection in (31), we work out
each term on the right-hand side (rhs) of (31) separately and
combine the results later. We find

1 1 r .
(A3 +33)piler) ——A drr2e,(r)¢)(t.r) 2/) dss?(¢)(1.5)* + i (1.5)?)

I%

== >l [ ) [ aslae e + 0 Dee o)l

(32)

(hsinle) = [ arrein(er) [ a5 (510057 + o)
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Banlen == [ areiinten [“ass(Satn.97+ 205

= 1 0 Lo 0
-3 a0 A drPe (r)ex(r) A dss{ag )¢ (1)el(s)e)(s) + o (& (e (D)eds)es(s)]. (34)
(Asihi]er) = /0 Larre (N ()2 / " dss2 (¢ (1, )% + (1. 5)2)
= Lgobk(l)[; drre,(r)ek(r)A’dss2[ci(t)cj(t)e:»(s)e}(s) + ¢i(1)e()ei(s)e;(s)], (35)

(82h1]e)) = —/01 drr2e;(r) (t, r)/ dss(¢) (1, 5)? +(}51(l" 5)?)
= — io: ér(t) /01 drrzel(r)ek(r)A dss[c;(t)c;(t)ei(s)e)(s) + ¢i(1)c;(1)ei(s)e;(s)]. (36)

i.j.k=0
Next, we define different types of integrals appearing in éleie )'_ ¢icilr + ¢it i, (44)
(32)—(36) as
c(cic; a)zc c;c a)zc CiChs 45
My = / drelek/ dss?e! e, (37) il ) o k (45)
1 cicjy = —wicicicy, (46)
My, = / dre,eﬁ(/ dssze,»ej, (38)

0 0 Cléj.ék = —w%éiéjck, (47)

Kilu / drrelekA dss2€ i (39) and the definition (23) and write

(S3]e;) = (e omolqa,ay + c.c.)Oyy;

+ (el(w‘+wf W)t aiajak —+ C.C.)th’j

Kklij—/ drre,ekA dss?ee;, (40)

+ (ei(wi_ijrwk)tai&jak + C-C-)leij
thlij:/ drr? ekel/ dssele’ it (41) i(0i+wj+op)t
A —|—(€ i Tty aiajak‘FC-C-)Rklij’ (48)
1 r
Lis _/O drr2€k€lA dsse;e;. (42) where we defined

(Note that here and in the following expressions, the Owij = 000 (~@; + @; + 201) Ky

asterisk * does not indicate complex conjugation, all the + o (—o; + @+ 2w, Ky

integrals are real.) Using this, we find
+ oo (w; — ®; — 2w;) Ly

(S3le;) = —Z[—CkCiCjMZuj — CCiCiMy;ij + o (w; — w; = 2w)Lyy,;
v : : + oMy + Mg, (49)
+ ék(CiCj)Kztz,;,' + ¢k (¢i¢;) K
+ (—ék(cicj)L,tlij — &€, L) Pyij = wio;jo(w; + 0; = 20;)Kyij
+2(EciciKyy; + Exci¢ K + op(—w; — 0 + 20K,
— &xciciLiyy — €€ iLigij)]- (43) = @100 (@; + 0 = 20,) Ly
+ o (@; + @; = 2a3) Ly,

To simplify the source term (43), we make use of the

identities — @;0M i + My, (50)
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Quij = 0;0;0(0; — 0 + 20) K ;5
+ op(w; — wj + 20Ky,
+ @00 (~w; + @; = 20;) Ly;;
+ op(—o; + wj = 204 ) Ly,

+ wjw;Mygi; + My, (51)

Ryij = —wi0;0(w; + ; + 20;) Ky
+ oy (0; + w; + Zwk)KZlij
+ a)iwja)k(wi +w; + Zwk)Lkl,-j
— oy (0; + w; + 2wk)L;§lij
— w;0;My;; + My, (52)
Renaming the dummy indices 7 and j in the third and sixth

term, and i/ and k in the fourth and seventh term, we rewrite
(48) as

_ i(wi+wj+awy)t
(Ss]e;) = E [aiajoy e @F Ot OR,
Tk

+5fiajak€i(_w’+w-"+wk)t(Okﬁj + Quji + Pi;j)
+aa;ae’ ) (Ogi; + Quiji + Pins)
+ ;0" "m0 Ry ] (53)

i(w;+oj+aw)t
[ e’ @t et eiRy

<
=~

+a;
+a e’ OIS

pe!ComeimeiR, T, (54)

_akei(—wi+wj+a)k)t5klij

QU
1 \Q

~

+
|
sl

a,-j

where we introduced
Swij = Owij + Quiji + Piwj- (55)

Now observe that whenever a combination of eigenfre-
quencies satisfies +w; + ; + w; = +w; and the respec-
tive coefficient in (53) does not vanish, the term is in
resonance with the mode e;. This then produces a secular
term in the solution c(3>(t) ~ t and spoils the perturbative
expansion (18)—(20).

We now use multiple-scale analysis [15] to derive the
resonant system. We introduce the “slow time” dependence
7 = 2t and write

¢ =o(t.z.r), (56)

similarly for A, 5. We treat 7 as an independent variable, so
in particular

2Pt r) = RP(t,7,r) +2€%0,0.(t, 7, 1) + *2Pp(t, 7, 7).
(57)

Expanding ¢, A, 6 as above, we get the same equations as
before at orders € and 2. However, the solution to the
homogeneous equation at the first order of ¢ is now

¢1 (L T, }") = Z(an(T)eiwnt + an(T)‘e_iw"t)en(r)

n>0

= ch(z‘, 7)e,(r), (58)

n>0
cf. (30). At the third order, using (57), we get the equation
b3 + Lpy = =20,0.; — (A + &)
— (Ay+82)gh = 2(A + 8) . (59)
which now contains a new term, cf. (29). We project this

equation onto the eigenbasis {¢;} and get the system of
equations

¢ 4 a2cl?) = (<20,0. + Ssler).  (60)

To remove the resonant terms, we set the projection of (60)
onto the Fourier mode e’ to zero. This yields

2 .
/ d1(~20,0,, + Sslee™™ =0, (61)
0

which represents a condition on the coefficients a;(z) that,
if fulfilled, eliminates secular terms from the solution to
(60). For the first term in (61) we have

2 )

/df(—25t01¢1|€z)€_m"
0
2 d . d ‘ .
= —2iw,A dr (aa,(r)e’ml’ - &&,(T)e_”””> et
iy () (©2)
= —4iw;—a;(7).
lqz ™

For the second term in (61), we get

2
—iwit __
/ dt(Ss]e;)e™" —25 [0 R 0141 i1 44 1441
0 ijk
J

F00 0SSO0 1 (4 1)1+t
+a,-

GOS k10141 1= (1) = (k+1)

F0;0 0 R 10141 — (i41) = (j+1) = (k1) )
(63)

where we notice that ;1 (i 1)—(j+1)-k+1) = OV i, j, k,
[=0,1,.... Putting (62) and (63) together, (61) becomes
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+++ —++
210)1 E Ryijaaia + g Skii oo
ijk ijk
+__
+ E Skii i@ 0, (64)
ijk

where we use the following notation for resonant sums:

+++ © —++ ®

IR SN S D

ijk A0 ijk 17520
I+ 1=i+14j+1+k+1 I+ 1=—(i+1)+j+1+k+1

+—— 0

= Y . (65)

) o

ijk I+1= l+]lj(j+]) —(k+1)

Equation (64) is equivalent to the renormalization flow
equations as derived in [4,5]. To bring (64) to a canonical
form we define

o+ = _ = _
Sik = Ruijs Sik = Sij» Six = Swij- (66)
Then we can write (64) as
doy & ++-
} : } : - =
21a)1— Sl}kl a;x ak + Sijkl aiajak
ijk ijk
+__
+__ - -
+ E S @iy (67)
ijk

In parallel to studying (67), which we refer to as the full
resonant system, we study the +-+— resonant system,
where we drop the +++ and +—— terms from (67).
Thus we consider

d ++—
2lw,ﬂ N S wady. (68)

ijk

T; = w}(8Ci(2w;) —

8log (2w;) — 8y + 20) + 10w} (Si(4w;)

Below, we will argue that (68) is a good approximation to
(67) whenever the solution develops a singularity.

Note that both the system (67) and (68) are invariant
under

a(r) = ey (e77), (69)

thus a single solution allows us to conclude about the
behavior of solutions in the limit e — 0. A comparison with
the solution of the Einstein-Scalar field system suggests
that the resonant approach provides a good approximation
on the timescale O(e72). The details are presented in
Sec. IV.

It is convenient to rewrite the ++— sum, and in
particular the system (68), as [5]

d ++-=
Zla)ld— =T)|oy|?e; + ZR,1|a,| a + Z Sik i,
i#l ijk
(70)
where
=S Ru=Su +Su (1)
and the primed sum is
-
oy &
ijk ijkl

~—
i+ j—k=1
i#kiEl

B. Interaction coefficients

Evaluating the integrals (37)—(42) (some of which need
to be computed for several special cases) and using the
definitions (49)—(52) and (55), we obtain an explicit form
of the interaction coefficients. For the resonant combination
++4+— we get

—2Si(2w;)). (73)

8601(2“’? (w12 - a),) )Si(20;)

;) + 2y —5+1log(4)) + 5 5

w7 — w;

— )" + (07 + 07)*)Si2(0; — @)

Ry = —4w?0? (-2Ci(2w;) + 2 log(
80,201 = (07 — 0))SiC0) _ 2o,
w? — !

L 2@+ @))* 4 (@} + o7)*)Si(2(

w; + w;))

w; — Wy

w; + w;

recall (71), and for k =i+ j— [ with i #] A j # [ we find

, (74)
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207 + 0})(20,(@i + ) + 20,0, + 0} + 20} + 0])Si(2(w; — @)

S =
ijkl w; —

20} (07 + w?
<M —20)(@} + 07) + 2(w; + o)) (w0; + of + cof)) Si2(w; + ;))
; + CUJ
200} (3w, +2w;)  4wiw;
+ Si(2a)1)< w;ei (3o; 1 20;) +——L —dww; — 4w, - Zw?)
W; + 0; w; — W
2w,
+ 207Si(2w;) <a)l <— S . B 1) - w,-)
’ w; + w; @; — Wy ’
2w + o) — @) (0@} + 0]) + 0o, + o] + w00, - ©,))Si(2(0; + ©; — )
(0; + wj)(w; — w))

2 .
wl + 2CUJ< a)] — 1> — W; + 0)1) + 2(60J - 0)1)351(2(6()] - a)l))
W) — W;

w; CUJ

+20%Si(20;) <—

For the resonant combination k =i — j — [ — 2, we get

S = - 2(w? + w?)(Za),(wj - ;) + (0; — w;)* + 207 )Si(2w; - 20;)
Y w; — CO]
> 3w: — @ 0)20)2
n GO = 0)) | P00 02+ e+ w?>

+2$i(2w,)< P P
i J i

+ 20?Si(2w;) (a)]( P _ 1) + 2(01( o _ 1) + a),»)
w; — (l)]

w; — Wy

2 ,

+ 203Si(2w;) <w1< SRR 2) + a)j>
a)J — w; — W

2(—w; + w; + o)} (w;(0F + 0]) — i, + o] — w;o(0; + ;))Si(2w; = 2w; — 2w;)

(w; = wj)(wi — )

2 2
< > + wi(07 = 2w7) — 0} + o)(w;0, + ©0F + w%)) Si(2w; — 2w;)

=

+2<co,2 ——+ w; + 2w,
W — W; '

—2(w; + 0,)*Si2(w; + w)),

(note that both i = j and i = [ are excluded by the 4+ — — resonant condition), whereas for k =/ —i — j —2 we have

(76)

2(.2 2
SH = %w%Sile) (w, - %) + <—w + 20 (0} + @7) — % (w? + w§)> Si2(w; + ;))
2w + ;= @) (~wi(w; + @) + &} + o;(w; - @,))Si(2(w; + @; — @)
3(w; + o))
+2a)2$i(2w-)(3wl< o 1> +a)-) —|—2a)2-Si(2a)-)(3a),< o 1> —I—w»)
37 ' ®; + o ' 3/ / w; + o, /

i J

2 2

3
The functions Si and Ci appearing in (73)—(77) are the trigonometric integrals [16], Sec. 6.2(ii)

TSy Ci(x) = — /wmdy. (78)

Si(x) = —dy,
) o Y y

and y is the Euler-Mascheroni constant [16], Sec. 5.2(ii).
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The explicit evaluation of (76)—(77) shows that the +——
and +4+ terms are generically nonzero, as opposed to the
AdS case [4,5], where they vanish as a result of the high
symmetry of the background geometry. As a consequence,
the additional terms in the equation (67) in combination
with the specific symmetry of interaction coefficients with
respect to a permutation of indices, influence the set of
(known) integrals of motion of the resonant system (67)
and (68). This is different from the asymptotically AdS
case, where the additional terms are absent and the
coefficients have a different symmetry [2].

C. Conserved quantities

We split the discussion of conserved quantities into two
types of resonant systems: the full resonant system (67) and
the ++— system (68).

1. The ++— resonant system

In the following, we prove that E =Y, w?a]* is
constant along the flow generated by (68). Using the
product rule and inserting (70), we find

d
dTE Zwl ey + ;)

++-
E ()] E Stjkl a;a »&k&l—&i&jakal)
ijk
++-

LSS s

ijk

X (o000 — ;0040 (79)

where in the second step, we note that the 7; and R;; terms
cancel out, leaving only the primed sum (72). In the last
step, we used the symmetry of the a term with respect to the
indices k and /. Next, using the identity

we rewrite the sum as
++=
—T 4122 S;,jl_a)l—I—S;Z,j]_a)k)(aiaj&k&l—&,&jakal)
++-=
Zz Sljkl a)l—i—a)k)(a,-aj&k&l—&i&jakal),
ijk
(81)

where in the last step, we used the permutation of indices
i <> jin S}, and the symmetry of the a term to factorize
the S;;;”. In the next step, we use another identity satisfied

by the interaction coefficients, namely

S++— _ S++—

ijkl klij > i+j—k=1i#l,

J#L (82)

It follows that the product S}, (@) + @y) is symmetric

under the pair interchange (i, j) <> (k, [), when restricted
to the resonant combination under the primed sum. Since
the o term is antisymmetric under this transformation, the
contraction in (81) vanishes, and we have

d
—E=0. 83
= (83)

In a similar way, we show that J = w;|a]? is
conserved. We have

d - s
&J = Z(w,a,al + a),a,a,)
l
=
2122 S”kl aaopa; — a;a00;),  (84)
ijk

since the T; and R;; terms cancel and the remaining sum is
(72), as in the proof of E = 0. Because of the symmetry
(82) of the coefficients S;;;” under the pair interchange
(i, j) <> (k, 1) for the resonant condition i + j — k = [ with
i # k A i+# I, the contraction in (84) vanishes, so

d
—J=0. 85
” (85)

Next, we look for another conserved quantity. First, we
define

+4-

— § E ++- > A
V = Sijkl aiajakal

I ijk

—ZTZ|al| |a[|2+ZZRzl|al| |a1|2

1 i#l
+-

+ ZZ Sukl ;a0 (86)

ijk

Taking the derivative of V with respect to a,, we find

aVv
= 2T, [a,[Pa, + Y (Rin + Ru)li*a,
5“” i#n
Ry
+ Z Sj;l—:n ljnk_)aiajak
ijk
= 2Tn|an|2an + Z(Rin + Rni)|ai|2an
i#n
-
+2 Z S;;Z;_aiaj&k, (87)
ijk
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where we used (82) and the symmetry of the a term to

factor out Sf,fn_ Next, introducing

1
RY = 3 (Ri — Ry;), (88)
we rewrite (87) as
v o
= 2T, |, >, + ZZRin|ai|2an +2 Z Sk X0
ay, i#n ijk
- 22Rﬂ1|ai|2an, (89)

note R4 = 0. Therefore, using the equation of motion (68),
we can write

10V

50—_ = 210)1(11 ZRm“iPal- (90)

Next, we compute the time derivative of V. By using (90)
and its complex conjugate, we obtain

dv oV
——_E - —a —_2§ R 2 a2 1
dr ; <aaj J > |a| % O

An explicit calculation using the formulas in Sec. III B
gives
This, in turn, allows us to rewrite (91) as

dv
=@V - e ol

ij
= _2ZVi|ai|2d al?) + 22602|0’z|2
)

- —ZZV,-|ai|2aE+ZEEZVj|aj|2, (93)
i J

(Vjlajl?)

Since E is conserved, we conclude
d & 2
< V- 2E2vj\aj| =0. (94)
J

Thus, we find the third conserved quantity H of the
system (68):

1 -
H = EV_E;VJ"%IQ, (95)

analogous to the asymptotically AdS case [5].

In summary, although the coefficients in the system (68)
do not share the same symmetries as the coefficients in the
corresponding resonant system for scalar perturbations of
AdS, we find that the ++4— system has (at least) three
conserved quantities. However, as the coefficients § j;k*l_ do

not satisfy the required conditions, the additional quantity
found to be conserved in the case of AdS [17] is not
preserved along the flow generated by (68).

2. The full resonant system

Due to the presence of the +++ and +—— terms, the
sum J is no longer preserved by the flow (67). However, the
full resonant system has at least two conserved quantities:
E and a generalization of (93), as will be demonstrated
below. The derivation builds on the analysis of the ++—
system.

First, we show that E = Y, w?|;|? is conserved. Using
(67) and its complex conjugate, we rewrite the time
derivative of E as

d .
_ 200 = =
- —E wi(ay + o)
dr ;
i Tt
=—= E oSt (e — a,0;0,.00)
19 k1 K — ;000
ijkl
-
4 = - =
+ g N (oo o40; — ,0;040)
ikl
+__
+__ _ = =
+ E oS (domay — aajoa) |- (96)
ijkl

The middle sum vanishes, as was demonstrated for the
++— system. We rewrite the +—— term so that it can be
combined with the +++ term. We have

+__
+__ P
E oS (e — aa0m0))
ijkl
= E oSl (@aaa; — aa;0a;)
ijkl
1—j—k—2=i
e
= E ;S (@@, — aaoud), (97)
ijkl

where by using the permutation i <> [, we obtained the
++4-+ resonant condition within the sum. Under this
manipulation, both the ++4+ and +—— sums in (96)
contain the same resonant condition, thus they can be
put together. This way, we get
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+++

.

21—E E a)lSUkl a0y — 0;000;) + E wlS:jkI (a,o40; — a0 040:)

ijkl ijkl
ot Tt

_ ot - = = (= = =

—E w@m(%%%%—aﬂﬂwﬂ+§ ;S (@amay — ajoopdy)
ikl ikl
b

_ o +—— - = =

= E (a)lSl]k/ wiSljki )(aiajakal _azajakal)' (98)
ijkl

Using the fact that we can permute the summation indices i,
J, k in this sum, we can rewrite (98) as

d +++
20 d—E Z lekl a;x akal a; &J&kal), (99)
ijkl
where
Wi =3 (S;,jﬁ + S5+ SG)
1 _ _ _
—g(a),-S,J;ki + a)jS,J,r»kj + a)kaﬁk ). (100)
From the property of W,
Wikt = =Wikji, (101)
which holds for i + j 4+ k +2 = [, we get
d
—E=0. 102
% (102)

Next, we look for a conserved quantity H analogous to
the +-+— system. We define

4+
X = Z S;E*aiajakél, (103)
ijkl
and
Jr__
Z=Y Shyaama. (104)
ijkl
Then
+++
=Y S . (105)
ijk
and
oz = . :
Py, = (Sltkn +S1J;nk + S;k] ) 'ak' (106)
n ijk

|
Using the symmetry of the a factor in (106), we have

0Z <« +—— 1 +—— +—— +—— +—= P
o Z Sl]kn 2<Sljl‘lk Slkn] Slnk} Smjk) aiajak'

ijk
(107)
Now we use the identity for S;;;~
_ I U _ _ _
OZS?;H +S?l_cjl _E(S?/—'lk +S;§<1/ +S?l_kj +S$jk ) (108)
for i — j—k—2 =1 to rewrite (106) as
0z =
—=3 > St (109)
n ijk

Using X, Z, and the result for V derived in (89), we can
rewrite the resonant system (67) as

0
2w = — + ZR |a;]ay, (110)

where we defined

11
W=X+-V+-Z

5Vta (111)

Following the same steps as in the derivation of H for the
+-+— system, we show

—W= —ZR l|2

cf. (91). From the explicit form of R ; given in (92) and the
constancy of E, it then follows that

(112)

H=W=-EY V. (113)
J

is conserved. We note that by dropping the ST+ and §*7~,
which amounts to setting X = 0 = Z in (113), we recover
the formula (95) for the +-+— system.

Remark: below we propose an alternative expression for
computing (113), i.e.,
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1 N
H=3Re(X+V+2)- E;vj|aj|2. (114)

To show that these definitions agree, we need the result

X--Z=0, (115)

L)Jl»—a

which we prove below. Using the definitions (103)—(104),
we have

1 +++ i
§ Z Sukl aQ;a;ona; — 3 Z Sukl ;a0
ijkl ijkl
+++
= Z <S:;k+l+ Ukl )aa o0, (116)

ijkl

where we used the renaming of indices i <> [ to factor out
the product of a’s. Note that the +—— becomes +-++- then.
Defining

|
Uijkl = S;Z}J’_ —gs;;-kl 5 (117)

we rewrite (116) as

1 +++

X—=-7Z= U(,-jk)laiq,akél. (1 18)

ijkl

From U ;j); = 0, the vanishing of (115) follows immedi-
ately. Moreover, from (115), we get

1 _ 1. 1. _ 1
X+§Z—<X—|—§Z>:X—§Z—<X—§Z>:O, (119)
SO

1
X+§ZGR. (120)
We also have
Re( X lZ _1 X lZ+)‘( lZ
37) 2 3 3
1 1. 1.
=—|X—-=Z+|X-=Z))=0. (121
s (r=52+ (x-32) ) =0 o

Now, subtracting (113) from (114), we obtain

1 _
<§Re(X +V+2)- E;ijajP)

11 _
2
- (X+§V+§Z—E§j V,laj] )

1

:%Re(X+Z)— (X+—Z>. (122)

3

Using (120) and (121), one shows that the difference in
(122) vanishes. Consequently, the definitions (113) and
(114) agree. Using (114) instead of (113) in numerical
calculations has a great advantage, since the first term in the
expression can be efficiently computed as a dot product of
a; and da;/dr. Additionally, this way of computing H
reduces the rounding errors, which usually get large at late
times of the evolution of singular solutions.

The discussion of conserved quantities was independent of
the residual gauge choice, which does not affect the sym-
metries of the interaction coefficients used in the analysis. It
follows that the same functional form of the conserved
quantities holds both in the origin gauge 5(¢, r = 0) = 0 and
the boundary gauge 5(¢,r = 1) = 0. The boundary time
gauge is discussed in Appendix.

We note that in the boundary time gauge, where the
resonant system is Hamiltonian, the conserved quantities E,
J (for the ++— system only) and H follow from the
respective symmetries (6, 7, € R)

ilg

a(7) = eay(z).  ar) > “ay(e),

al(T) — al(’[ — To). (123)
The extra resonant terms present in the full resonant system
are responsible for the lack of the global phase shift
symmetry o;(z) — e“a;(z), from which it follows that J
is not conserved by the flow (67).

IV. RESULTS

A. Numerical solution

We truncate the system (67), i.e., we solve it for the first
N modes, thus the state vector is {a;},_  y_;, and the
sums on the rhs are truncated accordingly. We point out that
due to the structure of the equations in (67), the numerical
solution of the resonant system poses several difficulties.
Although the interaction coefficients are explicit in the case
at hand (this fact makes the system particularly interesting
from the theoretical point of view) and their computation is
not particularly involved,” the time integration of large
systems is a limiting factor, particularly in the boundary
time gauge, see Appendix. The truncation should be
sufficiently large so that the errors do not spoil the

To evaluate the functions (78) we use a variant of the
algorithm proposed in [18].
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FIG. 4. Time evolution of sample modes. We observe qualitatively similar behavior for other modes. The frequency increases linearly

with the mode index.

numerical solution. In practice, however, N cannot be too
big, as then computations quickly become very expensive.
The memory required to store the interaction coefficients is
O(N?), while the number of floating point operations is
O(N*) (computing the rhs requires O(N?) operations
whereas the integration time step should be O(N~!) to
accurately resolve rapid oscillations of highest modes,
cf. Eq. (133) below).

In choosing N, we make a compromise between the
computational cost and the truncation errors. We carefully
tested our results so that the artefacts were minimized. We
drop roughly half of the highest modes from the analysis,
and we make sure that we do not consider data correspond-
ing to the integration past the singularity formation. As it
turns out, the systems we studied were still too small to
reach conclusive answers (see the discussion below).
Therefore the analysis presented below, which aims at
understanding the singular solution, is less rigorous than
the content of the preceding sections.

We consider the initial conditions corresponding to the
initial values used for the Einstein equations6 in Eq. (11).
We note in passing that the data consisting of a finite
number of modes (e.g., the two-mode initial data consid-
ered in [6]) would lead to a nonsmooth solution for the
Einstein-Scalar field system due to the violation of the
corner conditions mentioned in Sec. II B. Therefore, we do
not discuss such configurations here. Nevertheless, we
observe a similar singular evolution for initial configura-
tions consisting of the two lowest modes with equal energy
(16), and no singular solution when a significant portion of
the energy is concentrated in one of the initially excited
modes, in accordance with similar experiments in the AdS
case. Due to the extra resonant interactions, for one-mode

®Modulo the rescaling (69), which is introduced so that the
integration interval of the resonant system equations is not too
large; the scaling is then adjusted when producing plots and
comparing with the solution to the Einstein-Scalar field system.

initial data, other modes get excited in the evolution [10].
This is contrary to the +-+— system, where a single mode is
a solution to the resonant system. However, such data also
does not lead to a singular evolution. Instead, it may be
considered as a perturbation of a time-periodic solution
bifurcating from the corresponding eigenfrequency [10].

It is convenient to analyze the solutions in terms of the

mode amplitudes A; and phases B; defined by

a)(t) = Ay(7)eBi®), (124)
As in [6], we see a steady, monotonic growth of amplitudes
and almost immediate synchronization of phases, i.e.,
B,(t) ~ I. For later times, we observe that the synchroni-
zation of phases persists, and at the same time, the
frequency of oscillations increases during the evolution.
Although not so strong as for the AdSs case [6,7], the
growth of B,(z) with increasing 7 is noticeable. At the same
time the amplitudes of higher modes get substantially
excited, see Fig. 4, and at later times a polynomial tail
unfolds, i.e., for /> 1 we have A; ~ [7? with a universal
exponent > 0, see Fig. 5. This asymptotic solution is
analyzed in detail in the next section.

Interestingly, it turns out that in the evolution of initial
data leading to a singular solution, the +++ and +——
resonances are subdominant, whereas the +-+— resonances
largely determine the evolution.” We illustrate this in Fig. 6
where we compare the magnitudes of the sums +++,
++4— and +—— appearing on the rhs of (67) during the
evolution. The dominant role of the +4— resonance is
evident. Almost from the very beginning, the evolution is
driven by this resonant term. On the scale of the plot, the
two lines corresponding to the ++— term and the rhs of
(67) are indistinguishable. This strongly suggests that both

7All resonant terms are essential for initial data that does not
evolve toward a singular solution, e.g., single-mode initial data.
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FIG. 5. Typical behavior of mode amplitudes A; = |a;| and the phase derivatives B; = 3(;/|a;|) for initial data experiencing singular
behavior. The slope of the amplitude spectra decreases monotonically with 7. At later times, before the effects of truncation of the
resonant system become visible, the spectrum unfolds a polynomial tail A, ~ [”#. The phases get synchronized, i.e., B, ~ I, almost
immediately and stay so for all times. Time is color coded and increases from bluish to reddish colors.
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FIG. 6. Snapshots from the evolution of the full resonant system. We plot the absolute value of time derivatives of a, i.e., the rhs of
Eq. (67) and compare it to the magnitude of each sum corresponding to a different resonant combination. Clearly, the rhs is dominated
by the ++— term as the blue (de;/dr) and yellow (4++—) lines are indistinguishable on the scale of the plot. This is especially evident
close to the time when the polynomial spectrum develops, where the contribution from the other resonant interactions ++-+ and +——is

two orders of magnitude smaller.

the full resonant system (67) and the ++— system (68)
have singular solutions and that the latter serves as a good
approximation to the former.

To further test this hypothesis, we independently evolved
the same initial data using the ++4— system (68). The
detailed comparison with the full system is presented in
Fig. 7. Although the significance of the extra resonances is
clearly observable at the early stages of the evolution, this is
not the case at later times when the solutions are close to

one another in the configuration space {@;},_o n_;-
Therefore in the following analysis of the asymptotic
solution, we focus on the ++— system (68).

B. Asymptotic solution

First, we rewrite the system (68) using amplitudes A; and
phases B; introduced in (124). Then, the complex system
(70) is equivalent to the set of real equations
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FIG. 7. Comparison of the solutions of the full resonant system (67) and the ++— system (68). Both solutions start with the same
initial data. The amplitudes |a;| of the two solutions agree so well that the blue (full) and orange (+--) lines coincide on the scale of the
plot, especially at late times. Although significant differences in the initial stage of the evolution are visible on the plots of cos B; and
time derivatives of phases dB,/dz, the solutions eventually get close to each other.

d
ZwlaAIZZ,SZ’jl A;A;Asin(B;+B;—B;—B;), (125)
ijk
d
—2wld Bl T]A[ + ZRtlA
i#l
+ Z’S:;,jl A;AjA; cos (B; + B; — B, — B)).
ijk

(126)

To analyze the asymptotic solution, we use the analyticity
strip method [19,20]. This amounts to writing the asymp-
totic ansatz for the amplitudes
A7) ~ 1P e 1, (127)
Fits to the numerical data predict that the analyticity radius
p(7) tends to zero in some finite time 7,, which indicates
that the solution of the resonant system (68) becomes
singular at z,. Increasing the truncation parameter N, we
observe a tendency for both f and 7, to grow and to
approach limiting values. The run with the largest trunca-
tion of N =2048 modes gives S € (1.55,1.58) and
€ (5491, 5523), values close to the numbers read off
from the solution of the Einstein-Scalar field system,
cf. (17) and (14).
The difficulty in determining the value of f and the
precise location of the singularity 7, from the amplitude

spectrum is caused by a combination of the fitting errors
(fits are sensitive to the fitting interval) and the truncation
error. In this model, we observe a slow convergence of the
truncated resonant system to its infinite version, see [7] for
a similar observation in the AdS, case. To minimize the
systematic error, we only consider fitting intervals where
the variation of the result is minimal and the truncation
effects are the smallest (e.g., the right endpoint of the fitting
interval is not higher than N/2 for an N mode truncation).

Following [19] (see also [7]) we study the time evolution
of frequencies of the singular solution, assuming for 7 < 7,
the asymptotic form (127) with p(z) = py(z, — 7), pg > 0.
To find the asymptotic behavior of dB,;/dz as 7 — 7,, we
drop the first term and the last sum in (126) (i.e., the
subdominant terms), and we consider:

dB
—2601 —l ~ ZRIIAZ
i#l

(128)

Using the large argument expansion of the trigonometric
integrals (78), we find

. r 1 1 3
Sl(2a),) :E—ﬁ—FW"‘O(Z 3),
1
Ci(2y) = =5 + O(7). (129)

for large mode numbers [ € N. From this, we get the
asymptotic form of (74)
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Ry = I(rsppi?logi + ryi> + rypilogi + rii),  (130)
where (1) = x; + yi/l+ O(I7?), and x;, y; are con-
stants. Then the sum in (128) can be computed using the
ansatz (127). For large [, we get

dB . _ . _
d—rl ~ l[c)0pLing_r(e™) + crLinp_r(e7)

+ ¢30pLinp 1 (€7) + cLiggi (e7)],  (131)

where Li,(z) is the polylogarithm function [16], and the
¢;’s are functions of / only, as follows from (130). From
the asymptotic behavior B; ~ [ we get that B; + B; — By, —
B;~0 for the ++— resonant condition and also the
consistency of the ansatz (127), since then both sides of
Eq. (125) scale as I~ for [ — co.

The leading order behavior of the polylogarithm func-
tions appearing in (131) for p — 0 is

2=31 3/2log?
. ) p?logp, P <3/2logp,
0pLizs > (e )~ { ’

f=3/21, f>3/2
=3, 3/2logp,
Liya(e )~ {0 TTUIE am)

while both dLiss_;(e™) and Liys_;(e™*) stay finite at
p = 0. Together, (131) and (132) imply the blowup of
dB,;/dz for f <3/2 and the divergence of higher order
derivatives as p — 0, both for # < 3/2 and g > 3/2.%

As fitting the formula (131) to the numerical data is
particularly difficult (as depending on the fitting interval
and the starting values, the fitting procedure does not
converge, or the fits would not be unique), determining the
precise value of f from dB,;/dr was not reliable (although
we consistently obtained a value of f > 3/2 for large I).
Therefore we followed a different strategy.

We fix the exponent to a value consistent with the energy
spectrum E;(f ~ tay) ~ j~%/3 observed prior to the AH
formation in the Einstein-Scalar field system,9 i.e., we set
f =28/5 and fit the remaining parameters. In this case,
we obtain the following leading order behavior for p — 0
from (131):

dB
d_fl xal(p + bip' + byp'*logp),

d’B
= F21~p—4/5 log p. (133)

where a and the b;’s are constant. This predicts, blowup of
higher order derivatives of B; at 7., while the phases stay

¥For precise asymptotics one would need to consider a higher
order expansion in (132), which we skip for clarity of presen-
tation; however, see (133).

Assuming |a;| ~ 77, it follows that at the leading order of &,
for [ — oo, the energy spectrum is E; ~ (215,

7 j' T T T T T 'a
[ data J
B -m--- fit /]
[ y
o /
~ P
Z5r ]
R —
o) L -
A ]
4600 4800 5000 5200 5400
T
FIG. 8. The asymptotic fit (133) for the sample mode / = 384.

The shaded region indicates the fitting range. The solid line is the
numerical data, while the dashed line is the fitted function.

finite at the singularity. To test this prediction, we fitted
(133) to the numerical data for several different modes and
obtained good agreement, see Fig. 8 for a representative
result. However, fixing f to other values close to 8/5, e.g.,
within the range (1.55, 1.58) suggested by the amplitude
spectra analysis, we get fits which do not vary considerably.
Thus, instead of focusing on a fixed mode, we look at the
dependence of the fitting parameters in (4) on the mode
number. It turns out that the variation of the overall
amplitude a, the coefficient p,, and the blowup time ,
with respect to [ is relatively small (smaller than for other
values of f§ considered), cf. Fig. 9, which further validates
the approximation (133). Moreover, the value of § = 8/5 is
also favored by the analogous analysis of the system in
boundary time gauge, discussion of which is delegated to
the Appendix.

We remark that if > 3/2 were the exponent of the
asymptotic solution, then the prediction that the phases
remain finite at z,, as follows from Egs. (131) and (132)
(and also Eq. (133) as the special case for f = 8/5), would
imply that the resonant approximation should be valid up to
the time of the AH formation. Thus, there is no contra-
diction as in AdSs, where the unbounded frequency growth
is in tension with the resonant .alpproximation,10 despite the
fact that the numerical data obtained from the approxima-
tion agreed with the nonlinear results [6]. The hypothesis
that the perturbative approach provides a good approxi-
mation up to the time of black hole horizon formation is
supported in Fig. 10, where we compare the resonant
approximation with the solution of the Einstein-Scalar field
system. Similarly to the AdS, case [7], the convergence
with increasing truncation N is relatively slow compared to
AdS in higher dimensions. However, the curves appear to
approach a limiting solution that agrees with the rescaled

In addition to the approach presented here, the resonant
system can also be derived by time averaging [6].
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FIG.9. The dependence of the fitting parameters in (133) on the mode number /. In the asymptotic regime when 7 = 7, and [ — oo, the

fitting parameters should be independent of [.
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FIG. 10. The rescaled Ricci scalar at the origin computed from the solution of the Einstein-Scalar field system (dashed) and the
corresponding solution of the resonant approximation (solid) for decreasing amplitudes of initial data € and increasing truncation N,
respectively. The left and right panels show data for initial conditions (11) and (12), respectively.

solution of (3)—(6) in the limit ¢ — 0. This suggests that
generic initial data leads to gravitational collapse on the
timescale €72 as initially reported in [8].

V. CONCLUSIONS

We provide a strong argument that the box Minkowski
model [8] with Dirichlet boundary condition is unstable
toward black hole formation for arbitrarily small generic
perturbations. We demonstrated this by studying the
resonant system for the model and finding that it has a
solution that becomes singular in finite time. Our work
strengthens the argument that the role of the cosmological
constant in the instability of AdS is purely kinematical.
Other models with confinement and a resonant spectrum
of linear perturbations may also develop a turbulent
instability.

Even in the presence of extra resonant terms and in the
absence of symmetries in the interaction coefficients, the
singular evolution of the system studied here shares
features with the respective solution observed in AdS
[6,7]. In fact, we demonstrated that the singular solution
is determined mainly by the +-+— resonances.

Although we provide clear evidence for solutions of the
resonant system starting with generic initial data that
develop a singularity in finite time, the precise nature of
the singularity remains unresolved. This is due to the
particular feature of 3 + 1 dimensional gravitating systems,

e.g., in the AdS, case [7], which causes slow convergence
of the solutions of the truncated resonant system to
the respective solution of the infinite set of equations.
However, our results indicate that the singular solution is
characterized by the polynomial spectrum of mode ampli-
tudes (127) with the exponent  being close to 8/5, the
value of which agrees with the exponent of the spectrum of
mode energies found in the solution of the Einstein-Scalar
field system (17). Moreover, contrary to the AdS in five and
higher spacetime dimensions, where the solution develops
an oscillating singularity, we find that here, phases likely
stay finite at the singularity. However their higher order
derivatives blow up independently of the residual gauge
freedom, cf. [7].

An updated and more efficient numerical code allowed
us to study much larger resonant systems and to get more
precise numerical data. As a result, we significantly
improved on previous works [6,7]. However, our efforts
to solve large resonant systems have reached current
hardware limits. Therefore, we anticipate that follow-up
studies will require developing more efficient techniques to
reduce the complexity of numerical algorithms which are
used to solve resonant systems.

Given our results, the box Minkowski model [8] could
prove attractive for further analysis. To the best of our
knowledge, this gravitating model has the simplest closed
form of interaction coefficients among the models which
manifest turbulent instability. Thus it offers an attractive
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playground for future rigorous development. We hope this
work is an essential step toward a better understanding of
the instability of AdS, and other resonant systems [2].
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APPENDIX: BOUNDARY TIME GAUGE

1. Resonant system

In the derivation of (64), we have implicitly used the
gauge condition §(¢z,0) = 0. However, (3) allows us to
redefine &(¢,r) — 8(t,r) + f(¢). In particular, we can
choose f(¢) in a way that gives §(z,1) =0, so that ¢ is
the proper time of the observer located at r = 1. We redo

|

our calculation of the resonant system in this gauge and get
the equation

8y = —r(#(t.r)* + 1 (t.1)).

at second order of e. Its solution can be written as

(A1)

5 (1.1) = - / "dss(¢ (6.5 + du(e.5) + 1), (A2)

We require that §,(z, 1) = 0, in agreement with the gauge
condition §(z, 1) = 0. This yields the condition

1 .
70 = [Mass(@htes? 4 ntes?). (A3
With this, the solution of (A1) can be written as

1 .
S,(t,r) = [ dss(P(1,5)> + ¢1(1,5)?).  (A4)

For the analogous calculation for AdS, see [5]. Repeating
our calculations (32)—(36), we find

Gilen = [ areiointnn [1ass(5 10,57 + G nte.57)

=S ek(t)Kdrrzel(r)ek(r)[dss[ :

i,j,k=0

(cit)e;(n))ei(s)ej(s) +

0

5 (G (D)eils)e;(s) ] (AS)

(Garler) = /0 Larre, (N (e r) / dss () (1.5)2 + 1 (1, 5))

i,j,k=0 r

The rest of the calculations (32)—(36) stays the same.
Defining the integrals

1 1
N = —/ drrzelek/ dsseje, (A7)
’ 0 r
1 1
Nyij = —/ drr2elek/ dsse;e;. (A8)
0 r
we get the resonant system
doy L —++
21(0,5 = Z Rklijaiajak + Z Sk,ijaiajak
ijk ijk
+__ ~
+ Z Sk,ijai&j&k, (Ag)
ijk

3 &) / Ldrre,(Pe(r) / Ldssle (1), (04(s)e(s) + (D) (ei(s)e,(s)]-

(A6)

|
where Sklij = Oklij + leji + P ikj and Oklij’ leij, and
Pklij are as in (50)—(52), with
Ly = Ny (A10)
We can express Ny;; in terms of Ly;; by combining the
respective definitions to get

1 1
Lyij = Ny :/ drrzeke,/ dsse;e;, (A11)
0 0
similarly for Ny,... By explicit integration, we find
Nyij = Lyij — 6r(=Ci(w; + ;) + log(w; + ;)

and
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1 .
Nigij = Liij + —6n {5 (0} 4+ 07)(=Ci(w; + ;)

+log(w; + w;) + Ci(|o; — w;|)

The i = j cases in (A12)—(A13) are obtained by taking the
limit of the corresponding expressions.

2. Interaction coefficients

The corresponding expressions for (71) in the boundary
time gauge are

T, = 2a)l3(—IOSi(2wl~) + 5Si(4w;) + 8w;), (A14)
and
Ry =16w?w? + 8w, (20} — (Q;zz - a;%)z)Si(2a)l)
®F — 0]
_ 8w; (20} — (0] — w])*)Si(2w;)
W=}
L 2@ =) + (@ + 0 P)Si2(0— o)
W; —
+2((co,-+a)z)4+(a)l?+a)12)2)Si(2(w,~+a)l))’ (AL5)
w;

cf. (73)-(74), while fork = i + j — [ withi # [ A j # [ the
coefficients S;;k*,_ remain unchanged, see (75). For the
+++ and +—— resonant terms, the gauge contribution
cancels out, hence the expression (76) and (77) remain valid
for the boundary time gauge.

0.00004 ¢
0.00002 ¢
0.00000
—0.00002 |
—0.00004 |

L5E — Rags/|as|
1.0F
0.5F
0.0 F

-0.5F

-1.0f

-1.5F

0 1000 2000 3000 4000 5000

T

FIG. 11.
compared to the origin gauge case presented in Fig. 4.

3. Conserved quantities

Note that in this gauge, we have

R, =R, (A16)

ij =
) R{‘j =0, see Eq. (88), and V; =0, cf. (92), thus the
corresponding conserved quantity H is simply

11
H=W=X+-V+-Z,

SVta (A17)

for the full system and

H= lV, (A18)
2

for the +4— system, cf. the respective expressions (95) and

(113). The other known integrals of motion, £ and J (for

the ++— system only), are not affected by the residual

gauge choice.

Since, in this case, the flow is Hamiltonian, cf. (90) and
(110), these conserved quantities are the Noether charges
which follow from the respective symmetries (123), as
mentioned in the main text.

4. Numerical solution

Interestingly, as for the AdS case, we see that the
evolution of the amplitudes is independent of the gauge
choice, so that the amplitudes found in the origin gauge
agree (up to truncation errors) with the amplitudes deter-
mined in the boundary gauge. Therefore, we also observe a
singular solution here. However, the phases differ, compare
Figs. 4 and 11, which is the consequence of the distinct
coefficients (A14)—(A15) in Eq. (126). As a result, each
mode’s oscillation frequency is higher in the boundary time
gauge than in the origin time gauge. However, if the
oscillation frequency increases as the solution approaches
the singularity, the growth is less noticeable in this time

4.x1079F
2.x1070F

-2.x107%F
—4.x107%F

L5E — Rayg/|aool

0 1000 2000 3000 4000 5000
T

Time evolution of sample modes in the boundary time gauge. Note the higher frequency of the corresponding modes
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FIG. 12. Evolution of the phase derivatives in the boundary
time gauge. As in Fig. 5 time is color coded and increases from
bluish to reddish colors.

gauge. Regardless, the phases stay synchronized during the
evolution; see Fig. 12.
As above, we find that the ++— resonant term domi-

and the ++— resonant systems starting from the same
initial conditions is presented in Fig. 13. The apparent
agreement between the solutions strongly suggests that the
++— resonances largely determine the singular solution.

5. Asymptotic solution

We follow the same steps as in Sec. IV B for the analysis
in the origin gauge. The time evolution of the amplitudes is
almost identical to the behavior in the previous case,
cf. Figs. 7 and 13, so the fits of the ansatz (127) give
similar values for the exponent  and the time 7, when the
analyticity strip radius crosses zero. (Fits to the data with
N = 2048 mode truncation give f ~ 1.53 and 7,, ~ 5467. In
this case, we see a smaller variation with respect to the
fitting interval.)

The leading order expansion of R;; lacks the logarithmic
terms present in (130), thus the analog of (131) in the
boundary time gauge is

dB,

—— ~ l[esLing 5(e7) + c4Ligp i (e7))]. (A19)

nates the evolution. The comparison of solutions of the full dr
2
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FIG. 13. Analogue of Fig. 7 for the boundary time gauge.
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FIG. 14. The dependence of the fitting parameters in (A20) on the mode number /. In the asymptotic regime when 7 = 7, and [ — oo,

the fitting parameters should be independent of /.
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Thus although higher order derivatives blow up for § < 3/2
and f > 3/2, the first derivative stays finite at 7z, for
p > 3/2 only. Fitting (A19) to the numerical data was
not successful. Therefore, as before, we fixed = 8/5 and
fitted the corresponding asymptotic formula

dB,

—wmal(l+bp'),

q a (I +b1p'7) a7
with a and b; constant. We find that (A20) matches the data
well. Repeating the fit for various mode numbers [, we
observe the convergence of the fitting parameters for

(A20)

[ - oo, see Fig. 14. Surprisingly, although the value of
7, from the analysis of the spectrum of amplitudes agrees
with the value computed by solving the Einstein-Scalar
field system, the estimate obtained from the analysis of the
phases differs.

Also in this case, the resonant approximation accu-
rately reproduces the Ricci scalar evaluated at r =0,
and the limiting solution is approached when the trunca-
tion N is increased. We omit the plot demonstrating this as
it appears remarkably similar to the one presented in
Fig. 10.
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