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The phenomenology of primordial black hole (PBH) physics and the associated PBH abundance
constraints can be used to probe the physics of the early universe. In this work, we investigate the PBH
formation during the standard radiation-dominated era by studying the effect of an early F(R) modified
gravity phase with a bouncing behavior which is introduced to avoid the initial spacetime singularity
problem. In particular, we calculate the energy density power spectrum at horizon crossing time, and then
we extract the PBH abundance in the context of peak theory as a function of the parameter a of our F(R)
gravity bouncing model at hand. Interestingly, we find that to avoid gravitational-wave overproduction
from an early PBH dominated era before big bang nucleosynthesis, a should lie within the range
a < 107 M3,. This constraint can be translated to a constraint on the energy scale at the onset of the hot big

bang phase, Hyp ~ +/@/2, which can be recast as Hgp < 107'10Mp,.
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I. INTRODUCTION

The theory of inflation [1-5] constitutes a very prom-
ising paradigm to account for the physical conditions that
prevailed in the early universe, being able to address a
number of cosmological issues such as the horizon and the
flatness problems. However, inflationary theories face the
problem of initial singularity [6]. One attractive alternative
to inflation is the nonsingular bouncing cosmological
paradigm [7,8], which assumes that the universe existed
forever before the hot big bang (HBB) era in a contracting
phase and at some point transitioned into the expanding
universe that we observe today. Apart from solving the
singularity problem the bounce realization can also address
the usual flatness and horizon problems of standard big
bang cosmology (for a review on bouncing cosmologies,
see [9]) and give rise to an observationally compatible
cosmological power spectrum [10-12].

To acquire a nonsingular bouncing phase, violation of
the null energy condition is necessary. Consequently, modi-
fied gravity theories [13—17] provide an ideal framework
for obtaining a bouncing universe. Hence, such bouncing
solutions have been constructed through various approaches
to modified gravity, such as the pre-big-bang [18] and the
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ekpyrotic [19,20] models, gravitational theories whose
gravity actions contain higher order corrections [21,22],
F(R) gravity [23,24], f(T) gravity [25] models, braneworld
scenarios [26,27], nonrelativistic gravity [28,29], and mas-
sive gravity [30]. The above scenarios can be further
extended to the paradigm of cyclic cosmology [31-33].

As a potential candidate, the bounce scenario is expected
to be consistent with current cosmological observations and
to be distinguishable from the experimental predictions of
cosmic inflation as well as other paradigms [34,35]. One
interesting way to constrain such bouncing scenarios is the
study of their effect on the formation of primordial black
holes (PBHs) [36,37].

Primordial black holes, first proposed in the early 1970s
[38—40], are considered to form in the very early universe
out of the gravitational collapse of very high overdensity
regions, whose energy density is higher than a critical
threshold [41-47]. According to recent arguments, PBHs
can naturally act as a viable dark matter candidate [48,49]
and potentially explain the generation of large-scale struc-
tures through Poisson fluctuations [50,51], while they can
also seed the supermassive black holes residing in galactic
centers [52,53]. Furthermore, they are associated with
numerous gravitational-wave (GW) signals, from black-
hole merging events [54—58] up to primordial second-order
scalar induced GWs from primordial curvature perturba-
tions [59-64] (for a recent review see [65]) or from Poisson
PBH energy density fluctuations [66—68]. Other indications
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in favor of the PBH scenario can be found in [69].
Their abundance is constrained from a wide variety of
probes [49,70-74] over a range of masses from 10 g
up to 10%° My, thus giving us access to a very rich
phenomenology.

Up to now, the majority of the literature studied PBH
formation within single-field [75-78] or multifield [79-81]
inflationary cosmology. It was also studied within modified
theory setups [82—-84]. However, the study of PBHs in
bouncing scenarios is limited [85-89], most of which has
been done with a generalized approach, without any
falsification of the bouncing scenarios. Therefore, given
the aforementioned rich phenomenology and the associated
PBH abundance constraints over a range of masses which
span more than 50 orders of magnitude, PBHs can clearly
provide a novel promising way to test and constrain various
bounce scenarios.

In this work, we investigate the bounce realization
within one of the simplest modifications of general
relativity which can violate the null energy condition
and thus give rise to a bouncing phase, namely the F(R)
gravity theory. F(R) gravity forms a particular class of
theories in which the Einstein-Hilbert action is upgraded
to a general function of the Ricci scalar R [14]. F(R)
theories have been studied extensively in the context of
inflation [90-92], bounce [23,24,93], and late-time accel-
eration [93-95]. Additionally, this class of theories has
been highly successful in explaining both late and early
time acceleration along with the intermediate thermal
history of the universe (see [96,97] for reviews).
Therefore, it would be very interesting to examine
how such theories can be constrained or ruled out
through the study of PBH formation within them.

The manuscript is organized as follows: In Sec. II we
introduce a class of F(R) gravity theories which can induce
a bouncing scale factor. Then, in Sec. III we extract the
curvature power spectrum close to the bounce as a function
of the theoretical parameters evolved, namely the bouncing
parameter a, matching it to the curvature power spectrum
during the standard radiation era when PBHs are assumed
to form. Subsequently, in Sec. IV, we present the formalism
to compute the PBH mass function (M) within peak
theory. Following, in Sec. V after investigating the effect of
an initial F(R) gravity phase close to the bounce on the
curvature power spectrum Pjs(k) and the PBH mass
function f(M), we set constraints on a by requiring that
GWs induced from PBH Poisson fluctuations during an
early PBH dominated era before big bang nucleosynthesis
(BBN) are not overproduced. Finally, Sec. VI is devoted
to conclusions.

IL. BOUNCE COSMOLOGY
THROUGH F(R) GRAVITY

For the present analysis we consider the flat Friedman-
Lémaitre-Robertson-Walker (FLRW) background metric

d.S2 = —dtz + a2<t)5ijd.xid.xj, (1)

where a(t) is the scale factor while the gravitational action
for F(R) gravity in vacuum can be written as

1
S :2/d4x\/—gF(R)
2K
1
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where k* = 87G = 51, with Mp, being the reduced Planck
Pl

mass. Here, we choose F(R) = R + f(R), with the func-
tion f(R) capturing deviation effects from general relativity
(GR). In the following, we assume that the terms coming
from the function f(R) have considerable contributions in
and around the bounce. This is because we introduce this
extra f(R) function at the level of the gravitational action in
order to account for the problem of the initial spacetime
singularity. On the other hand, as we move away from the
bounce into the standard radiation-dominated (RD) era, we
gradually switch off the f(R) contribution and the action
reduces to that of GR, given also its very good agreement
with the current cosmological data up to the era of big bang
nucleosynthesis.

We proceed now to the reconstruction of the f(R)
function close to the bounce. The corresponding
Friedmann equations close to the bounce turn out to be

3H? = —@ +3(H? + H)f'(R)

— I8(4H*H + HH)f"(R), (3)

TR _ w4 iyp )

— 6(8H*H + 4H> + 6HH + H)f"(R)
—36(4HH + H)*f" (R), (4)

where H(t) = a/a is the Hubble parameter.

Since we are interested in studying the bounce realiza-
tion within F(R) gravity, we choose the scale factor
accordingly. The general evolution of the universe in
bouncing cosmology consists of a period of contraction
followed by a cosmological bounce and then by the
standard expanding universe. Any form of the scale factor
satisfying a(¢,) > 0, a(t,) = 0,d(t,) > 0, is capable for
giving rise to a bouncing cosmology, where 7, corresponds
to the time when the bounce occurs.

Let us now present the bounce realization at the back-
ground level. Without loss of generality we consider a
bouncing scale factor of the form

ay(t) =1+ ar?, (5)
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with a being a free parameter and the bounce happening at
t = 0. The above form of scale factor has been obtained by
keeping terms up to quadratic order in ¢ in the Taylor
expansion of a(7) near the bounce. We neglect higher
order terms as we are interested in solutions near the bounce.
Finally, note that the bounce realization conditions men-
tioned above indicate that @ > 0. For different parametriza-
tions of the scale factor close to the bounce see Appendix A.

Using the above form of the scale factor, we obtain the
expressions for the Hubble parameter and the Ricci scalar
[keeping terms up to O(ar?)] as

B 2at
1+4af

H(t)

~2at,
12a(1 + 3at?)
(14 ar)?
~ 12 + 12021, (6)

R(t) = 12H? + 6H =

As we can see from the above relations, the Hubble
parameter varies linearly with time around the bounce,
and becomes zero at the bounce point, as expected.
Moreover, the Ricci scalar at the bounce is R(0) = 12a.
Inserting the above expressions into Eq. (3) we acquire

24a(R — 12a) f1(R) + (R — 24a)f}(R)
+ f4(R) + 2(R = 12a) =0, (7)

where the index b refers to background quantities. Finally,
solving the above equation for f;,(R) and keeping terms up
to O(az?), the solution for F,(R) near the bounce can be
recast as [93]

where Erfi(z) is the imaginary error function defined as
Erfi(z) = —iErf(iz) and C is an integration constant that
will be fixed later. Hence, from now on the parameter a can
be considered as the F(R) model parameter.

The form of F(R) obtained above is valid in and around
the bounce, i.e., in the region where the form of the scale
factor is given by Eq. (5) with ar> < 1. For this reason, in the
following we will naturally consider that the transition to the
RD era, where one recovers the standard GR evolution,
happens around the time when the perturbative expansion of
the scale factor in Eq. (5) breaks down, namely when
at® ~ 1. Consequently, one gets that fzp is given by

Before deriving in the next section the comoving
curvature perturbation within our F(R) bouncing model
we need to make here an instability analysis of the
underlying gravity theory close to the bounce. In particular,
in order to avoid ghosts [98], the first derivative of the
function F(R) should be positive, i.e., F' = dF/dR > 0,
while at the same time, to avoid tachyonic instabilities, the
square of the mass of scalaron field M2, where M? ~ 1/F"
with F” = 0>F /dR?, should be positive [96]. These in turn
arise from the perturbation analysis of the theory performed
in [99,100], and in particular from the comoving curvature
perturbation R, under the requirement to have a successful
cosmological evolution from radiation era till matter
domination. Thus, the conditions for a viable F(R) bounc-
ing model are the following:

F'>0 and F’">0. (10)
From Eq. (8) one can derive F’ and F” which can be
recast as

F[R(1)] = % [m + Ba?
+V2ai?a(3 - a)Fp (%)] . (1)
FUR(r)] = %éngtf) {m2<5 —ar?) + V2ar
ty/a
X [3 + at*(at* = 6)|Fp <%>}, (12)

where Fp(x) is the Dawson function. Below, we plot the
functions F, F’, and F" as a function of time, by using x =
at? as the time variable. Thus, we reach times uptox =1
when the perturbative expansion of the scale factor in Eq. (5)
breaks down and one enters the standard RD era as explained
before. We choose the value of the integration constant C to
be such as that C < 12a so that the conditions in (10) are
satisfied. As it can be seen from Fig. 1, for C < 12a the
conditions Eq. (10) are satisfied, making our F(R) bouncing
model free of ghosts and tachyonic instabilities.

III. THE CURVATURE POWER SPECTRUM

Since we have studied in the previous section the
background behavior of a bouncing scenario realized
within F(R) gravity and we have extracted the function
F(R) around the bounce, we proceed to the calculation of
the curvature power spectrum by deriving the correspond-
ing comoving curvature perturbation.

A. The curvature perturbation

Before launching our calculation, we should examine
which primordial perturbation modes are relevant for
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FIG. 1. The functions F (upper graph), F’ (middle graph),

and F” (lower graph), in terms of the time variable x
defined as x=ar?, with Fgg =R and F,= (12a-C),
Fy = (12a—C)/a, and Fjj = (12a - C)/a>.

present-day observation. As we saw above, the Hubble
parameter vanishes at the bounce point, thus giving rise to
an infinite comoving Hubble radius (1/aH) there. In the
following, we match the bouncing phase with the standard
hot big bang radiation phase, which in turn, according to
the standard cosmological evolution as dictated by the
current cosmological probes, is connected to a matter epoch

and then at late times with an accelerated expansion phase.
Consequently, the Hubble horizon decreases and tends to
zero for late times, while for cosmic times near the
bouncing point the Hubble horizon has an infinite size.
Therefore, all the perturbation modes at that time are
contained within the horizon, and at later epochs they
cross the Hubble radius becoming relevant for current
observations. Hence, in the following we focus on the
perturbation equations near the bounce, namely near t = 0.

Choosing to work in the comoving gauge, the spatial part
of the perturbed scalar metric tensor reads as

bg; = a*(1)[1 = 2L(X, 1)]5;5, (13)

where {(X, t) denotes the comoving curvature perturbation.
The corresponding action for the scalar perturbations reads
as [101-103]

88, = /dtd3fa(f)Z(f)2 {Cz _%(aig)z], (14)

with z(7) given by the following expression [93]:

B a(r) 3 [dF/(R)]?
Z(t)_K[H(t)—I— 1 dF,(R)] \/2F,(R)[ - } (15)

PR di

Using the solution for F(R), i.e., Eq. (8), the expression for
dF'(R)/dt where ' denotes differentiation with respect to
the Ricci scalar is given by

dF'(R(1))
S
~ 1(12a - O){Pa(5 - Pa)}
a 3612a
 f12a=Of Va3 + Pal=6 + Pa)lFp (W) }

3612a
(16)

F'(R) is given by Eq. (11).

As mentioned earlier, the perturbation modes are gen-
erated close to the bounce; therefore we solve the above
equation for cosmic times near the bouncing point. As a
result, we keep terms up to O(ar?) for the rest of our
analysis. The corresponding expression for z(z), keeping

: AF/(R(1))
terms up to O(ar?) in F'(R) and =—-*, becomes

_ (1/a)*?aV12a-C  2a*V/12a — Ct* 17
) =57 1 sagre - 17

At the end, the perturbed action leads to the following
Lagrange equation for the Fourier mode of the comoving
curvature perturbation, {;:
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20k + a0 =0 (8

In the above equation, by using (17) and keeping terms up
to O(ar?), the quantity a(t)z(¢)*> becomes

a(t)z(t)? =

(12(1—C)

U+ Ve, (19)
with U =228 and v =

At the end, the Lagrange equatlon for {; can be recast at
leading order as

.. 2V .
Ck +7t5k + K2 (1) = 0, (20)

whose solution is

(1) = Cy (ke

1+k2U \/Vt
2V VU

_ztlel <l_ KPU 1
2

%
Taxs ' A _t2 ) 21
4v 2 \/; ) 1)

where C, (k) and C, (k) are integration constants, H(n, x) is
the nth order Hermite polynomial, and | F(a, b, x) is the
Kummer confluent hypergeometric function.

The expressions for the integration constants C, (k) and
C,(k) are obtained by setting the initial conditions for the
curvature perturbations. Given the fact that close to the
bounce the Hubble radius is infinitely large as mentioned
above, the primordial modes are well inside the Hubble
radius, thus satisfying the condition k > aH. Therefore,
the initial conditions for {; will be set through the
Mukhanov-Sasaki variable, defined in the present context
as v (1) = z(¢)¢,(¢) [93], and whose value on sub-Hubble
scales is set by the Bunch-Davies vacuum state, i.e.,

+ Cz(k)e

e—ikq
Uk kaH = N
' 2k

where the time variable 7 is the conformal time defined by
dn = dt/a(t). Using the expression (5) for the scale factor
near the bounce, we obtain from Eq. (22) that

0= [ arsatr) - ar“aj%” (23)

Consequently, the initial conditions satisfied by v; and its
derivative become

(22)

1

v (t = 0) = N3
it = 0) = —li‘/‘zif . (24)

Using these conditions and the fact that z(r — 0) = 0,
we finally acquire straightforwardly the expressions for the
integration constants C; and C, as

3ik2tv/ka¥ /2T (3 12a) 0s)
Vr(6a—k*)V12a—C '

) Vi
k2 (6a — k*)v/12a — CT(1 — &)

XFG‘E) Vi3a(6a — k2)r<1—%ﬂ,
(26)

C,(k) =

C, (k) {—6;‘1«;3/2

where I'(x) denotes the Gamma function. At the end, the
corresponding curvature power spectrum can be recast as
follows:

k3
?|Ck(t)|2
k3

1+k2 \ﬁt
T 2w U

e [ KU 1 \ﬁ
Fl—o——= = _ 2
+ Co(k)e 1[2 4V '2’ Ut]

B. Matching the bounce with a radiation-dominated era

Pé‘(k, [) =

Cy(k)e~

@

As explained in Sec. II, close to the bounce the under-
lying gravity theory is described by a F(R) modified
gravity setup with F(R) given by Eq. (8). During this
phase, the scale factor evolution is dictated by Eq. (5),
which is nothing other than a perturbative expansion close
to the bounce, valid for az? < 1, and corresponds to a fluid
dominated universe with an equation-of-state parameter
w = —2/3. Then, F(R) gravity modifications are switched
off and one recovers the standard HBB phase which is
described by GR. Consequently, matching the two phases
and requiring continuity of the scale factor at the onset of
the RD era, one gets that

1 4+ at*,t < typ,

a(t) = 2
® {QRD<$>1/2J > Irp; 28)
with fzp being the transition time between the exotic phase
close to the bounce with w = —2/3 and the RD phase given
by Eq. (9), and agp the respective scale factor at the onset
of the RD era. We mention that in order to keep the scale
factor continuous during the transition we choose agp to

be arp — 1 + atl%D'

Given the fact that in the following we elaborate the
power spectrum at the horizon crossing time during the RD
era, i.e., k =a(t)H(t) with t > tgp, one can find the
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horizon crossing time tyc(k, @) by solving k = aH with
a(t) = aRD(é)l/ 2 and H(t) = 4. At the end, we extract
that

Va

. (29)

tuc (k. a) =
At this point it is important to stress that in the expression
(27) we derived the curvature power spectrum close to the
bounce by parametrizing the scale factor as in Eq. (5).
Equation (5) describes actually quite well the background
dynamical evolution up to the onset of the RD era when the
perturbative expansion of the scale factor breaks down.
Hence, one can compute P;(k, t) at horizon exiting time
during the initial F(R) gravity phase before the RD era,
namely when k = a(¢)H(t) with ¢ < tgp. At this point, we
need to stress that in general within the context of bouncing
cosmologies, as we pass from the contraction to the
expansion phase the comoving curvature perturbation ¢
is not necessarily conserved [11]. However, for nonsingular
bouncing scenarios as the one we consider here one finds a
nonsingular evolution of ¢ through the bounce [104,105]
and a conservation of the curvature perturbation on super-
horizon scales during the expanding phase [106—-108]. The
conservation of {; on superhorizon scales can be viewed as
well as a consequence of the local energy conservation that
is valid for any relativistic gravitational theory [109,110].
In view of these considerations, the curvature power
spectrum at horizon crossing time during the RD era will
be the same as the curvature power spectrum at horizon
exiting time during the initial F(R) gravity phase between
the bounce and the RD era, namely

Pk tuc(k.a)] = Pelk. teqe (ko). (30)
where fyc(k,a) is given by (29) and t.(k, @) = 2%
Finally, we can then use P[k, tyc(k, )] and proceed to
the calculation of the PBH abundance at horizon crossing
time during the RD era, which is considered to be the PBH
formation time.

C. The scales involved

Regarding the relevant scales for the problem at hand,
here we consider modes whose first horizon crossing time,
1.e., when the modes exit the horizon, occurs before the RD
era, that is, 7., < fgp. Thus, accounting for the fact that
fexit(k, @) = 5= and tgp, = 1/+/a, one can trivially find an
upper bound on the comoving scale k reading as

k < 2y/a. (31)

This upper bound on & is equivalent with a minimum PBH
mass. In particular, considering the fact that the PBH mass
is roughly the mass within the cosmological horizon at the

horizon crossing time during the RD era, one can trivially
find that

2aM 1231

e

M >

(32)

IV. THE PBH FORMATION FORMALISM

In this section we present a general formalism for the
computation of the mass function of PBHs formed due to
the collapse of enhanced cosmological perturbations once
they reenter the cosmological horizon. Basically, this
happens when the energy density contrast of the collapsing
overdensity region, or the respective comoving curvature
perturbation, becomes greater than a critical threshold &, or
{.. In the following, we first describe how the comoving
curvature perturbation is connected to the energy density
contrast, extracting the nonlinear relation between them,
and then we proceed by presenting the formalism for
the computation of the PBH mass function and the PBH
abundance within the context of peak theory [111]. At this
point, it is important to highlight that we study PBH
formation during the standard RD era described by general
relativity. Therefore, the use of the peak theory formalism,
developed within GR, for the computation of the PBH
abundance is absolutely legitimate within our work.

A. From the comoving curvature perturbation
to the energy density contrast

Assuming spherical symmetry on superhorizon scales,’
the local region of the universe describing the aforemen-
tioned collapsing cosmological perturbations is described
by the following asymptotic form of the metric:

ds? = —dr? + a?(1)ef ") [dr? + r2dQ?), (33)

where a(t) is the scale factor and {(r) is the comoving
curvature perturbation which is conserved on superhorizon
scales. In this regime one can perform a gradient expansion
approximation, where all the hydrodynamic and metric
quantities are nearly homogeneous, and their perturbations
are small deviations away from their background values

'In principle, one could expect nonspherical superhorizon
perturbations due to the presence of an exotic equation of state
with w < —1 after the bounce. In particular, the authors of [112],
starting from spheroidal superhorizon perturbations and studying
the role of nonsphericities on the PBH threshold in the case of
PBH formation during an RD era, found that their effect is
negligibly small. Thus, as a first approximation, we will assume
spherical symmetry on superhorizon scales as it is normally
assumed in the literature. However, to fully assess the effect of
nonsphericities on PBH formation due to the presence of a
preceding exotic phase with a negative w before the RD era, one
should perform high-cost numerical simulations that go beyond
the scope of this work.
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[109,110,113,114]. In this approximation, the energy
density perturbation profile is related to the comoving
curvature perturbation through the following expression
[42,115,116]:

Sp _p(r.t) = py(1)
e polt)

1 \24(1+w)
=—\—) ——5—e

aH) 543w
where w is the total equation-of-state parameter defined as
the ratio between the total pressure p and the total energy

density p, i.e., w = p/p. In the linear regime, where { < 1,
the above expression is reduced to

=5L(n/2g26£(n/2 (34)

sp 1 2(l+w),

~— \%
Pb a’H? 5+ 3w ¢0r)
K 2(1 +w)
O =——5—>—"7""C. 35
= % a*H? 5+ 3w gk (35)

Note that the last expression is obtained by Fourier trans-
forming the energy density contrast § and the curvature
perturbation £.

From the above form we can see that there is a one-to-
one relation between the comoving curvature perturbation
and the energy density contrast. Thus, if the curvature
perturbation is a Gaussian variable, then the same is true for
the density contrast within the linear regime described by
(35). However, the amplitude of the critical threshold &, or
. is in general nonlinear, and as a consequence one should
consider the full nonlinear expression between ¢ and &,
namely (34).

Here it is very important to stress that within the context
of bouncing cosmological scenarios one expects in general
the presence of non-Gaussianities with an amplitude larger
than the one predicted in simple inflationary setups
[117,118]. In particular, for our case for perturbations
whose first horizon crossing is before the onset of the
RD era, the curvature perturbation { will become a super-
horizon during the intermediate exotic contracting phase
with w = —2/3 possibly developing non-Gaussianity and
eventually becoming highly nonlinear. After the onset of
the RD era, due to the conservation of { in the expanding
phase, it will remain constant. In view of these consid-
erations we assume that the curvature perturbation field
remains Gaussian and linear (to avoid the breaking of
perturbation theory) during the intermediate phase which
connects the bounce with the RD era [119].

At this point, we should also highlight the fact that the
use of ¢ for the computation of the PBH abundance vastly
overestimates the number of PBHs, since scales larger than
the PBH scale, which are unobservable, are not properly
removed when the PBH distribution is smoothed [120].
Therefore, one should instead use the energy density

contrast, given the fact that with this prescription the
superhorizon scales are naturally damped by 2, as it can
be seen by (34).

From a mathematical point of view, by performing a
coordinate transformation on superhorizon scales, one can
always shift the comoving curvature perturbation by an
arbitrary constant, making the calculation of the PBH
abundance not physical. On the other hand, if the density
contrast is adopted instead, a dependence on spatial deriv-
atives of the curvature perturbation is obtained as it can be
seen by Eq. (35), making the problem physical. This is
another way to see that the choice to work with § instead of {
for the computation of the PBH abundance is the correct one.

Consequently, smoothing the energy density contrast
with a Gaussian window function over scales smaller than
the horizon scale and using (34), we can straightforwardly
find that the smoothed energy density contrast is related to
the comoving curvature perturbation in radiation era, where
w=1/3, as [121]

b= 2ral )2+l ()], (30

The scale r, is the comoving scale of the collapsing
overdensity, which can be found by maximizing the
compaction function C defined as [42]

M(r,t) — My(r, 1)
R(r,1) ’

C(r,t)=2 (37)

where R(r,t) is the areal radius, M(r,t) is the Misner-
Sharp mass [122,123] within a sphere of a radius R, and
My, = 4zR3(r, t)/3 is the background mass with respect to
a FLRW metric. Finally, by maximizing the compaction
function, namely C'(r,,,) = 0, the r, scale will be given by
the solution of the following equation:

gl(rm) + I”mC(Fm) =0. (38)

Now, given the fact that  is assumed to have a Gaussian
distribution, its derivative will have a Gaussian distribution,
too. Hence, we can identify a linear Gaussian variable
5 = —%rmc’ (rm) with a probability distribution function
(PDF) given by

52

T
e, (39)

P(5;) = .

where o is the smoothed variance of §; written as

o dk
o> =(8) = / — Py, (k,R)
o k

16 [~ dk 475
=51/, & WRWRRP(O.  (40)
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The function W(k,R) is the Fourier transformation of a
Gaussian window function” and reads as

W(k,R) = e™V'F/2, (41)

Finally, the smoothed energy density contrast is related
with the linear Gaussian energy density contrast through
the following expression [121,126]:

3
O =8~ 3}. (42)

B. The PBH mass function within peak theory

To extract the mass function of PBHs that form due to the
gravitational collapse of non-Gaussian energy density
perturbations, we work with the Gaussian component of
the smoothed non-Gaussian energy density contrast
denoted as §;. Regarding the critical threshold of the linear
Gaussian component, this can be found by solving Eq. (42)
for 6, with 6,, = J.. Hence, we find that

2 _23 5“) . (43)

From the above expression we acquire a critical threshold
for ;. As explained in [121], only J.,_ corresponds to a
physical solution, and since the argument of the square root
should be positive, we require §, < 2/3. In summary, we
find that the physical range of §; is 6., < §; < 4/3.

Regarding the PBH mass, it should be of the order of the
horizon mass at PBH formation time, which is considered
as the horizon crossing time. More precisely, the PBH mass
spectrum, as it has been shown in [127-130], should follow
a critical collapse scaling law which can be recast as

4
50’1:‘: = 5 1 :l:

MPBH = MH’C(é_éc)y’ (44)

where My is the mass within the cosmological horizon at
horizon crossing time, y is the critical exponent that
depends on the equation-of-state parameter at the time
of PBH formation, and for radiation it is y ~0.36. The
parameter /C is a parameter that depends on the equation-of-
state parameter and on the particular shape of the collapsing
overdensity region. In the following we consider a repre-
sentative value of /C ~4.

Concerning now the value of the PBH formation thresh-
old o, its value should vary roughly within the range 0.4 <
0. < 0.6 depending on the shape of the curvature power
spectrum P (k). Following the procedure developed in [44]
we found that for the values of « studied here, namely for
a € [107%M3, <a < 107M3,], 5.~0.5898 independ-
ently of the value of a. This is somehow expected since

*As regards the choice of the window function and its effect on
the calculation of the PBH abundance see [124,125].
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FIG. 2. The curvature power spectrum versus k for different
values of a.

as it can be seen from Fig. 2 the shape of P, (k) slightly
changes with respect to a. In particular, as one varies a, we
observe a change in terms of the overall amplitude of P, (k)
and not in terms of its shape.

Thus, working with the Gaussian linear component of
the energy density contrast, we can calculate the PBH
abundance in the context of peak theory, where the density
of sufficiently rare and large peaks for a random Gaussian
density field in spherical symmetry is given by [111]

3
2

3
Nv) = /47% eV, (45)

N

In this expression, v = §/c and ¢ is given by (40), while the
parameter p is the first moment of the smoothed power
spectrum given by

16 [edk

sl % (kR)4wz(k,R)Pc(k)<aiH>2. (46)

Finally, the fraction f3, of the energy of the universe at a
peak of a given height v, which collapses to form a PBH,
will be given by

b= e -r). @)

and the total energy fraction of the universe contained in
PBHs of mass M can be recast as

%, K 3,, T\ 5
= R I — ~ 3,-v°/2
B(M) [JC_ dy4ﬂ2 <I/6 glo 50) <0' e ,
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where v, = §.;/0. Last, the overall PBH abundance,
defined as Qppy = "[fz:* where py, is the total energy
density of the universe, will be the integrated PBH mass
function. Thus, at time ¢ during the RD era, Qpgy will be

recast as

Qunnlt) = [ (MT(’)) Cpndin b, (49)

where My (¢) is the mass within the cosmological horizon at
time ¢. Note that in Eq. (49) we have accounted for the fact
that during the RD era My ~ a°.

V. RESULTS

In the previous sections we extracted the curvature power
spectrum, and we presented the mathematical setup through
which one can calculate the PBH mass function and
abundance during the standard RD era which follows the
exotic F(R) gravity phase close to the bounce. Thus, in this
section we present the main results of our work. Initially,
we study the behavior of the curvature power spectrum by
varying the parameters of the problem at hand, namely the
bouncing parameter a. Then, we compute numerically the
PBH mass function, and we show how it varies by changing
a. Finally, by demanding that GWs induced from PBH
Poisson fluctuations during an early PBH dominated era
before BBN are not overproduced, we set constraints on a.

A. The curvature power spectrum

Given the fact that the scales collapsing to PBHs are
initially super-Hubble before crossing the Hubble radius
and collapse to PBHs, we perform a Taylor expansion of
the comoving curvature perturbation (21) on super-Hubble
scales, i.e., when k <« aH. By keeping terms up to
Ol(:%,)**] we obtain that

H
3 k -1/2
~ 3ar?
Ck,k<<aH =Ke t(]2a — C) |:a(l)H(t):|
. Kat 3 [2
M P e ¥ —l,l\/@
g C)[ V7 —2H( )]
5 k _ kar’/? (1.0,0)
a(H(t) f(12a-C" '
11 k]2
_1_53 2 PN ’ 50
% <2 5-3at > L(f)H(f)] (50)
(1,0,0)

where |F| "/ (x,y,z) stands for the derivative of the
Kummer confluent hypergeometric function with respect
to its first argument.

Therefore, inserting this expression in Eq. (27) and
following the procedure described in Sec. IV, we can
calculate the curvature power spectrum P;(k) at horizon

crossing time by fixing the bouncing parameter @ and the
integration constant C. As it was checked numerically, P; (k)
is independent of the value of C, and in the following we will
fix its value to C = 0.1a. In the following, we will use the
above expression for {} ;. When computing the comoving
curvature perturbation and subsequently the matter power
spectrum Py (k) following the procedure described in Sec. IV.
As it was confirmed numerically the curvature power
spectrum P, (k) computed using Eq. (50) matches quite
well the exact P, (k) all along the k range.

In Fig. 2, we depict the curvature power spectrum P (k)
[Eq. (27)] on superhorizon scales, for different values of a
and for C =0.1a. As we can see, the power spectrum
increases by increasing the value of a. This behavior can be
understood if one sees how the maximum allowed value of
k, which corresponds to the lowest scale of the problem at
hand, varies with a. In particular, as we can see from
Eq. (31), the value of k,,,, increases with an increase of a;
hence the power spectrum shifts to higher values of £, i.e.,
to smaller scales. Consequently, as approaching smaller
and smaller scales one starts to probe the granularity of the
energy density field, entering in this way the nonlinear
regime where P,(k) > 1. Hence, one can clearly under-
stand the tendency of the power spectrum to increase with
increasing a, given the fact that it probes smaller scales that
become nonlinear.

To avoid the presence of nonlinearities, one could
abruptly cut the curvature power spectrum at values smaller
than unity in order to ensure the validity of the linear
perturbative regime. However, given the fact that PBH
formation is a nonlinear process since it takes place in
overdensity regions where § > §. ~ O(1) the introduction
of an abrupt cutoff would dramatically decrease the PBH
abundance to values orders of magnitude smaller than its
real value. The correct way to remove these nonlinear
scales is actually through the introduction of the nonlinear
transfer function that has not yet been extracted and
requires high cost N body simulations that go beyond
the scope of this work [125]. Consequently, as it is
standardly adopted within the context of the PBH literature,
these small nonlinear scales are naturally smoothed out
when computing the PBH mass function through the use of
a window function introduced in Sec. IV.

B. The PBH mass function

Since we have extracted above the curvature power
spectra for different values of a, we proceed to the
calculation of the PBH mass function within peak theory.
In particular, we follow the mathematical formalism pre-
sented in Sec. IV B, accounting for the nonlinear relation
between 6 and ¢ as well as the critical collapse law for the
PBH masses. Below, we show how the PBH mass function
changes by varying the parameter a. As a first general
comment, one may notice from Fig. 3 that we are met with
an extended PBH mass distribution as it can be expected if
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Left panel: The PBH mass function (k) as a function of the comoving number k for different values of the F(R) bouncing

parameter a. Right panel: The PBH mass function #(M) as a function of the PBH mass Mpgy for different values of the F(R) bouncing

parameter o.

one sees Fig. 2 where P, (k) is not peaked but instead varies
over a wide range of comoving scales k.

In the left panel of Fig. 3, we show how the PBH
mass function changes with respect to the comoving
scale k for different values of the parameter a. In
particular, the mass function increases its overall ampli-
tude as one increases the value of the parameter a, a
behavior which is kind of expected since as explained in
Sec. VA by increasing a one starts to probe more and
more smaller scales which become nonlinear and can
easily collapse to PBHs.

Interestingly, one can also notice that for values of @ more
or less larger than 10719M3,, the peak of the mass function
saturates at a value close to 0.1 independently of the value of
a. This behavior can be explained if one sees Fig. 2 where we
see that for @ > 10719M3,, the curvature power spectrum
enters gradually as we increase the value of « deep into the
nonperturbative regime where P,(k)>> 1. Consequently,
because of the effect of smoothing these enhanced perturba-
tion modes do not contribute to the increase of the mass
function as we go to high k values. On the contrary, the
overall effect of smoothing is to make the maximum
amplitude of f to saturate for a > 1071°M3,.

One can also infer a shift of the position of the peak of
B(k) toward the smaller scales, namely large k values, a
behavior which can be explained from the fact that k., ~
Va [see Eq. (31)].

Additionally, we witness as well a slight increase on the
large k region. This slight increase is due to the fact that in
the high k region where 0 is very large, the PBH mass
function (48) scales as (M) o 1/6% with ¢* being sup-
pressed on the very small PBH scales due to the effect of
smoothing, which becomes very important on these scales.
As a consequence, at a scale around k, ~ k., /4 all g(k)
curves start to slightly increase as one probes smaller scale
modes k. (See the discussion in Appendix B.)

In the right panel of Fig. 3, we show how the $ function
changes with respect to the PBH mass by varying the
parameter . The observed behavior is similar as in the left
panel of Fig. 3 with the only difference that now the position
of the peak of #(M) is more or less constant, independent of
the value of . This can be understood if we see how the PBH
mass scales with a and k. In particular, by defining the PBH
mass being roughly equal to the mass within the horizon at
horizon crossing time during the RD era, one obtains that

4xM} _ 8zM3\/a

Mppy ~ My = H 2 ’

(51)

where in the last step we used Eq. (29) as well as the fact that
during the RD era H = 1/(2¢). Thus, even though the
position of the peak of the # function shifts to higher values
of k,i.e., smaller scales as one increase the value of a (see left
panel of Fig. 3), when one plots § in terms of Mpgy the
position of the peak of # will shift to larger masses (see right
panel of Fig. 3), since Mpgy « \/a/k? as it can be seen by
Eq. (51). At the end, the overall effect is that the position of
the peak of the function f(Mpgy) is more or less constant
independently of the value of a.

At this point, it is useful to stress that the PBH masses
produced substantially by the F(R) gravity bouncing model
studied here are very small, namely less than 10° g,
evaporating very quickly before the BBN time. One
question one could ask is if with this bouncing model
one can produce higher PBH masses, close to the solar
mass as the ones probed by LIGO/VIRGO gravitational-
wave detectors. To give an order of magnitude of the value
that the F(R) gravity parameter @ should have in order to
produce PBH masses of the order of 1 M, we can simply
set in Eq. (51) Mpgy = 1 M and the comoving value k
equal to its maximum value, namely k = k., = 2v/a. At
the end, one gets straightforwardly that
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FIG. 4. The PBH abundance at formation time Qppys as a
function of the F(R) bouncing parameter a.

MPBH > MO Sa<4dx 10_72M]2)1. (52)

For such very small values of a the PBH mass function is
dramatically suppressed as one may speculate by looking at
the decreasing tendency of by decreasing the value of the
parameter a in Fig. 3.

C. Constraining «

We can now proceed to perform a full parameter-space
analysis by calculating the PBH abundance at formation time
Qppyy 1. for a wide range of values of the F(R) parameter a.
In Fig. 4 we show how Qppy varies as a function of
the bouncing parameter a. In particular, we find that as «
increases, the PBH abundance increases as well, as it can be
speculated from Fig. 3. This behavior can be explained from
the fact that as « increases the curvature power spectrum
shifts to smaller and smaller scales widening in this way the
range of modes k which can potentially collapse to PBHs,
hence enhancing the PBH mass function. Interestingly, we
find that for values a > 107"9M3,, Qpgy; saturates to a
plateau which is related with the saturation of the amplitude
of the PBH mass function due to the effect of smoothing
becoming more and more important as « increases. (See the
discussion in Sec. V B.)

At the end, accounting for the fact that the masses of the
formed PBHs are so small, they evaporate very quickly
after their formation. Consequently, the only natural con-
dition that needs to be fulfilled so as to set constraints on
the parameter « is that Qpgy s < 1. However, as recently
noted in [66] such small PBHs evaporating before BBN can
dominate the energy budget of the universe and induce
at second order in cosmological perturbation theory a
GW background that can be detectable by future GW
experiments. Requiring therefore that GWs are not over-
produced during this early PBH dominated era, one can set
constraints on the parameters of the PBH production

mechanism and in our case the F(R) gravity parameter
a. For the case of monochromatic PBH distributions one
can show that in order for the GWs not to be overproduced
one should require that [66]

Qe < 1074(10° g/Mppy)'/*. (53)

In our case, we have a broad PBH mass spectrum but given
the fact that the position of the peak of the maximum of the
PBH mass function depends slightly on the value of the
parameter @, we can use as a first approximation Eq. (53) in
order to constrain the bouncing parameter «. To be more
precise, one should account for the full broad PBH mass
distribution and compute the GW signal today accounting
as well for the transition between the early PBH dominated
era to the RD era [131], a study that goes beyond the scope
of the present work and that we leave for a future project.

Thus, taking Mpgy ~ 2 x 10° g which is more or less the
PBH mass at the peak of the f function, one gets that
Qpgs < 1073, At the end, requiring this condition one
finds numerically (see Fig. 4) that a should lie within the
following range:

a < 107°M3,. (54)

This constraint can be translated to constraints on the
energy scale at the onset of the HBB phase Hyp given the
fact that fgp = 1/\/a and Hyp = 1/(2tgp). At the end, one
can find that Hgp = y/a/2 and should vary within the
following range:

Hgp < 107190y, (55)

At this point, it is very important to stress that the energy
scale at the onset of the RD era, given by Hyp, can also be
viewed as the lowest bound on the energy scale of the
universe at the bounce.

VI. CONCLUSIONS

The nonsingular bouncing cosmological paradigm is one
of the most appealing alternatives to inflation. Since the
bounce realization requires the violation of the null energy
condition, it can typically be implemented in the framework
of modified gravity. On the other hand, the phenomenology
of PBH physics, and the associated PBH abundance
constraints that span a range of masses over more than
50 orders of magnitude, has recently started to be inves-
tigated in detail, since it can be used to probe and extract
constraints on the early universe behavior. Hence, studying
PBHs both at inflationary and at bounce scenarios could be
helpful to constrain such scenarios and extract possible
distinguishable features.

In this work, we focused on the bounce realization within
F(R) modified gravity, and we investigated the correspond-
ing PBH phenomenology. By introducing an F(R) gravity
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exotic phase close to the bounce compatible with a
bouncing scale factor, we studied its effect on the mass
function of PBHs that form during the standard RD era
described quite well within classical GR gravity. In
particular, we calculated the curvature power spectrum at
horizon crossing time, during the RD era, as a function of
the bounce parameter «, which is actually the involved
F(R) gravity parameter.

To follow, we calculated the PBH abundance in the context
of peak theory, considering the nonlinear relation between &
and ¢ as well as the critical collapse law for the PBH masses.
At the end, in Fig. 3 we showed how the PBH mass function
changes by varying the bouncing parameter a.

Additionally, by making a full parameter-space analysis,
in Fig. 4 we gave the PBH abundance at formation time
Qppps as a function of the bouncing parameter o.
Interestingly enough, we found that in order to avoid
GW overproduction from an early PBH domination era
before BBN, a should lie within the range a < 107°M3,.
This constraint can be transformed to a constraint on the
energy scale at the onset of the HBB phase Hyp ~ 1/a/2,
which can be recast as Hyp < 10710M,.

We mention that the explored parameter space can be
further constrained by evolving the PBH abundance Qppy
up to later times, and accounting for current observational
constraints on Qpgy; [132]. Moreover, one can extract more
stringent constraints by studying additionally the scalar
induced stochastic gravitational-wave background (SGWB)
associated with the primordial curvature perturbations
that gave rise to PBHs (see [65] for a review), as well
as the SGWB induced from PBH Poisson fluctuations
[66,131,133,134].

Since PBH formation within bouncing cosmologies may
serve as a novel tool to study alternative theories of gravity,
one should perform a similar analysis in other modified
gravity scenarios and examine whether there are qualitative
and quantitative differences among them. In particular, one
can extend our formalism by accounting as well for the effect

|

of modified gravity on the background and perturbation
evolution during the period of PBH formation generalizing in
a sense the peak theory formalism and investigating the full
gravitational collapse dynamics in modified gravity setups.
Such a detailed investigation is beyond the scope of this paper
and can be performed elsewhere.
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APPENDIX A: INVESTIGATING DIFFERENT
BOUNCING SCALE FACTOR
PARAMETRIZATIONS

Up to now, we have considered that the scale factor close
to the bounce is parametrized by (5), by keeping terms up to
quadratic order in ¢ in the Taylor expansion for a(t). Thus, a
legitimate question to ask is how our results will change by
changing the scale factor parametrization near the bounce.
In general, the scale factor near a nonsingular bounce can
be parametrized as [93]

ap(1) = (1 + a)", (A1)
where 7 is a real number. In the following we study the
cases where n =2 and n = 3, and we examine how the
curvature power spectrum changes accordingly.

(1) a(t) = (1 + a?)*:

Using this parametrization for the scale factor near the
bounce, and solving Eq. (3) for F(R), we find that

1
Fy(R(1)) = — 2a?(99225 + 2a(—814275 + ~a(91875 + a(15855 + 2a(3360 + r2a(245 + £a[75

420

+ Pa(=25 + ~a)])))))) + is (105 + (525 + a(—1050 + £2a[350 + a(=35 + ?a)])))C

1

ra

+

a
97t/ (105 + 2 (525 + 2a(—1050 + 2a[350 + 2a(-35 + 2a)])))

- Brfe(rv/1a/V/2)Erfi(tv/ta/V2) + %a(—efza/zx/z_m\/a(ms + Pa(=790 + 2a[318 + rPa(=34 + a)]))

+ 7(105 4 (525 + Pa(=1050 + 2a[350 + Pa(=35 + £2a)]))) - Erfi(rv/1a/V/2) )Erf (1v/1a/V2)

1
840

where ExpIntE is the exponential integral function E,(z).

2
———"2412¢7(105 4 (=790 + 2a[318 + Fa(-34 + 2a)]) ) ExpIntE (— g , t_a) ,

. (A2)
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FIG. 5. The curvature power spectrum P,(k) for different values of « for n =2 and n = 3.

Similar to the previous case, keeping terms up to O(at?) Below, we show the curvature power spectrum P (k)
the expression for z(f) becomes k*|¢?/(27%) by varying the F(R) bouncing parameter a.
As one may notice from the left panel of Fig. 5 in the case

(A3)  where n =2, P(k) becomes very sensitive with a with a
general tendency to increase on small scales, i.e., large k

(1) = U+ Vi - X1%,
values, probing gradually the nonlinear regime. In addition, it

where
is worth highlighting the fact thatindependently of the value of
__V 105 (A4) a, P (k) increases very abruptly to large values within less
2ak+\/a’/ C’ than 1 order of magnitude in k signaling the fact thatin contrast
with the n = 1, one is met with an almost monochromatic
- \/m (25927012 — 1225C2) a5 cur(\;;u;r(et )pc;w(elr j{)e;cttzr;m giving rise to PBHs.
12a"%kv/2107 ’ With the same reasoning as before, the solution for F(R)
around the bounce reads as
(a/C)P
=———— —[4199047%a'8 + 453607a'>C
(89001 xn /103 ma o Fy (1) = 6a + 324222 + [324:4(13(—3 + a)
+ 11907007a°C?* + 42875C3). (A6)
4 s 2 2
~5gg¢ 1 [1 + Fa(=8 + 3r*a)]C
Thus, evaluating the curvature perturbation near the o2 5 )
bounce, at leading order in 7, we obtain +9CV6ra’*(1 + 9r%a[l + Fa(-3
3
U + ﬂa)])Erﬁ(, /%’Q)] : (A8)
=Ci(k)H ,
fe= Gk {2\/2 +4UX — 4U%
_UV + V2 + 20UX — 2102 Once again, keeping up to O(at?) terms in the scalar
] perturbation, we extract the form of z(z) as
U\/V* +2U(X — Ua)
U2 1 2(t) = U+ Vi = X3, (A9)
+ C k F - '~
e e where
[—tV2 + U(V = 2tX) + 2tU%a)?
UV 120X - Ua)] | (A7) V6  (~124416 + aC?)
U= , V= . (A10)
K 24+/6KC
The forms of C,(k) and C,(k) are determined using the  a(746496 + aC?) "

initial conditions given in (24) modified appropriately for =
6912(+/6x)

the present case where a(t) = (1 + at?)?%.
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FIG. 6. 6(k)/o(k) as a function of k for different values of a.

The corresponding solution for the curvature perturbation,
at leading order in ¢, is

KU?
Se=CiH {2\/2 +4UX —4U%a’
—UV +tV? + 2tUX - 2tU%a
U\/V? +2U(X — Ua) ]

K2 U? 1
Cy (k) Fy{ — 5
+ Calk), 1{ 4[V2 +2U(X - Ua)] "2
[—tV2 + U(V = 2tX) + 2tU%a)?
U[V? +2U(X - Ua)]

(A12)

In the right panel of Fig. 5 we show again the curvature
power spectrum for the n = 3 case by varying the param-
eter a. In particular, as in the n = 2, one can notice a power
spectrum P;(k) with an amplitude quite sensitive to the
variation of the F(R) bouncing parameter a and with a
tendency to lead to a monochromatic PBH mass distribu-
tion in contrast with the n = 1 case.

Consequently, one can argue that our results are nearly
the same for (1+ ar?), (1 + ar*)?, (1 + ar?)’, and other
values of n in (1 4+ ar?)" with n > 1. In particular, in
contrast with the n =1 case, we find a very sensitive
behavior of the amplitude of P (k) and a tendency of P; (k)
to lead to a monochromatic PBH mass function.

Finally, one should comment on the order of masses
produced within the parametrizations where n > 1. In

particular, as we can see from Fig. 5, Ky ~ 1078 Mp,,
and given the fact that Mppy o /a/k?, one gets that for
a~1073M3,, Mpgy ~ 10'% g ~ 1072° M, many orders of
magnitude larger than the order of PBH masses produced in
the n = 1 case but still quite small compared to the PBH
masses detected by the LIGO-VIRGO detectors which are
of the order of the solar mass.

We mention here that other possible bouncing scale
factor forms that have been studied in the literature are
cosh (1 + ar?) and ¢’ . However, when expanded around
their forms become similar to (1 + a?)"; hence our above
results become quite general, being valid for any para-
metrization of the scale factor giving rise to a bounce.

APPENDIX B: THE PBH MASS FUNCTION
ON SMALL SCALES

We show below the smoothed power spectra 6> and y”
with respect to the comoving scale k by varying the F(R)
gravity parameter o.

Writing now the fraction of the universe at a peak of
height v = §/0, which will collapse to form a PBH [see
Eq. (47)] as a function of the energy density contrast one
can recast it as

K 35 vy
ﬁ5_—<5———5c> Se ;ozﬁ—é.

Bl
472 8 (BI)

At the end, after integrating the fs over 6 one will
have that #(k) = H(o)u?(k)/o®(k) with the function H (o)
being defined as

4/3 352 Vo
H(G) E\/{s IC <5—8—5C> 636 252. (B2)

4?

c,l-

As it was checked numerically (see Fig. 6) for the range of
k values considered here 6/0 < 1, and thus one can
approximate e_%z 1 —i—i. As we decrease o, H(o)
decreases as well. However, because of the 1 /06
dependence of S, as we approach the region close
to kmax, We see the slight increase in B(k) as can be
seen in Fig. 3. This region where one observes this
slight increase of the f function can be roughly defined

as k > kpa /4 = Va/2.
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