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We examine the Chandrasekhar limit for white dwarfs in fðRÞ gravity, with a simple polytropic equation
of state describing stellar matter. We use the most popular fðRÞ gravity model, namely the fðRÞ ¼ Rþ αR2

gravity, and calculate the parameters of the stellar configurations with polytropic equation of state of the
form p ¼ Kρ1þ1=n for various values of the parameter n. In order to simplify our analysis we use the
equivalent Einstein frame form of R2-gravity which is basically a scalar-tensor theory with well-known
potential for the scalar field. In this description one can use simple approximations for the scalar field ϕ
leaving only the potential term for it. Our analysis indicates that for the nonrelativistic case with n ¼ 3=2,
discrepancies between the R2-gravity and general relativity can appear only when the parameter α of the R2

term, takes values close to maximal limit derived from the binary pulsar data namely αmax ¼ 5 × 1015 cm2.
Thus, the study of low-mass white dwarfs can hardly give restrictions on the parameter α. For relativistic
polytropes with n ¼ 3 we found that Chandrasekhar limit can in principle change for smaller α values. The
main conclusion from our calculations is the existence of white dwarfs with large masses ∼1.33M⊙, which
can impose stricter limits on the parameter α for the R2 gravity model. Specifically, our estimations on the
parameter α of the R2 model is α ∼ 1013 cm2.
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I. INTRODUCTION

The accelerated expansion of the Universe [1–3] has
been confirmed by various observations from moment of
its discovery in 1998. Apart from data based on standard
candles, these observations include of data for cosmic
microwave background anisotropy [4], shear due to the
gravitational weak lensing [5], data about absorption lines
in Lyman-a-forest [6] and others. Now the question is what
causes the late-time cosmological acceleration. To date, no
clear answer exists on this issue, and this question remains
one of the puzzles in cosmology and theoretical physics.
One solution for this late-time acceleration problem is
based on the assumption that the Universe contains some
nonstandard cosmic fluid with negative pressure. This fluid
(dark energy) is distributed in the Universe homo-
geneously. In the simplest approach, the dark energy is
nothing else than the vacuum energy (or cosmological
constant). For a satisfactory agreement with observational
data density of vacuum energy should be nearly 72% of

the global energy budget of the Universe. Only 4% of
Universe energy consists of baryonic matter. The remaining
24% is cold dark matter (CDM) which is also mysterious in
its nature. Various unknown hypothetical particles could
constitute this “dark sector” of the Universe, for example
weakly interacting massive particles or/and axions or
axionlike particles.
To date, the most successful model for the late-time

evolution of the Universe is the Λ-cold-dark-matter
(ΛCDM) model. Although standard cosmology describes
observational data with high precision, it has several
shortcomings, from a theoretical viewpoint. If the cosmo-
logical constant constitutes the “vacuum state” of the
gravitational field, one need have to explain the very large
discrepancy of the magnitude between its observed value at
a cosmological level and the one predicted by any quantum
field theories [7]. This discrepancy is also known as the
cosmological constant problem, which is one of the most
fundamental problems of the ΛCDM model. Apart from
this theoretical problem, if one sticks with the standard
general relativity (GR) description of late-time and uses
scalar fields to describe the late-time evolution, the slightly
phantom nature allowed by the observational data, makes
the GR description unappealing, since tachyons are needed
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in order to successfully describe the slightly phantom
evolution. Another appealing theoretical description of
the dark energy era is offered by modified gravity in its
various forms [8–14], which extend GR directly. Modified
gravity theories have the advantage of describing success-
fully and in a minimal way the late-time era without the
use of phantom scalars, and in many cases, the unification
of the inflationary era with the early time acceleration is
achieved. However, when considering modifications of
GR, a holistic approach compels to consider not only
possible manifestations of such theories at a cosmological
level, but also at an relativistic astrophysical level, also
because strong gravitational regimes could be considered if
GR is the weak field limit of some more complicated
effective gravitational theory.
Usually in this context, neutron stars (NSs) serve as the

perfect candidates for studying modified gravity effects
at an astrophysical level, and in the literature there exist
various works in this research line, see for example,
[15–27], and for a recent review see [28]. For a simple
R2 gravity, the calculations indicate that the effective
gravitational mass of NSs increases although the value
of such increase is not large. The scalar curvature R outside
the NS does not drop to zero as for the Schwarzschild
solution in GR, but asymptotically approaches zero at the
spatial (and from a calculational point of view at the
numerical) infinity. The gravitational mass parameter at
the star surface decreases in comparison with GR for same
density of nuclear matter at the center of star, but con-
tributions to the gravitational mass are obtained from
regions beyond the surface of the star, at which R ≠ 0,
thus the net result is a total increase of the gravitational
mass. This effect in NSs may explain in an appealing way
the hyperon problem and having soft equations of state with
large NSs masses, beyond the stretch of GR limits.
This interesting result can provide a clear cut description

for large mass NSs [24–26,29–35]. In light of the relatively
recent GW190814 event, modified gravity serves as a cutting
edge probable description of nature in limits where GR
needs to be supplemented by a Occam’s razor compatible
theory. Indeed, solutions such as strange stars, rely on QCD,
which directly changes the physics of hydrodynamic equi-
librium of compact stellar objects. Modified gravity on
the other hand does not change the way of thinking for
relativistic objects, it just changes the gravitational theory
which controls the hydrodynamic equilibrium.
From the above line of reasoning, in this work we

consider another class of compact objects, namely white
dwarfs. White dwarfs are usually the final state of evolution
for stars with masses up to 8�10.5M⊙ [36]. After the
hydrogen-fusing period of a main-sequence star ends, star
will expand to a red giant. Due to the α-process helium
fuses to carbon and oxygen. For low and medium star
masses core temperature is insufficient to fuse carbon and
after shedding of outer layers remnant composed of carbon

and oxygen forms. For main-sequence stars with more
large masses (in range of 8�10.5M⊙, the core temperature
will exceed 109 K and carbon fuses but not neon. In this
case oxygen–neon–magnesium white dwarf remains [37].
Also helium white dwarfs can forms due to mass loss in
binary systems [38].
Electron degeneracy pressure supports a white dwarf in

equilibrium. One of the consequence of this is the existence
of a limit for mass of white dwarf which cannot be
exceeded without collapsing to a neutron star This value
is known as the Chandrasekhar limit [39]. For a nonrotating
white dwarf maximal mass is approximately 5.7M⊙=μ2e,
where μe is the average molecular weight per electron of
the star. It is interesting to consider question about
Chandrasekhar limit in modified gravity theories.
The authors of Ref. [40] considered the model fðRÞ ¼

Rþ αR2ð1þ γRÞ and obtained for very large range of
values of the parameters α and γ (γ ¼ 4 × 1016 cm2) a
considerable increase of the Chandrasekhar limit for white
dwarfs (up to 2.95M⊙). This result is interesting but the
existence of such white dwarfs is not confirmed by
observational data. More realistic models of white dwarfs
in Palatini fðRÞ gravity (in such approach there is no extra
degree of freedom for the gravitational sector) are inves-
tigated in Refs. [41,42]. Although the central densities of
white dwarfs are not so large as in the cores of NSs, one
can expect that effects of modified gravity would take place
due to the larger radii of white dwarfs (in principle one can
say about “cumulative effects”). Our calculations confirm
this conclusion. We start off with the usual equations
describing nonrotating star in equilibrium and we use
the Lane-Emden equation for matter with a polytropic
equation of state. In GR one already needs to consider the
Tolman-Oppenheimer-Volkoff (TOV) equations. For white
dwarfs, the relativistic effects are negligible of course, but it
is interesting to compare these corrections with possible
influences of modified gravity. This is the main reason for
which we consider these equations. The next step is to
investigate solutions for equations describing star configu-
ration in R2 gravity. Besides the mass parameter, the
density, and pressure in fðRÞ gravity, another independent
variable arises, namely the scalar curvature. In GR for
nonrotating stars, the scalar curvature is defined by trace of
energy-momentum tensor. But in fðRÞ gravity the scalar
curvature should be also considered when studying the
dynamical equilibrium.
We consider simple polytropic equations of state for

matter, of the form, p ¼ Kρ1þ1=n describing the white
dwarfs. For nonrelativistic electrons, the index of the
polytrope is n ¼ 3=2, and for relativistic ones, the index
is n ¼ 3. For our analysis it is useful to consider the
equivalent Brans-Dicke theory with a scalar field.
Assuming that the derivatives of the scalar field are
negligible, in comparison with potential term, one obtains
simple equations which are similar to the TOV equations,
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but with additional terms for the pressure and the density.
The net effect of this scalar field is that it reduces the
gravitational mass and simultaneously increases the radius
of the stellar configuration.

II. THE LANE-EMDEN EQUATION
AND THE TOV EQUATIONS

The hydrodynamic equilibrium of nonrotating stars
in Newtonian gravity is described by the following well-
known equations (hereinafter we use geometrized units in
which c ¼ G ¼ 1):

dm
dr

¼ 4πr2ρ; ð1Þ

dp
dr

¼ −
mρ

r2
; ð2Þ

where ρ and p are the density and the pressure of stellar
matter respectively. For white dwarfs, one can use poly-
tropic equation of state of the form,

p ¼ Kρ1þ1=n; ð3Þ

where K, n are constants. We assume that the speed of
light is c ¼ 1 and therefore pressure and density have the
same dimensions. In this case, it is useful to define the
following dimensionless functions θ and μ and the coor-
dinate variable x:

ρ ¼ ρcθ
n; m ¼ μρca3; r ¼ ax;

a ¼
�ðnþ 1ÞKρ1=n−1c

4π

�1=2

:

In terms of dimensionless variables, Eqs. (1), (2) are
rewritten in the following way

dμ
dx

¼ 4πx2θn; ð4Þ

dθ
dx

¼ −
μ

4πx2
: ð5Þ

These equations are equivalent to well-known Lane-Emden
equation,

1

x2
d
dx

�
x2

dθ
dx

�
¼ −θn: ð6Þ

For a more exact description one needs to account for the
relativistic theory of gravity, in which case one needs to
replace Eqs. (1) and (2) by the TOV equations,

dm
dr

¼ 4πρr2; ð7Þ

dp
dr

¼ −ðρþ pÞmþ 4πpr3

r2ð1 − 2m
r Þ

: ð8Þ

The second equation for the polytropic EoS and variables
μ, θ can be reduced to,

1

1þ 4πβθ=ðnþ 1Þ
dθ
dx

¼ −
1

4π

μþ 16π2ðnþ 1Þ−1x3βθnþ1

xðx − 2βμÞ :

ð9Þ

The equation for the gravitational parameter μ remains the
same. Here β is a dimensionless small parameter,

β ¼ ρca2 ¼
nþ 1

4π
Kρ1=nc ≪ 1;

for typical densities at the center of white dwarfs. Up to
densities 106 g=cm3 one can use polytropic equation with
n ¼ 3=2 and,

K ¼ 1.0036 × 1013=μ5=3e ;

in CGS-system. Here μe is average molecular weight per
one electron. We considered μe ¼ 2. One can solve the
equations (5) and (9) numerically and obtain physical
parameters of polytropes, that is the mass and radius.
The integration of the Lane-Emden equation for n ¼ 3=2

gives that for x¼xf¼3.653 θðxfÞ¼0 and μðxfÞ ¼ 34.106.
These results change in GR, but are quantitatively negli-
gible. In Fig. 1 we present the corresponding relation
between the mass, radius, and the central density of the
stellar configurations for central densities between 105 and
106 g=cm3. For relativistic densities (ρ ≫ 106 g=cm3),
stellar matter in white dwarfs can be described by poly-
tropic equations with n ¼ 3. The parameter K in this
case is,

K ¼ 1.2435 × 1015=μ4=3e CGS:

For the case n ¼ 3, the mass of star does not depend on
the central density and μðxfÞ ¼ 25.362 for xf ¼ 6.896 in
Geometrized units. This corresponds to the Chandrasekhar
limit M ¼ 1.456M⊙. The relativistic effects again slightly
change this result (see Fig. 2). Now we investigate how
these results change in modified gravity.

III. SPHERICALLY SYMMETRIC STELLAR
CONFIGURATIONS IN FðRÞ-GRAVITY

For fðRÞ gravity the standard Einstein-Hilbert action
with scalar curvature R is replaced by the following:
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S ¼ 1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p
fðRÞ þ Smatter; ð10Þ

where g is the determinant of the metric gμν and Smatter is the
action of the standard perfect fluid matter.
The spherically symmetric spacetime that describes the

nonrotating star has the following form,

ds2 ¼ −e2ψdt2 þ e2λdr2 þ r2dΩ2: ð11Þ

Here ψ and λ are two independent functions of the
radial coordinate. Varying the action with respect to

metric tensor elements gives the Einstein equation in
fðRÞ gravity:

f0ðRÞGμν −
1

2
ðfðRÞ − f0ðRÞRÞgμν

− ð∇μ∇ν − gμν□Þf0ðRÞ ¼ 8πTμν: ð12Þ
Here Gμν ¼ Rμν − 1

2
Rgμν is the Einstein tensor, comma

means derivative on argument of function fðRÞ and Tμν is
the energy–momentum tensor. For perfect fluid compo-
nents of Tμν is Tμνdiagðe2ψρ; e2λp; r2p; r2 sin2 θpÞ. The
components of (12) yield the TOV equations in frames of
fðRÞ gravity, and explicitly have the following form:

FIG. 2. Mass-radius and mass-central density diagrams for polytropic stellar configurations with index n ¼ 3. The solid and dotted
lines correspond to solution of Lane-Emden equation and relativistic Eqs. (4), (9) correspondingly.

FIG. 1. Mass-radius and mass-central density diagrams for stellar configurations with n ¼ 3=2.
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f0ðRÞ
r2

d
dr

½rð1 − e−2λÞ� ¼ 8πρþ 1

2
ðf0ðRÞR − fðRÞÞ þ e−2λ

��
2

r
−
dλ
dr

�
df0ðRÞ
dr

þ d2f0ðRÞ
dr2

�
ð13Þ

f0ðRÞ
r

�
2e−2λ

dψ
dr

−
1

r
ð1 − e−2λÞ

�
¼ 8πpþ 1

2
ðf0ðRÞR − fðRÞÞ þ e−2λ

�
2

r
þ dψ

dr

�
df0ðRÞ
dr

ð14Þ

The third equation can be obtained from the conservation
law of the energy-momentum tensor

∇μTμν ¼ 0

and gives,

dp
dr

¼ −ðρþ pÞ dψ
dr

: ð15Þ

The equation for the scalar curvature R can be obtained by
taking of the trace of (12). We have for R ¼ RðrÞ the
following equation:

3△rðfðRÞ − RÞ þ f0ðRÞR − 2fðRÞ ¼ −8πðρ − 3pÞ; ð16Þ

where △r is radial part of the 3-dimensional Laplace
operator for metric (11),

e2λ△r ¼
d2

dr2
þ
�
2

r
þ dψ

dr
−
dλ
dr

�
d
dr

:

One needs to solve Eqs. (13), (14) outside the star with
ρ ¼ p ¼ 0. At the surface of star (r ¼ rs, ρ ¼ p ¼ 0), the
junction conditions should be satisfied,

λinðrsÞ¼ λoutðrsÞ; RinðrsÞ¼RoutðrsÞ; R0
inðrsÞ¼R0

outðrsÞ:

The gravitational mass parameter mðrÞ is defined from λ
through the following relation,

e−2λ ¼ 1 −
2m
r

: ð17Þ

The asymptotic flatness requirement gives the constraint on
scalar curvature and mass parameter,

lim
r→∞

RðrÞ ¼ 0; lim
r→∞

mðrÞ ¼ const:

IV. EQUIVALENT SCALAR-TENSOR THEORY

It is useful to consider the description of the fðRÞ gravity
stellar configuration in terms of the corresponding scalar-
tensor theory. For such a theory, the difference between the
resulting equations and (7), (8) for polytropes is more
transparent. In the end for the construction of the M − R
graphs we shall use the Jordan frame transformed

expressions for the mass and radii. For fðRÞ gravity, the
equivalent Brans-Dicke theory with scalar field Φ has the
following action,

Sg ¼
1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p ðΦR −UðΦÞÞ: ð18Þ

Here the scalar field is Φ ¼ f0ðRÞ and the potential is
UðΦÞ ¼ Rf0ðRÞ − fðRÞ. The transformation g̃μν ¼ Φgμν
for coordinates allows to write the action in the Einstein
frame

Sg ¼
1

16π

Z
d4x

ffiffiffiffiffiffi
−g̃

p
ðR̃ − 2g̃μν∂μϕ∂νϕ − 4VðϕÞÞ; ð19Þ

where ϕ ¼ ffiffiffi
3

p
lnΦ=2 and the redefined potential in the

Einstein frame VðϕÞ is VðϕÞ ¼ Φ−2ðϕÞUðΦðϕÞÞ=4. For
redefined spacetime metrics, we take the expression which
formally coincides with (11), but with different functions ψ̃
and λ̃, that is,

ds̃2 ¼ Φds2 ¼ −e2ψ̃dt2 þ e2ϕ̃d̃r2 þ r̃2dΩ2: ð20Þ

In Eq. (20) we have r̃2 ¼ Φr2, e2ψ̃ ¼ Φe2ψ and from the
equality

Φe2λdr2 ¼ e2λ̃dr̃2

it follows that,

e−2λ ¼ e−2λ̃ð1 − r̃ϕ0ðr̃Þ=
ffiffiffi
3

p
Þ2:

Therefore, the mass parameter mðrÞ can be obtained from
m̃ðr̃Þ as

mðr̃Þ ¼ r̃
2

�
1 −

�
1 −

2m̃
r̃

�
ð1 − r̃ϕ0ðr̃Þ=

ffiffiffi
3

p
Þ2
�
e−ϕ=

ffiffi
3

p

ð21Þ

The resulting equations for the metric functions λ̃ and ψ̃ is
very similar to the TOV equations with redefined energy
and pressure, and with additional terms with the energy
density and pressure of the scalar field ϕ being:

1

r̃2
dm̃
dr̃

¼4πe−4ϕ=
ffiffi
3

p
ρþ1

2

�
1−

2m̃
r̃

��
dϕ
dr̃

�
2

þVðϕÞ; ð22Þ
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1

pþ ρ

dp
dr̃

¼ −
m̃þ 4πe−4ϕ=

ffiffi
3

p
pr̃3

r̃ðr̃ − 2m̃Þ −
r̃
2

�
dϕ
dr̃

�
2

þ r̃2VðϕÞ
r̃ − 2m̃

þ 1ffiffiffi
3

p dϕ
dr̃

; ð23Þ

The hydrostatic equilibrium condition is rewritten as,

dp
dr̃

¼ −ðρþ pÞ
�
dψ
dr̃

−
1ffiffiffi
3

p dϕ
dr̃

�
: ð24Þ

Finally the last equation of motion for scalar field is
equivalent to Eq. (16) in fðRÞ theory:

△r̃ϕ −
dVðϕÞ
dϕ

¼ −
4πffiffiffi
3

p e−4ϕ=
ffiffi
3

p
ðρ − 3pÞ: ð25Þ

The potential VðϕÞ can be written in explicit form only for
simple fðRÞmodels. For example for fðRÞ ¼ Rþ αR2 one
can obtain that,

VðϕÞ ¼ 1

16α
ð1 − e−2ϕ=

ffiffi
3

p
Þ2: ð26Þ

For simple power-lawmodels of the form fðRÞ ¼ Rþ αRm

we have,

VðΦÞ¼DΦ−2ðΦ−1Þ m
m−1; D¼m−1

m
m

m−1
α

1
1−m; Φ¼e2ϕ=

ffiffi
3

p
:

ð27Þ

Passing to dimensionless variables μ̃ and θ we obtain the
following equations,

dμ̃
dx

¼4πx̃2θne−4ϕ=
ffiffi
3

p
þ x̃2

β

�
1

2

�
1−

2βμ̃

x̃

��
dϕ
dx̃

�
2

þvðϕÞ
�
;

ð28Þ

1

1þ 4πβθ=ðnþ 1Þ
dθ
dx̃

¼ −
1

4π

μ̃þ 16π2βθnþ1x̃3e−4ϕ=
ffiffi
3

p

x̃ðx̃ − 2β̃ μ̃Þ

−
x̃2

4πβðx̃ − 2βμ̃Þ
�
1

2

�
1 −

2βμ̃

x̃

��
dϕ
dx̃

�
2

− vðϕÞ
�

þ 1

4
ffiffiffi
3

p
πβ

dϕ
dx̃

. ð29Þ

Here we introduced the dimensionless potential vðϕÞ,

vðϕÞ ¼ a2VðϕÞ:

The equation for scalar field ϕ after some calculations can
be written in the following form,

�
1 −

2βμ̃

x̃

��
d2ϕ
dx̃2

þ
�
2

x̃
−

4πβ

1þ 4πβ=ðnþ 1Þ
dθ
dx̃

þ 1ffiffiffi
3

p dϕ
dx̃

�
dϕ
dx̃

�

þ
�
βμ̃

x̃2
−
β

x̃
dμ̃
dx̃

�
dϕ
dx̃

−
dv
dϕ

¼ −
4πβffiffiffi
3

p e−4ϕ=
ffiffi
3

p
θnð1 − 12πβθ=ðnþ 1ÞÞ: ð30Þ

Equations (28), (29) with (30) can be solved numerically
for various values of the parameter n. One needs to impose
following conditions at x̃ ¼ 0 for the numerical integration,

θð0Þ ¼ 1; μ̃ð0Þ ¼ 0; ϕð0Þ ¼ ϕ0;
dϕ
dx̃

¼ 0:

The condition for ϕ0 should correspond to a solution
with flat asymptotic behavior at spatial infinity (numerical
infinity), that is,

ϕ → 0 at x → ∞:

It is convenient to analyze the system of equations in
Einstein frame and then after calculations go back to the
Jordan frame.

V. PERTURBATIVE ANALYSIS
OF THE SOLUTION

For R2 gravity, the potential in geometrized units is,

vðϕÞ ¼ 1

16α̃
ð1 − e−2ϕ=

ffiffi
3

p
Þ2; α̃ ¼ α=a2: ð31Þ

The authors of Ref. [43] estimated the upper limit for α as
∼5 × 1015 cm2 from binary pulsar data. For n ¼ 3=2 scale
a varies from 3 × 108 cm to 4.5 × 108 cm (for central
densities 105 < ρc < 106 g=cm3). The value of scalar
field is very small and therefore one can use Taylor
expansion for the potential leaving only the first nonzero
term:
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vðϕÞ ¼ ϕ2

12α̃
:

Since the parameter α=a2 is negligible, one can
expect that the potential term vðϕÞ is very large in
comparison with kinetic term ðdϕ=dx̃Þ2 and we may omit
these terms in the right-hand side of Eqs. (28), (29).
Considering Eq. (30) in this context one can neglect
derivatives of scalar field in comparison with term
dv=dϕ ∼ ϕ. In the right-hand side of Eq. (30) we leave
only zero term for exponent (since β is already a small
parameter) and in effect we obtain the following relation
for the scalar field,

ϕ

6α̃
¼ 4πβffiffiffi

3
p θnð1 − 12πβθ=ðnþ 1ÞÞ: ð32Þ

Keeping in Eq. (29) the last term with first derivative
for scalar field and potential terms which ∼α̃, we will
integrate equations Eqs. (28), (29) for polytropic EoSs
with n ¼ 3=2 and n ¼ 3 and we shall compare the results
with Newtonian gravity and general relativity. If the
approximation (32) is valid, then the scalar field at
the surface of the star is zero and the gravitational
mass parameter m̃ coincides with m at the star surface
r ¼ r̃ ¼ Rs where Rs is the radius of star.
We calculated the relation between the mass and

radius in the same interval of the central density for
n ¼ 3=2 as in the case of GR, using the Jordan frame
transformed quantities under study. Our calculations
indicate that only when the parameter α takes values
close to the upper limit of [43], significant deviations
from GR occur. In Fig. 3 we present the mass-radius
relation and the dependence of the mass from the

central density in comparison with the GR results.
For a given mass, the radius of the star decreases.
Of course these results do not allow us having hopes
for pinpointing the underlying extended gravity theory
from real white dwarf observational data. The corre-
sponding errors of measurements for masses and radii
have the same order as the effect from R2-gravity even
for maximal values of the parameter α.
For n ¼ 3 and with the interval of the central densities

being between 107 and 1010 g=cm3, already for smaller
values of the parameter α, the mass-radius diagram deviates
from the straight line corresponding to Chandrasekhar limit
(see Fig. 4). For a given central density, the radius of star
increases in comparison with the radius in the case of GR.
The parameters of the stellar configurations for some
central densities are given in Table I.
It is also interesting to investigate the mass and density

profiles in comparison with the GR results. From Fig. 5 one
can see that the effect from modified gravity is cumulative.
Density profiles in modified gravity and GR differ negli-
gible but the total mass inside a radius r, gradually
decreases. One note that results on Fig. 5 are given for
m as function of r in Jordan frame. The final step is the
analysis of applicability of the perturbative approach. For
illustration we compared values of potential v and the term
with the square of the derivative of field ϕ for some
parameters (Fig. 6). Only in the vicinity of star’s surface,
the term ϕ02=2 is comparable with vðϕÞ, but near the star
surface, the effects of modified gravity in any case are
negligible. We also investigated relation between vðϕÞ and
term ϕ0=x in equation of scalar field. Calculation therefore
indicates that the simple approximation (31) is valid for the
scalar field ϕ and the values of the parameters considered in
this paper.

FIG. 3. Mass-radius and mass-central density diagrams for stellar configurations with n ¼ 3=2 for various α (symbol αn hereinafter
means that α is given in units of 10n cm2) in comparison with general relativity.
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VI. CONCLUDING REMARKS

For neutron stars in R2-gravity, the maximal mass
for α ∼ 1011 cm2 increases by a value around δM ∼
0.05–0.09M⊙ (δM depends from equation of state for
dense matter, see [44]). The densities in neutron star cores
for maximal masses are ρc > 3 × 1015 g=cm3.
For relativistic polytropes in white dwarfs we obtain

the same order effects (but mass decreases) for central
densities ∼1010 g=cm3 (five orders of magnitude differ-
ence) although for α, we obtain two orders of magnitude
larger (∼1013 cm2). This feature can be explained by the
fact that the characteristic size of white dwarfs is three
orders greater in comparison with neutron star. Additional
terms in modified TOVequations are smaller in comparison
with NSs case, but due to the long distance we obtain
comparable effect.
It is interesting to note that our results concerning

relativistic polytropes are in concordance with calculations
for NSs with M < 1.5M⊙. For densities ρc < 1015 g=cm3,
the mass of the NSs in R2 gravity decreases in comparison
with the GR case. This result can be explained by the
stiffness of dense matter EoS which decreases with density.

One can conclude that only for very large densities, the net
effect of R2 gravity yields an increase of the gravitational
mass. Although for more precise calculations of white
dwarfs parameters in R2 gravity one should consider more
realistic EoS than polytropic ones, we can expect that the
main result of this work will remain the same: the mass of
the white dwarf decreases in comparison with GR.
Our results can be useful for establishing more stringent

limits on R2 gravity. Now according to observations there
are white dwarf stars with masses larger than 1.3M⊙.
According to [45] 25 such white dwarfs in vicinity of the
Sun System exist. From realistic carbon monoxide core
model the highest mass of white dwarf is 1.334M⊙ which
corresponds to the high-density limit ρ ¼ 109 g=cm3 (in
GR). White dwarf J1329þ 2549 is currently the most
massive white dwarf known in the solar neighborhood
with well-constrained atmospheric parameters and a mass
of 1.351� 0.006M⊙. These results lead to conclusion that
GR gives satisfactory picture for white dwarfs parameters.
At first glance, this issue does not allow us to constrain

significantly R2 gravity. But we can impose restrictions on
the parameter α. The assumption that central density of

FIG. 4. Mass-radius and mass-central density diagrams for stellar configurations with n ¼ 3 in scalar-tensor gravity for various α in
comparison with general relativity.

TABLE I. Masses and radii of stellar configurations at different values of central density and α for n ¼ 3.

α12 M, M⊙ Rs, km α M, M⊙ Rs, km α M, M⊙ Rs, km α12 M, M⊙ Rs, km

ρc ¼ 107 g=cm3 ρc ¼ 108 g=cm3 ρc ¼ 109 g=cm3 ρc ¼ 1010 g=cm3

0 1.455 15530 0 1.453 7210 0 1.450 3340 0 1.443 1550
1 1.455 15530 1 1.453 7210 1 1.448 3350 1 1.435 1560
5 1.455 15530 5 1.451 7210 5 1.441 3360 5 1.403 1590
10 1.454 15530 10 1.450 7220 10 1.432 3380 10 1.365 1630
50 1.451 15560 50 1.434 7280 50 1.366 3520 50 1.142 2110
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FIG. 5. Profiles of the mass parameter in Jordan frame and density for ρc ¼ 108 g=cm3 (upper panel), ρc ¼ 109 g=cm3 (middle panel),
ρc ¼ 1010 g=cm3 (bottom panel) for some α in units of 1012 cm2 for n ¼ 3. For better visibility we cut r-axis for coordinates where ρ=ρc
is negligible.
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ultra-massive white dwarfs is around 109 g=cm3 and
that decreasing of mass due to the modification of gravity
is the same as in a case of relativistic polytrope for
ρc ¼ 109 g=cm3, allow us to draw the following conclu-
sion.: for α ∼ 5 × 1013 cm2 existence of white dwarfs with
CO cores and masses larger than 1.3M⊙ would be ques-
tionable. Unlike neutron stars, the EoS for matter in white
dwarfs is considered more well established and it is difficult
to propose realistic EoS which describes in GR white
dwarfs with masses > 1.33M⊙. Therefore in principle we
can estimate upper limit on α as ∼1013 cm2.
This is a quite interesting situation. From observational

data for white dwarf we obtained upper limit of an
unknown modified gravity parameter. On the contrary
some indications in favor of the possible existence of

supermassive NS withM > 2.2M⊙ allow us to estimate the
lower limit of α although for dense nuclear matter, the
uncertainty in knowledge of the exact EoS is large enough.
Thus for testing modified gravity it is useful to consider not
only NSs but also less extreme objects like white dwarfs.
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