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Inflation with stochastic boundary
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We study the Brownian motion of a field where there are boundaries in the inflationary field space. Both
the field and the boundary undergo Brownian motions with the amplitudes of the noises determined by the
Hubble expansion rate of the corresponding de Sitter spacetime. This setup mimics models of inflation in
which curvature perturbation is induced from inhomogeneities generated at the surface of the end of
inflation. The cases of the drift-dominated regime as well as the diffusion-dominated regime are studied in
detail. We calculate the first hitting probabilities as well as the mean number of e-folds for the field to hit
either of the boundaries in the field space. The implications for models of inflation are reviewed.
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I. INTRODUCTION

In the current paradigm of early Universe cosmology,
large-scale cosmological perturbations are believed to be
generated during inflation [1-4]. As a resolution for the
flatness and the horizon problems, the Universe undergoes
a period of accelerated expansion in which small patches
are stretched exponentially to encompass the current
observable Universe. In the simplest models, inflation is
driven by a scalar field, the inflaton field, with a nearly
flat potential. Classically, the inflaton field slowly rolls on
top of its potential, while at the same time it undergoes
quantum fluctuations. These quantum perturbations are
generated continuously deep inside the Hubble horizon
which are subsequently stretched to superhorizon scales as
the Universe expands exponentially. The simplest models
of inflation predict these perturbations on large scales to
be nearly scale invariant, nearly Gaussian, and nearly
adiabatic, which are well consistent with cosmological
observations [5,6].

Stochastic inflation is an elegant method to study
inflation and cosmological perturbations [7,8]. It is an
effective field theory approach for the dynamics of the long
superhorizon perturbations which are affected by small-
scale quantum perturbations. In this picture, one decom-
poses the perturbations into long and short perturbations.
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As the short modes are stretched beyond the horizon, they
become classical and affect the long mode perturbations.
Using the stochastic formalism, the effects of short modes
on long modes are captured by random classical white
noises with the amplitude %, in which H is the Hubble
expansion rate during inflation. Stochastic inflation has
been used to study cosmological perturbations in slow-roll
models [9-36], ultraslow-roll setups [37-40], and also
models involving gauge fields [41-47]. Since in stochastic
formalism one decomposes the perturbations into long and
short modes, it provides a natural setup to employ ON
formalism [48-55]. The standard SN formalism [56-62] is
based on the separate Universe approach, where the super-
horizon perturbations modify the background expansion of
the nearby patches (universes). The 6N formalism is a
powerful tool to calculate the curvature perturbation cor-
relations nonperturbatively, i.e., to all orders in perturba-
tions. Using the stochastic SN formalism, the stochastic
corrections in the curvature perturbation power spectrum
and bispectrum and the consequences for primordial black
hole formation can be studied.

In the past studies involving the formalism of stochastic
inflation, the stochasticity was imprinted from the dynam-
ics of the rolling inflaton or vector fields during inflation. In
these works, the end of inflation is a fixed point in field
space, so there is no curvature perturbation generated from
the surface of the end inflation. In these scenarios, one
needs only to follow the stochastic dynamics of the fields
during inflation to read off the amplitude of curvature
perturbations generated during inflation on superhorizon
scales. However, there are interesting examples where
curvature perturbations can be induced from inhomogene-
ities generated at the surface of the end of inflation [63-68].
These are multiple-field scenarios in which inflation is
terminated on a surface in a field space. As the surface of
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the end of inflation is modulated by inhomogeneities
induced from multiple fields, then curvature perturbations
are also generated at the surface of the end of inflation. In
the language of stochastic inflation, we are dealing with a
setup where the boundary itself undergoes stochastic
motion. Our goal in this work is to extend the analysis
of stochastic inflation to the above-mentioned picture,
where we have an additional source of stochasticity from
the boundaries in the field space. With this motivation in
mind, we study various physical and mathematical ques-
tions related to de Sitter backgrounds with random fields
and stochastic boundaries.

The paper is organized as follows. In Sec. II, we briefly
review the setup of stochastic inflation and a simple
example of inflation where inhomogeneities are generated
at the surface of the end of inflation. In Sec. III, we study
the case in which the classical drift of the field is dominant
compared to the Brownian motions of the field and the
boundary. In Sec. IV, we extend these analyses to the case
where the system is diffusion dominated while the
Brownian boundary is confined to move within two fixed
barriers. In Sec. V, we study the setup where the stochastic
motion of the boundary has a uniform distribution followed
by the summary and discussions in Sec. VI. Some technical
analysis are relegated into Appendixes A and B.

II. REVIEW AND MOTIVATION

In this section, we briefly review the formalism of
stochastic inflation and present our motivation in studying
the models containing boundaries which undergo Brownian
motion.

Consider a single-field inflation model containing the
inflaton field ¢ which slowly rolls under the potential V().

We split ¢ and its conjugate momentum v = ¢ into the
short and long wavelengths:

P(x.1) = y(x.1) + Vhg,(x. 1), (2.1)

v(x,1) = v)(x, 1) + Vv, (x, 1), (2.2)

in which the subscripts / and s denote the long modes and

short modes, respectively. The factor /7 has been inserted
explicitly for the short modes above to specify the quantum
nature of the short modes.

Going to the Fourier space, the short modes satisfy the
following decompositions:

s(x,1) = /%9(/{— eaH)py (t)e™*  (2.3)
and
3 . .
vy(X, 1) = / (621”];3 O(k — eaH)py (t)e*x.  (2.4)

Here, the dimensionless parameter & is a small number
& < 1 which is introduced to separate the large and small
scales. Furthermore, a(¢) is the scale factor, and H = a/a is
the Hubble expansion rate during inflation. The operator
¢y (1) is given by ¢y = aypi + aik(pik, in which ¢, is
the positive frequency mode function satisfying the scalar
field equation of motion (the Klein-Gordon equation in
the presence of gravity) while g, and a;'; are the usual
annihilation and creation operators.

By expanding the scalar field Klein-Gordon equation
around ¢; and v, up to first order in v/%, one obtains the
following equations of motion for ¢; and v»; [10,11]:

¢[ = 1}1 + \/EG, (25)

1
i}l = —3HUZ + ;quol - V/((p) + \/ET, (26)

in which the noises ¢ and 7, appearing as the source terms
in Egs. (2.5) and (2.6), are given by, respectively,

3

o(x,t) = eaH? / (;Zﬂl; 5(k — eaH) gy (t)e™*,  (2.7)
3 . .

7(x,t) = eaH? / (6217[1;3 5(k — eaH) gy (t)e™*.  (2.8)

Starting with the Bunch-Davies initial condition |0),
the commutation of the field and its momentum is given
by [10,11]

L HY
[6(x1,11),7(X2, )] = 183mJ0(8aH|X1 - X|)8(t; — 1),
(2.9)

in which j, is the zeroth-order Bessel function. As can be
seen from the above commutation relation, the quantum
nature of ¢ and 7 disappears if we choose & small enough.
Furthermore, calculating the autocorrelation of the noises,
one can show that 7 = O(e?) while

4

H3 H
(Olo(x, 11)o(x, 1,)[0) %Wé(tl —bh)=-—

4”2 5(N1 - NZ)’

(2.10)

where N is the number of e-folds related to cosmic time via
dN = Hdt. In the slow-roll limit which we are interested
in, we can simply set N = Ht.

On the superhorizon limit k < aH, we can neglect the
second-order spatial derivative in Eq. (2.6). In addition,
setting 7 — 0 [note that 7= O(¢?)] and dropping the
subscript / for convenience, from the combination of
Egs. (2.5) and (2.6), we obtain the following Langevin
equation for the coarse-grained long mode:
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dg(N) _ Vg  H
N +-—&(N),

32 T2, (2.11)

where the new noise £(N) is related to the original noise via
o= f—ﬂi, so £ is a normalized classical white noise
satisfying

(EN) =0, (EIN)E(N)) = (N = N').

Associated to the normalized noise £(N), we can define a
Wiener process W(N') which is defined via W(N) =
f({v E(N)dN which satisfies the following conditions:

(W(N)2) = N.

(2.12)

(2.13)

A. Motivation for inflation with stochastic boundary

Having obtained the Langevin equation in Eq. (2.11),
one can look at various of its applications. For example, one
can calculate the average number of e-folds for inflation
(N') and the curvature perturbation power spectrum and
their stochastic corrections [50-52]. In deriving Eq. (2.11),
we have assumed that only one field is responsible for
curvature perturbation, so stochasticity is generated purely
from 8¢ perturbations during inflation. In particular, we
assume that inflation is terminated at a specific point in
field space where ¢ = ¢,. As the point of the end of
inflation is fixed, ¢, = 0, then curvature perturbations are
exclusively generated during inflation. For example, going
to flat slicing, the comoving curvature perturbation is given
by R = —%6(]5, where 6¢ is calculated at the time of

horizon crossing when k = aH.

As a simple extension to multiple-field setup, now
consider the model containing two fields: the inflaton ¢
and the spectator field o. The field o is massless, and it does
not contribute to potential and the background expansion.
However, it affects the surface of the end of inflation. As the
field & modulates the surface of the end of inflation, its
perturbations generate an additional contribution into
curvature perturbations, so the total curvature perturbation
now is given by

R——%M+Rw (2.14)

in which R, represents the curvature perturbations induced
from the surface of the end of inflation.

As a specific example, consider the model studied in
Ref. [63] (see also [64]), in which the surface of the end of
inflation is determined by the ellipse

Ap* + A,0° = M?, (2.15)
in which M is a fixed mass scale and 4, and 4, are two
coupling constants. In the absence of the spectator field o,

ie., when 1, =0, inflation ends at a fixed point
¢. = \/M/A,. However, in the presence of the spectator
field, there can be additional perturbations generated at the
surface of the end of inflation via

AsO
op, = ——"%6o. (2.16)
ﬂ'q}gbe
So the total curvature perturbation from Eq. (2.14) is
obtained to be

H As0
R=—-—(6¢p-"""L6c].
¢(¢ ’1¢¢e 6)

As the perturbations d¢ and do are uncorrelated, each with
the amplitude H/2z, the curvature perturbation power
spectrum Pg is obtained to be

H? 0o\ 2
PR = 30z, [l " <A¢¢@) ]
in which e = M%(V 4/V)?/2 is the slow-roll parameter
associated with the rolling of ¢ and Mp is the reduced
Planck mass. The second term in the big bracket above
represents the corrections induced from the quantum
fluctuations generated at the surface of the end of inflation.
Motivated by the above example, our goal in this work is
to study the setups where boundaries undergo stochastic
motion. To be specific, we study a one-dimensional
stochastic process, denoted by the field ¢(N), surrounded
by two boundaries. The boundary at the left is denoted by
¢_, while the right boundary is denoted by ¢, . As a warm-
up exercise, first we consider the example described above
and study the system using the formalism of stochastic oV.
After that, we consider more complicated case where the
system is diffusion dominated so the field ¢ and the
boundary ¢, move stochastically under their Brownian
motions.

(2.17)

(2.18)

III. STOCHASTIC BOUNDARY
IN DRIFT-DOMINATED REGIME

In this section, as a warm-up exercise, we study the
example presented in the previous section using the
formalism of stochastic inflation. It is a one-dimensional
drift-dominated setup where the dynamics of the field ¢(N)
is governed by the Langevin equation (2.11). In the limit of
slow-roll motion, where one can neglect the evolution of
the slow-roll parameter ¢, the Langevin equation (2.11) can
be integrated, yielding

¢(N) = ¢y + CN + AW(N), (3.1)
in which for our case of interest C = v/2eMp and A = %
Also note that W(N) is a Wiener process defined in
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Eq. (2.13). Here, we work in the drift-dominated regime
where the dynamics of the field is governed by the classical
drift term, corresponding to A < C. This is equivalent
to the condition Pr <« 1, which is assumed to be the
case here.

In principle, there can be two boundaries: the left
boundary denoted by ¢_(N) and the right boundary
¢ (N). In the example presented in the previous section,
the left boundary is placed at infinity. Physically, this
corresponds to setting the UV scale to a very high value,
say, the scale of quantum gravity, so the field never explores
those regions. Correspondingly, here we also assume
that the left boundary is pushed to infinity, ¢p_ — —oo0,
so we have only the right boundary ¢, which undergoes
Brownian motion.

The equation of motion for the right boundary in this
case is given by

$(N) = ¢ + BW(N), (3.2)
where gz')(f) represents the initial position of the right
boundary and B is a constant, determining the amplitude
of its Brownian motion. Also note that the stochastic
natures of the field and the boundary are different, so
the two Wiener processes W(N) and W (N) are uncorre-
lated: (W(N)W_(N)) = 0.

Our goal is to solve the system of equations (3.1) and
(3.2) jointly to obtain observable quantities like (N') and
‘Pr using the stochastic SN formalism. A simple approach
is to change the frame and go to the reference frame of the
right boundary. In this case, the boundary is fixed, but its
stochastic motion is transferred to the field ¢(N), so the
position of field in this frame is given by

¢(N) =¢y+CN+AW(N)—-BW_(N). (3.3)

As W(N) and W (N) are two random Gaussian proc-
esses which evolve independently of each other, their
combination represents a new random Gaussian process
as follows:

AW(N) = BW_(N) - VA> + BPW,(N), (3.4)
in which W, (N) is the new Wiener process. As before, to
preserve the drift-dominated regime, we assume that the

constraint C > /A% + B? holds as well.

Let us denote the time when the field hits the boundary
by N. Note that, while N is the clock which is determin-
istic, the quantity A/ is a stochastic variable. Our goal is to
calculate (V') and SN? = (N2) — (N)2. To calculate these
correlations, one can use the first boundary crossing
approach [50]. As we have two boundaries in field space,
the field hits either of boundaries with different probabil-
ities. We denote p_ as the probability of the field hitting
¢_ (¢.) first before hitting the other boundary at ¢, (¢p_).

Note that by construction p_ + p, = 1. In our current
setup, we have pushed the left boundary to infinity,
¢_ — —oo. As demonstrated in Appendix C in Ref. [47],
in the limit that ¢)_ — —oo one obtains p_¢_ = 0, which
will be used in our analysis below.

Taking the stochastic average of both sides of Eq. (3.3),
we obtain

(@N) = o) = CN).

where we have used the fact that (W,(N)) = 0. On the
other hand, from the definition of first hitting probability,
we have

(3.5)

(= do) = P (@ = o) + p_(d_ — o) = Y — o,
(3.6)

where the condition p_¢_ =0 has been used [47].
Combining Egs. (3.5) and (3.6), we obtain

©) _
<N> :¢+ ¢0’

. (3.7)

which is consistent with what one may expect from the
classical evolution.

To calculate (N?), we take the average of the square of
Eq. (3.3) as follows [47]:

(¢ = d0)) = Y = o)
= C*(N?) +2CVA? + B2 (W(N)N)

+ (A% + B)(W(N)?). (3.8)

To proceed, one should calculate (W(N)N). For this
purpose, from Eq. (3.3), we note that

1

(WAON) = & A4 B2W(N))).

(3.9)

(WN) (@ — o —

The right-hand side of the above equation is decom-
posed into

Pe (39 — oy (wN) g = )

C
+ 2 o= )Wl = g -,
(3.10)
Setting p_¢_ = 0 and (W(N)|¢p = ¢”)) = (W(N)) =0,

the first two terms above vanish. Correspondingly, we
obtain
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VA? + B?

(WNIN .

) = — Y. (311

Plugging Eq. (3.11) in Eq. (3.8) and noting that
(W(N)?) = (N), we obtain
(@ = do = CN?) = (A + BYN). (3.12)

Combining this result with the expression for (N') in
Eq. (3.7), we obtain

A? + B?
N2y = (N)2+ & (N), (3.13)
yielding
2 2
st =2 ;B ). (3.14)

The power spectrum of curvature perturbation is related to
the variance via [50]

dSN?
Pr=——, 3.15
yielding
A%+ B?
Pr = — (3.16)
In our setup of slow-roll inflation with A =4 and
C = +/2eMp, one obtains
H? B?
=——(14+—]). 17
Pr 82 Mze ( * A2) (3.17)

Now we apply the above formula to our particular
example of inhomogeneities generated from the surface
of the end inflation with the boundary given in Eq. (2.15).
In this example, the quantity B measures the amplitude of
the fluctuations induced by the spectator field at the end
of inflation. In other words, the stochastic behavior of
the boundary is played by the quantum fluctuations of the
spectator field o. Noting that the amplitude of both
fluctuations 6¢ and do on the initial flat hypersurface is
equal to H/2x, the ratio % is determined from Eq. (2.16) to

be % = —%. Plugging this value in Eq. (3.17) yields the
result Eq. (2.18) for the total power spectrum.

IV. DIFFUSION-DOMINATED REGIME

Here, we study our main case of interest where the
system is diffusion dominated; i.e., the field ¢ is under a
Brownian motion with the amplitude % We may allow
for a subleading drift term, but the leading effects in the

dynamics of the system are controlled by the diffusion
term in the corresponding Langevin equation. Physically,
this corresponds to the case where Py > 1. Obviously, this
cannot happen in the context of single-field slow-roll
inflation (at least on cosmic microwave background scales).
However, this can happen in the general landscape of
inflationary cosmology such as in the context of eternal
inflation. Also, we may consider some nontrivial setups
of inflation in which locally on a short period of inflation
Pr is amplified to the order of unity such as in the
mechanism of primordial black hole formation in ultra
slow-roll setup [37,38]. Therefore, our current setup of the
diffusion-dominated regime may be relevant for those
setups as well.

We consider two absorbing boundaries in field space: the
left boundary ¢_ and the right boundary ¢,. In principle,
both boundaries can undergo Brownian motion. However,
to simplify the situation, we assume that only the right
boundary undergoes Brownian motion while the left
boundary is held fixed. As we shall see below, the analysis
even in this simplified case is complicated and rich that it is
worth this approximation. This approximation may be well
motivated physically. As we argued before, one can view
the left boundary to be located in the UV region, which may
not be explored in our perturbative approach. On the other
hand, the right boundary may be viewed as the surface
of reheating, where many fields can contribute to its
modulation as, for example, in the case of the boundary
given in Eq. (2.15). Having said this, after developing the
formalism here for the case where only the right boundary
is stochastic, one can extend the current formalism to a
more complicated setup where both boundaries move
stochastically.

With the above discussions in mind, the mathematical
description of the evolution of the field and the right
boundary is given as follows':

¢.(N) = ¢ + DW,(N), (4.1)

$(N) = ¢+ W(N).

where, as before, ¢, (N) and ¢(N) describe the evolution

of the right boundary and the field, respectively, while ¢(+0>
and ¢, represent their initial values. Here, we have scaled
the fields in the unit of £, so if our primary field is ®(N),

then the new rescaled field is defined via ¢(N) = 2(/1;/7)[

Finally, D represents the amplitude of the diffusion
associated to ¢, while the diffusion amplitude associated
to the field is set to unity (in the unit of 2—’1). The two
Wiener processes W. (N) and W(N) are independent,
so (W(N)W_(N)) = 0.

(4.2)

'We have denoted the Wiener process of ¢, by W, (N) to
emphasize that it is confined between two reflective barriers.
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b- d(N)

FIG. 1.
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A schematic view of the setup in the case of the diffusion-dominated regime. The stochastic behavior of the field ¢(N) is

shown by an orange noise, while that of the right boundary is denoted by a blue noise. The field ¢ is restricted to move in the interval
[¢_, ¢p.], while the right boundary is restricted to move between two reflective barriers which are fixed at 0 and b. For a better
understanding, the plot is presented as two dimensional in which the vertical axis represents the direction of time. Therefore, each slice
of the diagram along the ¢ axis indicates the positions of ¢ and ¢, .

A schematic view of the setup is presented in Fig. 1. For
a pictorial understanding, the stochastic nature of the field
¢(N) is shown with the orange noise, while the Brownian
motion of the boundary is represented by a blue noise. It is
worth mentioning that, for a better understanding of the
setup, this diagram is two dimensional in which the vertical
axis denotes the arrow of time, so each slice of the diagram
along the ¢ axis indicates the values of the field and the
boundary.

As we mentioned before, the left boundary is fixed at a
finite distance in one-dimensional field space at the
position ¢_. The field ¢ moves stochastically in the range
[, @], while the right boundary ¢, undergoes stochastic
motions as well. While the field ¢ moves stochastically in
the range [¢_, ¢ ], the boundary ¢, (N) may hit the left
boundary in a jump. This brings additional complexity in
our analysis, where we are primarily interested in the first
hitting probability of the field to the boundaries before the
boundaries themselves collide with each other. To bypass
this difficulty, we impose one more constraint that the
stochastic movement of the right boundary is limited
between two barriers separated by a distance b such that
the left boundary is always outside this range (see Fig. 1).
We choose our coordinate system (without loss of general-
ity) such that the two barriers are located at 0 and b, so the
stochastic motion of the right boundary is in the interval
[0, b]. Within this description, ¢_ < 0, so the right boun-
dary never hit the left boundary. Moreover, since we do not
want the boundary ¢, to be absorbed by the two barriers,
we choose both of the barriers to be reflective. To prevent
confusion, we adopt the terminology “boundary” for the
two end points ¢_ and ¢, where the field can move, while
the two fixed points at 0 and b where ¢ is confined to are
referred to as the “barriers.”

With the above discussions in mind, the time-dependent
probability density function (PDF) associated to the
Brownian movement of the right boundary, f , is described
by the Fokker-Planck equation as follows:

O (foN) _D*PF (.. N)

43
ON 2 (*3)

As ¢, is limited in the interval [0,b] with reflective
barriers, f, (¢, N) satisfies the following Neumann boun-
dary conditions:

af+(¢+’N) :af+(¢+’N) —0 (44)
0p.  p.—o by |y, —p
with the following initial condition:
foldoN=No) =8, —0), (45

in which N is the initial time when the boundary starts to
evolve. Without loss of generality, we may set Ny = 0.

Using the method of the separation of variables, the
general solution to Eq. (4.3) is given as

fi(x, 1) = Ay sin(kx) + By cos(kx). (4.6)

With the boundary conditions Eqgs. (4.4), one can easily
deduce that k = "%, where m is a non-negative integer
number and A, = 0. Then the solution satisfying Eq. (4.5)
is given by
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f+(p N

“pri (57

mimn _mzztzzDZN
X COS 7¢+ e w .

It can be easily checked that the above PDF is normalized
n [0,b]. Results similar to Eq. (4.7) are obtained in
Ref. [69]. As we see, if D — 0, the PDF of the Brownian

boundary reduces to (¢, — d)(f)), while in the limit
D — oo the PDF tends to forget its initial condition and

4.7)

L ¢ L) bZCOS ( (b= )> cos (%%) BN

AR

a 2 )
[ Brae () ()

It is also instructive to study the behavior of f_ (¢., N)
when b — oo so the right boundary can move an arbitrarily
large distance along the positive axis direction. To this
end, we can replace the summation in Eq. (4.7) with an
integration using the following relation:

bhiﬁlozb () AIG(X)‘{X’

(4.9)
obtaining

by(dy.N)=2 / ™ cos (4 — b)) cos (va(ghy — b))

0

x 5T Ndy(b — ), (4.10)
in which we have approximated the upper bound of the
integral by infinity as the exponential function decays
rapidly for |y| > 1. Taking the integral on the right-hand
side of Eq. (4.10), we then obtain

b (G N) = 1 @0 gy 2012 @2

¢+’ - e 202N + e  wn
V27xD?*N
(b — o0). (4.11)

The behavior of the above PDF as a function of ¢, is
presented in Fig. 2. This figure is plotted for ¢_ = 0 and

gbf) = 1. It can be seen that, at very early time N < 1, the
field has a Gaussian distribution with a maximum around

qﬁf). This is what one expects, since enough time has not

fi(p ,N) —>%. Moreover, we note that, as the width
separating the two barriers b goes to zero, the above
distribution function reduces to 5(¢_.), as there is no room

for the boundary to fluctuate.
Moreover, one can check that the above PDF enjoys

the following symmetry. If the boundary starts at ¢(+0),
the probability of finding the boundary in the interval
0 < ¢, < aattime 7is equal to finding the boundary in the

interval b —a < ¢ < b if it starts at b — ¢(f). One can
verify this as follows:
|
]d¢+
m2”2D2
" cos < #? ) (”Z’(b - rm))e‘ N} dep,
}dqxr. (4.8)

passed and, therefore, the boundary qﬁﬁ?) is still near its
initial value. However, as time goes by, the maximum of

distribution is not located around d)f) anymore, and it is
shifted toward ¢_, which is a consequence of ¢_ being a
reflective boundary. This also confirms that the stochastic
boundary forgets its initial value after a while and its
distribution is almost uniformly spread along the whole
range of b. Also, one can easily check that the above PDF is
normalized in the range (¢_, o) for N > 0.

Now we obtain the PDF of the field ¢. Suppose that
at the initial time N the field is located at ¢,. Denoting
the corresponding PDF of the Brownian motion by
f(¢,N|po, Ny), the Fokker-Planck equation governing
the stochastic dynamics of the field is given by

f (¢, Nl No) _ 13°f(¢h. Nlo. No)
oN 2 ogp? ’

(4.12)

whose solution (subject to the initial condition) is given by

(¢ = ¢o)? )

f(#.N|po, No) = 2(N = Ny)

22 (N=Ng) P (
(4.13)

Having at hand the PDF of the boundary, we can obtain
an equation for the conditional probabilities to hit each
of the boundaries at a fixed time N. Let y*(N|¢g, No)
[y~ (N|¢o, No)] denote the first time distribution to hit
¢ (N) [¢_(N)] by the condition that ¢ (N) [¢p_(N)] is
crossed earlier than ¢_(N) [¢,(N)]. Note that these two
functions are not normalized to unity and they satisfy
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FIG. 2. The probability density function for a Brownian boundary without a right barrier (b — o0). This figure is plotted for ¢p_ = 0,

g/J(f) = 1,and D = 1. It can be seen that, at very early time N < 1, the field has a Gaussian distribution with a maximum around qb(f).
However, as time passes, the maximum of distribution is shifted toward ¢_, which is a consequence of ¢_ being a reflective boundary.

/dNyi<N|¢0’ tO) = P+ (414)

in which p, (p_) is the first hitting probability to the right
(left) boundary.

Using the method of Volterra integral equations as in
Ref. [70], one can show that y®(N|¢py, Ny) satisfy the
following integral relations (see Appendix A for further
details):

v~ (Nlo, No) = 2y (p_, Nlgho, No)
=2 [t o Now 4. Nig. 1)
Ny

+ 77 (1o, No)w(¢-. Nlgp... 1)), (4.15)

v (Nlpo, No) = =2y (4, Ny, No)
+2 [ atl (1o Now (4 N1
No
+ 77 (tlgo. No)w (¢, Nlg,. 1)),  (4.16)
where w(x, N|y, t) is defined as
w(x,N|y,t) =——F(x,N|y,1) (4.17)

and F(x, Nly,t) is the transition function of ¢ defined by

F(x,N

v, 1) =P(p <x,N

- / " F(b.Nly. 1dd

(4.18)

The proofs of Egs. (4.16) and (4.15) are presented in more
details in Appendix A.

A. Boundary crossing probabilities

In this subsection, we find a solution for p., i.e., the
probabilities to cross a boundary earlier than the other one.
Now recall from the above discussions that p, are given by

Py = A rE(1)dr.

As can be seen from Eqs (4.15) and (4.16), the full analytic
solution of y*(t) is not possible, so we look for approxi-
mate ones. For this purpose, we take the Laplace trans-
formations of Egs. (4.15) and (4.16). If I'=(s) denote the
Laplace transformation of y=(¢), then

(4.19)

r*(s) = A ety (f)dr. (4.20)

It is easy to see that p, = lim,_,=(s).

In Appendix B, we have presented the equations to solve
the Laplace transformation of y*(¢). Using Eqgs. (B6) and
(B7) for I'*(s) and taking the limit s — 0, we obtain
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P+:1_P—

_2po—d) N =1
- b- 2¢_ 4bz[m2ﬂ2b 2¢_ )}

m=1

m?m*D? mr (o
X F+< e > cos <7¢(+>).

This provides a “formal” solution for p_. However, to find
their actual values, we still need to calculate the unknown

(4.21)

function T (2222 As we shall see below, this can be

267
done only iteratively by setting m = 1,2,... and then
finding the values of p, at the corresponding order of
m. The first term in Eq. (4.21) represents the contribution
from the leading-order term of the PDF (m = 0). In this
case, one can imagine that the right boundary on average is
fixed in the midpoint ¢, = g, as it has equal chances to be
either to the right or to the left of the point ¢, = %.
Before solving for p. iteratively, we note that, due
to the exponential suppression of PDF in Eq. (4.7), one
expects that the solutions for p. converge rapidly for
large enough m or small values of Z. We can estimate the

rate of convergence by noting that if ’"2”sz > 1, then

the exponential terms are negligible. This condition is
equivalent to

m>——-.
D

(4.22)

So we see that if % < 1, then after a few terms the series is
near its final value, while for larger values of % we should
take into account more terms in the series expansion.

To set our convention, we denote the leading-order
expansion corresponding to case m =0 by LO. The
next-leading expansion, corresponding to m =1, is
denoted by NLO, while the cases of higher orders in m
are denoted by N"LO. For example, the next-to-NLO with
m = 2 is represented by N?LO.

At LO, the solution for p, from (4.21) is given by

pro _Abo—¢-)

= s (4.23)

This expression is consistent with the result in the case of
two fixed boundaries located at ¢p_ and ¢, :% [40]. As
discussed above, this makes sense, since for the LO the
right boundary on average is fixed in the midpoint ¢, = %

Now, we proceed to calculate p, at NLO. To this end

2b2) We should also note that

Eq. (B6) holds for any s > 0. By evaluating I'* (22 S %) from
this equation, one can calculate p, up to NLO as follows:

one has to calculate I'"(

8h ¢
NLO _ ,LO + Y 4.24
P+ p+ +ﬂ,2(b_2¢_)cos< b ’ ( )
in which

= ( 22 Df(fﬁ Dsinh?( D)> {(E”D — 1)ePb20=50) (2 ho=d-) — 1)
=D~ — 4™~V ginh~ (&~

1) —e

DA/ 241

21)22[

We can go one step further and calculate p, at N’LO,
corresponding to m = 2. However, the results for N’LO are
very complicated, and we avoid presenting them here.
As the condition (4.22) indicates, the above result for
PO is a good approximation to the value of p_ as far as
5 < 1, while for large values of b
dev1at10ns As L 5 gets larger and larger, the higher-order
terms in the serles with m > 2 become non-negligible. In
Figs. 3 and 4, we have compared the LO, NLO, and N2LO
terms for p_ for different variables. Figure 3(a) shows the
behavior of p_ with respect to b, which is plotted at various
orders for ¢_ = —1 and ¢y = ‘?1 In addition, we have
set the initial value of the stochastic boundary to be

there can be significant

gb(f) = 0.7b, so it is a function of b as b varies. As one
expects and can be seen from this figure, increasing b (with
a fixed value of D) results in a higher value for p_, i.e.,

D)7+ D)/ } o @"5@)6’% jm(%_w]'
1+ ] + Jjo+1

(4.25)

higher probability of hitting the left boundary correspond-
ing to a lower probability of hitting the right boundary. In
addition, the convergence in the series expansion is fast, as
the curves representing the plots of p_ for NLO and N’LO
are nearly identical.

In Fig. 4, the behaviors of p_ with respect to ¢_ and ¢,
are plotted at various orders. One can see from the left panel
in this figure that with b and D kept fixed, as ¢_ moves
away from ¢, the probability of hitting the left boundary
(p-) decreases, which is expected. Also, the right panel
shows the behavior of p_ versus the initial values of the

field ¢ for fixed values of b, D, ¢(+0), and ¢_. As can
be seen from this panel, for ¢y = ¢p_ = —1, i.e., when the
field is initially located on the location of boundary, the
probability of hitting ¢_ is equal to unity, and, as the initial
position of the field moves away from ¢_, this probability
decreases.
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b b
(a) (b)
FIG. 3. The behavior of p_ (left) and (N') (right) versus b for LO, NLO, and N?LO terms. Here, we have set ¢p_ = —1, ¢y = ‘71

(f) =0.7b, and D = 1. As one expects, as b increases, p, is decreased, and correspondingly p_ is increased. Furthermore, as b
increases, the average time (A\) for the field to hit either of the boundaries increases as well.

0.3 0.3

Z30 -25 -2.0 -1.5 -1.0 -05 210 -0.8 -0.6 -0.4 -0.2 0.0
?- %o
(a) (b)
FIG. 4. A comparison of p_ versus ¢_ (left) and ¢, (right) for LO, NLO, and N?LO. Here, we have set b = 1.5, ¢(f> = 0.7b, and
D = 1. In the left panel, we have considered ¢y = — %, and as one expects, when ¢_ = ¢y = — %, i.e., when the field is located on the
position of the left boundary, the probability equals unity. However, as ¢_ moves away from ¢, then p_ is reduced. In the right panel,
however, we have set ¢)_ = —1, in which for ¢p = —1 one obtains p_ = 1 as expected. As ¢y moves away from this value, the hitting

probability p_ is decreased.

We comment that the result (4.21) can be obtained via Y i
another independent method as we elaborate below. Taking +E(d—dol+) = A A dedxy™ (zlo.tfo) (x = o) S+ (x.2).
the average of Eq. (4.2) yields (4.27)

(@ — o) =P+ E(@—ol+) + p-E(p—po|-)=0.  (4.26)

where E(¢p|+) [E(¢|—)] represents the conditional average P_E(¢p— po|=) = p_(p_ — ¢by). (4.28)
value of the field by the condition that ¢, (N) [¢_(N)] is

crossed earlier than ¢p_(N) [¢, (N)]. The following expres-
sions hold: Now note that Eq. (4.27) can be written as
|

©0 b 1 2 © _(m%22D?
p B = dolt) = [ der el | dx(x—¢o>{5+5m§jlcos (B0 ) cos () 5]
b —2¢y = [(=1)" - mx (o) m’nx’D?
- ("5 >””,,Z,l[ | )T () (4.29)
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Substituting Egs. (4.28) and (4.29) into Eq. (4.26), one
obtains the same expression for p, as Eq. (4.21).

B. Mean number of e-folds

Using the same approach, we can calculate the mean
number of e-folds (N') for the field to cross either of the
boundaries. As mentioned in the previous section, while
the clock N is a deterministic variable, A/, the number of
e-folds hitting either of the boundaries, is a stochastic
|

variable. By taking the average of the square of the
Langevin equation, one obtains

= p-E((¢ = ¢0)*[+) + p-E((d — $0)*|-)
= (WN)?) = V). (4.30)

((#—¢0)*)

Now, similar to Eq. (4.27) and using the results obtained in
Appendix B, one can write

P E(( = do)4) = / ) / " dedxy* (zlbo. 10) (5 — o)+ (x.7)

= b?
P+(3 + o (P

2. 4b
>+§:1m27r

and
P-E((¢ = ¢0)*|-) = p—(¢h- — o)*.

Having the solutions of p. from the previous analysis,
we can calculate (N) from Egs. (4.31) and (4.32).
However, as in the case of p., the result for (N') can be
obtained only iteratively in series expansion. More spe-
cifically, using the LO expressions for p. in Eq. (4.23),
(N) at LO is obtained to be

(Po—9-)
3(b-2¢.)

Similarly, proceeding to (N)N-O at NLO, we obtain

(4.32)

(N0 = [26% =3b(-+ o) +6¢-po]. (4.33)

4b
WO = (N0 = _Y2 5 = 60b- 602
(4.34)
Q
b
(a)

[(b = ¢g) cos(zm) + ¢y COS(

2

(0) 2272
me, m-w°D
| 4.31
[

in which Y is defined as in Eq. (4.25). One can also obtain
(N') at next orders. However, since it takes a very
complicated form, we avoid presenting it here.

The behavior of () with respect to b for LO, NLO,
and N2LO are plotted in Fig. 3(b). As can be seen, by
increasing b, the average time the field needs to hit either
of the boundaries increases, which is what one expects as
well. Moreover, the figure shows that, for smaller values
of b, the results for LO, NLO, and N2LLO converge very
well, while for larger values of b the deviations between
the previous orders become more enhanced. This is in
line with our conclusion, such as in Eq. (4.22), that for
large values of b higher orders (i.e., higher orders of m)
should be included in the series expansion for better
convergence.

In Figs. 5(a) and 5(b), the plots of p_ and (N\) for higher
orders of the series expansion, m <9, m < 14, and
m < 16, are presented. As we see from these plots, the
curves for these orders are almost identical to each other.
This indicates that the series expansion converges rapidly to

16

14

10

FIG. 5. The behavior of p_ (left) and (N') (right) including higher orders of m, form < 9, m < 14, and m < 16. The initial conditions are
¢o = =3, ¢p_ = —6,and py = 0.7b with D = 1. As one expects, by increasing b the probability p of hitting the stochastic boundary (i.e.,
rightboundary) decreases, and, consequently, p_ increases. Furthermore, the average time it takes for the field to hit the boundaries increases.
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its final value after a few orders in expansion. Furthermore,
as we observed previously, the probability of hitting the
left boundary p_ grows as b increases, confirming the
conclusion that the probability of hitting the right boundary
p 1s reduced. Furthermore, Fig. 5(b) shows that, as b
increases, (\') increases as well, in agreement with the
conclusion from Fig. 3(b).

In the previous plots, we have set D = 1; i.e., the field
and the stochastic boundary had equal diffusion amplitudes
(in the unit of ;’—ﬂ). However, as we discussed below
Eq. (4.22), D like b has important effects on the physical
results, while the series convergence depends on the
combination % Intuitively speaking, a larger value of D
works parallel to small values of b and vice versa.
Specifically, for D < 1 one needs to add more series terms
for the convergence to occur, while for D > 1 the con-
vergence occurs rapidly. These conclusions can be seen in
Figs. 6 and 7. Figure 6 is a repetition of Fig. 3 but with D

0.30

0.2 0.4 0.6 0.8 1.0 1.2

b
(@)

decreased by one order of magnitude to D = 0.1. The
deviation between the LO and NLO in Fig. 6 is intensified
compared to Fig. 3. On the other hand, Fig. 7 is a repetition
of Fig. 5. As we see, the cases with small values of D show
deviations in series convergence even for large values of m
(here, the case m < 9), while there is no such effect for
D > 1. In addition, we note that as D decreases (increase),
both p_ and (N) increase (decrease). This is because a
small D represents a small Brownian jump for the boun-
dary, so it takes many steps from the field to hit the
boundary. Also note that this conclusion is consistent with
our intuition that the effects of D work opposite to the roles
of b. Consequently, a setup with a small value of D is like
a setup with a large value of b, yielding larger values of
p_ and (N).

Finally, it would be instructive to look at the behavior of
p_ and (N) as functions of qﬁ(f) , the initial position of the
right boundary. While keeping all other parameters fixed,

0.0 0.2 0.4 0.6 0.8 1.0

(b)

FIG. 6. The behavior of p_ and (N) versus b for D = 0.1, ¢<+0) =0.7b,¢p_ = —1,and ¢py = — % This plot is parallel to Fig. 3, but now
D is reduced by one order of magnitude. As D decreases, both p_ and (N) increase. In addition, the convergence is less efficient, as the
deviation between LO and NLO is intensified compared to the plots in Fig. 3.

FIG. 7. The behavior of p_ and (N) versus b for D = 0.1 and D = 10. Other initial conditions are the same as in Fig. 5. The
conclusion is that, as D decreases (increases), both p_ and (\) increase (decrease). Furthermore, convergence happens efficiently for

larger values of D.
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FIG. 8. Behavior of p_ (left) and (N) (right) versus the initial location of the stochastic boundary qﬁ)). We have considered ¢y = —1,
¢_ = -2,b=4,and D = 1; therefore, ¢<+0> can take any value between 0 and 4. As we discussed and can be seen from the left panel, for

(0)

by increasing ¢i?> we expect physically that both p_ and
(N) increase. This is because the right boundary is moved
away further from the field, so it takes more time for the
field to hit the right boundary and also with less probability.
These conclusions can be seen in Figs. 8(a) and 8(b). As a
relevant question, it would be interesting to compare the
results in the current case where the right boundary itself
undergoes stochastic motion to the case where the right
boundary is fixed, as in the simple example studied in
Ref. [39]. One can show that, depending on the initial value

of the boundary ¢5?>, the results for p_ and (\) can be
larger or smaller than the scenario with the fixed boundary.

To be more precise, first assume qb(f) < g. In this case,
while the right boundary moves stochastically, it can probe
the region ¢ >% as well. So compared to the case of
Ref. [39], where the boundary is located at a fixed position
¢, < g, the boundary in the current case has more room to
go beyond the region ¢, > % Correspondingly, both p_
and (N) increase compared to the case of the fixed
boundary. As an example, like in Figs. 8(a) and 8(b),
consider the configuration where the stochastic boundary is

initially located at 425?) = 0.3b and compare it with the case
where the boundary is held fixed at ¢, = 0.3b.
Considering both cases, we obtain (N) .. = 3.02 and
(N )fixea = 2.2, which is consistent with what we con-
cluded, that is, (NV)goc > (N )fixea- On the other hand, for
the case qb(f) > g, the situation is reversed, and both p_ and
(N') decrease compared to the fixed boundary case. As an
example, suppose q’)(f) = 0.7b with other initial conditions
as in previous example. We obtain (N') .. = 3.53 while
(N )fixea = 3-8, which is again consistent with our con-
clusion. All these interesting properties can be seen in
Figs. 8(a) and 8(b). Another interesting point is that,

according to Eq. (4.8), considering qﬁ(f) zg implies that

< g, p_ for a fixed boundary is less than the stochastic boundary, while for (/738) > % it is reversed.

the average time that the field hits the boundary in the
interval 0 < ¢, < % is equal to the case in which
% < ¢, < b. This may seem opposite to one’s expectation
that the closer ¢ is, the sooner the crossing time would be.
However, we should note that during the crossing time the
boundary is not fixed, and it can come from different points
to the crossing region.

Up to this point, we have assumed that the right
boundary undergoes Brownian motion. As we saw from
Eq. (4.7), the LO term in (¢, N) is a constant which is
very similar to a uniform density. However, one should note
that its nature is completely different than a boundary with
a uniform density. To be more precise, a boundary with a
uniform density evolves discontinuously in time, while a
boundary with a Brownian motion has a continuous
evolution. To see the differences, in the next section,
we study the case where the right boundary undergoes
stochastic motion with a uniform distribution.

V. BOUNDARY WITH UNIFORM DISTRIBUTION

In the previous section, we have studied a scalar field
with Brownian motion which was restricted between two
boundaries, one held fixed while the other one experiences a
pure Brownian motion. However, it would also be interest-
ing to study the case in which the stochastic boundary (i.e.,
the right boundary) has a uniform distribution. This dis-
tribution is represented by the first term of f, (¢, ,N) in
Eq. (4.7). However, due to non-Markovian evolution of the
boundary with the uniform distribution, the results for p,
and () are totally different from the “LO” obtained in
previous section. As the boundary with uniform distribution
has a discontinuous evolution with time, we cannot use
Egs. (4.15) and (4.16) to obtain p, and (N).

As the boundary in this case does not have a well-defined
evolution with time, we present only the PDF of the
boundary:
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FIG.9. The behavior of p_ (left) and (N) (right) versus b for the stochastic boundary with the uniform distribution. Here, we have set
¢_ =—1 and ¢y = —%. As one expects, as b increases, both p_ and (N) increase. The red points show the data obtained from
simulation. The linear (nonlinear) dependence of (N') (p_) on b can be seen in these plots.

f+()c,t):1 0<x<b. (5.1)

b’
As it does not have a Markovian evolution, the boundary
can take any value in the interval 0 < x < b at time ¢ + dt
regardless of its initial condition at time 7. Moreover, the
time evolution of the field is the same as Eq. (4.2) with
the initial condition ¢, while the left boundary is kept
fixed at ¢p_. To obtain p,, first we consider ¢, to be at a
position, say, y. Then the hitting probability of the field
with the initial value ¢,, which is restricted between
two fixed boundaries located at ¢p_ and y, is obtained to

be (”;"__{/;’5_‘) [39]. This, in turn, gives the following result

for p,:

b

. dy
P+ p(¢hits ¢ first|¢p, = y)?

|
[(%=r)s
- (5% n (%)

Then, using p, + p_ =1, p_ can also be obtained. It is
worth mentioning that the above result reduces to the
corresponding result of fixed boundaries [39] in the
limit b — 0.

Next, we study the time average in this case. Again,
considering ¢, = y when the field hits the right boundary,
we have

(5.2)

W)= [ - 20-00%
~=0)(3-n). (53)

Figure 9 shows the behavior of p_ and (N') with respect
to b in the case of uniform distribution. As one expects,

both p_ and (\) increase as b increases. As seen from our
results, (N') depends linearly on b, while p_ depends
nonlinearly on b. Also in Fig. 9, we present the data for p_
and (N) obtained from simulations which are in very good
agreement with our analytical results.

VI. SUMMARY AND DISCUSSIONS

Within the context of stochastic inflation, we have
studied the Brownian motion of a field which is restricted
to move between two boundaries; one of them is fixed at a
constant value, while the other one undergoes a Brownian
motion. There are a number of physical interests to consider
this setup. For example, in the models of multiple-field
inflation, there are scenarios where the surface of the end of
inflation is modulated by the quantum fluctuations of a
light spectator field. There are additional contributions to
curvature perturbations from the quantum fluctuations of
the spectator field(s). Furthermore, in the landscape of
inflation in the UV region of the field space, the system
may experience a period of eternal inflation in which
both the inflaton field and the boundaries may experience
Brownian motion.

We have presented the Langevin equation in various
related examples and have calculated the mean number of
e-folds (N') and the first hitting probabilities p. for the
field to hit either of the boundaries. First, we studied the
case in which the classical drift force of the field is
dominant compared to the Brownian motion of both the
field and the boundary. This setup mimics models of slow-
roll inflation in which the surface of the end of inflation is
modulated by a light spectator field. Using the boundary
crossing approach, the average of e-folding number as well
as the power spectrum in the drift-dominated regime were
obtained. It was shown, as expected, that the correction in
the power spectrum is proportional to the square of the
amplitude of the noise associated with the boundary.
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Our main interest in this work was for the case where the
system was diffusion dominated, in which the classical drift
force of the field is subdominant compared to the diffusion
forces. We considered two boundaries in which one of them
(here, the right boundary) undergoes a Brownian motion in
the region [0, b]. Solving the corresponding Fokker-Planck
equation, we have obtained the time-dependent PDFs of the
field, f(¢,N), and the Brownian boundary, f, (¢ ,N).
While f(¢, N) has a Gaussian distribution, the solution for
f+(¢d,,N) is given in a series expansion. Equipped with
these PDFs and using the Volterra integral equations, we
have calculated the first hitting probabilities p, and the
mean number of e-folds (\) to a few orders of m in the
series expansion. The result for leading order p%° with
m = 0 matches with the case with two fixed boundaries,
one at ¢_ and the other at ¢, = 5. Next, we considered
higher-order terms in the series expansion with m = 1
(NLO) and m = 2 (N’LO) and have looked at the corre-
sponding corrections in p... The series converges to its final
result rapidly, especially for smaller value of b as the
higher-order corrections become exponentially suppressed.
As a general conclusion, we have shown that increasing b
resulted in higher probability p_. This is understood easily
by noting that by increasing b the right boundary on
average moves further away from the field, so it is more
likely that the field hits the left boundary first. In addition,
the behavior of p_ versus the position of the fixed boundary
¢_ as well as the initial condition of the field ¢, are studied.
The figures confirm that, with all other initial conditions
held fixed, when ¢, approaches ¢_ the probability p_
increases, while the result is reversed when ¢, moves away
from ¢_.

We have calculated () to leading and next-to-leading
order as well. As an interesting conclusion of this study, we
have compared the result for (N) to the result in the setup
where both boundaries are held fixed. For the initial

condition ¢(+0> < 5, the value of () in our setup is larger
than compared to the case of fixed boundaries. This is
because, in our setup, the Brownian boundary can explore

the classically forbidden region (4)5?), b) as well, so,
effectively, the length of its journey in field space is larger
than the case of the fixed boundaries. On the other hand, for

|

g(Si.t

and

g(Sa.t

Now we have the following lemma.

Bo-10) = 1~ (1o 10) + / dy / " der (2l 10)9(5, (1) 1
y )

Bo-10) = 1 (1l 10) + / " dey (el 10)9(S5. 1

)

the case with the initial condition gb@ > £, the Brownian
boundary explores lesser distances in field space compared
to the case of fixed boundary, and, as a result, (\) reduces
compared to the model with the fixed boundaries. Finally,
we also studied the effects of D, the diffusion amplitude of
the jumps of the stochastic boundary, on p, and (N). Our
conclusion is that the roles of D are opposite to the effects
of b. Specifically, increasing (decreasing) the magnitude of
D yields smaller (larger) values of p_ and (\).

There are a number of directions in which the current
work can be extended. One interesting case to study is the
setup where both boundaries undergo Brownian motion. In
addition, we can assume the boundaries to have different
boundary conditions, corresponding to whether the boun-
dary is absorbing or reflecting. Another interesting example
to study is when we have more than one stochastic field in
the presence of stochastic boundaries. In the context of
inflation, this corresponds to the setup with N > 3 fields, in
which N —1 fields collectively drive inflation while the
remaining field is a spectator field which modulates
the surface of the end of inflation generating stochasticity
at the surface of the end of inflation.
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APPENDIX A: THE PROOF TO VOLTERRA
INTEGRAL EQUATIONS WITH THE
BROWNIAN BOUNDARY

In this section, we follow the same process used by
Ref. [70] to obtain a similar set of equations for y*(z) in the
case where one of the boundaries has Brownian motion. We
denote the two boundaries by S; and S,, respectively. Let
9(S, 1|y, ty) denote the first passage time PDF to cross a
boundary S with ¢, and #, given as the initial values for
position and time, respectively. We then can write

S:(2) = y,7)f+(S, = y,7) (A1)

Sl,’[>.
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Lemma 1.—If P(x > S,(t)|¢o, ty) denotes the transition function of S,, then we can write

P(x > S,(1)[¢o, t9) = / P(x > S,(t) = ylo, t0, S2(t) = y) f (. )dy. (A3)

y

Proof.—We write

)= P(x > S,, ¢, vo) ZPX>52 s 0, ¥0 N Sy(t) = y)

Pi(¢ho o) 3 Pi(o: to)
(x > 85(1)|o. yo N S,(2) = y) _
— Z P.(doto) P(¢po. 19, S>(1) =)
P(x > S,(1)]¢po. yo N S1(1) =)
— Z Pdo i) Pi(¢o, o) f+ (v, 1)
= /P(x > 8y = ylpo. to. S2 = ) f 4 (v)dy. (A4)
y

L]
Here, P; denotes the PDF that the initial condition is fixed at ¢y and 7, and in the last line we have used the fact that the
PDF of initial condition is independent of f,. Another similar lemma may be expressed as follows.
Lemma 2.—For any x & (S}, S,), one has

flx,

w= dr(y-<r|¢o,ro>f< 15,0+ [ dvr Gl 1)

y

S8 =0). ()
Proof.—If x > S,, then we have
t
et t) = [ o(S2(0). el 1) (.115:(0). ) (A6)
)
The same as what we had in Lemma 1, one can show that

fo) = [ o(S2(2), 7

9(Sx(2), 7

10, S2(7) = y)f (v, 7)dy, (A7)

and so we write

Fxtlbo. 1) = / ‘ / 9(85(2). 2l 1o. S2(2) = ) f(x. 1]85(2) = y.7)f 1 (v.2)dyd. (A8)

Then, using Egs. (A1) and (A2), we obtain

Pt to) = [ [ dvder (sigo. ) (215206 = 3.0 (0-)
+ [ dor oldo.to) [ de [ avg($2(6) = 3.5151(0).p.52(0) = . t15200) =y 00f L 0ee). (A9
y
Using Eq. (A6) and replacing ¢y = S;(7) and ¢y = p, we obtain the result. The proof for x < §; is similar. [

Now we are ready for the following lemma which gives a proof to Egs. (4.16) and (4.15).
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Lemma 3.—Let us define

w2 8,(0).ty7) = F(S: (0. ly.o),

> S0 = 4 ([ Fisa0 =

and then we have

.7 82(7) = ¥, 82(1) = X)f 1 (y, ) f 1 (x. 1

(A10)

y,f)>,

ywm@bwmﬂmm4/%me@M&mmH/mﬂmwwmmxwmﬁuﬂ (ALD)
f y

and

v (tlo. to) = —2w (S,

r¢mm>+2[:m([;KyWﬂ¢mmm«&o»t

+/dy7+(f¢o,to)w(52(t) =yt

$.00f 07 ).

) =y, 7)f (v, 7)dxdy

(A12)

Proof.—We prove the second equation, and the first one can be proved similarly. To this end, we first note that

F(Sy(2).1

To prove this relation, we write

F(85(1).11S5(z) = y.7) = P(¢ < S5(1).1

2(7) =y,7)

m:»a=Ln&m—

() =y.0)f+(x. 2

y, 7)dx. (A13)

P(Sy(r) =
<S
:Z:w X

NanS,(t) =

S

P(¢ < S,(1) N S,(z) = y N thefield starts at S, (7))
y
1)

P(a)

X

N the field starts at S, (z) = y)
_ Z P(p < S, (1)|a, S,(1) = x)

P(a,S,(1) =x), (Al4)

P(a)

X

where in the second equality we have defined the event in the denominator by a.

Now, using the Bayes theorem, we can write

P(a, $,(t) = x)

=0 =20, (A19)

As the field evolves independently of S,, then one can write
Eq. (A15) as

P($5(1) = xla) = P(S3(1) = x[82(7) = y) = f(x. 1]y, 7).

(A16)

By writing the last summation as an integral, then we can
write

F(8,(2),1]S2(7) = y.7)

=1H&@=ﬂ&@=whvﬁ

v, 7)dx. (Al17)

Now we are at a stage to prove the second equation. Let
x> S,(t). Then, by integrating Eq. (A5) between a

|
constant boundary r, > S,(z) and S,(#) and defining
Fc(S27 t|¢0, lo) =1- F(Sz, t|¢0, [0), we obtain

F (S, t|¢ho. to)

—/mem@www

x/Fx&mwxﬂzxﬂﬂ@an.

S1.7) + v (zlo. 1)

(A18)

By taking the derivative of Eq. (A18) with respect to time
and using the following relations:

lim(5,(1)/$:(1)) = 0.
limF($, (1)]S2()) = 5.
=1

i (55(1)[$1 (7))

El

imF(8,(1)82(7)) = 5

[N R

(A19)
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as well as Eq. (Al7), one obtains Eq. (A12). Equa-
tion (A11) can be obtained in a similar manner.

At last, it can be useful to prove the distribution of the
stochastic boundary at the crossing time the same as the
distribution of the boundary itself without considering any
stopping time. In other words, the distribution of the
boundary is independent of the first crossing time dis-
tribution. To this end, we define the nth moment of the
field at time ¢ with the event A, while the event that the
field crosses the stochastic boundary at time 7 is described
with event B (B¢ represents the complement of B). Thus,
one can write

E(A) = E(A|B)P(B) + E(A[B)P(BY).  (A20)

As A is obviously independent of B¢ and using the
fact that P(B) + P(B¢) =1, one can easily show that
E(A) = E(A|B). Therefore, all moments of A are equal to
all moments of conditional A, so one can deduce that their
distributions are the same as well.

APPENDIX B: FIRST CROSSING
PROBABILITIES

In this appendix, we find a solution for y=(¢). To this end,
we suppose that the Brownian boundary has a small drift
changing linearly with time. In other words, we suppose
that

¢, (N)=ovN+ DW_(N). (B1)
|
V2sb _ -
F+(S) +! |:F_(S) _ e\/ﬁ(u[,—b):| e\/ﬂ([’ll*_h) _4
\/Z_Sb m=1

Assuming the boundary has a small drift, we should modify

f+(x,N), where we assume that v is so small that for a

significant time interval we have
|vN| < D. (B2)

If F,4(x,N) denotes the transition PDF of the boundary
with drift, then one can write

F. 4(x,N)=P(¢p, +vN <x,N)=P(¢, <x—vN,N).
(B3)

Then the probability density of the Brownian boundary,
fra(p.,N), is simply given by

oF ,N JP <x—ovN,N
f+d(x,N) _ +da()'cx ) _ (¢+ <a); v )
= f,(x—oN,N). (B4)

One can easily check that the above result satisfies the
following Fokker-Planck equation in the presence of the drift:

of 1a(x,N) _ _Uaerd(x’N) +D7252f+d(x7N)

ON ox 2 ox>

(B5)

with the boundary conditions the same as Egs. (4.4) and (4.5).
From now on, using Eq. (4.7), we can obtain f , (x — vN, N),
and we will set v = 0 for a boundary with pure Brownian
motion.

Using Egs. (B4), (Al1l), and (A12), we obtain

bzs((—l)’" _ e\/m)

(2b%s + 2®m?(D? + 1))V2b%s + 2’ m*D?
b2s ((_l)n _ e\/2b2s+ﬂ2n2D2)

(mP*a*D?
I <2b2 +s)

SV o (M0 ) | 44y

S\ | (2b%s + 2*n®(D* + 1)) V2b%s + n*n’D?

+

o e(mh—b)\/mcos <nbﬂ¢(0)) + ’UQ+ =0

and

Vash _
I (s)— eV2s(¢-=ho) u
V2sb

2,22
x eV2s(@-—b)+ (m il s) cos (%4’9) +v0” =0.

2b?

eV2s(-—b)+ (s)— 2V/2s Z

(B6)
. b((—l)m _ e\/Z_Sb)
| 2b%s 4+ m’x?
(B7)

In the above equations, we have expanded the equations up to first order of v, while Q* are some functions depending on
our initial values and the Laplace parameter that we have not presented their explicit forms here as they involve large
expressions. The above equations are used to obtain Eqgs. (4.21) and (4.34).
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