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We introduce a second-order stochastic effective theory for light scalar fields in de Sitter spacetime,
extending the validity of the stochastic approach beyond the massless limit and demonstrating how it can be
used to compute long-distance correlation functions nonperturbatively. The parameters of the second-order
stochastic theory are determined from quantum field theory through a perturbative calculation, which is
valid if the self-interaction parameter A satisfies 1 < m?/H?, where m is the scalar and H is the Hubble rate.
Therefore, it allows stronger self-interactions than conventional perturbation theory, which is limited to

A< m*/H* by infrared divergences. We demonstrate the applicability of the second-order stochastic
theory by comparing its results with perturbative quantum field theory and overdamped stochastic
calculations, and discuss the prospects of improving its accuracy with a full one-loop calculation of its

parameters.
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I. INTRODUCTION

Scalar quantum field theory (QFT) in de Sitter space-
time is a widely studied topic [1-4], especially in the
context of inflationary cosmology [5-9]. Of particular
interest is the study of the long-distance behavior of
spectator scalar fields as they can lead to present-day
observables with blueprints from inflation [10]. Physical
examples include curvature and isocurvature perturba-
tions [11-13], dark matter generation, [14—17], electro-
weak vacuum decay [18-22], and gravitational-wave
background anisotropies [23].

The issue with scalar QFT in de Sitter spacetime is that
self-interactions, parametrized by the coupling 4, lead to the
existence of infrared divergences in perturbation theory that
cannot be dealt with using standard methods beyond the
limit 1 < m*/H*, where m and H are the scalar mass and
Hubble rate, respectively [24-27]. This is problematic
when studying the long-distance behavior of these fields
and has led physicists to consider alternative approaches,
some of which do not require a small A but do involve other
approximations [28-39]. One such method is the stochastic
approach [40,41], an effective theory where one utilizes
the fact that the expansion of the inflationary spacetime
causes long-wavelength modes to be stretched across the de
Sitter horizon such that they can be considered classical.
The remaining short-wavelength quantum modes then
contribute in the form of stochastic noise. This will only
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be possible if m is comparable to or smaller than the
horizon scale, m < H.

The most common application of this method is to
stochastic inflation where the scalar field plays the part of
the inflaton [42-69]. In this case, the fields are considered
to be in slow roll such that one can use the overdamped
approximation in the stochastic equations, which equates to
neglecting the second derivative of the field. For this to be
valid, we require the fields to be light (m < H) and for the
coupling to be sufficiently small (A < m?/H?). In this
limit, one can derive the overdamped stochastic equations
by introducing a cutoff between sub- and superhorizon field
modes with a strict boundary [40,41]. The superhorizon
modes then play the role of a classical field while the
subhorizon “quantum” modes contribute via a stochastic
white noise. This mode expansion derivation has been
widely studied [42-57,70,71] alongside an alternative path-
integral approach that aligns more with standard thermal
field theory methods [53,58-69].

The stochastic approach has not exclusively been applied
to the inflaton. From the seminal work of Starobinsky and
Yokoyama [40,41] to more recent applications to infla-
tionary observables [16,17,70-72], there are examples of
the stochastic approach being applied to spectator scalar
fields. In this case, the slow-roll condition can be relaxed
and one should consider the full second-order stochastic
equations. However, in our previous paper [72], we showed
that for free fields the standard cutoff procedure cannot
be used to derive the second-order stochastic equations
when one goes beyond the limit m < H. This is not a fault
in the stochastic equations themselves, but rather in the
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expression for the noise amplitude that one computes using
a cutoff. Given the correct form of the noise, the quantum
correlators can be recovered from these second-order
equations. Following the standard technique for effective
field theories, this form was found by evaluating the
stochastic field correlator for an unspecified noise ampli-
tude and then matching with the quantum field propagator
in order to determine the desired noise amplitude. This
suggests that the stochastic approach is still viable away
from the overdamped limit but the strict cutoff procedure is
no longer a valid means of deriving the stochastic equations
from the underlying quantum theory.

In this paper, we take this idea a step further and
introduce interactions into the stochastic equations. We
relax the overdamped approximation that m < H to show
that in perturbation theory we can once again use the
matching procedure to find the forms of the stochastic
parameters—namely, the mass, coupling, and noise
amplitudes—that reproduce the quantum correlators.
Further, we present a numerical method for solving the
second-order stochastic equations such that stochastic
correlation functions can be found nonperturbatively.

The results we obtain using the second-order stochastic
effective theory in this work are valid for fields with mass
m < H and quartic self-interaction coupling A < m?/H>.
We leave it to future work [73] to compute O(’lmi;)
contributions, where we will have to employ a renormal-
ization scheme in QFT in order to compute the stochastic
noise amplitudes. However, we are already going beyond
perturbative techniques in QFT and the overdamped
approximation, which are only valid in the regimes
A< m*/H* and m < H, respectively. The second-order
stochastic approach encompasses these regions and goes
further where it can compute physical results that the
established approximations cannot.

The paper is organized as follows. In Sec. II we review
the status of perturbative QFT and discuss how infrared
divergences limit its computational power, focusing on a
self-interacting theory with quartic coupling. In Sec. III
we briefly summarize the overdamped stochastic
approach before introducing the second-order stochastic
equations. We introduce a spectral expansion method to
compute stochastic correlators and give the forms of these
in terms of the eigenspectrum. In Sec. IV we begin by
summarizing the results from Ref. [72] for free fields
before using perturbation theory to compute stochastic
correlators to leading order in the self-interaction cou-
pling. We compare these results to their equivalents at
(9(’%) in perturbative QFT, from which we find the
values of the stochastic parameters required to reproduce

the quantum result. In Sec. V we outline the numerical
method to evaluate correlators nonperturbatively and

then, using the noise functions found in Sec. IV, we
perform a full comparison between the second-order
stochastic, overdamped stochastic, and perturbative
QFT approaches. Finally, we discuss the results and
conclude in Sec. VI.

II. QUANTUM FIELD THEORY
IN DE SITTER SPACETIME

We begin by reviewing the status of scalar QFT in de
Sitter spacetime, focusing on the calculation of the
Feynman propagator. We consider a spectator scalar field
¢(t, x) with scalar potential V(¢) on a de Sitter background
with scale factor a(t) = ef'. H = d/a is the Hubble rate
which will be kept constant throughout. Introducing the
field momentum 7x(z,x), we can write the equations of

motion as
@) - (_3H,:v'(¢>)’ M

where primes and dots denote derivatives with respect to ¢
and ¢, respectively. We focus on a ¢* theory such that the
potential V(¢) =1m?¢* + 14d*, where m is the scalar
mass and 4 is the quartic coupling constant. We introduce a
nonminimal coupling to gravity & which is included in the
scalar mass term as m?> = m3 + 12EH>.

A. Free quantum fields
For free fields (4 = 0), one can follow standard QFT
procedures to calculate the Feynman propagator, resulting
in [1-4]
iA(t, 1, x,x)

= <T$(t,x)(27(l‘/,xl)>
:@F<§+”>F(§_”>2Fl <§+v,§—u,2;1+%>
(2)

in the Bunch-Davies vacuum, where ,F(a,b,c;z) is
the hypergeometric function, I'(z) are the Euler-gamma

functions, v = 1/%_1'3_; and y is the spacetime interval
given by

y = cosh(H(t - 1)) - %za(t)a(t’)|x —xXP-1. (3)

We can instead write the Feynman propagator as
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iA(t 1, x,X') =

H [Tu)I(1-20) &
167? [(—l—v u)z

IG-v+nIrQ —v+n)< y>—%+v—n

I'(1-2v+n)n! 2

which allows us to see the behavior as a function of large
spacetime separations. Explicitly, the leading IR behavior
of the free Feynman propagator is

H? T3 —v)D(2v)4
167? r(3+v)

iA(1,1,0,X) = |Ha(0)x|3t,  (5)

where we have focused on the equal-time propagator. It is
this behavior that one would expect the stochastic approach
to reproduce for free fields.

B. Perturbative QFT

Introducing interactions is a challenging process; the
Feynman propagator cannot be found for all values of m
and A using current techniques, namely, perturbation theory.
However, one can still obtain useful results. In perturbative
¢* theory, the only contribution at first-order A is the
tadpole diagram; therefore, there is no field renormalization
and the only contribution comes via a mass correction,
where the bare mass m is replaced by an effective mass
erff via

m* — My = m* + 34(¢7%). (6)
One can therefore obtain the resummed one-loop Feynman

propagator by replacing m with mg in Eq. (2). The
leading IR behavior is given by

H>TE-v I'(2v 3+ gerr
AL, X, X) = —— (3 = Ygeir )T (20 geir) <_ X) 0 n’
167 (3 + voerr) 2
(7)
where Ve = \/3 = Qef‘ . In practice, this is problematic as

(¢*) contains divergences at O(1). To see this, we expand
Eq. (2) for y — 0 such that the field variance is given by

(%) = }ii%iA(t, 7, x,x')
H?> m?-2H?
:_87r2y+ 62 (lny—l—iﬂ—l—l-ZyE—an

w0 (5-0) 1o (G40)). ®

where (%) (z) are the polygamma functions and y is the
Euler-Mascheroni constant. We see that the O(1/y) and

(( > y)rl(;_z,f i r(g + v + nIG+v+n) (_ y> —%—v—n] ,

. )

O(Iny) are UV divergent. Such terms are removed by
introducing a renormalized mass m% = m} p + 126 H?
such that the divergent O(m?) and O(H?) are renormalized
by the my » and £ parameters, respectively. Expanding the
finite part to leading order in mass, the UV-finite effective
mass is given by [62]

9AH*
My = my +——— + O(AH?), )
Oeff RE R m2

where the O(1H?) part will include terms that are depen-
dent on the renormalization scheme. This expression tells
us that there also exists an IR divergence in the theory since
the leading term in the small-mass expansion is of relative
order (’)(Amif) which is large if m < A'/*H, and therefore
perturbative QFT is only valid in the limit A < m*/H*; the
additional finite terms in Eq. (9) are unimportant. Thus, the
leading term in the spacelike Feynman propagator is

2 @G- (2w)4 8
iA(1,1,0,x) = <H G-vr@4 27/1415(6
167° F(§+U) 647 mS,
H6 2 (QFT)
“9( ))IHa( x| (10)
i
where
3
(QFT) _ <3 > 30H
A — (2o H+ 25+ O0H). (1)
: 2 872m%

It is because of these IR divergences that we pursue other
methods of computing correlators in de Sitter spacetime,
such as the stochastic approach, in order to go beyond the
limit where 1 < m*/H*.

III. STOCHASTIC APPROACH

A. Overdamped stochastic approach

The seminal work of Starobinsky and Yokoyama [40,41]
introduced an effective theory for scalar fields in de Sitter
spacetime which goes beyond the perturbative methods
introduced above. We call this the overdamped (OD)
stochastic approach. The principle is that one can separate
the short- and long-wavelength modes of the scalar field
such that the short-wavelength modes contribute a stochas-
tic noise to the classical equations of motion. Thus, we
obtain the IR behavior of the fields. In the overdamped limit
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7 < 3Hr and V"(¢p) < H?, one can derive the stochastic
equations from the underlying QFT by introducing a strict
cutoff between long- and short-wavelength modes, result-
ing in the OD stochastic equation

Vi¢)

b+ = éov (12)

with a white-noise contribution &qp (7, X) with correlation

3

(Eonlt:X)zon 1 X)) = 4 50— ). (13)

From this starting point, one can do fully nonperturbative
calculations to find stochastic correlators that go beyond
perturbative QFT. The details of this calculation were given
in Ref. [70] where the authors used a spectral expansion
method to perform their computation. To compare this
approach with QFT, we write the spacelike OD stochastic
field correlator to one-loop order as

(#(2.0)¢(z,x))

3HY  27)H® AP
(8712 17 6an? 6+O<’12)>|H‘1() |_ (14)
where
2 3)H?
Al +O2). (15)

U T 3H ' 8xPm?
Comparing this to the Feynman propagator (10), we see
that there will only be agreement in the limit where m < H.
The OD stochastic approach does not reproduce the full
expression for the free part of the Feynman propagator nor

will it include any terms of relative order (9( ) since the
next order in the perturbative expansion goes straight to
O(2%). Thus, the OD stochastic approach is only valid in
the regime A < m?/H>.

B. Second-order stochastic equations

For the cosmological applications of spectator fields
in de Sitter spacetime, we wish to go beyond the OD
approximation where m?> < H?. To do this, we introduce
second-order stochastic equations; however, the standard
cutoff procedure used to derive the OD stochastic equation
is no longer valid when the fields become more massive
[72]. Instead of attempting a derivation from the underlying
QFT, we introduce a top-down method where we derive
stochastic correlation functions from a stochastic equation
and then show that these can reproduce their quantum
counterparts given the appropriate choice of stochastic
parameters. Taking inspiration from Eq. (1), we write the
second-order stochastic equation as

A " o ) 16
(%) (—3Hn—V’<¢))+<é,f -1
where the potential is given by

1
V(@) =5 + 00 (17)
and the stochastic white-noise contributions & (¢, x),
i € {¢p,n} satisfy
(&t x)&(1 . x)) = o3;8(1 = 7). (18)
The parameters of the stochastic theory are m, 4, and 02 In
this paper, we determine their relation to QFT parameters
using perturbation theory. Since the perturbative expansion
is in powers of A, we assume that the couplings in the
stochastic approach and perturbative QFT are the same. On
the other hand, m and o will be determined by matching
stochastic correlators to thelr QFT counterparts.
Now that we have a stochastic theory, we introduce the
one-point probability distribution function (1PDF) in phase

space P(¢,m;1). Its time evolution is described by the
Fokker-Planck equation

1
\P(¢p.m;t) = |3H — nd, + (3Hn + V'(¢))0, + 20¢¢02
1
+ agﬂa,,,a,r + Ea,%,,a%, P(¢p, ;1)
= LppP(¢. 7 1), (19)

where Lpp is called the Fokker-Planck operator.

C. Spectral expansion

For free fields, one can solve the Fokker-Planck equa-
tion (19) analytically via a spectral expansion [72]. The
introduction of self-interactions will result in the need for
numerical calculations but one can still use the spectral
expansion for the basis of these computations.

We define a space of functions {f|(f, f) < oo} with the
scalar product

(f.9) = / * do / " dnf(p (). (20)

Note that all integrals over ¢ and z have the above limits
unless otherwise stated. There then exists an adjoint to the
Fokker-Planck operator, Lyp, which is defined via

(Lepf.9) = (f, E?PQ)- (21)

Explicitly, the adjoint Fokker-Planck operator is
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1
Lip =m0y — (3Hr + V'(¢))0, + Ea%dé
1
+ 05)”045(3,, + - 02,02 (22)

2

The 1PDF can be written as
P(¢.m:1) = Wy(.m) > Wy(g.m)e™™!,  (23)
N=0

where Ay and ‘{’E\}‘)(gb, x) are the respective eigenvalues
and (adjoint) eigenvectors to the (adjoint) Fokker-Planck
operator,

Lep¥Py (¢, 7) = —AyPy(9, 1), (24a)

LipWy (. 1) = —AyYy (. 7). (24b)

The eigenvectors obey the biorthogonality and complete-
ness relations

(Y3 ¥n) = oy, (25a)

D () (# 7)) = 8(dp - ¢)d(x — '), (25b)

and there exists an equilibrium state P (¢, 7) =
Wi(¢. 7)¥o(¢, m) obeying 0,Peq(¢h, 7) = 0.

D. Stochastic correlators

To obtain stochastic correlators, we introduce the

transfer matrix U(¢y, ¢, 7y, 7; 1) between (g, 7)) =

(¢(0,x),7(0,x)) and (¢.7) = (¢(t,x),z(t,x)), which
is defined as the Green’s function of the Fokker-Planck
equation, i.e.,

0,U(dbo, ¢, m, ) = LppU (o, ¢, 7o, 75 1) (26)

for all values of ¢ and 7. Then, the time dependence of
the 1PDF is given by

Pprst) = [ di [ droP(do. 760U (o . ).
(27)
From Eq. (23), making use of the relations (25), we find

that the transfer matrix can be written with the spectral
expansion as

¥i(p,x)

U(po. .7, m5t) = W (do.70)

Z‘P* bo.70) ¥y (. m)e™ !

(28)

and in turn we can write a two-point probability distribution
function (2PDF) as

P2(¢07 ¢’ Ty, 7T, t)
= Peq(¢po. 70) U0, ¢, mo, 73 )
= V(. 7)Po (o, ”O)Z‘I’T\/(qﬁo, 7o) Py (e, m)e=M1,
N

(29)

The two-point timelike (equal-space) stochastic correlator
between some functions f(¢g, 7o) and g(¢, ) is given by

¢07 ﬂO

/d¢o/d¢/d7fo

X/dﬂpz(ébo’¢,ﬂo,ﬂ;f)f(¢0»ﬂo)9(¢7”)

= ZN:fX/gNe‘AN’, (30)
where

fy = (Pof W), (31a)

g = (¥ng. %) (31b)

In a similar vein to the 2PDF, we can write a three-point
probability distribution function (3PDF) between points

(¢o, 7o) (p1,71), and (¢, 7m5) as

P3(o, §1s a0, w1, a3 11, 1)
= Peq(po, m0)U(o, 1, 7o, 715 11) U (o, 2, 7o, 25 1)
_ Yo(do. 1) V5 (1. 71) W5 (2. 72)
P5 (o, 7o)
X Z‘va(fﬁo,ﬂo)‘PN(fﬁhﬂl)

x ZTN' (o, 70) W (b, mp) e hwea), (32)

To evaluate the spacelike (equal-time) stochastic correla-
tors, we follow Ref. [41] and introduce the time coordinate
t, at which the comoving x; and X, are inside the same
Hubble volume,

1
t, =——In(H|x; — . 33
== n(H]x%: = X)) (3

Using the 3PDF Ps(¢,,py, po, 7, 7y, 75), the spacelike
stochastic correlator between the functions f(¢(z,x,),
7(t,x;)) and g(¢(t,x,), z(1,X,)) is given by integrating
over ¢, and x, as

123522-5
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(f(¢p.m1,x1)g

¢,77.' 1, X2

— [as. [ a: [ ag. / dn, [ dn, [ dnPs(@ oo ) Brom)o( )

lPO ¢rv

Yy(p,.
lP* ¢rv r NN’ " r

Jo

IV. COMPARISON WITH PERTURBATIVE QFT
A. Free field theory

We now have a formalism that can be used to calculate
stochastic correlators but we have yet to attribute it to
anything physical as we have not yet specified the noise
amplitudes. We now compare it with the QFT results from
Sec. 11, starting with free fields. This case was studied in
full in Ref. [72] so this section will be a review.

It will prove convenient to change our field variables
from (¢, x) to (g, p), with the transformation

()50 )

where o = % —v and f = %—&— v. All of the formalism

introduced in the previous section can also be applied to
(g, p) variables. In particular, the Fokker-Planck operators
are given by

(35)

Lep = L3y + L33, (36a)
Lip =L 4Ll (36b)
where the free part is given by
LY = aH + aHqo, +~ : 50540 + BH + Hpo,
Ll ey 02040, (37a)

21’1’1’

1
agqag BH po, + =0;,05 + 05,0,0

0)x
4:}’) —aHqo, + = > ap949p

2
(37b)

and the interacting part is given by

A 1 } !
e = (g o) (0 ) om0

1)* 1
o=l

(38b)

The (g, p) noise amplitudes are written in terms of their
(¢, ) counterparts as

AN+A

Wy (br ) g | Ha(t) (X — %) 77 (34)

1 1 2
o2, = 62y +——05 + 0 > 39a
949 % <ﬂ2H2 ﬂH ¢r 2 ( )

1 a
(ﬁH o7 + <l + ﬂ) aéﬂ + aHoéd)) . (39b)

(39¢)

[

2 _
Opp =1 _

— (0%, + 2C(H6¢” + a2H20'¢¢)

"%Ik

Further, the ¢» — ¢ correlator is written in terms of the (g, p)
correlators as

X))
- %_ﬂ (7 (600008 X)) = S ateX)p(0.x)

1

-5 PR X0+ ale Xt ). 40)
Similar expressions can be found for the ¢ — 7z, 7 — ¢, and
7 — 7 correlators but we will focus on the ¢ — ¢ correlator
in this work. Following the work of Ref. [72], we compute
the stochastic free field correlator and match it to the free
Feynman propagator (5) to obtain an expression for the
noise amplitudes, resulting in

B 2HT(1 +v)T <§ — u)

2(0)
Oyq 061 2) , (41a)
o) =0, (41b)
W = 0. (41c)

The gq noise is matched such that the leading-order term
in the Feynman propagator is reproduced and the gp noise
is chosen such that there is an analytic continuation
from timelike to spacelike stochastic correlators, a behavior
prevalent in QFT. However, the choice of af, p 18 arbitrary. In
this paper, we set it to zero—the subleading term does not
i (q.p)
noise matrix contains a zero eigenvalue and thus one would
expect the stochastic equations to simplify, though we do
not pursue this here.

In Ref. [72] we used a different choice, where the
subleading contribution reproduces the leading term in the

123522-6
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second sum o |[Ha(f)x| . We denote this by o-»~° and

use it for comparison with Eq. (41c) in Sec. V. We discuss
the differences this makes in the conclusions drawn in
Ref. [72] in Appendix A. Henceforth, we will use Eq. (41) as
our free noise but we include a more general formalism for
calculating stochastic field correlators in Appendix B.

Since 629 = 0, the variables p and g separate and so we

now use two indices (r,s) € {0, o}, corresponding to p
and ¢, respectively, as opposed to just N. Thus, the free
field eigenquations are given by

LW (q.p) = -AD¥Y (4. p). (42a)
LW (q.p) = AW (q.p).  (42b)

where the Aﬁg) and 11152)(”(51, p) are the free eigenvalues

and (adjoint) eigenstates, respectively. The eigenvalues of
Eq. (42) are
AY = (sa + rp)H. (43)

while the normalized eigenstates can be written in terms of
the Hermite polynomials H,(x) as

1 afH? \1/4 aH
¥ (q.p) = Hy| [
s (g, p) NG s Géqq

_af 2 H 0

x H, ﬂTHp e ”3qq J%Pp ,

Opp

\P(O)*( ) 1 ( apH? )‘/4H aH
rs \g,P) = —q
V2rtsrls! ”202110%17 ' Ggq

PH
XHr< Tp .
Opp

For the case where of, = 0, the eigenstates can be written
1
as

(44a)

(44b)

_])—r aH\ /4
lim ¥ (g, p _ )7 (eH
O'%)p—>0 rs (q P) /2r+sr!s! 6%1(]
aH Ly
x 8 (p)H, —q |e ”?"’q, (45a)
O4q
% 2" H O\ /4 H
lim Py (q’@:\/ﬁ(%) PH\[a ).
gpp—>0 r:s.\mw O'qq qu
(45b)
"To take the limit, we have wused the identity
lim, _o SR (e = 60 (x).

where p =, /sz p and the superscript (r) indicates that we
24

are taking the rth derivative of the 6 function. These are
well-behaved eigenstates if we use (g, p) as our variables,
with which we have the biorthogonality and completeness
relations.

B. Stochastic perturbation theory

We will now move to the more interesting case of an
interacting theory. To relate the stochastic correlators to
the perturbative results of QFT, we expand our solutions to
the eigenproblem (24) in terms of the (g, p) variables
to O(4),

Ay =AY + AW, (46a)
w1 (g, p) =¥ (g, p) + ¥ (g, p).  (46b)

Using the eigenequations with the biorthogonality con-
ditions for (g, p), equivalent to Egs. (24) and (25), the O(1)
terms in the eigenvalues and eigenstates are given by

A = =", L), (47a)
(0)x n(1)ygy(0)

(1) _ (0) OP/.;/ Lpp¥rs')
¥Y.'(q.p) = Z‘P,fsr(q,l?)w’ (47b)
r/s! r/s/ rs

0)  p(1)xygy(0)%
(1) _ (0)% (Y9 Lrp Prs )
lPVS (Qv P) - Z;Lpr’s’ (q’ p) [\(9), _ A(r?) ’ (47C)

where for Eqs. (47b) and (47c), ¥ #r and s’ #s. By
applying the expansion (46) to Eq. (30), we can write
the timelike correlator between two functions f and ¢ to
O(4) as

(Flgo. Po)g(a. p)) = D |15t +A(FR gl

rs

(©

LA ag)

where ¢g,, = gﬁg) + /lgg‘l‘) such that

0 0 (OF
gg*v) = (T£?>g7 "P(<)()) ), (493)
g = (P g W) + (Pg. ) (49b)

with a similar relation holding for f7,. A similar expression
for the spacelike correlator can be written using Eq. (34) as
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(4 P)
(f(q1.P1)9(q2. p2)) /dqr/dprZ[ w

S (g, p))

P (g p )P (@ ) 1R 9

Wi (4, P,
1(1115)())57)\11( (@ P Y (a7 PSR G0

o (4rPr)
1)x 0
_ lIJE)O) (Qr’ pr)lpéo)(Qrﬂ pr)
W (q,.p,)’

+ (
(g, p

+ (Qrvp ) lP ( (0)x
(g pr)

" (g, p )Y (41,

PG

(0)
r Pr ) 0)* lP qdrs Pr * 1)x* 0) (0
L9 (g, 09 (a0 ) 1000 + —\P( I 0 (4 Pr) O (0 o 3w (g pf g0

(g, p/)

1) (0
CIrv pr)lPr/s’ (Qrv Pr)fﬁs)girg/

0 A,
lIl( ) ’ . _ = s/ 4
4 oo (4r, Pr) g0+ (g, p )\ng()‘)/ (¢,.p )f” gr/‘,)} |Ha(1)(x, — X,)] ( ) (50)

LI1((]0) (qrv Pr

In this paper we focus on the spacelike correlator.

We are now in a position where we can substitute explicit
expressions for the eigenvalues and eigenstates in terms of
the noise amplitudes (41). We will only consider the zeroth
and first two nonzero states in the spectral expansion since
these are the only terms that are needed to compare stochastic
and QFT results. Hence, we only need to concern ourselves
with finding the terms in the correlators corresponding to
(r,s)equalto(0,0), (0, 1),and (1, 0). From Eq. (47), the O(4)
corrections to the first two eigenvalues are

where the fact that A&)) = 0 is consistent with its corre-
spondence to the equilibrium solution. Using Eq. (50), we
can find the spacelike ¢ —¢q, g—p, p—¢q, and p—p
stochastic correlators. To complete our perturbative expan-
sion, we also need to account for the 4 dependence in the
noise by

0% = 0?}(0) + /16[-2]-(1). (52)

(1 _
Aoy =0, (512)  Note that we will show to relative order (’)( ) that o) 21)
zero; however, at this stage it is important to show that no
A 3HU(v)I(3 —v) (51b) such IR-divergent piece contributes. To O(4), the spacelike
ol 877y ' (g, p) stochastic correlators are
|
HT(1 4+ )G -v) AV 3HAT(0)TE —v)? rg
1,0)q(t,x)) = 2 A 9 2 Ha(t)x|~ 1, 53
\a(s,0)a(s,x)) WP (H(s —%) " s ragm A (332)
3HT (V)T (3 - v)? (o) HT@)TE-0)?
,0)p(t,x)) = (p(t,0)q(t,x)) = — 2 Ha(t)x|~ 7 4+ (2 2 Ha(1)x|,
(a(t.0)p(1.%)) = (p(1,0)q(1. %)) s a2 T S a(x
(53b)
/162(1) 27
(p(0.0)p(1.3)) = 72722 (x| (53

Substituting these expressions into Eq. (40), we obtain an expression for the ¢p — ¢ stochastic correlator up to first order in A.

The spacelike version is
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(#(2.0)¢(1,%)) =

H? TG - )T (20)4 <(3+2y)a§<;>

33— 4)HT(v)’T(E - u)zﬂ Ha(t)x|

167> r+v) 4vH (3 - 2v) 327%vm?
Joa) oay)  HTW)TE-0)
] J S * - Ha(1)x|3. 4
tH (3+2)2| a(o)x| = ’1(31%2 85 um? )' (1x] (54)

C. Second-order stochastic parameters

In Sec. Il we found the Feynman propagator to O(41). We
will use this result to match the O(1) noise. First, we need
to match the stochastic mass m to the parameters mp and 1
from the QFT such that the exponents of Egs. (10) and (54)
agree to relative order O(’lmif) Combining the free and
interacting parts of the first nonzero eigenvalue, we find

that to relative order (’)(’%{1)

3
Api = (=-
01 (2

has the same functional form as the exponent in the
Feynman propagator (11). This tells us that the stochastic
|

3H?
>H+8 5+ 00H)  (59)

3H* 27)H8

2(1
3H0q<q)

mass m*> = m%(1 + (’)(@)) In particular, they agree at

relative order (’)( ) and thus the stochastic exponent can
be found for A < m? /H?, in contrast to the direct pertur-
bative calculation which requires 1 < m*/H*. In order to

compute the term at relative order (’)(%2) we would have to
R

choose a regularization scheme. This will be considered in
future work [73]. For the rest of this paper, we will just set
any (9( ) corrections—be they quantum or stochastic—to
zero. It is noteworthy that Eq. (55) is also obtained if we
were to choose 63, = = o2NO),

To match the amplitude, we expand the spacelike
stochastic field correlator (54) to relative order O(%)
resulting in

B000X) = [r -

2(1
+ Ao p(p)
54H3

204
A+

We see that if we set all three O(4) noise amplitudes to
zero, we reproduce the Feynman propagator to relative
order (’)(’%‘) Thus, our matched noise from perturbation
theory is

2HT(1 +v)0(3 - AH?
o2, = HTUTIG=0) | o (H7) (s
23+ ) m
AH®
=0+0 ( ) (57b)
m?
AH'
=0+ O( ) (57¢)
m?
We are assuming that az(po) and 6?,(19) are parametrically

O(H*) and O(H?), respectively, such that the correction to
all three noise amplitudes is of the same relative order

2

6
N O(ﬂH )] \Ha(t)x |_%+4‘”*2752+0(/1)
m

4 2
+ (25 ) ) Ha(o -t o
m

O</154)>|Ha( x|, (56)

O(’lmi;) Converting the noise amplitudes to (¢, z) variables
gives

HT ()3 -v)

2 __
o 271.5/2
( 1+ O(4L) (M + O(4R) )
X .
(3+2y + O(AHG) (3+21/)2H7 + O(Hﬂ)

(58)

This matrix gives the components of the noise aligning with
Eq. (18).

D. Comparing models and their limitations

The strength of a stochastic approach is that the Fokker-
Planck equation can be solved—analytically for some
examples, but usually numerically—and therefore
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correlation functions can be obtained nonperturbatively. The
second-order stochastic approach loses some of this power
because it requires the noise to be calculated perturbatively
and therefore we are at present limited to the regime ,1”%2 < 1.
To investigate the usefulness of this approach, we compare
its regime of validity with that of the other two approx-
imations introduced above: perturbative QFT and stochastic
OD. Their respective regimes of validity are

4
. m
Perturbative QFT : 1 < 7 A<l  (59a)
m2
OD stochastic : A < —, m < H, (59)
H
m2
Second-order stochastic : A < —, m<H. (59%)
H

A comparison between these regimes is given in Fig. 1. For
the purposes of making the boundaries obvious, we choose
“< 17 to mean “< 0.2” in this plot. In reality, we would not
expect these boundaries to be so clear cut.

Perturbative QFT is encompassed by the second-order
stochastic approach in the limit m < H, which is unsur-
prising given that the matched correlators were found
directly from the Feynman propagators. The OD results
should also be completely covered by the second-order
stochastic approach (we will confirm this in Sec. V B 3)
and are resigned to the left-hand side of Fig. 1 as the
approximation requires the fields to be light. Importantly,
this leaves an area in the parameter space—the purely

SO KXJ QFTPT [ZZ OD

0.20

0.15 -

0.10

0.05 -

0.00

0.0 0.2 0.4 0.6 0.8 1.0
m2/H?

FIG. 1. Regimes in which we expect our approximations to
work. Perturbative QFT, OD stochastic, and second-order (SO)
stochastic are expected to work in the blue left-hashed, green
right-hashed, and orange regions, respectively. Note that there is
some overlap. The pure white space is where none of these
approximations work.

orange zone—where we expect the second-order stochastic
approach to work when the others do not. To obtain such
results, we need to numerically solve our two-dimensional
Fokker-Planck equation. From this, we can compare the
three approximations.

V. NUMERICAL SOLUTIONS TO THE
FOKKER-PLANCK EQUATION

A. Expansion in free eigenstates

Thus far, we have shown that the second-order stochastic
approach can be made to coincide with perturbative QFT if
we choose the stochastic parameters to be Eq. (57). We will
now solve the stochastic equations numerically to obtain
nonperturbative results. We continue to use the (g, p)
coordinates so that we can continue to use the free
eigenstates (44). We make the ansatz that our eigensolu-
tions to the eigenequations (24) can be written as

Wy(q.p) =Y il (q.p). (60a)
Wi(q.p) =Y cnwi(q.p). (60b)

where ¢®)

and yfﬁg)*(q, p) are the free eigenstates given in Eq. (44).

Substituting Eq. (60) into Eq. (24) gives

are two sets of coefficients to be determined

0 0
S e Lwwid (q.p) = Ay _cwi(q.p).  (61a)
S el L (q.p) = =AY _ciMwi (g, p). (61b)

Applying the Fokker-Planck operator to the free eigenstates
will give us

Ciowd a.p) = D Ml (62)

where the matrices M) are given by

0)* 0 *
Mrsr’s’ = (l//g/s)' v‘CFPWE’S)) = Mr’s/rs' (63)
Explicit expressions for these matrices can be found but
they are complicated. Applying Eq. (62) to Eq. (61) and
making use of the completeness of the free eigenstates (25),
one can write

> ML) = =Ayerd, (64a)
ST ML) = —Ayer. (64b)

r's'
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Thus, by diagonalizing the matrices (M®*)7, we can

obtain the eigenvalues Ay and the coefficients cfEN) and

hence the full solution to the Fokker-Planck equation.

In theory, this sum is infinite and our matrices are
infinite dimensional. Therefore, we have to choose values
for r and s (rp. and s, respectively) at which we
truncate the series so that we can practically diagonalize
the matrices. This approximation only works if the
expansion in our chosen eigenstates (60) converges as
Fmax and s, become large. Indeed, we can use this fact
to improve the accuracy of the spectral expansion by
evaluating the eigenvalues for a range of r and s and then
fitting an appropriate curve that converges at infinity.
This essentially gives us the eigenvalue at infinity. There
will naturally be some error associated with this fit but, as
we will see, it is exceedingly small. The convergence
speeds up as m?/H? increases with constant A and as 1
decreases with constant m?/H?. This is the case where the
free solution is the dominant one.

For the purposes of this work, we focus on calculating
the first nonzero eigenvalue in our spectral expansion A;.
To make the idea of truncation and fitting more concrete,
we consider the specific example in Fig. 2 where we
calculate A; at m?/H?>=0.01 and A= 0.0005 with
the level of truncation (7., Smax) Tanging from (26, 26)
to (34, 34). The fit in Fig. 2 gives the eigenvalue at infinity
Al = 0.004530997449(4). The error is exceedingly
small, of order 107'2. Even if one just studies Fig. 2
roughly, one can see that the value of A; changes on the
scale of 107'° when going from a truncation at (26, 26)

X Raw data

4x10710 4 — Fitting

3x10710 4

M= AP

2x10710 4

1x10710 A

2‘6 2‘7 2’8 2’9 3’0 3’1 3’2 3’3 3’4

FIG. 2. Difference between the first nonzero eigenvalue as
found at the highest order of truncation A; and the fit A(1°°> =
0.004530997449(4) for a range of (Fyax» Smax) at m?/H* = 0.01
and 4 = 0.0005. Red crosses are the data found by numerically
diagonalizing the matrix M7 up to the truncation (ry,y, Smax ) and
the green line is the fit, which is exponential. Note that we always
take 7.« = Smax and hence use a single number, r,,, to label the
X axis.

to (34, 34), 7 orders of magnitude below the leading
significant figure of the eigenvalue. This is so small that we
can consider our numerical approach to have negligible
error. This is the scale of errors for all data taken in this
work and therefore we can ignore numerical errors and
henceforth drop the superscript (o).

B. Comparing the second-order stochastic approach
to the OD limit and perturbative QFT

We now have a nonperturbative approach for finding
the eigenvalues associated with the second-order Fokker-
Planck equation (19). The only perturbative effect in
these eigenvalues is in the relationship between the
parameters of the second-order stochastic approach and
QFT. Thus, we have the spectrum of solutions that covers
the region % < 1 in the parameter space (the orange
region in Fig. 1). This encompasses the parameter
space where the OD approximation is valid. However,
thus far we have not explicitly checked that the OD
and second-order results agree. To do this, we calculate
the first nonzero eigenvalue in each method in the
region where the OD approach is valid, m?/H* < 1 and
A< m?/H%.

We also make an explicit comparison with the perturba-
tive QFT eigenvalue (11). This is done to check that the
eigenvalues of the second-order stochastic approach behave
as expected; there should be a good level of agreement in
the regimes where the established approximations are valid
and a degree of difference when they are not.

1. Example 1: m*/H*=0.1
We start by considering two examples of how A
compares to the equivalent quantities in the other two
approximations by plotting them as a function of A for
constant m?/H?. For clarity, we label the first nonzero state

of the second-order stochastic approach as Agso)' In both
Figs. 3 and 4, the solid cyan line shows the choice %, = 0

(57¢) with the choice oap - [Eq. (59¢) of Ref. [72]] shown
for comparison as the dot-dashed cyan line. One can see
that in both figures the two cyan lines diverge from one
another as 4 increases, suggesting that the choice of 6?, 18
important. This is not the case. The reason for the
discrepancy is because we have not included the one-loop
corrections to the stochastic parameters, which enter at
relative order %2 so this difference really tells us the size of
such corrections. If one were to include these, the choice
of of,p would be irrelevant. This will be undertaken in
future work [73].

The first example is for m?/H? = 0.1. This is chosen
because the mass is sufficiently small such that the OD
stochastic approach will be valid beyond both the pertur-
bative QFT and second-order stochastic approaches.
Consider Fig. 3. One can see that for small 4, all three
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-=- QFTPT L
0.070 - oD g
-
— o 02 = g2INLO) L’
| op = %pp .
0.065 v L
— Op=0 e
0.060 -
0.055 -
<
0.050 -
0.045 -
0.040
0.035 -
0.00 0.02 0.04 0.06 0.08 0.10
A
FIG. 3. Plot of the first excited eigenvalue A; as a function of 1

for m?/H* = 0.1 using the perturbative QFT (purple, dashed), OD
stochastic (orange, dotted), and second-order stochastic (cyan)

approaches, with af, = af,%mo) (dot-dashed) and af, » = 0 (solid).

models converge. This is as expected because it is in this
limit that all three models are valid. As we move towards

higher 4, % quickly becomes comparable to 1 and there-

fore the perturbative QFT eigenvalue diverges from the
other three curves. This divergence is large, which is no
surprise because even at 1 = 0.01, %:1 SO we are
already out of the regime of validity for perturbative
QFT. One can see that there is good agreement between
the OD and second-order stochastic approaches throughout
for af, = 0, as expected, as we are still in the region where

the two models should agree.

--- QFTPT Px
0.120 4 oD -/,/
~
S i -
2 /'/
— 0%=0 s -
0.115
< 0.110
0.105 4
0.100
0.00 0.02 0.04 0.06 0.08 0.10

A

FIG. 4. Plot of the first excited eigenvalue A; as a function
of 1 for m?>/H? =0.3 using the perturbative QFT (purple,
dashed), OD stochastic (orange, dotted), and second-order
stochastic (cyan) approaches, with af,p = (;i(,,NLO) (dot-dashed)
and 07, = 0 (solid).

2. Example 2: m*/H*=0.3

For our second example, we consider a larger mass
m?/H?* = 0.3 such that the OD stochastic results become
less reliable. Consider Fig. 4. One can see that for small 4
the second-order stochastic and perturbative QFT results
agree well, but as one increases A the two results diverge
from each other. This is once again because increasing A
results in an increase of fnif Conversely, even at small 4, the
OD stochastic approach gives a different value for the
eigenvalue compared to the other two approaches, sug-
gesting that even at m?>/H? = 0.3 we are at too high a mass
for the OD stochastic approach to be trustworthy.

3. OD versus second-order stochastic approaches

From these two examples, we can see that the behavior
of the second-order stochastic approach is as expected;
there is agreement and difference in the regimes where one
would expect to find them. To make this more quantitative,
we now consider more carefully the difference between
eigenvalues between the second-order stochastic approach
and the other two approaches.

First, we consider the difference between the second-
order and OD stochastic results. We take the relative

difference between the second-order and OD eigenvalues

A(SO) _ A(OD) . ) ) . 2 2

‘A(fof as a function of m*/H*. As one increases m=/H
1

the OD stochastic approach becomes less reliable so we
expect to see an increase in the difference between the two
results. In Fig. 5 we plot the relative difference for different
values of 4 for the case when G%, » = 0. We immediately see
that all of the curves follow the same linearly increasing
behavior. As we increase m?/H? towards the right-hand
side of the figure, we see that the relative difference
increases, as expected.

0.10 A

0.08 A

0.06 -

(/\?0) _ AaOD))/A(lSO)

0.04

0.02 -

0.00 -
0.0 0.2 0.4 0.6 0.8
m2/H?

(S0) _ A (OD)
0)

FIG. 5. Plot of A‘A% against m?/H? for A = 0.001 (red),

0.005 (green), 0.01 (};ellow), and 0.02 (blue).
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0.12

o
=3
@

(O — AP AY

0.02

103 102 10! 10°

AQFTI_, () )
FIG. 6. Plot of IT)‘, where I € {SO, OD} as a function of
’%‘ for A =0.001 (réd), A =0.005 (green), 1 =0.01 (yellow),
and 4 = 0.02 (blue). The solid lines show the relative difference
between the SO and QFT eigenvalues, which lie directly on top of
each other for most % values, while the dashed lines show the
relative difference between the OD and QFT eigenvalues.

4. Perturbative QFT versus second-order
stochastic approaches

We now do the same analysis with a comparison of the

second-order stochastic and perturbative QFT eigenvalues
] ] (QFT) _ 5 (80)
where we plot the eigenvalue difference W for
1

several values of A (solid lines in Fig. 6). Now, we use
AH*/m* on the x axis. As one increases this parameter,
perturbative QFT becomes less reliable so we expect to see
an increase in the difference between the two results. We

see the expected behavior: for small % all of the curves

1H4 . . .
converge to 0. As /7% increases, we see an increasing
relative difference between the two eigenvalues due to a
breakdown of perturbative QFT.

5. OD stochastic versus perturbative QFT approaches

The final comparison we make is between the two
established approximations: perturbative QFT and the
OD stochastic approach. The dotted lines in Fig. 6 plot

the eigenvalue difference between the two approaches,
ALQFT)_ 5 (OD) ) .
- 1— as a function of #%- for the four A values.
A(OD) m
1

On the right-hand side of the plot, we can see that the
deviation from the QFT result follows the same pattern as
that of the second-order stochastic approach. This is
unsurprising because, as we move to higher ’tnif we are
moving to smaller m?/H?, the limit where the OD and
second-order stochastic approaches agree. In this regime,
perturbative QFT is breaking down so we see a high relative
difference between it and the stochastic approaches. As we

move to smaller values of imi: the dotted curves dip to some
minimum before turning upward. As one moves left, there
is an increasing relative difference between the two; this is
now due to the breakdown of the OD stochastic approach
since we are getting to high m?/H? values. One can see that
the second-order stochastic approach continues towards a
zero relative difference, indicating the region where the OD
approach breaks down but the other two approximations are
still valid.

VI. CONCLUDING REMARKS

We have shown that the second-order stochastic effec-
tive theory can be used to calculate correlation functions
for self-interacting scalar fields in de Sitter spacetime.
The stochastic parameters were determined by matching
stochastic correlators to their counterparts in perturbative
QFT and a novel numerical calculation was implemented
in order to perform computations for fields of mass
m < H and coupling A < m?/H?. This goes beyond the
regimes of the established approximations of perturbative
QFT and the overdamped stochastic approach, which are
limited to A < m*/H* and m < H, A < m*/H?, respec-
tively. It would be interesting to compare our results to
other nonperturbative approaches, but that is beyond the
scope of this paper.

Future work is in progress to extend the second-order
stochastic approach further to incorporate the full one-loop
correction, which will capture the relative order O(’lmi;)
contributions. This will improve the results of the current
paper and extend the regime of validity of the second-order
stochastic theory even further. Ideally, one would like to
derive the stochastic parameters from an underlying quan-
tum theory nonperturbatively as opposed to using the
perturbative matching procedure; however, it is not clear
how one should proceed in this direction.

Regardless, the second-order stochastic effective theory
has strong computational power that will be useful in a
range of topics in inflationary cosmology, such as the
precision calculation of the primordial curvature and
isocurvature perturbations in scenarios with light scalar
fields. The formalism outlined in this work suggests that the
stochastic approach has applications beyond its widely
used overdamped state and that it is a method that warrants
further study.
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APPENDIX A: CHOICE OF THE
pp NOISE AMPLITUDE

The choice of setting af, » = 0 as opposed to fitting it
with the subleading contribution is a deviation from our
work in Ref. [72] and so it is worth discussing here where
any difference may occur. The key difference we need to
address here is the comparison we made in Eq. (71) of
Ref. [72]. In that work, we had an alternative second-order
stochastic approach, where one introduced a cutoff between
the sub- and superhorizon modes. We compared this with
the matching procedure for free fields and showed that the
two models would only reproduce equivalent leading-order
contributions in the limit m <« H. Here, we show these
results again for free fields but also include the matching
prescription when af, » = 0 as well. The result is

20 _H
M e~ Ag?°
H? e ¢t
2 =—1+—+—); Al
Ocuaq|, oy = 272 < + 3 + 9>, (Ala)
2(0) -0
av m<H ’
H* et
2 S (S R Alb
Ocut, qp m<H 477:2 < €+ 3)’ ( )
2(NLO) 5
20 _ "p(p |m<<H = 3?,’21 )
pp m<H o O7
HS
O-gut,pp|m<<H = 4—”264' (A]C)

€ is the cutoff parameter which one takes to be small such

that €2 ~ 0. We see that the two approaches agree for all

three noise amplitudes if 6?7(19) = 0. This is not what is

found if one matches o2, p» With the subleading contribution,

2(0 2(NLO
when ap(p) = op(p ),

p

(3vHoy," — acyy)(3aoy, ~

This choice also proves convenient because it is now
straightforward to recover the OD stochastic equations
from the full second-order theory. Writing the (¢, z) noise
amplitudes found through matching in the limit m <« H,

H3
2 =, A2a
64)(/)|m<<H 4”2 ( )
Jgﬁn‘m«ﬂ =0, (A2b)
0%7r|m<<H =0, (AZC)

we see that the only nonzero component to the noise
amplitude is aé(j,. Considering Eq. (16) in the OD limit
7 < 3Hr, it becomes

V(o)
Pt 3

=&y (A3)

which is just the OD stochastic equation (12).

APPENDIX B: STOCHASTIC PERTURBATION
THEORY USING GENERAL NOISE

In this appendix, we outline the derivation of the
stochastic field correlator for a general noise contribution.
We include both the timelike and spacelike correlators for
completeness.

From Eq. (47), the lowest two eigenvalues at O(1) are

Al =0, (Bla)
30{0’%,[, - 4H0{ﬁ26(2“, + 3H2ﬂ36,2]q

() _
for = 8u2Haff?

(B1b)

By using Egs. (48) and (50), respectively, we can find the
timelike and spacelike g —¢q, ¢—p, p—¢q, and p—p
stochastic correlators. Including the perturbed noise (52),
the timelike (g, p) stochastic correlators to O(4) are

o (%
(00,0090 = |76 12 Sit+

242
X e Sv“H™ af

2(0) 2(0) 2(0>
B <aH+’3a S —Atap?al ) 323 )t

4Haﬂzaqp + 3H2ﬂ3 )
481/3H7 3ﬁ2

20)_4 o2 5 ~(0>+3H2/,% 2(0))

Py aqi,)( 3a0pg,,)+4Haﬁ2 20
481/3H7aﬂ3

2(0) 2%
3H2ﬂ3aqq )) :| e (ﬁH 8»2H4a[12 ., (B2a)
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and their spacelike counterparts are
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Substituting these expressions into Eq. (40), we obtain an expression for the ¢p — ¢ stochastic correlator up to first order in A.
The timelike version is
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while the spacelike version is
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This reduces to Eq. (54) if we use the free noise amplitudes (41).
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