
Probing primordial black holes with anisotropies in stochastic
gravitational-wave background

Sai Wang ,1,2,* Valeri Vardanyan ,3,† and Kazunori Kohri3,4,5,6,‡
1Theoretical Physics Division, Institute of High Energy Physics, Chinese Academy of Sciences,

Beijing 100049, People’s Republic of China
2School of Physical Sciences, University of Chinese Academy of Sciences, Beijing 100049,

People’s Republic of China
3Kavli Institute for the Physics and Mathematics of the Universe (WPI), UTIAS,

The University of Tokyo, Kashiwa, Chiba 277-8583, Japan
4Theory Center, IPNS, KEK, 1-1 Oho, Tsukuba, Ibaraki 305-0801, Japan

5International Center for Quantum-field Measurement Systems for Studies of the Universe and Particles
(QUP, WPI), KEK, 1-1 Oho, Tsukuba, Ibaraki 305-0801, Japan

6The Graduate University for Advanced Studies (SOKENDAI), 1-1 Oho, Tsukuba,
Ibaraki 305-0801, Japan

(Received 7 April 2022; accepted 21 November 2022; published 20 December 2022)

Primordial black holes, if considered to constitute a significant fraction of cold dark matter, trace the
inhomogeneous large-scale structure of the Universe. Consequently, the stochastic gravitational-wave
background, originating from incoherent superposition of unresolved signals emitted by primordial black
hole binaries, is expected to display anisotropies across the sky. In this work, we investigate the angular
correlations of such anisotropies for the first time and demonstrate their difference from the analogous
signal produced by astrophysical black hole binaries. We carefully evaluate the associated uncertainties due
to shot-noise and cosmic variance, and demonstrate that the studied signal in the low-frequency regime can
be differentiated from the signal of astrophysical origin. Our results are particularly promising in the stellar
mass-range, where the identification of the merger origin has been particularly challenging.
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I. INTRODUCTION

Observations of gravitational waves (GWs) sourced by
binary black holes (BBH) [1] have stimulated extensive
studies on primordial black holes (PBHs) (for a review, see
Ref. [2]). PBHs could have been produced in the early
stages of the Universe by gravitational collapse of primor-
dial density perturbations, immediately after these have
reentered into the Hubble horizon [3–13]. The relative
abundance of PBHs with respect to cold dark matter has
been tightly constrained by a variety of astronomical
observations (for reviews, see Refs. [14,15]). It has been
shown that even a relatively low abundance of PBHs in the
mass-range of current interferometers is capable of
accounting for the observed local merger rates of black
hole binaries [16,17]. Note, however, that the observed
neutron-star black hole binaries [18] are predominantly of
astrophysical origin [19], although speculations of the
reported neutron stars, alongside the primary components
of the binaries, being primordial black holes have also been

considered [20]. The Advanced LIGO, Virgo, and KAGRA
Collaborations (LVK) [21,22] have not yet detected com-
pact objects in the subsolar mass-range, which would have
been considered to be a smoking gun for the PBH scenario.
There is also no evidence for mergers composed of stellar-
and subsolar-mass black holes [23]. As a result, one of the
key features of the PBH scenario is the distinctive redshift
distribution of merger rate at high redshifts z≳ 10 which
can be probed by future generations of gravitational wave
detectors [24–26].
An alternative observable, the stochastic gravitational-

wave background (SGWB) [27] produced by the incoher-
ent superposition of gravitational waves from all the
unresolved PBH binaries in the Universe, has been pro-
posed to independently constrain the abundance of PBHs
[28–31]. In fact, strong upper bounds on the abundance of
PBHs have been obtained [28,32] using the null-detection
of the SGWB by the LVK network [33,34]. A variety of
future observations are expected to further improve these
constraints [35]. The SGWBs arising in the stellar-mass
PBH scenario and in astrophysical context are effectively
indistinguishable from each other at the current detector
sensitivities [36].
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On top of the directional average, the background also
features potentially observable anisotropies which can
provide additional useful information. The anisotropies of
the SGWB originate from the spatial clustering of GW
sources,1 which trace the spatial distribution of dark matter
[41–45]. As wewill see, this newwindow holds the potential
of distinguishing the PBH scenario from the astrophysical
black hole (ABH) one. In this paper we provide the
theoretical modelling of the spectra characterizing the
angular correlations of anisotropies. We, particularly, for
the first time, present the computation of the angular power
spectra of the SGWB anisotropies in the context of PBHs.
We also reproduce the computation in the astrophysical
scenario, taking into account the Pop–II and Pop–III stellar
populations.
In this paper we demonstrate that the angular power

spectrum of the SGWB provides a complementary pathway
towards identifying the origin of black hole binaries
detected by gravitational wave detectors. The difference
in angular correlations of PBH and ABH scenarios relies in
the differing spatial clustering properties of the two binary
black hole (BBH) populations (see e.g., [46]), as well as the
redshift dependence of the merger rates. The latter is a
monotonically increasing function of redshift in the PBH
scenario [17,31,46,47], and traces the star formation rate
(SFR) in the ABH scenario [48–51].
The rest of the paper is organized as follows. In Sec. II

we briefly review the merger rates of BBHs of primordial
and astrophysical origins. In Sec. III we summarize the
formalism used for computing the angular correlations of
the anisotropic SGWB. We present our results in Sec. IV
and conclusions in Sec. V.

II. MERGER RATE OF BLACK HOLE BINARIES

There are two widely considered channels for PBH
binary formation. In the early Universe channel PBH
binaries form due to torque exerted by all the neighboring
PBHs as well as the linear density perturbations
[17,31,46,47]. In the late Universe one, instead, binaries
are formed due to close encounters of PBHs in dark matter
halos [16,31,52]. In order to match the LIGO-Virgo local
merger rate, the abundance of PBH should be less than
Oð10−3Þ in the early Universe channel [17,46], while an
Oð1Þ fraction is required in the late Universe channel [52].
Assuming no significant disruption of early Universe
binaries, late Universe binaries would only constitute a
negligible fraction of the total binaries and they can be
safely neglected in our analysis. For simplicity we assume a
monochromatic mass distribution of black holes (BHs),
with the component masses given by m0 ¼ 23M⊙.
Changing the PBH mass to other values would not change

our predictions significantly. We have chosen this relatively
large mass in order to facilitate comparisons with the Pop-II
and Pop-III sources. We would like to stress, however, that
the formalism can be easily generalized to other mass
distributions. While narrow-shaped mass distributions,
similar to those considered in Ref. [47], would not
substantially change our results, broad distributions should
be studied more carefully in a future work.
The comoving merger rate of PBH binaries in Gpc−3 yr−1

units, evaluated at cosmic time t, is given by [47]

RPBH ¼ A

�
t0
t

�34
37 f2

ðf2 þ σ2eqÞ2174

×

�
m
M⊙

�
−32
37

δ

�
m
M⊙

−
m0

M⊙

�
; ð1Þ

where A ≃ 3.8 × 106 is a constant amplitude, m denotes the
PBH mass, t0 is the present age of the Universe, fPBH is the
fraction of dark matter in the form of PBHs, and σeq ≃ 0.005
is the variance of overdensities of the rest of dark matter on
scales of order Oð10−2–105ÞM⊙ at the epoch of matter-
radiation equality [46]. We have assumed that the primor-
dial curvature perturbations producing the PBHs are almost
Gaussian, and the initial PBH clustering can be safely
neglected; see e.g., Refs. [41,53]. Effects of initial clustering
will be explored in the future. In Eq. (1), we have addi-
tionally disregarded the effects of binary disruptions
[54,55], which is justified when fPBH ≃ 10−3 and when
initial clustering is neglected.
The existing observational constraints suggest fPBH ≃

10−3 for mPBH ¼ 23M⊙ at the 90% confidence upper limit;
see e.g., Ref. [14] for a recent summary. Equation (1)
implies that the merger rate monotonically decreases with t,
or equivalently, increases with redshift z (see the red curve
in Fig. 1). Throughout this paper we will fix all of the
cosmological parameters to their best-fit values inferred by
the Planck 2018 results [56].
In contrast to PBH binaries, the abundance of ABH

binaries is closely related to the star-formation processes
[48–51]. We take into account the Pop–II and Pop–III
sources when estimating the abundance of ABH binaries.
We adopt the redshift dependence of the event rate as
described in Fig. 10 of Ref. [24], which is shown as the blue
solid curve in Fig. 1. This rate arises from a superposition
of Pop–II (blue dotted curve) and Pop–III (blue dash-dotted
curve) binaries, which are also plotted in Fig. 1 for
comparison. The comoving merger rate of ABHs is peaked
at z≲ 10 and rapidly decreases at higher redshifts. This
crucial difference from the PBH scenario has been dis-
cussed in context of future GW detectors, such as the Deci-
hertz Interferometer Gravitational wave Observatory
(DECIGO) and the big bang observer (BBO) [24], as well
as Einstein Telescope (ET) and Cosmic Explorer (CE)
[25,26]. As in the case of the PBH scenario, we assume a

1In this work we do not consider the resolved GW sources.
Nonetheless, the clustering signal of the latter is a sensitive probe
for identifying the origin of GW binaries; see Refs. [37–40].
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monochromatic mass function for the astrophysical black
holes as well. This simplifying step allows for more
straightforward comparisons of the PBH and ABH scenar-
ios. It is important to note that the details of the mass
distribution is largely uncertain for both of the scenarios.
There are more recent works on this topic, that also provide
the ABH merger rate, see e.g., Ref. [57]. However, within
large uncertainties, the related theoretical predictions are
expected to be overall similar to that of the assumed merger
rate in our paper.

III. ANGULAR POWER SPECTRUM OF THE
SGWB ANISOTROPIES

For the modeling of anisotropies we mostly follow
Refs. [58–60] and evaluate the line-of-sight distribution
of the SGWB as a function of direction on the sky. The
projected intensity maps reflect the spatial clustering
properties of the GW sources, as well as the propagation
effects due to inhomogeneous large-scale structure of dark
matter. We particularly consider perturbations around
spatially flat Friedman-Robertson-Walker metric as
ds2 ¼ a2½−ð1þ 2ϕÞdη2 þ ð1 − 2ψÞδijdxidxj�, where ψ
and ϕ denote the two Bardeen potentials (assumed to be
identical in this work), a ¼ aðηÞ is the scale factor, and
η ¼ R

dt=a is the conformal time.
We model the directional dependence of the projected

GW intensity per unit solid angle as

Ωðν; eÞ ¼ 1

ρc

d3ρðν; eÞ
d ln νd2e

¼ Ω̄ðνÞ
4π

þ δΩðν; eÞ; ð2Þ

where ρ is the energy density at an observed frequency ν, e
is a unit vector along the line-of-sight. The critical energy

density of the Universe at the present epoch is defined as
ρc ¼ 3H2

0=ð8πGÞ, where G and H0 are the gravitational
and Hubble constants, respectively. Here, Ω̄ is the homo-
geneous and isotropic component described previously in
[28–31,61], while δΩ stands for the anisotropic fluctua-
tions. The conventional 1=ð4πÞ prefactor is introduced in
order to recover the background-level results by integrating
Eq. (2) over the full solid angle.
The homogeneous and isotropic quantity Ω̄ðνÞ at the

background level is computed as [28,35]

Ω̄ðνÞ ¼ ν

ρc

Z
η0

0

dηAXðη; νÞ; ð3Þ

AXðη; νÞ ¼ aðηÞ
Z

dθsRXðθs; tÞ
dEs

dνs
ðνs; θsÞ; ð4Þ

where the subscript “X” stands for either PBH or ABH, the
subscript “s” stands for the source frame. The intrinsic
energy spectrum at frequency νs for a given source with
parameters θs is encoded in the function dEs=dνs. In terms
of the observed frequency ν, we have νs ¼ ð1þ zÞν, where
z is the unperturbed redshift. In the frequency domain,
dEs=dνs is related to the GW waveform, for which an
inspiral-merger-ringdown template with nonprecessing
spin correction is used [62,63]. To be specific, for an
individual BBH coalescence, it is given by [64]

dEs

dνs
¼ B

8>>>>><
>>>>>:

ν−
1
3 for ν < ν1

ν−11 ν
2
3 for ν1 ≤ ν < ν2

ν−1
1
ν−4=3
2

ν2h
1þ
�

ν−ν2
σ=2

�
2
i
2

for ν2 ≤ ν < ν3;
ð5Þ

where B ¼ ðGπÞ23m5
3
c=3, and a chirp mass is defined as

mc ¼ m1m2ðm1 þm2Þ−1
3 with ðm1; m2Þ being two compo-

nent masses. The parameters ðν1; ν2; σ; ν3Þ are given in
terms of ðaη2 þ bηþ cÞ=ðπmtÞ, where mt ¼ m1 þm2 is
the total mass and η ¼ m1m2=m2

t is the symmetric mass
ratio. The constants ða; b; cÞ are been given in Table 1 of
Ref. [62]. Here, a binary inclination angle has been
integrated over, and an additional factor is absorbed into
dEs=dνs. We assume that the orbits of binaries are circu-
larized due to long evolution. This is well justified for the
PBH binaries formed in the early Universe. However, the
eccentricity could play an important role in dynamical
formation of ABH binaries. However, assuming a black
hole mass spectrum with power-law index larger than 2, the
LIGO-Virgo Collaboration has excluded [65] the merger
rates larger than 100 Gpc−3 yr−1 for relatively large eccen-
tricities e > 0.1. On the other hand, the correction to the
radiated power of gravitational waves is smaller than 6.7%
when e ≤ 0.1 [66] suggesting that the eccentricity will not
significantly alter our theoretical predictions.

FIG. 1. Comoving merger rateRðtðzÞÞ as a function of redshift
z, in PBH (red) and ABH (blue) scenarios. For comparison, we
plot the comoving merger rates of Pop-II (dotted) and Pop-III
(dash-dotted) binaries separately.
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The main statistical properties of the SGWB anisotropies
are encoded in the angular two-point autocorrelation
function hδΩðν; eÞδΩðν; e0Þi, where e and e0 are two
directions with a fixed angular separation. In practice,
the modelling is simpler in the harmonic space, where we
work in terms of the angular power spectra given by

ClðνÞ ¼
2

π

Z
d ln k k3jδΩlðν; kÞj2: ð6Þ

Here the δΩl quantities are line-of-sight integrals over the
source functions characterizing all the relevant effects
leading to SGWB anisotropies. These can be broadly
categorized as production and propagation effects, with
the former being linked to the inhomogeneous spatial
distribution of the GW sources, and the latter to the
propagation of GWs in a perturbed Universe. While we
have included all the effects in our analysis, let us stress for
clarity that the primary source of anisotropies is rooted in
the spatial distribution of the GW sources. Instead of
showing the complete expression containing all the effects
(see Ref. [67]), here we only present this primary term

δΩlðν; kÞ ¼
ν

4πρc

Z
η0

0

dηAXðν; ηÞ

× bXðηÞδmðη; kÞðηÞjlðkΔηÞ þ � � � ; ð7Þ

where H is the conformal Hubble parameter, Δη≡ η0 − η
is the look-back time, jlðkΔηÞ is the spherical Bessel
function, δm is the dark matter overdensity, and bX is the
linear bias function of the population X (either PBH or
ABH in our analysis). In the early Universe formation
channel the PBH binaries are not expected to be biased with
respect to dark matter, which motivates us to consider
bPBH ¼ 1. On the other hand, the astrophysical binaries are
preferentially formed in larger halos, which are heavily
biased with respect to dark matter. We model their bias
assuming a simple parametric form bABH ¼ b1 þ b2=D,
where D is the linear growth rate and b1 ¼ b2 ¼ 1 are
chosen as constants [68]. Cosmological perturbations are
obtained by numerically solving the Einstein-Boltzmann
equations in the standard model of cosmology. In practice
we use the CMBquick package, while adopting the Halofit
[69] in order to account for nonlinearities of perturbations
at smaller scales.
Besides modeling the signal, a significant care should be

dedicated to the shot-noise estimates. Unlike, for example,
the more conventional galaxy number counts, the constitu-
ent sources of SGWB are not only discretely and randomly
distributed in space, but are also discrete in time if the
observation timescale is longer than the typical times the
binaries spend in a particular frequency band of interest.
The discreteness of the spatial distribution of binaries leads
to the widely familiar spatial shot noise, while the dis-
creteness of binary mergers in time leads to a temporal or

“popcornlike” shot noise. In the high-frequency regime,
e.g., in the LVK band, the latter typically dominates over
the former [70–76]. In contrast, in the low-frequency
regimes, e.g., in the Laser Interferometer Space Antenna
(LISA) band [77],2 the latter is negligible, because the
background mainly arises from the inspiraling stage of
binaries and thus is almost stationary during the observa-
tion window [73,80–82]. Furthermore, we neglect the
contribution from supermassive black hole mergers since
they are subdominant with respect to stellar-mass black
hole binaries [83].
The spatial shot noise can be evaluated using the

expression [73,74]

Nl ¼ 1

ð4πÞ2
Z
r�

dr
r2

1

n̄ðrÞ
�
νAX

ρc

�
2

; ð8Þ

where r ¼ Δη is the comoving distance and n̄ðrÞ is the
comoving number density of binaries at a distance r, that emit
GWs in the detection band. For demonstration, we consider a
situationwhere the spectral bandwidth of the detector approx-
imately covers the frequency range from νlow ¼ 10−3 Hz to
νhigh ¼ 10−2 Hz. The comoving number density of emitting

sources can be estimated as n̄ðrÞ ¼ R tðrÞþτðνlows Þ
tðrÞþτðνhighs Þ RXðt0Þdt0,

where τðνsÞ ≃ 2.18ð1.21M⊙=mcÞ5=3ð100 Hz=νsÞ8=3 is the
coalescence time in units of seconds and mc is the source-
framechirpmass,which inourcase isgivenbymc ¼ 2−1=5m0.
Wenote thatwhilewe focuson theLISAband inour study, the
expressions are in fact generic.
It should be noted that the integral in Eq. (8) is divergent

for r� ¼ 0, and a positive lower limit should therefore be
adopted in practice. Effectively, this constitutes in resolving
the local sources within r�, and subtracting their contri-
bution from the background. In this work we set r� ¼
200 Mpc for concreteness, but our results do not depend
strongly on this choice. If we choose a larger r�, the shot
noise would be smaller. This implies that our choice is a
conservative estimate for the LISA band.

IV. THEORETICAL RESULTS

Figure 2 depicts the isotropic component of the signal,
i.e., the monopole Ω̄ of the SGWB, originating from PBH
(red solid curve) and ABH (blue solid curve) binaries. The
overall shapes of these two curves are identical due to our
assumption of a monochromatic BH mass function, while
the amplitudes are different. Such differences in spectral
amplitudes can be traced back to the difference in merger
rates as a function of redshift. This is encoded in Eq. (4),
which we depict as a function of z in Fig. 3 (the coloring of
curves is consistent with that of Fig. 2). From these two
figures it is clear that the energy density of SGWB is

2In this paper we will focus on three experiments—LISA [77],
BBO [78], and Ultimate DECIGO [79], for the LISA band.
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mainly contributed by low-redshift BBHs. This is an
expected result since the GWs emitted from high-redshift
sources are significantly diluted due to the cosmic expan-
sion. This also implies that if the local merger rates of
PBHs and ABHs are identical, it would be challenging to
discriminate the corresponding monopoles [36]. The time
dependence of the astrophysical kernel APBHðηÞ is deter-
mined in terms of aðηÞ, R and dEs=dνs [see Eq. (4)]. The
scale factor is given by ð1þ zÞ−1, in matter domination
the second one scales as t−34=37 ∝ ð1þ zÞ51=37. Finally,
the redshifted GWenergy scales as ð1þ zÞ−1=3. Combining
we find ð1þ zÞ5=111 ≃ ð1þ zÞ0.045, implying an almost flat
curve in Fig. 3. In contrast, the ABH kernel AABH has a
single peak corresponding to the peak in the comoving
merger rate in Fig. 1.
After having established the monopole signal, we now

move forward to evaluating the angular spectra using

Eq. (6). Figure 4 shows the angular power spectra Cl
for the anisotropies of SGWB in PBH and ABH scenarios.
We show the results at two frequencies 10−2 Hz (dashed
curves) and 10−3 Hz (solid curves) to reveal the frequency
dependence of the spectra; see below for further discussion.
The two populations seem to have the same dependence for
the angular power spectra, even though they have a very
different merger rate and kernel. This prediction arises from
the fact that the energy density of SGWB is mainly
contributed by low-redshift sources, since the GWs emitted
from high-redshift sources are significantly diluted. For
comparison, we also depict the noise power spectra at
multipoles from l ¼ 1 to 30, and at ν ¼ 10−2 Hz for LISA
(black dashed curve), BBO (gray dashed curve) and
Ultimate DECIGO (green dashed curve) [84].3 Not sur-
prisingly, such a small signal is beyond the measuring
capability of LISA, with the predicted signal at 10−2 Hz
being around five orders of magnitude below the expected
sensitivity of LISA. It should, however, be stressed that
detector networks might have a much better sensitivities.
However, the signal is marginally within the capability of
BBO for the first four multipoles. In contrast, for the first
six multipoles, Ultimate DECIGO has the capability to
measure the signal, since its expected sensitivity is lower
than the predicted signal by eight orders of magnitude.
In addition, for a given frequency, e.g., 10−3 Hz, the

spectra of PBHs and ABHs share nearly the same profile,

FIG. 2. Isotropic component Ω̄ðνÞ in PBH (red) and ABH
(blue) scenarios.

FIG. 3. Kernel AXðηðzÞ; νÞ as a function of redshift z, at
frequency ν ¼ 10−3 Hz. The labeling is the same as in Fig. 2
and is consistent in the rest of the paper.

FIG. 4. Angular power spectra Cl at ν ¼ 10−2 Hz (dashed) and
10−3 Hz (solid). For comparison, the noise power spectra of
LISA (black), BBO (gray), and Ultimate DECIGO (green) are
plotted for the multipoles l ∈ ½1; 30� at frequency 10−2 Hz
(sensitivity curves adopted from [84]).

3For each experiment, the noise power spectrum has been
shown at the peak frequency in Ref. [84]. Simply rescaling the
noise power spectrum from its peak frequency to 10 mHz, i.e.,
multiplying it with ½Ω̄ð10 mHzÞ=Ω̄ðpeak frequencyÞ�2, we obtain
a revised noise power spectrum at 10 mHz in Fig. 4. This
rescaling is reasonable in the sense that the monopole only varies
by a few times from the peak frequency to 10 mHz.
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while their amplitudes differ. For the sake of a better
comparison, it is instructive to consider the spectra of the
relative anisotropies δΩ=Ω̄, instead of the absolute δΩ.
The corresponding power spectra would assist in evaluating
the shape differences, as well as the frequency dependence
of the signals.
Indeed, the frequency dependence of Cl can be reduced

if we consider a redefined spectra C̃l ¼ ClðΩ̄=4πÞ−2,
corresponding to the autocorrelations of relative fluctua-
tions δΩðΩ̄=4πÞ−1. Our results for such “reduced” angular
power spectra are shown in Fig. 5. By a direct computation
we have established that C̃l does not depend on the
frequency. This, in turn, implies that the frequency depend-
ence of Cl is completely dominated by the frequency
dependence of the monopole Ω̄. Moreover, the shape
differences between the spectra in ABH and PBH scenarios
are better visible when considering the relative anisotro-
pies, as can be seen in Fig. 5. The reduced spectra C̃l are
therefore very useful for identifying the origin of the
SGWB anisotropies, and do not contain the redundant
information present in the Cl spectra.
While the results in this paper are derived with exact

numerical evaluation of the spectra in Eq. (6), it is useful to
consider an approximate treatment, relying on widely used
Limber approximation [85]. Here, for simplicity, we
assume a constant comoving merger rate density, i.e.,
RX ¼ 20 Gpc−3 yr−1, which is compatible with the event
rate of 16 – 61 Gpc−3 yr−1 for BBHs reported by LVK [86].
Considering dEs=dνs ∼ 1053 erg=Hz in the mHz band for
BBHs with component masses of ≃10M⊙, and using the
numerical values ρc ∼ 1011M⊙=Mpc3, t0 ∼ 10 Gyr and
M⊙ ∼ 1054 erg, from Eqs. (3) and (4) we get

Ω̄ ≃
νt0RX

ρc

dEs

dνs
≃ 10−13: ð9Þ

This result is consistent with our numerical results of Ω̄ in
Fig. 2 up to an order-one constant prefactor.
Using the Limber approximation [87], the angular power

spectra Cl in Eq. (6) can be estimated as

Cl ≃
1

ð4πÞ2
�
lþ 1

2

�
−1 Z

dkPðk; ηÞ
�
νAX

ρc

�
2

; ð10Þ

where Pðk; ηÞ denotes the matter power spectrum at scale k
and time η. As consequence of the Limber approximation,
the integrand should be understood to be evaluated at look-
back time of Δη ¼ ðlþ 1=2Þ=k. The approximate expres-
sion offers an insight into how the kernel AXðη; νÞ affects
the spectrum. Indeed, it is clear that since the kernels in
ABH and PBH scenarios are drastically different (see
Fig. 3) from each other, the resulting angular spectra
should also be different (see Fig. 5). Additionally, taking
into account that the APBH is a nearly flat function of
redshift, and assuming for simplicity that the power
spectrum does not depend significantly on redshift either,
Eq. (10) suggests a simple scaling Cl ∝ ðlþ 1=2Þ−1,
which is approximately compatible with the numerical
behavior seen in Figs. 4 and 5.
We now evaluate the spatial shot noise Nl following

Eq. (8). In order to compare it with the reduced spectra C̃l,
we introduce Ñl ¼ NlðΩ̄=4πÞ−2, for which the numerical
results (dotted curves) are shown in Fig. 5. We conclude
that Ñl is at the level of ∼10−9 at ν ¼ 10−3 Hz, and,
depending on l, is smaller than the predicted signal C̃l by
at most 4 – 5 orders of magnitude. As a result it can be
safely neglected in the LISA frequency band and at a vast
range of angular scales. Note, however, that the shot-noise
becomes more dominant at much smaller scales, corre-
sponding to higher multipoles.
For the sake of completeness, we additionally present a

simple (but crude) estimate for the amplitude of the shot-
noise Ñl. Assuming a constant merger rate, and consid-
ering a BBH coalescence time τ ∼ 103 years (roughly
spanning the frequency range from 10−3 Hz to
10−2 Hz), for the comoving number density of BBHs we
approximately obtain n̄ ∼ τRX ∼ 105 Gpc−3. Eq. (8) can be
approximated to give

Nl ∼
1

ð4πÞ2
1

n̄t0

�
νAX

ρc

�
2

: ð11Þ

Using Ω̄ ∼ t0νAX=ρc, we obtain Ñl ∼ ðt30n̄Þ−1 ∼ 10−8,
which is consistent with the numerical evaluation.
Finally, in order to assess the power of our method, in

Fig. 6 (black solid curve) we show the ratio of the rescaled
C̃l spectra in the ABH and PBH scenarios. For comparison,
we also show the cosmic variance (shaded region), which,
for each of the signals, is given by σðClÞ=Cl ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=ð2lþ 1Þp

. For the ratio of two normally distributed
variables w ¼ u=v, the variance σw is given by

FIG. 5. Reduced angular power spectra C̃l ¼ ClðΩ̄=4πÞ−2.
The shaded regions represent the cosmic variance. The reduced
shot noise Ñl ¼ NlðΩ̄=4πÞ−2 (dotted) is shown for comparison.
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σ2w=w2 ¼ σ2u=u2 þ σ2v=v2, where σu and σv denote the
variances of u and v, respectively. Given the cosmic
variances of u ¼ C̃ABH

l and v ¼ C̃PBH
l , we estimate the

cosmic variance of the ratio w ¼ C̃ABH
l =C̃PBH

l ; the gray-
shaded region in Fig. 6. The dotted horizontal line
represents the case of identical signals, which we aim to
rule out. We find that the cosmic variance is overall
subdominant with respect to the signal, implying that it
would be possible to discriminate the PBH scenario from
the ABH one using the SGWB anisotropies. Scaling as
approximately a power-law l−1=2, the cosmic variance is far
less dominant at higher multipoles. However, as our result
in Fig. 6 shows, even the lowest multipoles are useful for
identifying the BBH origin. This is an important conclu-
sion, because the detection of smaller-scale anisotropies is
known to be technically challenging. Furthermore, in
particular, we expect that with the lowest six multipoles,
Ultimate DECIGO has the capability to distinguish the
predicted signals of different origin, since it is expected to
measure the angular power spectrum with high sensitivity,
as mentioned before.

V. CONCLUSIONS AND DISCUSSIONS

In this work, we have proposed a novel observational
window to probe PBH scenario using the anisotropies in the
stochastic gravitational wave background. We particularly
provided the theoretical modelling of angular correlations
and discussed the theoretical observability of the signal in
the milli-Hertz frequency band.
We have foundCl ≲ 10−29 for the angular power spectra,

and C̃l ∼ 10−9–10−5 for the spectra normalized by the
isotropic component of the background. We have shown
that the shot noise Ñl is constant and negligible (∼10−12)
for multipoles l≲Oð103Þ. While the shot noise could take

over the signal at very small angular scales, the latter are not
expected to be probed in foreseeable future. Our results
demonstrate that cosmic-variance-limited detection of the
anisotropies would allow the ABH and PBH signals to be
distinguishable from one another even with poor angular
sensitivities. Particularly, cosmic variance scales approx-
imately as ∼l−1=2, and the detection of correlations with
l≲Oð10Þ would already be useful for discriminating the
two scenarios from each other (see Fig. 6).
As far as the observational prospects are concerned, we

have found that the measurement of anisotropies is beyond
the capabilities of LISA, but marginally (well) within the
capabilities of BBO (Ultimate DECIGO). Particularly,
following Ref. [88], we have demonstrated that the signal
is ∼5 orders of magnitude lower than the LISA sensitivity,
but is within reach of BBO and Ultimate DECIGO. Our
results, therefore, have interesting observational prospects.
Future experimental proposals, as well as improvements in
map-making techniques, will provide better sensitivities,
therefore better prospects for our results. Additionally,
cross-correlations with galaxy distribution are expected
to improve the detection prospects as well [73,74].
While demonstrated in the LISA frequency band, our

results can in principle be generalized to higher-frequency
regimes, where the signal could be larger. However, in the
LVK frequency band the shot-noise component originating
from the temporal discreteness of the events is several
orders of magnitude larger than the anticipated signal. This
time-domain shot-noise is a fundamental problem in the
LVK band, and no convincing way around it has been
proposed so far. There are two promising directions. An
interesting approach has been explored in Ref. [71], using
multiple independent time-segments to estimate the power
spectrum. While the approach gives an unbiased estimator
of the true GW power spectrum, the variance at inter-
mediate to large multipoles dominates over the signal,
rendering the approach practically not very useful. Another
promising approach, explored in Refs. [73,74] relies on
cross-correlating the GW anisotropies with galaxy posi-
tions. It is still to be shown whether this approach can
significantly mitigate the temporal shot-noise. Combining
these two approaches may provide a more robust method
for mitigating the shot-noise bias.
While the shot-noise is expected to be an important

problem, it is useful to note that LVK has already presented
an upper bound on the power at the lowest multipoles.
Following an original description in Ref. [89], LVK
inferred an upper bound of Cl ∼ 10−18, for the lowest
four multipoles [90]. These limits are at least ∼4 orders of
magnitude higher than the expected signal in the corre-
sponding band. This sensitivity could improve significantly
in the era of third generation detectors, such as a network of
Einstein Telescopes [91].
As a final remark let us note that we have made a series

of assumptions to simplify our computations in this work.

FIG. 6. Ratio between the reduced power spectra in ABH and
PBH scenarios (black solid line). Cosmic variance is shown as a
gray shaded region. The dotted horizontal line represent the case
of identical signals.
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First, the assumption of the monochromatic mass distribu-
tion of BHs significantly simplified the numerical compu-
tations. Our results would not change significantly when a
narrow mass distributions are considered, but broader
distributions should be studied separately in a future work.
Second, we have neglected any additional contributions to
SGWB present, for example, in a number of early Universe
models. The SGWB from binary mergers could be con-
sidered as a foreground for such scenarios. We have also
neglected the contributions from late Universe PBH bina-
ries since their merger rates are subdominant with respect to
the early Universe channel. Third, in this work we have
only compared our theoretical predictions with the sensi-
tivity of a given individual experiment. However, a more
detailed analysis involving a network of detectors [92,93] is
required for a better understanding of the practical

detectability of our signal. This also should be explored
in a future work.
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