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Our observed Universe has a very strong arrow of time rooted in its low entropy starting point. This low
entropy start can be related to various “tuning puzzles” about the early state of the Universe. Here we explore
the relationship between the arrow of time and the emergence of classical from quantum in the hopes of
ultimately gaining insights into cosmological initial conditions. Our focus is on einselection, the process
whereby interactions with an environment select preferred states for a quantum system. This process plays
an essential role in the emergence of classical from quantum. Studies of einselection have so far been limited
to cases that exhibit an arrow of time. Here we study the ability of equilibrium systems to exhibit einselection
—and investigate whether detailed balance prevents this—motivated by the question of whether classicality
requires an arrow of time. We present calculations in the adapted Caldeira-Leggett model which demonstrate
that einselection can indeed take place in equilibrium systems, and show how this phenomenon is tied to
histories which express an arrow of time, despite the global equilibrium. We discuss some interesting
implications of our results for cosmology and cosmological initial conditions. We are intrigued and a bit
surprised by the role the consistent histories formalism has ended up playing in our analysis.
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I. INTRODUCTION

A quantum system coupled to an environment will
generically exhibit entanglement between the system and
environment. The onset of such entanglement is called
decoherence. The process of decoherence will cause unen-
tangled initial states (products in the system-environment
partition) to evolve into entangled states, where the system
and environment are each described by density matrices
(even in the case where the global evolution is unitary and
the total state remains pure). Under certain conditions, which
are very common in nature, the density matrix that emerges
for the system has eigenstates drawn from a preferred stable
set called “pointer states.” The process whereby special
pointer states are dynamically selected by decoherence is
called “einselection.” This process plays an essential role in
the emergence of classical behavior in quantum systems, for

example by rapidly turning “Schrödinger cat” superpositions
into classical mixtures.
So far einselection has only been studied in the literature

(or for that matter in nature) under conditions which exhibit
an arrow of time (expressed by the increase of entangle-
ment entropy between the system and environment, for
example). This invites the question whether an arrow of
time is required for classical behavior to emerge.
To examine this question further, consider a quantum

system in equilibrium, which does not exhibit a global arrow
of time by definition. If one considers the detailed balance
exhibited by equilibrium systems, it would seem that both
entangling and the time reverse (disentangling) would be
happening simultaneously, preventing a clear path to einse-
lection from emerging. If such a result was confirmed, it
might imply the necessity of an arrow of time to obtain
classical behavior. That implication would have interesting
consequences for cosmology and various “tuning puzzles,”
since the arrow of time we experience originates from the
low entropy initial conditions of the Universe. (Linking the
low entropy of the early Universe to special properties of the
metric was pioneered by Penrose in the context of his Weyl
curvature hypothesis [1].)
In this work we have indeed found a link between the

emergence of classicality and the arrow of time, although it
is not the simple one we anticipated. Our studies uphold the
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connection between the arrow of time and einselection, but
rather than eliminating the possibility of classical behavior
under equilibrium conditions, our explorations of einselec-
tion have helped us identify consistent histories which
exhibit an arrow of time within the overall equilibrium state.
Note that it is often routine for physicists to think of

equilibrium systems as part of a larger picture (a laboratory
for example) in which there is a robust arrow of time. In
such situations one can consider processes such as mea-
surements of the system, decoherence etc. which all rely on
this arrow of time to operate. In our Universe the origin of
this “laboratory” arrow of time is cosmological, and it is
ultimately the cosmological arrow of time we wish to study
here, without any a priori assumption about an external
environment with an arrow of time. This motivates our use
of the consistent histories formalism, as we discuss below.
Our primary tool in this work is the adapted Caldeira-

Leggett (ACL) model, which we developed in [2] specifi-
cally to allow calculations which do not assume an arrow of
time from the outset. This is an important difference from the
standard master equation treatments associated with studies
of einselection. As with the original Caldeira-Leggett model,
the ACL model describes a simple harmonic oscillator
(SHO) coupled to an environment. We evolve the complete
SHO-environment “world” fully unitarily, using the highly
accurate numerical methods reported in [2]. Our techniques
allow us to probe all aspects of the behavior of this model.
Reference [2] can also serve as an introduction to the ideas of
einselection in the context of the ACL model. A more
general review can be found in [3]. Both of these resources
provide extensive references to the original literature.
We note that the notion of equilibrium plays something of

a dual role in our discussions. Its main role is as a good
example of a physical state which does not exhibit an arrow
of time. In this role it is something of a “straw man” which
allows us to explore the nature of einselection under
conditions not previously studied, and examine the role
of time’s arrow. Certainly an equilibrium state is not the only
state that can play such a role, and we explicitly expand our
discussion to other cases in Appendix B. Separately, one can
be curious about the possibility that the Universe is globally
in a state of equilibrium, and our observed Universe is some
sort of fluctuation. An equilibrium state is certainly
expected to be the long-term condition for any finite system
(no matter how large), and perhaps other systems as well. So
studies of equilibrium in our toy model might be relevant for
assessing such cosmological scenarios. We will explore
these angles later in the paper (where we also acknowledge
the range of challenges faced by equilibrium cosmological
models).
Quantum physics is a topic which can generate fraught

discussions about interpretation. Most actual calculations
are disconnected from those discussions, following standard
conventions that produce uncontroversial mathematical
results which in most cases are straightforward to connect

with data. Consideration of cosmological questions, in
which there is no external observer, can sometimes require
a more concrete stand on interpretation. In this paper we
ultimately work with the consistent histories formalism,
which allows analysis of quantum systems without refer-
ence to an external observer (see [4] for some recent
reflections on these issues).
The consistent histories (CH) formalism has the well-

known feature that there are generally many alternate sets
of histories available for interpreting the same quantum
system. While the formalism is able to assign relative
probabilities to histories within a given set, it is agnostic
about how one is to make choices among the different sets.
This feature has spawned diverse responses. Some are
content to accept this ambiguity as part of the nature of
quantum physics, while others seek to add requirements
beyond the CH formalism to pare down the possibilities.
Still others feel this feature is grounds for skepticism about
the entire CH formalism. We are intrigued by how this
intrinsic ambiguity in the CH formalism enables an under-
standing of the way an equilibrium system can exhibit both
detailed balance and einselection (along with the associated
arrow of time).
This paper reports substantial technical work using the

ACL model. The reader who is mainly interested in the
conclusions we draw for cosmology may wish to start by
reading Sec. VII. The full structure of this paper is as
follows: In the next two sections we give a fairly conven-
tional treatment, which will work as a precursor to using the
CH formalism. In Sec. II we introduce the basics of the ACL
model and explain how we construct the equilibrium state
we use throughout the rest of the paper. In Sec. III we
explore einselection in our equilibrium system using stan-
dard tools based on correlation functions. We conclude
Sec. III by noting how the standard tools implicitly assume
an external environment with an arrow of time. That
motivates the extension of our results to a full treatment
with the CH formalism which we undertake in Sec. IV. This
expands our understanding of the nature of the einselection
and allows us to more fully examine the role of the
equilibrium assumption. The CH formalism also allows
us to take a closer look at the relationship between
einselection and the arrow of time in our calculations.
This we do in Sec. V, where we find that the histories we
use to study einselection come with a built-in arrow of time.
We interpret this arrow in terms of fluctuations of the
equilibrium system, and also study its relationship to the
well-known feature that the consistent histories formalism
usually describes multiple sets of consistent histories which
coexist as alternate and disconnected descriptions of the
same system. Section V is where our concrete technical
conclusions for the ACL model are presented.
To facilitate the application of our results to initial

conditions for cosmology, in Sec. VI we offer some general
observations about the role of initial conditions in the CH
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formalism. Finally, in Sec. VII we relate the insights that
have emerged from this work to cosmological questions,
especially as they pertain to cosmological initial conditions.
We give some additional attention to the de Sitter equilib-
rium cosmological models, but most of our reflections are
of a more general nature. We have tried to make Sec. VII a
self-contained account of our insights and main conceptual
points. We outline our main conclusions in Sec. VIII. Due
to disagreements among experts even about what makes a
good theory of initial conditions (which we review in
Sec. VII A), our discussions of the implications of our work
for cosmology are necessarily more open ended than the
concrete technical discussions of the ACL results.
Appendix A examines the robustness of our model and

our definition of equilibrium. Appendix B extends our
results to the case where we put the global system in an
eigenstate of the total Hamiltonian, suggesting an “eigen-
state einselection hypothesis” akin to the well-known
“eigenstate thermalization hypothesis.”

II. THE ACL MODEL AND EQUILIBRIUM

The ACL model describes a system coupled to an
environment. The ACL Hamiltonian is given by

Hw ¼ Hs ⊗ 1e þ qs ⊗ HI
e þ 1s ⊗ He ð1Þ

where s and e refer to the system and environment. The
system is a SHO, truncated in a particular way to enable
stable numerical computation. The second term in Eq. (1) is
the interaction term, where qs is the position operator of the
SHO and

HI
e ¼ EIRe

I þ E0
I : ð2Þ

The self-Hamiltonian of the environment is given by

He ¼ EeRe þ E0
e: ð3Þ

The matrices Re and Re
I are independently constructed

random Hermitian matrices which are held constant
throughout a given calculation.1 In [2] we provide full
details of the ACL model, demonstrate its ability to
reproduce standard results from the decoherence and
einselection literature, and also demonstrate the ability of
the ACL model to evolve into an equilibrium state.
Figure 1 shows the evolution of the von Neumann

entropy and system and environment energies for a product
initial state. Initially the entropy grows and energy flows
between s and e, but later equilibration occurs: After

t ≈ 103 there is no net flow of energy and the entropy
holds steady, up to small fluctuations. The equilibrium state
used throughout this paper is arrived at by tracking this
evolution and taking a snapshot of the state of the entire
system at t ¼ 3 × 106, well into the equilibrium phase. We
write this equilibrium state (in the full w ¼ s ⊗ e space)
as jEi.2
For Fig. 1 we use Ee

I ¼ 0.01, Ee ¼ 0.05, E0
I ¼ Ee

I , and
E0
e ¼ Ee. The initial state is a product of the α ¼ 3 coherent

state for s, and the i ¼ 500 eigenstate of He for e. The
subsystem dimensions are ns ¼ 30 and ne ¼ 600.
Information about how we approximate a SHO in a finite
space, the accuracy of our numerical computations, and
details of how these states are constructed can be found in
[2]. Also, in Appendix Awe further scrutinize the notion of
equilibrium we use here.

III. EINSELECTION

Einselection is related to the robustness of the system
states under interaction with the environment. Several
standard approaches were used in [2] to study einselection.
Here we utilize a scheme related to the “predictability sieve”
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FIG. 1. Entropy (top panel), SHO energy (middle), and
environment energy (bottom). By t ¼ 3 × 106 these curves have
stabilized, supporting the case that the global state at this time
represents an equilibrium state. We use this state in our sub-
sequent calculations.

1Each independent matrix element is drawn uniformly from
the interval ½−0.5; 0.5�. We have checked that (basically due to the
central limit theorem) this is equivalent to drawing the random
numbers from a normal distribution for the values of Ne we
consider.

2The energy curves in Fig. 1 show a noisy period as
equilibrium fully sets in which gives the appearance, if closely
scrutinized, that energy might not be completely conserved. This
is an artifact of the energy in the interaction term of Hw not being
shown. Our techniques insure that the full energy of w is
conserved to machine precision [2].
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approach (a scheme developed by Zurek and collaborators
[5,6] and applied in [2], where we give more extensive
reference). We pose the conditional probability question, “if
the SHO is found in state jψðt0Þis at t0, what is the
probability of finding the system in jψðt1Þis at t1?” where

jψðt1Þis ¼ expð−iðt1 − t0ÞHs=ℏÞjψðt0Þis: ð4Þ

To address this question we use the projection operators

P0 ≡ jψðt0Þisshψðt0Þj ⊗ 1e ð5Þ

and

P1 ≡ jψðt1Þisshψðt1Þj ⊗ 1e ð6Þ

and construct

jg1; 0i≡ P1Tðt1 − t0ÞP0jEi × ðhEjP0jEiÞ−1=2 ð7Þ

where jEi is the equilibrium state in the full w ¼ s ⊗ e
space and

TðΔtÞ≡ expð−iHwΔt=ℏÞ: ð8Þ

With these definitions,

p10ðΔtÞ≡ hg1; 0 jg1; 0i ð9Þ

is the quantity which answers the conditional probability
question posed. [Note the appearance of a normalization
factor in Eq. (7) which produces the standard normalization
used when constructing conditional probabilities.]
Figure 2 shows p10 for jψðt0Þis chosen to be either a

coherent state (with α ¼ 3), an eigenstate of qs (situated at a
location similar to the position of the α ¼ 3 coherent state),
or the n ¼ 7 eigenstate ofHs (which has a similar energy to
the other states used here). One can see that for a period of
time one is certain to find the SHO in the state time evolved
from its initial state by Hs. This is the period during which
p10 stays at unity. Eventually the interactions take their toll,
and the state of the SHO has less and less overlap with the
state it would have had if it were decoupled from the
environment. This phase is manifested by decreasing values
of p10. The fact that p10 remains close to unity for much
longer in the coherent state case shows that the coherent
states are more stable against decoherence with the envi-
ronment.3 This is a situation often found in nature, which
we realize in the ACL model by appropriate choices for the
various parameters. (In [2] we show how different param-
eter choices in the ACL model can lead to different pointer

states being einselected, but here we stay in the limit where
the coherent states are the pointer states.)
One can also evaluate p10 for negative values of Δt. This

corresponds to probing the SHO state at times prior to t0,
where the P0 condition is imposed. Figure 3 shows p10 for
both negative and positive values of Δt. The results appear
to show the chosen SHO state “cohering” out of equilib-
rium into the chosen state at Δt ¼ 0 and then decohering
back toward equilibrium.4Wewill come back to this picture
when studying the system from the point of view of
consistent histories.
Naively, it would appear that we have demonstrated that

einselection can indeed happen in equilibrium systems,
thus answering in the affirmative a question which moti-
vated this paper. However, the formalism we developed in
this section requires more scrutiny. A standard interpreta-
tion would say that the projection operators we use here
would describe measurements of the SHO by some
apparatus external to both s and e. Such a measurement
could be expected to throw the whole thing out of
equilibrium, so it is not clear if we have really addressed
the original question.
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FIG. 2. These three curves [defined in Eq. (9)] indicate the
stability of specific SHO states against interaction with the
environment. The coherent state (solid curve) remains stable
longer than the position eigenstate (dashed) or the energy
eigenstate (dotted), indicating that the coherent state is einse-
lected over the others. (The SHO period is 2π in these units.).

3The fact that for theHs eigenstate case p10 levels off at around
0.5 suggests that at late times our system may be approaching the
quantum limit, as discussed in Appendix A of [2].

4Generally, the phenomena which degrade the correlations
include both decoherence and dissipation. In everyday macro-
scopic systems decoherence operates on a much faster timescale
and is the focus of discussions of stability and einselection. We
have shown in [2] that both phenomena are present in the ACL
model, although the timescales are much closer together (as one
might expect in a finite toy model).
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Specifically, after operating with P0, one is left with a
product state with zero entanglement entropy between the
system and environment. The only aspect that reflects the
fact that we started with the equilibrium state jEi is the
specific environment state which multiplies the system state
jψðt0Þis (determined by P0). The subsequent evolution is
that of an initial product state such as shown in Fig. 1 and
studied extensively in [2]. Motivated by these consider-
ations, we now turn to the consistent histories formalism
which allows an analysis which looks less like an external
disruption of our equilibrium system. We will see how this
formalism introduces some new considerations to our
assessment of einselection.

IV. CONSISTENT HISTORIES

The consistent histories formalism is a tool for identify-
ing classical behavior in a closed quantum system without
reference to an outside observer. It was proposed in 1984
[7], and since then a substantial literature has emerged (see
for example [8–19] and for a recent review see [20]). We
use the formalism here in a very similar manner to the way
it is used in [9]. The next subsection sets up our techniques
in a way that might serve as a very brief introduction to the

CH formalism, at least in the form we use here. The
subsequent Results subsection presents results which
address the topics of interest in this paper using the CH
formalism. This subsection also offers intuitive interpreta-
tions of the CH quantities, which may be all some readers
need to know about the CH formalism. Such readers might
try skipping straight to Sec. IV B.

A. Formalism

The CH formalism expresses the full time evolution of a
quantum system in terms of histories formed using com-
plete sets of projection operators. We start our discussion
by using P0 and P1 from Eqs. (5) and (6) to define the
complementary projectors

P \0 ≡ 1 − P0;

P \1 ≡ 1 − P1: ð10Þ

We consider the time evolution given by

jψðt1Þi ¼ Tðt1 − t0Þjψðt0Þi ð11Þ

¼ 1Tðt1 − t0Þ1jψðt0Þi ð12Þ

with T defined in Eq. (8). (Here the states and operators
are in the full w ¼ s ⊗ e space.) Since P1 þ P \1 ¼ P0 þ
P \0 ¼ 1 (thus forming “complete sets”), one can continue
by writing

jψðt1Þi ¼ ðP1 þ P \1ÞTðt1 − t0Þ
× ðP0 þ P \0Þjψðt0Þi ð13Þ

¼ P1Tðt1 − t0ÞP0jψðt0Þi
þ P1Tðt1 − t0ÞP \0jψðt0Þi
þ P \1Tðt1 − t0ÞP0jψðt0Þi
þ P \1Tðt1 − t0ÞP \0jψðt0Þi ð14Þ

≡j1; 0i þ j1; \0i þ j\1; 0i þ j\1; \0i ð15Þ
where the quantities in Eq. (15) are defined by

ji; ji≡ PiTðt1 − t0ÞPjjψðt0Þi: ð16Þ

Note that Eqs. (7) and (16) are related by

jfi; ji ¼ ji; jiðhψðt0ÞjP0jψðt0ÞiÞ−1=2; ð17Þ

meaning that these two quantities just differ by a
normalization.
Equation (15) amounts to organizing the time evolution in

terms of paths or histories, where each term in Eq. (15)
represents a different history determined by which
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FIG. 3. Figure 2 is shown in the right panel, with the same
quantities evaluated for negative values of Δt in the left panel.
Taken together, these curves reflect the specific states cohering
out of equilibrium, becoming fully cohered at Δt ¼ 0, and then
decohering back as Δt takes increasing positive values. The
approximate time symmetry that appears here is expected given
that the primary condition is placed at Δt ¼ 0. These results will
contribute to our more thorough discussion of the arrow of time
in Sec. V.
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projections are chosen at each of the two times.5 In general
the consistent histories formalism can accommodate any
number of times where complete sets of projection operators
are inserted, as well as more finely grained sets of projec-
tions themselves. Here we stick to using only two projection
times (t0 and t1), and a very simple choice of projectors (P1,
P0, and their compliments). These will suffice to explore the
physical questions of interest while keeping our formalism
and computations as simple as possible.
Next we define the “decoherence functional”

Dij;kl ≡ hi; jjk; li ð18Þ
[with ji; ji defined in Eq. (16)].6 The CH formalism seeks
to use the diagonal elements of D to assign the probability

pCH
ij ¼ Dij;ij ð19Þ

to the ij path. The paths are considered consistent if the
pCH
ij obey the sum rules expected of classical probabilities.

For example, one could define a coarse grained history
(labeled by 1°) where no projections are inserted at t1, and
classically one would expect

cpCH
1°

¼ pCH
10 þ pCH

1 \0 : ð20Þ

However, in general off diagonal elements of D come in
giving

qpCH
1°

¼ cpCH
1°

þD10;1 \0 þD1 \0;10: ð21Þ

We say we have identified good sets of consistent histories
when the off diagonal contributions in Eq. (21) (which
describe quantum interference effects) are sufficiently
small, so that the classical expression [Eq. (20)] is obeyed
to the desired tolerance.7

Figure 4 illustrates the full set of paths considered here,
along with the path labels and corresponding projection
operators. In a more general CH formalism, with many
projection times and many components to the complete sets
of projectors, there are a multitude of sum rules that can be
checked. For our purposes the relatively simple framework
set up here suffices.

The formalism described here is perfectly well formu-
lated for either t1 > t0 or t1 < t0. The subscript refers to
the order in which the projections appear in Eq. (14), but
Tðt1 − t0Þ is well defined for both positive and negative
arguments. Thus the arrows in Fig. 4 really refer to the order
of the projections, and one can consider cases where time
flows from top to bottom in this diagram. One can think of
the projection at t0 giving initial conditions for the path
when t1 > t0 and as giving final conditions when t1 < t0.

8

This aspect will be important to the discussion in Sec. V.

B. Results

Here we revisit the physical question posed in Sec. III—
does einselection happen in equilibrium—this time using
the CH formalism. We condition on the case where the SHO
is found in state jψðt0Þis at t0, and compute the probability
of finding it in the corresponding evolved state jψðt1Þis at
t1. While the framework of Sec. III implies the measurement
of the SHO by an external apparatus, the CH formalism uses
projectors to identify paths. The solid curves in each panel
of Fig. 5 are called pCH

10 in the CH formalism, but they are
none other than the pðΔtÞ curves shown in Fig. 2, rescaled
according to Eq. (17). Crucially, the CH formalism requires
us to consider additional quantities in order to interpret these
curves. The dashed curve in each panel shows the proba-
bility that the SHO was not in jψðt0Þis at t0, but is
nonetheless found in jψðt1Þis at t1. This is the quantity
called pCH

1 \0 in Sec. IVA. The presence of this alternate

0P 0P

1P 1P

10

10

10

10

FIG. 4. A schematic illustrating the four paths constructed in
Sec. IVA. The projection operators correspond to circles and the
path labels are marked in boxes. In Sec. IV B we focus mainly on
the two paths which end at P1 (Fig. 5). One path (10, solid)
arrives from P0 (giving the simple behavior of a decoupled SHO),
the other (1\0, dashed) arrives from P \0. (The 1\0 path would be
impossible without interactions with the environment.).

5This construction has the look of a derivation of the path
integral, but in the consistent histories formalism there is
generally no expectation that the usual continuum limits need
be taken.

6Technically our D is a function of discrete variables, not a
function al, but we stick to the standard usage to avoid generating
arcane nomenclature.

7We note that, in addition to its use in the CH formalism,
Eq. (20) shows up in other contexts as a metric of classicality. For
example, Eq. (20) corresponds to a form of the Kolmogorov
consistency condition, and there is a body of work investigating
deviations from Eq. (20) in quantum systems and their implica-
tions for classicality within a projective measurement framework
(e.g., [21–23]).

8Use of final conditions in the CH formalism has been
discussed for example in [8,12].
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pathway to jψðt1Þis is part of what makes the CH formalism
different from our treatment in Sec. III. Figure 4 illustrates
the full set of paths considered here, along with the path
labels and corresponding projection operators (Fig. 5 only
shows information about the two paths which arrive in the
upper left of Fig. 4).
The dot-dashed curve in each panel of Fig. 5 is just the

sum of the solid and dashed curves [cpCH
1°

from Eq. (20)
giving the expected total classical probability], and the
dotted curve shows qpCH

1°
from Eq. (21), which includes

quantum interference effects. The degree to which the dot-
dashed curves (classical) and the dotted curves (quantum)
differ indicates the breakdown of the classical rules for
probabilities.
In Sec. III we examined the (rescaled) solid curves from

Fig. 5 which we presented in Fig. 2. We used the deviation
from constant behavior as a signal of instability under
interaction with the environment. The fact that the coherent
state case stayed constant for longer than the other cases led
us to conclude that the coherent states were more stable
under interactions with the environment, and thus were
einselected by these interactions. Since these same curves

appear in the CH discussion, it seems we would draw the
identical conclusions using the identical information.
The new feature that is added by the CH formalism is the

chance to check for interference effects among different
paths, which can undermine the assignment of classical
probabilities to the paths. This sort of breakdown is a
physically different way the interactions with the environ-
ment can erode classical behavior, and this erosion is
signaled by deviations between the dotted and dot-dashed
curves in Fig. 5. Since the deviations between these two
curves appear (to the extent that they occur) around the
same time as the solid curves start to deviate from constant
values, we can argue that the emergence of interference
effects does not change our conclusions about einselection
for these particular calculations. (In Appendix B we present
examples where interference effects do change our con-
clusions about einselection.)
To make such an argument more carefully, one would

need a measure of how large the interference effects need to
be to register a breakdown of classicality. If our tolerance
was very tight, we might need to zoom in to the early-time
parts of the curves in Fig. 5 to check for small deviations,
and it is possible that these small deviations would not
appear in the same time order across the three panels. If that
were the case, our argument about einselection could be
undermined. On the other hand, a more lax tolerance of
interference effects could regard all the interference effects
shown in Fig. 5 as inconsequential. Under those conditions
our discussion of einselection would revert completely
back to the form it took in Sec. III.
As usual in physics, the choice of which tolerances to use

should be grounded in practical considerations related to
what we intend to do with the SHO. For example, if the
SHO is intended to represent the pendulum of a clock, the
accuracy of the clock would dictate the degree of classi-
cality needed for the pendulum. Such considerations lie far
outside the scope of our little toy model. The value we see
in our analysis of the ACL model is that it has given us a
sufficiently concrete framework for calculations to compel
us to carefully organize our ways of thinking about the
relationship between einselection and equilibrium. We now
turn to a discussion of how what we have reported so far
relates to the arrow of time.

V. ARROW OF TIME

A. Time’s arrow and einselection

The results we have presented so far clearly have an
arrow of time. By construction, the pCH

10 ’s (solid curves in
Fig. 5) correspond to paths in which the SHO and the
environment are not entangled at Δt ¼ 0. The eventual
deviations of pCH

10 from constant behavior correspond to a
“branching” as the probability for the “10” path declines,
and the probability for arriving at jψðt1Þis from a state
different from jψðt0Þis (given by pCH

1 \0 ) increases.
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FIG. 5. A CH treatment of different initial system states as they
interact with the environment. The solid curves are pCH

10 ðtÞ (which
are none other than the correlation functions shown in Fig. 2).
The dashed curves are the same quantity for the alternate 1\0 path.
The two top curves give cpCH

1° ðtÞ and qpCH
1° ðtÞ. The extent to which

the top two curves are different from one another signals quantum
interference effects between the 10 and 1\0 paths which under-
mine attempts to assign classical probabilities. As discussed in
the text, the interference effects do not change our conclusions
about einselection for these cases. (A pictorial representation of
the paths considered is shown in Fig. 4.).
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As we did with the correlation functions discussed in
Sec. III, one can consider the t1 < t0 case, where P0 and P \0
impose final conditions. In that case, our formalism
explores different histories by which the system can arrive
at jψðt0Þis from the past. Figure 6 shows the quantities
given in the top panel of Fig. 5, along with the same
quantities evaluated for negative values of Δt. Here the x
axis has a linear scale, allowing both negative and positive
values of Δt to be shown together. In linking these two
paths (positive and negative values of Δt) together, one is
effectively imposing a “middle condition” at t0 rather than
an initial or final one.
The top panel of Fig. 6 describes the SHO starting with

significant entanglement with the environment at negative
Δt values. As Δt approaches zero from below, the entan-
glement approaches zero, and the 10 and 1\0 paths join
together (as pCH

1 \0 → 0). After reaching zero at Δt ¼ 0, the

entanglement increases again and the two paths branch
out.9 The top panel corresponds to the top panel of Fig. 5.
For the bottom panel we have used t00 ¼ t0 þ 40 in
constructing the projection operators (but still show Δt
on the x axis rather thanΔt0, to make our narrative simpler).
What we have done in this case is evolve the equilibrium
state to

jEi0 ¼ Tð40ÞjEi ð22Þ

and used jEi0 in the expressions for the CH quantities shown
in the lower panel. Thus, the two panels represent different
CH narratives for the identical quantum state. In one case
the SHO is in a pure state at Δt ¼ 0, and becomes more
entangled asΔt deviates from zero in either direction. In this
case, the SHO has become significantly entangled with the
environment by Δt ¼ 40. In the second case, at Δt ¼ 0
the SHO is in the process of becoming disentangled from
the environment, a process which completes atΔt ¼ 40 and
then starts reversing. Each panel represents a double headed
arrow of time, but the time at which the arrow changes
direction is different in the two cases.
Here we have encountered a well-known feature of the

CH formalism, namely that there are typically many differ-
ent sets of histories that coexist as alternate accounts of
classical behavior for a given quantum system [9–11,13,24].
The CH formalism on its own is unable assign a preference
to one of these sets over another (or assign relative
probabilities between the sets, even as it does assign relative
probabilities to histories drawn from the same set). As
illustrated in Fig. 6, this ambiguity shows up in the lack of
preference for the point in time when the entropy is at a
minimum (and its arrow switches directions).
Figure 6 also allows us to revisit the question of detailed

balance we raised in the Introduction. There we asked
whether the detailed balance properties of equilibrium
systems mean that entangling and disentangling processes
are happening simultaneously, which would suggest there is
no clear route to einselection. We see that the CH formalism
allows us to interpret an equilibrium state with paths which
have separate periods dominated by either entangling or
disentangling. On such paths these two processes are not
happening simultaneously (at least not on an equal basis).
Looking atΔt ¼ 20 in Fig. 6, indeed both entanglement and
disentanglement are happening “simultaneously” in the
sense that both processes are represented. But they are
represented on different paths, each of which has a clear
direction, and is interpreted as a separate classical descrip-
tion of the behavior of the system. Such paths single out a
special time which marks the transition between these two
periods, and one might wonder how an equilibrium system
can “choose” what time that would be. The answer is that
the system does not choose that time, but rather multiple
interpretations coexist where the transition between entan-
gling and disentangling occurs at different times. The
multiplicity of the sets of paths (along with the double-
headed nature of the arrows) captures the notion of detailed
balance, even as the individual paths appear to disregard that
notion.

B. Related considerations

It is standard practice to quantify properties of equilib-
rium using correlation functions, often time averaged.
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FIG. 6. Alternate histories: We show the CH quantities from
Fig. 5 (coherent state case only), but with a linear x axis and
negative values of Δt included. As discussed in the text, each
panel shows an alternate CH narrative for the identical quantum
state. The different narratives give conflicting accounts of the
arrow of time, both of which are equally valid.

9Technically the CH formalism is able to consider branching
that is not connected to entanglement with an environment, but
such a connection is present in the cases we consider here.
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Indeed this is how we presented earlier versions of this
work, for example in [25]. However, the time averaging and
other specifics of those analyses seemed to obscure the
relationship between our calculations and traditional ideas
about einselection. We feel the approach we use here offers
greater clarity. For one, we see that equilibrium systems can
admit descriptions which do exhibit an arrow of time. We
find it intriguing that rather than equilibrium conditions
preventing the system from exhibiting einselection (as we
initially suspected might be the case), exploring the physics
of einselection led us to histories which exhibit an arrow of
time, even under equilibrium conditions. While our picture
might be described as “capturing a transient downward, and
then upward, fluctuation of the entropy” in an equilibrium
system (certainly a notion commonly associated with a
double headed arrow of time), the CH formalism gives a
technical account of what such a statement might mean. In
particular, it does not mean waiting for a recurrence which
would bring the full entanglement entropy to a small value.
Rather, it means choosing histories which reflect such a
fluctuation. Such histories which place the fluctuation at
any chosen moment in time are equally available. There is
no need to wait for any fluctuation, let alone a recurrence.
In fact, it is straightforward to extend the formalism

we’ve developed here so that the entire set of projectors has
the form of Eq. (5). To do that, one would replace the
projectors P \i [defined in Eq. (10)] with sets of Ns − 1
projectors of the form of Eq. (5) using a set of jψ jðt0Þis,
where j labels a set of states which, along with the original
jψðt0Þis, form an orthonormal basis for s. Creating histories
from such projectors would ensure that every path had zero
entanglement entropy at t0, and that the zero entropy time

could be chosen arbitrarily using the ideas discussed in
Sec. VA. The overall (large) entanglement between system
and environment would be expressed by nonzero proba-
bilities assigned to many paths, but the entropy on each
would be zero at that moment. Generally, the equilibrium
nature of the whole system would also show up in the
branching behavior we have demonstrated here, which
makes the zero entropy feature only a transient property of
the paths which emerge and then decohere according to a
double-headed arrow of time.
While we are on the topic of alternate sets of histories, we

should note that the process of einselection itself has long
been regarded as a useful tool for selecting a preferred set
among the many possible sets of consistent histories [9–11].
If the CH projections are made on the pointer states, their
robustness leads to greater stability and thus a longer period
of classicality. This is a more formal way of stating the
importance of einselection, which we sketched in a more
heuristic way in the Introduction. “Quantum Darwinism”
[26–29] is another idea for selecting preferred sets of
histories. While our toy model is far too simple to illustrate
this idea directly, we do not expect that quantum Darwinism
could select a preferred set among the histories showing
fluctuations at different moments in time, such as those
shown in Fig. 6.
To further complete our discussion, we present Fig. 7,

which shows the CH quantities for all four paths shown in
Fig. 4. The additional paths (both of which start with P \1)
shown in the lower panel exhibit broadly the same features
discussed so far for the paths with start with P1, and reflect
the same phenomena. The main difference is that the
probability remains high for the \1\0 path, which is not
surprising since each of the P \i projectors cover most of the
sHilbert space, and the whole system is in equilibrium (and
thus quite spread out in the Hilbert space). Figure 8
provides a closeup of part of the lower panel of Fig 7.
This allows us to see that the breakdown of the classical
sum rules is happening on similar overall scales for both
pairs of paths.
Thus far we have presented a variety of results from our

toy model related to einselection and the arrow of time in

1010

10

10

FIG. 7. The complete set of histories: The top panel is the
same as the top panel of Fig. 5, and the bottom panel gives the
same information for the remaining histories from Fig. 4
(labeled as in Fig. 4).
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0.82
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FIG. 8. Zooming in on the top curves from the lower panel of
Fig. 7. Here the y axis is on the same scale as the upper panel
of Fig. 7, for easier comparison. One can see that the breakdown
of the classical sum rules (indicated by the deviation of the dot-
dashed and dotted curves) is of a similar size in both cases.
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equilibrium systems. We want to explore the implications of
these results for cosmological theories, especially theories
of cosmic initial conditions. That is the fundamental
motivation for this project. Our first step in this direction
is to look more generally at the role of initial conditions in
the CH formalism.

VI. THE ROLE OF INITIAL CONDITIONS
IN THE CH FORMALISM

We first approached einselection intuitively using a
correlation function approach. We then expanded that
discussion using the CH formalism to avoid inadvertently
evoking an external observer. We want to apply the insights
we have gained about the presence of einselection in
equilibrium, and what that implies for a link between an
arrow of time and classical behavior, to the question of
cosmological initial conditions. To facilitate that focus, we
first step back and take a broader look at the role of initial
conditions in the CH formalism.

A. Microstate histories

We start by looking at a very special case which we call
“microstate histories” (MH). It is well known that it is
always easy to create consistent histories by choosing
projection operators which, unlike those we defined above,
project onto microstates of the entire Hilbert space w. We
write these as

Pi
MHðt0Þ≡ jψ iðt0Þiwwhψ iðt0Þj: ð23Þ

Furthermore, in the MH scheme projectors at later times,
Pi

MHðtjÞ, are constructed by using

jψ iðtjÞiw ≡ Tðtj − t0Þjψ iðtoÞiw ð24Þ

in Eq. (23). One can construct a flawlessly consistent set of
histories by letting i run across a complete basis for w.
Because T is unitary, the orthonormality of the jψ iðt0Þiw
states guarantees that all the off-diagonal elements of the
decoherence functional will remain exactly zero in this
scheme. For this scheme to work, we needed to select
jψ iðt0Þiw as a microstate in the full Hilbert space of w so
that the unitarity of T can be exploited. If one uses the MH
scheme with initial state jIiw, the only role for jIiw is to
assign the probability

pMH
i ≡ jwhψ iðt0ÞjIiwj2 ð25Þ

to the history constructed with projectors PMH
i . In the MH

scheme there is no guarantee that there would be anything
particularly classical about the paths, other than that they
(in a trivial way) could be assigned definite probabilities
which obey all the classical sum rules. All the MH scheme
does is exploit the fact that jIiw can be expanded in a

complete basis, and that if one evolves that basis with T, the
expansion coefficients will not change over time.
If the w space had an internal structure complex enough

to describe observers and observables (certainly more
complicated than our simple toy model), observers on
the ith MH path would naturally regard jψ iðt0Þiw as their
initial state, not jIiw.10 If any of these observers were
cosmologists, they might debate the relative merits of the
global state jIiw, or perhaps a competing theory jI 0iw, and
the different values of pMH

i they provide. But aside from
certain cosmological considerations, the state jψ iðt0Þiw is
all an observer would need to account for the physics they
experience on their particular history.
We have presented the highly idealized MH case to

illustrate how in the CH formalism the notion of a global
initial state can be quite disconnected from the experiences
of observers on a particular history. We will now turn to a
less idealized case and note that even there a similar
disconnect is possible.

B. General case

Typically the projectors used in the CH formalism are not
formed from microstates of the entire Hilbert space, but
focus on subspaces (as we have done with our toy model), or
perhaps use other forms of “coarse graining.” This allows
one to focus on observables or other quantities of interest
while ignoring unobservable microscopic degrees of free-
dom. Generally, such a focus has a key role in identifying
classical behavior. As we have illustrated with the calcu-
lations in this paper (and unlike the idealized MH case), for
such histories quantum interference among the paths
becomes a real issue which must be quantified. Only
histories with sufficiently low interference effects may be
assigned classical probabilities. Still, when the conditions
are such that the interference effects are low, then each
classical history has a “life of its own,” and would naturally
identify its initial state with the first projector of that history.
Careful scrutiny would reveal that in this more general

case the disconnect from the global initial state jIiw is not as
trivial as in the MH case, but in the end it could appear to
take a similar form. As we have discussed in our toy model,
a projector of the form given in Eq. (5), which projects only
on a system state, creates a product state between system
and environment when operating on jIiw. The environment
state which is correlated in this way is determined by jIiw.
Since the state of the environment can contribute to
decoherence and other effects on the system (which can
impact both the evolution of an individual history as well as
interference effects between histories), jIiw plays a more
detailed role in the behavior of the histories than in the MH
scheme. Still, once consistent histories are found it would

10Note that in order to account for the existence of observers
and observables one would need to drill down to more fine-
grained sets of histories describing these aspects.
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seem natural for observers on a particular history to identify
the state at the start of their history as the “state of the
Universe,” rather than jIiw.
Bringing this perspective to our ACLmodel calculations,

one can say that the correlation functions calculated in
Sec. III could just as well have been calculated starting with
the product “initial” states which result from operating with
P0 on jEiw. Aside from its role in determining which
environment state appears in the product, one could simply
forget about the role of jEiw. Turning to the CH calculations
which followed, looking closely one can see that jEiw plays
a role in determining the level of quantum interference
among the paths. But if one sticks to the time period where
the interference is acceptably low, again the behavior of the
path can be described just fine by the product initial state,
without direct reference to jEiw. This disconnect from jEiw
offers a helpful context for the fact that we were able to
identify plenty of phenomena associated with an arrow of
time, despite the equilibrium nature of jEiw.11 This per-
spective will also prove interesting in our cosmological
discussion.

VII. COSMOLOGICAL DISCUSSION

A. Background

The goal of this work is to illuminate discussions of
cosmological initial conditions. Since the arrow of time
figures prominently in such discussions, a result requiring
an arrow of time to realize classical behavior would seem to
offer important insights. Our calculations have led us to
claims that are not quite so simplistic, but as they are we
find them all the more intriguing.
The topic of cosmological initial conditions is a compli-

cated one. There is no universal consensus about what one is
trying to accomplish with a theory of cosmic initial con-
ditions, and what features one should require of a successful
theory. Some physicists are struck by the apparent tuning
that is present in the initial conditions for our observed
Universe (which in fact corresponds to the low entropy
required to have an arrow of time [1]). Among those
concerned about tuning, some are tempted by the attractor
behavior of cosmic inflation [30–35] (or of alternative
theories [36]) as a tool for dynamically favoring certain
initial conditions.12 Others have argued, based on various
phase space considerations, that a dynamical explanation of
the early low entropy is impossible [37–41] (see [42] for a
review of this issue in the context of starting cosmic
inflation). And there have been a number of attempts to
navigate a more nuanced path among these different points

of view [43–51] (see also discussions at this workshop [52]).
Yet another school of thought regards the elegance with
which one can state the initial conditions more highly than
whatever can be accomplished dynamically, for example in
certain “wave function of the Universe” formulations such as
[42,53–57]. From that standpoint, the low entropy can look
like a virtue, rather than a tuning problem. One could also
just take the practical viewpoint that the initial conditions
should simply be declared, without fanfare or extensive
scrutiny. This approach might best match how physics is
done in fields other than cosmology.13

This work is motivated by the hopeful view that more
thought and technical progress could bring greater clarity
and consensus on the topic of cosmic initial conditions. To
connect our ACL calculations with cosmology, we start with
some basic comments about the standard big bang cosmol-
ogy and the arrow of time. By “big bang” we mean a
Friedmann-Robertson-Walker (FRW) model adjusted to
describe our observed Universe as well as possible. At
early times such a model will have small perturbations which
form the seeds of galaxies and other cosmic structure that
emerges over time due to gravitational collapse around these
seeds. It is currently standard practice to assume such a
model emerges after a period of cosmic inflation (or some-
times an alternative dynamical scheme) which accounts for
the details of the perturbation spectrum, and perhaps some
other aspects, but one could also consider a more “old
school” picture where the FRW Universe emerges from an
initial singularity in the radiation dominated phase with the
perturbations simply imprinted from the start.
In big bang cosmology, the low entropy of the early

Universe originates in the FRW form of the metric [1]. The
emergence of cosmic structure (and thus deviations from
FRW) via gravitational collapse is the origin of the arrow of
time in the Universe. As reviewed for example in [44], our
local instance of cosmic structure (the hot sun radiating into
cold space) is the primary origin of the arrow of time we
experience here on Earth. Heuristically, it is this instability
which prompts concerns about “fine-tuning.” Much as one
might be surprised to walk into one’s office and find a
pencil stably balanced on its point, the instabilities of the
early Universe reflect an initial balancing act that is at least
as striking and mysterious in the eyes of many cosmolo-
gists. While certain classic treatments such as [61] focus on
the instability associated with curvature within the FRW

11We note that our emphasis on this disconnect is a major
difference between this paper and [19] (which also discusses the
arrow of time, initial conditions, and cosmology).

12Indeed, students typically emerge from contemporary
courses on cosmology with the impression that inflation dynami-
cally resolves all cosmological tuning problems.

13Quantum gravity, which surely is ultimately the tool we need
to address these questions, has a well-known “problem of time”
which has potentially radical consequences [58]. As is done in
much of the literature on cosmic initial conditions, in this paper
we implicitly assume a suitable time variable has been identified
(for example along the lines of [59,60]) and pursue an inves-
tigation which uses that variable as effectively an external time
parameter. We acknowledge that until time in quantum gravity is
fully understood it will remain unclear whether our (rather
conventional) approach is missing important elements relevant
to cosmic initial conditions.
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metric, the more general tuning issue relates to the vast
array of other possible metrics that the early Universe
apparently “turned down” in favor of FRW [1].
We should note that it is the instability of the early

universe to gravitational collapse rather than the FRW
metric per se that creates an arrow of time. de Sitter space is
also described by an FRWmetric, but it is classically stable.
In fact, once notions of horizon entropy are factored in, de
Sitter space can be considered the highest entropy state
accessible to a universe with a positive cosmological
constant [62]. In that sense it is a kind of equilibrium state
which, as expected for equilibrium conditions, does not
exhibit an arrow of time. The presence of thermal Gibbons-
Hawking radiation in de Sitter space [62] further encour-
ages an equilibrium interpretation.

B. Connecting our ACL results to cosmology

Let us now make some links to our ACL results. A
physics laboratory is an out-of-equilibrium system (ulti-
mately thanks to the arrow of time of the cosmos as a whole).
An experimentalist could simply displace a pendulum with
their hand and create a situation similar to the one depicted in
Fig. 1, arrow of time and all. More sophisticated experiments
could measure the correlation functions depicted in Fig. 2.
Our experimentalist might also construct a Schrödinger cat
superposition of oscillator states and allow interactions with
the environment to reflect einselection, as modeled for
example in [2]. All of these experiments exploit the cosmic
arrow of time, which is available to us in abundance, and
illuminate its relationship to the emergence of classical from
quantum. This paper is motivated by our curiosity about
whether the arrow of time is essential for the emergence of
classical from quantum, particularly with regards to the
process of einselection. Given the extent to which we depend
on classical physics in the world around us, it would seem
that an answer in the affirmative might provides useful
insights about the initial state of the Universe, from which
time’s arrow originates.
We should acknowledge here that we have not mapped

out a detailed linkage between the arrow of time needed to
einselect our SHO and the specific initial state of our
observed Universe. There are many other conceivable
initial states which also have an arrow of time to some
degree (certainly enough to decohere a single oscillator) but
which do not seem as finely tuned. This point is related to
the “Boltzmann brain” problem, which we will return to
shortly. We regard this project merely as a small step in an
interesting direction, inspired by these larger questions.
The direction this step has taken us is something of a

surprise. Rather than disrupting the process of einselection,
we have found that using equilibrium states simply drew
our attention to the disconnect between the properties of the
global initial state and the individual histories experienced
by observers. This disconnect allowed us to consider
histories with a clear arrow of time, even though the global

state did not exhibit one. In turn, these out-of-equilibrium
histories easily manifested einselection. The individual
histories were far enough removed from the “detailed
balance” associated with equilibrium that the process of
einselection could proceed in the same manner in which it
has already been observed in situations which have an
arrow of time. The notion of detailed balancewas expressed
in the variety of histories one could use to interpret the
same quantum state, even as many individual histories had
a definite time direction.
We bring several important basic messages from our

ACL studies into cosmology. First of all, our work draws
attention to the fact that the CH formalism requires one to
check for quantum interference effects among histories
within a given set, to see which ones can even be assigned
classical probabilities. This point was made long ago
[8,12], but it has not been widely implemented. Given
the very classical nature of realistic cosmologies, it is
unclear to us if this lack of implementation is a serious
shortcoming (as argued for example in [18]).
Secondly, while quantum physics is able to assign

relative probabilities to histories within a specific decoher-
ing set, it is unable to give a systematic preference to one set
over another. In this sense the different sets of consistent
histories represent sets of truly “alternate facts,” which
describe the same quantum state. This feature plays an
important role in the work presented here, and we reflect
further on it in Sec. VII C and in our conclusions.
Next, while the global state does have a role in

determining the degree of interference among histories,
once sufficiently classical histories have been identified the
remaining role of the global state is to assign relative
probabilities to the different members of the set. These
probabilities have limited meaning to observers who share
the same classical history, but they can provide a frame-
work for cosmological discussions of the likelihood of their
particular universe.14

Finally, we note that our results contradict ideas that
“nothing happens” in equilibrium states (or even single
energy eigenstates as we discussed in Appendix B). Thus
we disagree with the application of such ideas to cosmol-
ogy, as implemented for example in [51,67]. On this point
our arguments seem similar to those which appear in [68].

C. Further reflections

We have explored the relationship between a global
initial state and the perceived initial state experienced by
observers on a particular classical history. Under conditions
where interference effects are low, and the history really
does look classical, the remaining role of the global state is
simply to assign a probability to that history. One could

14These features are at least somewhat reminiscent of other
work that carefully distinguishes between global and observer
perspectives, such as [63–66].
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imagine that cosmologists who come up with a global state
which assigns unit probability to the classical path they are
on might consider their work finished. This would corre-
spond to the “practical approach” mentioned in Sec. VII A.
But many other considerations influence people’s thinking
about a global wave function of the universe. There are
cases where cosmologists find these other considerations
(essentially “priors”) compelling enough to favor global
states which assign highly suppressed probabilities to the
classical paths we are on. Others are uncomfortable with
doing so. This situation reflects the diversity of views about
cosmic initial states that we discussed earlier. To some,
willingness to accept a theory in which one’s own classical
trajectory is assigned a small probability is equivalent to
accepting a finely tuned theory.15

To elaborate further, we offer two examples where
cosmologists have taken positions in favor of global states
where paths exhibiting realistic properties of our observed
Universe are exponentially suppressed. The first is the
Hartle-Hawking “no boundary” (NB) wave function [53]. It
is well known that in theories with an inflaton the NB wave
function exponentially disfavors cosmologies which expe-
rience cosmic inflation in favor of states where the inflaton
starts at the bottom of its potential. Nonetheless, proponents
of the NB wave function find its intrinsic merits16 sufficient
to impose additional conditions which favor inflation to
allow more realistic cosmologies to be considered (for
example [69]).
Another example is de Sitter equilibrium cosmology

(dSE) [46,50,70,71]. This is a cosmological picture
motivated by the idea that the observed cosmic acceler-
ation could be due to a fundamentally stable cosmological
constant that defines an equilibrium state for the Universe
(along the lines of our discussions of de Sitter space in
Sec. VII A). In that picture, the equilibrium state would be
the global quantum state and our observed Universe would
be regarded as fluctuation, destined to equilibrate back to
de Sitter as we evolve closer to a state dominated by the
cosmological constant (conceptually similar to the behav-
ior of the histories we explored with the ACL model).
Simple arguments suggest that dSE models should suffer

from a Boltzmann brain problem [37,38,43,46,72,73]. This
term refers to the apparent discrepancy between the fact
that in equilibrium small fluctuations are much more likely
than large ones, yet our Universe appears to be a large

fluctuation. Novel quantum gravity effects could provide a
way out of the Boltzmann brain problem for dSE models
[50], but even so fluctuations that resemble our Universe
would be Boltzmann suppressed. An enthusiast of dSE
cosmologies might still find a global state dictated by the
laws of physics (via equilibration processes) more compel-
ling than one constructed in a more ad hoc manner, and
therefore accept the price of Boltzmann suppression. As
discussed in [50], fluctuations like our Universe could be
the most likely fluctuations which actually exhibit an arrow
of time. On the other hand, should the exotic phenomena
such as proposed in [50] not be realized, colleagues who are
not willing to favor low probability histories by using
theoretical priors may well regard the free availability of
out-of-equilibrium histories demonstrated in this work to
further enhance the Boltzmann brain problem. Such a
perspective could extend more broadly to many cosmo-
logical scenarios, not just dSE.
We add one more general thought about dSE models:

While in most of this paper we used the notion of
equilibrium as a “straw man” to represent the absence
of an arrow of time, for dSE models equilibrium is a
fundamental part of the physical picture. If we had
concluded that equilibrium conditions prevent the emer-
gence of classicality due to the absence of einselection
(as we thought might be the case at the start of this project),
that would have created major problems for the dSE
picture. Instead, our results are consistent with identifying
histories describing an arrow of time despite the overall
equilibrium conditions, as have already been explored
heuristically in the dSE literature.
Another feature of our work that has some connections

with cosmology is the presence of a double headed arrow of
time. Such ideas come up occasionally in cosmological
scenarios (some are discussed in [45,50,51,74]). Here we
note some differences between that work and the current
discussion. In our toy model calculations, examples of
double headed arrows of time came about by patching
together two histories, one defined by an initial condition
and the other by a final condition (thus creating a “middle
condition”). In the context of our CH analysis this patching
together makes particular sense in cases where the two
paths we are connecting are both behaving very classically
at the point of connection, thus extending the classical
narrative.
As emphasized in [45], the cosmological examples tend

not to behave classically at the point where the arrow
switches directions. Instead, the patching tends to occur in a
highly quantum regime—often a tunneling event. While
there may be reasons to consider wave functions that offer a
double-headed picture, we note that such a picture is
intrinsically different from the cases we have showcased
with the ACL model, where the patching occurs at a time of
highly classical behavior. The discussion in Sec. 5.2 of [70]
makes the point (which appears to be uncontroversial) that

15It’s worth noting here that while we have pointed out in
Sec. V B that the condition of zero bipartite entanglement entropy
can be trivially realized on every one of a complete set of paths, at
a specific time which can be arbitrarily chosen by suitably
choosing the paths, this condition is far from sufficient to provide
an arrow of time corresponding to what we see in our observed
Universe. Demanding a more realistic condition is likely to
highly suppress the associated probability.

16For example, it has been argued that the NB state dominates
the quantum gravity path integral [45].
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when the “middle condition” is intrinsically quantum a
discussion of classical phenomena naturally draws the
focus to histories with a single arrow, even if technically
there is another history with the opposite arrow “on the
other side of” the quantum domain.
We conclude these reflections with some general com-

ments about the CH formalism. We have made extensive
use of the feature of this formalism whereby alternate sets
of histories (with potentially conflicting narratives) are
available simultaneously, providing coexisting alternate
interpretations of the same quantum state. This feature
has historically been a source of discomfort and even
outright skepticism directed at the CH framework. One of
us (A. Albrecht) recalls voicing some of that skepticism
himself in early discussions of the CH formalism [9,10]. In
contrast, this paper has fully embraced that feature and it
has played a central role in our analysis. This shift on the
part of AA seems partly rooted in a growing appreciation
for the limited capacity of quantum physics to answer all
questions one might wish to ask (as explored for example in
[65]). But we also found that our efforts to carefully address
the questions posed at the start of this project (particularly
as related to detailed balance) drove us to accept and exploit
that feature.
Stepping back a bit, we recognize that the fraught

conversations among physicists about the interpretation
of quantum mechanics are not about to end. The fact that
the nature of the results and motivating questions in this
paper nudged one of us into greater acceptance of the CH
formalism does not mean others will respond in the same
way. It is certainly reasonable to expect that our results will
cause others to become less comfortable with that formal-
ism. We have demonstrated histories which seem to give
conflicting accounts of the arrow of time (manifesting the
well-known capacity for the CH formalism to sustain
seemingly conflicting narratives of all sorts). While in this
paper we have embraced that feature as a realization of
detailed balance, others might regard that feature as
evidence that all the histories we consider for equilibrium
and stationary systems should be removed from consid-
eration by some enhancement (or outright rejection) of the
CH formalism. The concrete thing we offer is sound
technical results which reveal interesting features of the
CH formalism and which address topics that are relevant to
important questions in cosmology. We look forward to rich
conversations with colleagues who take different view-
points about the full implications.

VIII. CONCLUSIONS

We have used a simple toy model to explore the
relationship between einselection, the arrow of time and
equilibrium. Einselection, the systematic preference of
decoherence processes for special pointer states, is a key
element of how classical behavior can emerge in quantum
systems. The process of decoherence, or the onset of

system-environment entanglement, involves a clear arrow
of time in the direction of increased entanglement. Our
work was motivated by the idea that the detailed balance
features of an equilibrium state should allow both entan-
glement increasing and decreasing processes to operate on
an equal basis, potentially preventing equilibrium systems
from exhibiting einselection. We sought to confirm or deny
this idea by investigating whether einselection could exist
in an equilibrium system, with the goal of interpreting the
implications of such results for the arrow of time in
cosmology and cosmological initial conditions.
Furthermore, because the goal of our work was to apply

our findings in a cosmological context, we were required to
take extra care to not evoke an external observer in our
calculations. Standard correlation function techniques
appear to represent measurements by an outside observer,
which among other things could reflect a disruption to the
assumed equilibrium conditions. To remedy these concerns
we used the consistent histories formalism. This formalism
interprets the evolution of a quantum state in terms of sets
of paths, and assigns classical probabilities to paths when
quantum interference among the paths is sufficiently low.
Our calculations reveal interesting relationships among

these various ingredients. We found the consistent histories
formalism easily identified paths within the equilibrium
system which exhibited an arrow of time, corresponding to a
direction of increased entanglement. Such paths allowed us
to explore standard ideas about einselection and show how
the physics of entanglement expresses a preference for
special pointer states, even within a system that is globally
in an equilibrium state. In contrast to our initial suspicions,
detailed balance did not prevent einselection within the
equilibrium system in our calculations. Rather, the notion of
detailed balance was realized in the diversity of decohering
paths with which one could interpret the system-manifesting
as disconnected but equally valid sets of paths one could use
to describe the identical quantum state. An individual path
might express the arrow of time in a particular direction at a
given time, but if all the sets of paths were taken together,
one would find entangling and disentangling equally rep-
resented. We also found sets of paths with double headed
arrows of time, and we showed that paths could be found
where the point in time at which the arrow switched
directions was located at any moment, without preference.
These results led us to carefully scrutinize how limited the
influence of global initial conditions is on the physics of
individual paths described within the global state, and what
this might imply for cosmological initial conditions.
The cosmological context for our work starts with the

deep relationship between the arrow of time we experience
in the world around us and cosmological initial conditions.
We have reviewed this relationship and also the general
challenges faced by attempts to develop a comprehensive
theory of cosmological initial conditions. Placing our
results in this cosmological context has yielded a number
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of interesting insights which we have explored in the
previous section. Specifically, we conclude that one cannot
reject cosmological models built on an equilibrium picture
based solely on the expectation that classicality is unable to
emerge in such theories. We have explicitly demonstrated
counterexamples to such arguments, at least at the level of
our toy model. Our results suggest there is no simple way
to leverage our practical need for einselection in the world
around us to arrive at insights about the global state of the
Universe. The properties of the global state and our
experiences on a particular classical history are too
disconnected from one another for a simple connection
to be made. We have extended our analysis to systems
placed in a single global energy eigenstate, and drawn
similar conclusions.
Our work does draw attention to the importance of

evaluating the degree of interference among different paths,
which if large enough could prevent them from behaving
classically. But our results suggest that the physical features
which intrinsically support classical behaviors (such as the
weak coupling between the SHO and the environment) also
suppress this interference, whether or not the global state
has an arrow of time.
It appears that a broadly agreed upon theory of cosmo-

logical initial conditions remains a difficult challenge for
the field. We had hoped our explorations would help this
endeavor by exploiting our need for emergent classicality
to place limits on how the problem might be approached.
Instead, our results draw attention to how disconnected the
experiences on one classical history are from the properties
of the global quantum state. While our results do not move
things in the direction we expected, being forced to face
these implications feels like a certain kind of progress.
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APPENDIX A: RANDOMIZED PHASES
AND MATRIX ELEMENTS

The equilibrium state jEi used in our calculations was
arrived at (as discussed in Sec. II) by evolving an out-of-
equilibrium initial state to a time which appears to be deep
in an equilibrium regime. One diagnostic one can try is to
take the same state, expand it in eigenstates of the total
Hamiltonian (Hw) and completely randomize the phases of
the coefficients in this expansion. If replacing jEi with such
a randomized version were to lead to different results, that
would signal that artifacts of the out-of-equilibrium initial
state could be present in our calculations. Another check
involves the random numbers generated in the construction

of He and HI
e. We should check that our results do not

depend on the seed used for the random number generator.
Figure 9 contains six variations on the three curves

shown in Fig. 2. Three variations reflect the randomized
phase diagnostic, and three used different random number
seeds. Each set of six curves differs from one another (and
from the curves in Fig. 2) only in the small-scale noisy
features. The broad features on which we based our
physical analysis are identical, leading us to conclude that
there are no artifacts of the choice of initial state or random
number seed in our results. For simplicity Fig. 9 only shows
some of the quantities examined in this paper, but we have
found the other quantities to be similarly well behaved.
The equilibration behaviors of the ACL model prompt

interesting questions about the relationship between these
behaviors and notions of thermalization, the Gibbs distri-
bution, etc. These questions are addressed in [75] where it
is argued that the qualities exhibited by the equilibration
behaviors of the ACL model are sufficient to address the
questions posed in this paper (for example by exhibiting
detailed balance in equilibrium) even though the toy model
nature of the ACL model makes these other notions less
generally applicable.

APPENDIX B: EIGENSTATE EINSELECTION
HYPOTHESIS

The random phase diagnostic discussed above suggests
our results reflect quite general properties of the eigenstates
of Hw, more than specific details of the particular state we
chose. We now follow this path further to see if we can get
similar results if we start with a single eigenstate of Hw,
rather than jEi. This exploration is an extension of the
eigenstate thermalization hypothesis (ETH) ideas [76,77] to
the topic of einselection. While the focus of the ETH tends
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FIG. 9. The quantities shown in Fig. 2 are recalculated, each
with six variations to the technical details of the calculation.
The similarity of each set of six curves with one another (as
well as to the curves in Fig. 2) illustrate the robustness of our
definition of equilibrium and a lack of dependence on our
random number seed.
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to be multiparticle systems described by field theories, we
move ahead here with an exploration in the context of our
simple toy model. The idea that the einselection behavior of
a system can be reflected in a single energy eigenstate
might be called an eigenstate einselection hypothesis
(EEH). Regardless of nomenclature, this exploration allows
us to challenge claims (such as those in [67]) that a system
in an eigenstate of its total Hamiltonian cannot exhibit
interesting dynamics.
As with the ETH, our results depend on which eigenstate

of Hw we choose. To help us navigate among these
eigenstates, we start by looking at the spectrum of Hw.
The lower panel of Fig. 10 gives a histogram of the
eigenstates of Hw, and the upper panel shows pE, the
probability assigned to each histogram bin in the state jEi.
Detailed properties of the spectrum of Hw are discussed in
Appendix C of [2]. The oscillatory behavior of pE reflects
the fact that the initial state which equilibrates to generate
jEi is a product state with the environment in a single
eigenstates of He.
Figures 11–14 plot the same quantities shown in Fig. 5,

except with jEi replaced with an eigenstate of Hw.
The corresponding eigenvalue is indicated at the top of
each plot, and the locations of these four energy values are
marked with vertical lines in Fig. 10. Our broad conclusion
based on the four samples shown here as well as additional
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FIG. 11. CH quantities as per Fig. 5, but with the equilibrium
state replaced with the ground state of Hw. While the solid curve
is still most stable in the top panel, giving one signal that coherent
states are being einselected, interference among paths (given by
the deviation of the dotted and dot-dashed curves) grows sharply
at the same time the other panels destabilize. This suggests that
when interference effects are accounted for there is not a strong
argument for einselection favoring coherent states in this case.
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FIG. 12. CH quantities as per Fig. 5, but with the equilibrium
state replaced with the eigenstate ofHw corresponding to the peak
of pE in Fig. 10. This is the eigenstate that has the strongest
overlap with the equilibrium state. The quantities in the upper
panel are the most stable, indicating einselection of coherent
states is exhibited for this case.
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FIG. 10. The lower panel gives a histogram of the eigenvalues
of Hw. The upper panel gives pE, the probabilities assigned to
eigenstates in each bin for the equilibrium state jEi. The vertical
lines mark the energies of the particular eigenstates of Hw used
for Figs. 11, 12, 13, and 14.
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systematic explorations, is that as long as one chooses an
Hw eigenstate which contributes significantly to equilibrium
state jEi, the general features of the CH quantities are
unchanged. In particular, our conclusions about einselection
are sustained. In addition, choosing states with eigenvalues
from troughs in pE does not generate significant differences.
This meshes with our explorations of the ACLmodel, which
indicate that starting the environment in a wide range of
eigenstates of He does not change the overall einselection
behavior significantly. The figure captions mention a few
additional details.
Furthermore, we note that Figs. 11 and 14 both use

eigenstates of Hw which have very little overlap with jEi.
This shows up in the small corresponding values of pE in
Fig. 10, as well as the small overall values of the CH
quantities (note the small y-axis scales that appear in these
two plots). The curves in the lower panel of Fig. 14 have
especially anomalous behavior. The dot-dashed curve

overlaps the dashed curve and is not shown in order to
make the figure clearer. But its location, orders of magnitude
away from the dotted curve, signals overwhelming inter-
ference effects. We note, as discussed in Appendices B and
C of [2], that eigenstates of Hw with large eigenvalues
correspond to the larger energy eigenstates of the SHO,
which have strange properties due to the truncated nature of
the SHO in the ACL model. But the simplest explanation of
the variation in the interference effects across the different
cases stems from the different probabilities assigned to the
paths. If the probability assigned to the 10 path is very small,
it does not take much “leakage” in from the 1\0 path to create
significant interference effects. Furthermore, when the
probabilities assigned after projecting with P \0 are larger,
there is more overall capacity for such leakage to occur.
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FIG. 13. CH quantities as per Fig. 5, but with the equilibrium
state replaced with the E ¼ 13.5 eigenstate of Hw. This corre-
sponds to a trough of pE in Fig. 10, but well within the range
where pE is nonzero. The quantities in the upper panel are the
most stable, indicating einselection of coherent states is exhibited
for this case.
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FIG. 14. CH quantities as per Fig. 5, but with the equilibrium
state replaced with an eigenstate of Hw with Ew ¼ 24. This is
another state with very little overlap with the equilibrium state.
The picture is similar to that in Fig. 11, with some signs of
einselection of coherent states shown in the solid curves, but not
in the interference effects (given by the deviation of the dotted
and dot-dashed curves). A comment about the anomalous
appearance of the lower panel appears in the text.
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