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White hole cosmology and Hawking radiation
from quantum cosmological perturbations
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The spacetime inside the white hole is like an anisotropic cosmological background with the past
singularity playing the role of a big bang singularity. The scale factor along the extended spatial direction is
contracting while the scale factor along the two-sphere is expanding. We consider an eternal Schwarzschild
manifold and study quantum cosmological perturbations generated near the white hole singularity which
propagate towards the past event horizon and to the exterior of the black hole. It is shown that an observer
deep inside the white hole and an observer far outside the black hole both share the same vacuum. We
calculate the Hawking radiation associated to these quantum white hole perturbations as measured by an
observer in the exterior of the black hole. Furthermore, we also consider the Hawking radiation for the
general case where the initial cosmological perturbations deep inside the white hole are in a “nonvacuum”
state yielding to a deviation from Planck distribution. This analysis suggests that if the black hole is not
entirely black (due to Hawking radiation) then the white hole is not entirely white either.
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I. INTRODUCTION

Black holes (BHs) have played important roles in the
development of theoretical physics. Furthermore, during
the past decades numerous observations have suggested the
existence of massive and supermassive black holes at the
center of typical galaxies. The recent detections of gravi-
tational waves by the LIGO and VIRGO collaborations
[1-3] from the merging of binary astrophysical black holes
put the reality of black holes in the cosmos beyond doubt.
On the theoretical side, BH physics play key roles in
understanding quantum gravity which was studied exten-
sively in past decades.

The physical processes governing the dynamics of the
interior of the BH are not well understood. The prime reason
is that the interior region of a BH is causally disconnected
from the exterior region. Any in-falling signal smoothly
passes through the event horizon and no signal can escape
from inside the event horizon to an outside observer. This
phenomena suggests that the interior of a BH is like a
cosmological background bounded by the event horizon.
This interpretation is supported by the fact that inside the
horizon, the roles of coordinates ¢ and r as the timelike and
spacelike coordinates are switched. There have been works
in the past to treat the interior of a BH as a cosmological
background. For example, the idea that the interior of
a BH may be replaced by a nonsingular de Sitter (dS)
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spacetime was studied in [4—12], see also [13—18] for similar
ideas but in somewhat different contexts. The main moti-
vation to replace the interior of a BH by the dS background
was to remove the singularity of the BH. On the physical
ground, one may expect that the singularity of a BH is a
shortcoming of the classical general relativity. On very small
scales, say on the Planck scale, it is expected that the
quantum gravity effects cannot be neglected. It is expected
that these effects provide mechanisms to resolve the singu-
larity inside the BH. For example, the idea of maximum
curvature of spacetime [6,7,19] is an interesting proposal in
this direction.

Like the interior of the BH, the white hole (WH)
background is more akin to a cosmological spacetime in
which the global structure of spacetime suggests that the
past singularity » = 0 behaves as the onset of big bang
singularity in which the signal generated from r = 0 inside
the WH propagates towards the future null infinity Z*. The
WH spacetime can be viewed as an anisotropic cosmo-
logical background with its spatial part having the topology
R x §? known as the Kantowski-Sachs [20] spacetime. On
the other hand, perturbations in Friedmann—Lemaitre—
Robertson—Walker (FLRW) cosmological backgrounds
have been studied extensively. Indeed, it is believed that
all structures in the observable Universe are generated from
tiny quantum fluctuations generated during primordial
inflation. It is therefore a natural question to study
perturbations inside the WH as a particular cosmological
background. With these discussions in mind, in this work
first we study some basic cosmological properties of the

© 2022 American Physical Society
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WH geometry as part of an eternal Schwarzschild mani-
fold. Then we study the quantum perturbations of a test
scalar field generated deep inside the WH which will
propagate towards the past event horizon and eventually
reaching to an observer far outside the BH. We calculate the
spectrum of Hawking radiation as measured by this
observer. For a related study see also [21].

It is believed that the WHs are not stable and have
disappeared in the early universe [22] so the current
analysis may not be directly relevant to the observable
Universe. However, we treat a WH as part of an eternal BH
manifold which exists along with a BH as required by the
time reversal symmetry of general relativity. We find
interesting properties of WH cosmology as an anisotropic
cosmological background while studying quantum field
theory in the WH background can provide a nontrivial
example of quantum field theory in curved backgrounds.

Hawking radiation in the spacetime of WH has been also
studied in [23,24]. In Ref. [23], it was shown that there is a
Hawking radiation associated to a WH spacetime equal to
the BH Hawking temperature when viewed from the
outside region of the WH geometry based on the BH-to-
WH tunneling scenario [25] during the gravitational col-
lapse process. The tunnelling rate inside the horizon of a
WH for scalar and massive vector particles was calculated
using the Hamilton-Jacobi method. Our study differs from
[23] in two ways: first we deal with an eternal WH while in
Ref. [23]; the WH is considered as a long-lived remnant of
the BH during gravitational collapse. Second, we study the
quantum fluctuations generated near the WH singularity
which propagate naturally towards the past event horizon.
While in [23], Hawking radiation is viewed as a quantum
tunneling effect to the tunneling rate of particles. Moreover,
the authors of [24] have presented a generalization of the
Hawking effect for dynamical trapping horizons by calcu-
lating the tunneling rate in the Hamilton-Jacobi formalism.
They studied the quantum effects (quantum tunneling)
across various horizons in general, including the WH
horizon (past outer trapping horizon).

II. BACKGROUND GEOMETRY

In this section we briefly review the necessary prelimi-
naries from a BH background and set the stage for the WH
cosmology.

A. Black hole preliminaries

We consider the Schwarzschild metric with the following
line element:

2GM
dsz——<1— )dt2+(

+r2dQ2, (1)
.

1= 2GM)

in which G is the Newton constant, M is the mass of the BH
as measured by an observer at infinity while dQ? represents

the metric on a unit two-sphere. The coordinate system
(r,t) only covers the exterior of the whole manifold
while becoming singular on the BH event horizon at
r =rg =2GM. Naively speaking, for the interior of the
BH and the WH the roles of ¢ and r coordinates are reversed
in which ¢ becomes spacelike while r becomes timelike.
This also suggests that the interiors of BH and WH are
actually dynamical, mimicking cosmological backgrounds.

To cover the entire manifold, we can use the Kruskal
coordinate in which

,  R2GM
r

ds e~"2OM(—dT? + dR?) + r2dQ?, (2)

where the (7,R) coordinate is related to the original
coordinate (z,r) by

T2 _ R2 — ,r/2GM 1= r , 3
¢ < 2GM 3

and

T t

—=tanh| ——|. 4

R (4GM) “)
It is evident that T is timelike while R is spacelike
throughout.

It is also very convenient to use the Kruskal coordinate in
its light-cone base (U, V) defined via

U=GM(T-R), V=GM(T+R), (5

in which the line element takes the following form:

32GM
r

ds? = e7"POMAUdV + r2dQ2. (6)

Note that in our convention, the coordinates (U, V) carry
the dimension of length (or time).

A conformal diagram of the entire Schwarzschild mani-
fold is presented in Fig. 1. The exterior of the BH is the
region V > 0, U < 0 while the interior of the BH is the
region U,V > 0 bounded by the future singularity r = 0.
The WH region is given by U, V < 0 bounded by the past
singularity » = 0. Both the interior of the BH and the WH
share the common property that their backgrounds are
dynamical corresponding to anisotropic cosmological set-
ups. However, the crucial difference is that the singularity
of the BH is in the future, i.e. it represents a big crunch
singularity, while the singularity of the WH 1is in the past,
i.e. it represents a big bang singularity. As mentioned
before, the WH is unstable and may not exist in the current
observable Universe. However, in our treatment we con-
sider an eternal BH in which a WH is an integral part of the
full manifold. In this eternal background, the WH exists
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U |

future singularity » = 0

past singularity r = 0

FIG. 1. The Kruskal diagram. We are interested in quantum
perturbations generated from the past singularity » = 0 inside the
WH, crossing the past horizon at V = 0, U < 0 and propagating
towards Z". To have a complete Cauchy surface of initial
conditions, we also consider the perturbations generated from
left Z~ and right Z~ located respectively to the left and to the right
of the WH. The wavy green line represents the propagation of the
right mover modes e*™®* while the left movers e*™’ are not
shown for brevity.

along with BH as required by the time reversal symmetry of
the classical general relativity.

Defining the tortoise coordinate dr, = (1 —2¢4)~1dr for
the interior of the BH and the WH regions (r < 2GM), we
have

r

Restricting our attention to the WH region, we note that
—oo0 < r, <0 in which r, = —o0 corresponds to the past
event horizon r = 2GM,V = 0 with U < 0 while r, =0
corresponds to the past singularity at r = 0.

B. White hole cosmology

As mentioned above, the WH background represents an
anisotropic cosmological setup known as the Kantowski-
Sachs background with the structure of R x S2. To see this
more clearly, let us define the future directed time coor-
dinate dr = —dr, so

’

T=—-r—2GMIn (1 2GM>' (8)
Correspondingly, the WH singularity is at z = O while the
past event horizon U < 0, V = 0 is mapped to 7 = +oco.
Now defining the spacelike coordinate dx =dtr with
—00 < X < 400, the metric in the WH region takes the
following cosmological form:

ds? = a(r)?(—de® + dx?) + r(z)?dQ?, 9)

in which the scale factor a(z) is defined via

a(7) = (221\)4 - 1)% (10)

It is important to note that r = r(z).

The metric (9) represents an anisotropic background
with two scale factors a(z) and r(z). At the “big bang”
singularity 7 = r = 0, we have a(r) — oo while r(z) - 0
so the space along the x direction starts off very large and
contracts as time passes by while the scale factor along the
two-sphere is originally zero and starts to expand.

It is insightful to look at the metric in two limiting times
7 — 0 and 7 — oo more closely. Using Eq. (8), at earlier
times when r — 0 we have r> ~ 4GMr so the metric takes
the following form:

GM

ds? & /——(=d7® + dx?) + 4GM7dQ?> (z - 0). (11)
T

The contraction along the x direction and the expansion
along the two-sphere is evident from the above line
element.

On the other hand, near the past horizon r = 2GM,
V =0 we have

r(f)zzGM{l-exp(—ﬁﬂ (r—> ), (12)

so the line element takes the following form:

(—=de? + dx?) + 4G*M?dQ? (7 - ).

(13)

We see that near the horizon, the two-sphere reaches the
fixed radius 2GM while the scale factor in the x direction
falls off exponentially. Although the scale factor a(z) falls
off exponentially, the spacetime is regular near the horizon.
Indeed, calculating the Riemann tensor associated to the
metric (13) we find that Rgyes = 4G*M? sin(0)* while all
other components are zero so the background is regular
near the horizon. Of course, this was expected with the
understanding that the apparent singularity of the metric (1)
near the horizon was a mere coordinate singularity.

While the coordinate 7 is the conformal time, we can
define the “cosmic time” 7 related to the conformal time via
d7 = a(r)dr so

ds? ~exp (2;—;4>

) d
L (14)
2GM_1

Choosing the onset of big bang singularity to be at 7 = 0,
we obtain
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2——\/m+MGE—arcsm<1—GLM)], (15)

s0 0 < 7 < #GM inside the WH. From the inverse of the
above expression, we can express r = r(7) as well so the
metric in terms of cosmic time is given by

2GM
r(f)
It is also instructive to look at the geometry near the

singularity when given in the form of Eq. (16). Near r = 0,
we have

ds? = —di2 + ( - 1>dx2 + r(7)2dQ2. (16)

37
V2

so the metric (16) becomes

(GM)< ) (71— 0), (17)

ds? ~ —di2 + (GM)3 (¢, 73dx? + ¢,53dQ2),  (18)
where c¢; and ¢, are some numerical factors. One can check
that the above geometry has the form of the Kasner metric.
More specifically, the Kasner metric is an exact solution of
the Einstein field equation in the vacuum with the following
form (in four dimension):

3
s =—d? + ) Prided, (19)

i=1
in which the exponents p; satisfy the following constraints:

3 3

ZP[ZZP%ZI- (20)

i=1 i=1

The structure of the above two constraints suggests that at
least one of the exponents p; should be negative. In our
example of WH cosmology near the singularity with the
metric (18) we obtain p; = —— while p, = 2. One
can check that these exponents indeed satisfy the con-
straints (20) with the contraction being along the x
direction.

We can also define the Hubble “expansion” rate asso-
ciated to metric (16). Actually, we have two Hubble rates as
we have two scale factors a(f) and r(7). Defining the
Hubble rate associated to the scale factor a(7) by H; =19,
we obtain

1
le—%cG—AM— > ’ (21)
r(#)> \ r(d)
Since the scale factor a is contracting, the Hubble rate H is

negative. In addition, H; diverges both near the WH
singularity and near the horizon. The former divergence

is genuine as the spacetime is singular at » = 0 so physical
quantities like energy density or Hubble rate diverge.
However, the divergence of H | near the past event horizon
is an artifact of coordinate singularity as can be seen from
the relation between d7 and dr in Eq. (14).

On the other hand, defining the Hubble rate associated to

1 dr(d)
0 ar

One can check that the following relation between the two
Hubble rates holds:

we obtain

the scale factor r(7) via H, =

GM

r(f)
We see that H, diverges near the singularity as expected but
it vanishes near the past event horizon. This is because near

the horizon (r — o) the radius of the two-sphere
approaches a constant size so H, vanishes in this limit.

HIHZZ— (23)

III. QUANTUM FIELD IN WHITE
HOLE GEOMETRY

Here we study the quantum field perturbations in a WH
background. We primarily consider a real massless scalar
field @ while the final results will be easily extended to
fields of other spins such as the vector and tensor
perturbations. We work in the test field limit where the
backreaction of the field on the background is negligible.
We use the metric (9) with the conformal time 7= —r,
while x = ¢ represents the extended spatial direction.

As the background enjoys the two-dimensional rotation
invariance we expand the quantum field ® in terms of the
spherical harmonics Y, (6, ¢) as follows:

0 4
:%Z Z me(T X Yfm 9 ¢) (24)

=0 m=—

in which Z,,(z,x) play the role of the quantum mode
operator. In addition, we have pulled out a factor 1/r such
that Z,,, will be the canonically normalized field in the
perturbation analysis. Note that the reality of ® requires
that Z, = (=1)"Z,_,,.

Using the orthogonality of the spherical harmonics,

[ X O (0.0) = 105 (25)
and the relations,
Ylm(g ¢)* =

z |Yfm9¢

m=—¢

(_1)mYl—m(6’ ¢)7
2f+1
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the action of the scalar field takes the following canonical

form:
2 ‘ 0Z s,

1 Z
S=- [ dud
2 / ‘ X;H or ox

(D]

From the above action one obtains the scalar field pertur-
bation equation,

2

P _<1_ZGM> {ZGM £(¢+1)

FEVACCCE }Zﬁ"‘o'

(28)

The above equation is similar to the standard Regge-
Wheeler perturbation equation for the field in the exterior
region of the BH. However, in our setup where WH is
treated as a cosmological background, the above equation
may be interpreted as the extension of the Sasaki-
Mukhanov equation to an anisotropic cosmological back-
ground such as the Bianchi I universe.

Since the spatial coordinate x has the translation invari-
ance, we can Fourier expand Z,,, « e~'** in which Kk is a
one dimensional Fourier mode. Plugging the above mode
expansion in our master equation (28), the equations of
the perturbations take the form of the Regge-Wheeler
equation [26],

02Zsp + (K = Vet (7)) Z g = 0, (29)

with the following effective potential:

Veir(7) = <1 - 2GM> rw“‘ 1)  2GM

EVIRCE *rW} (30)

It is worth mentioning that for the axial metric pertur-
bations and the electromagnetic field perturbations the
effective potential in Eq. (29) takes the following form:

V(1) = (1 _ 2GM> F(b“r 1)  2GM

) -] e

in which s is the spin of the corresponding field, i.e. s = 0,
1,2 for the scalar, electromagnetic and gravitational fields
respectively.

We see that V4(7) < 0 such that it diverges near 7 — 0
while it goes to zero near the horizon corresponding to
7 — oo. With the relation between 7 and r given in Eq. (8) it
is not possible to solve the above mode function. However,
near the singularity the contribution of the term containing
(¢ + 1) can be neglected compared to the last term in
Vs (7) which is more divergent. Also, near the horizon, the
effective potential vanishes so the contributions of the

whole potential is subleading compared to the constant
term k2. As a result, we can neglect the contribution of the
term containing £ (¢ + 1) in the mode function equation (29)
with reasonable accuracies. Correspondingly, to sim-
plify the notation, we drop the subscripts £, m in the
following analysis and effectively work in the s-wave limit
with 2 =m = 0.

We treat the wave equation as quantum fluctuations
generated at the point of past singularity r = 0 (i.e. big
bang) inside the WH. To emphasize, note that the WH
region is bounded by the past horizon V =0, U < 0, the
future horizon U = 0, V < 0 and the past singularity r = 0,
see Fig. 1. After the generation of quantum perturbation at
past singularity » = 0, they propagate towards the past
horizon V = 0, U < 0 and eventually towards Z* which is
measured by an observer at future infinity in the exterior
part of the BH. However, to have a complete Cauchy initial
condition, we also have to consider the perturbations
generated from left 7~ and right 7~ (which are respectively
to the left and to the right of WH); see Fig. 1 for a schematic
view. We would like to see if the perturbations genera-
ted deep inside the WH region are related to Hawking
radiation [27,28] as measured by the remote observer in
future infinity at Z*. For a review of Hawking radiation
see [29-34].

Expanding the mode function as Z ~ e**g;(r), and
neglecting the contribution of #(¢ + 1) as discussed above,
the wave equation for the mode ¢, (7) is given by

ikx

gi(o) + |k =

2GM(1 - 5?) (1 2GM

(e |0 2
in which a prime on g,(z) denotes the derivative with
respect to 7.

As mentioned before, this equation is in par with the
equation for cosmological perturbations in standard FLRW
cosmology. So interesting insights can be obtained when
comparing to perturbations in the FLRW background. As
reviewed in the previous section, we have two scale factors
r(z) and a(7), in which the latter is contracting. Since we
decomposed the perturbations into spherical harmonics and
restricted to the s-wave limit, then Eq. (32) represents the
dynamics of perturbations in a 1 4 1 contracting universe
with the scale factor a(z) given in Eq. (10). Like in the
studies of perturbations in FLRW cosmology, we can
divide the perturbations into long “superhorizon” and short
“subhorizon” perturbations depending on the value of the
physical wave vector k/a. The structure of Eq. (32)

suggests that for a given r(z) the perturbations which

. 2 . . .
satisfy & < M are outside the horizon. Curiously, we see
a r(z):

that at the start of singularity near » = 0, all perturbations
were superhorizon. As time goes by and the scale factor
a(r) contracts [i.e. r(z) increases] the perturbations enter

the horizon and ’;—i > % This is the hallmark of a
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contracting universe in contrast to an inflationary back-
ground where the perturbations of cosmological interests
are initially deep inside the horizon and then stretched
outside the horizon by the exponential expansion of the
background. An interesting conclusion from Eq. (32) is that

peﬂurbations with the physical wavelength smaller than

(ZG{”) 2 = rg remain subhorizon throughout the whole
Ts

evolution.

With the above qualitative discussions we try to solve
Eq. (32) approximately as it can not be solved analytically
for the whole region 0 < 7 < co. We note that for the
regions near the singularity r = 0, we have > ~4GMr and
Eq. (32) simplifies to

6+ (0 + 1 a0 =0 =0, G

The above equation can be solved analytically, yielding

2

42

31(6) = VE | i) (w) + Ca(0)A )|
(z = 0), (34)

in which HE};) are the Hankel functions, C;(w), C,(w) are
constants of integrations and @ = |k| > 0.

The solution (34) cannot be used for the whole region
0 < 7 < 0. However, as we move away from r = 0, the
effective potential in the wave equation (32) falls off rapidly
and the dominant term in the big bracket in Eq. (32) is
simply k2. This suggests that the solution (34) is a very
good solution for both regions 7 — 0 and 7 — oo with
modifications in the intermediate region. Therefore, we
take the analytic solution (34) to be qualitatively valid for
the entire region 0 < 7 < 0.

To fix the constants C;(w), C,(w) we look at the initial
conditions of perturbations. In our view, these are quantum
fluctuations generated near the past singularity r =0
deep inside the WH. This interpretation is quite similar
to the case of FLRW cosmology, in which the observed
large scale perturbations are generated from quantum
fluctuations in the early universe at the time of big bang
(actually deep inside a Hubble patch during inflation).
Indeed, the link between these two views is quite natural
since the geometry inside the WH is dynamical, represent-
ing an anisotropic cosmological background, as reviewed
in Sec. II B.

With these discussions in mind, we expand the quantum
mode as follows:

o0 dk
\2r

in which by and b| are the annihilation and the creation
operators defined deep in the WH background (i.e. near
r = 0) with the usual commutation relations

Z(z,x) = [e™ g (2)by + e ™ i ()by].  (35)

[bi. bj] = 8(k = K), [br. bi] = [by, b] = 0. (36)
Note that inside the WH, the spacelike coordinate x spans
the range (—o0, +00) so the wave number K in the integral
(35) varies in the interval (—oo, +00).

To find the proper normalization, we have to impose the
equal time commutation relation between the field Z and its

conjugate momentum 9,7,

[2(z. x), 0:Z(z, x')]

Imposing the above quantization condition on the mode
function (34) yields

Co(@)? = |C (o) =7 (38)

=i5(x —x'). (37)

The above constraint does not uniquely fix C;(w) and
C>(w). However, the above relation suggests the natural
choice C; =0 and C, =+/x/2. This choice may be
compared to the standard “Bunch-Davies” vacuum in a
dS background which carries the lowest energy among all
possible vacua. Of course one may consider the general
case in which both C; (@) and C,(w) are present, parallel to
the “non-Bunch-Davies” vacuum in inflation. To start, first
we consider the natural case C; =0 for simplicity. In
Sec. V, we extend the analysis for general values of C;(w)
and C,(w). Now, choosing C; = 0, we have

9i(7) = \/%71{&3)2(0)7)- (39)

The mode propagates towards the exterior of WH into
the past event horizon 7 — co with U < 0, V = 0. Using

)

the asymptotic expansion of H;(wr), near the past

horizon we obtain

iei(—wr—%(l-ks))
TwT

e

ga(07) = (r = o0). (40)

Plugging the above asymptotic expansion in the mode
expansion (35) we obtain

Z(z,x —’/oo = TN | emio(-THa)—iip]
+ elw —T—X)+l4b _|_ e_l“’(_T_x) l4bT ] (41)

The above mode function is the superposition of two
independent left and right moving free waves, depending
respectively on the combinations 7 + x and 7 — x. Defining

the tortoise light-cone coordinates,
Uu=rt+x, V=T — X, (42)

and rescaling by and bi’; with the unimportant phase factor,
by — €ib, and b — ¢ %b}, we have
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© do 1
V2r 2w
+ emioup_, 4 etioupt ] (43)

Z(t,%)|,00m = [e~i@vp,, + eti®vp)],

It is reassuring that our analytic solution (35) nicely
coincides with the notion of the right movers e** and
left movers e*®? expansion of the mode function near the
horizon. The right mover corresponds to wave crossing the
past event horizon V =0, U < 0, propagating towards
the right Z* in the BH region. On the other hand, the left
mover corresponds to wave crossing the future event
horizon U =0, V < 0, propagating towards the left Z+
on the mirror side of the exterior of the BH.

Our goal is to examine what an observer outside the BH
on the right Z+ with V — +co measures. For this purpose,
we need to choose the right mover from the superposition
in Eq. (43). Considering the right mover part of Eq. (43)
near the past horizon we have

o do 1
V272w

Z(u)|r—>2GM - [e—iwub_w + e+iwubiw].

(44)

This solution, generated in the WH region, can be used as
the initial condition to propagate from the surface V = 0 to
outside of the BH on the surface Z* where the measure-
ments are made. After crossing the past horizon, this wave
will be scattered by the effective potential in the exterior
region 2GM < r < oo. However, the crucial difference
compared to the WH region is that the effective Regge-
Wheeler potential for the exterior of BH is not divergent
and only has a finite bump. Therefore, at least for a large
enough value of @, one can ignore the effects of the Regge-
Wheeler potential and treat the solution emerging from the
WH as simply propagating without change towards Z+.
Because of this reason, we practically consider the near
horizon limit of the solution for the outgoing solution in the
exterior region.

Now the crucial point is that the tortoise coordinate r, and
equivalently the time coordinate z covers only the WH
region. In order to properly extend the solution (44) through
the past horizon and into the exterior region, we have to pass
to the Kruskal coordinate which smoothly covers both the
WH and the BH regions. In other words, we employ the wave
function solution in the Kruskal coordinate to smoothly
connect the wave function for the exterior region r > 2GM to
the solution in the WH region as given by Eq. (44). The
Kruskal coordinate has the unique property that it is suitable
for a freely falling observer near the horizon while the mode
expansion (44) mixes the positive and the negative frequen-
cies of the freely falling observer which is the main reason
behind the Hawking radiation.

Near the horizon the coordinate (U, V) is best suitable
for a freely falling observer in which the geometry is nearly
approximated by

ds? ~ —16GMdUdV + (2GM)*dQ*> (r — 2GM). (45)
Ignoring the angular parts, it describes a two-dimension flat
spacetime. The wave equation in the (U, V) coordinate in
the near horizon approximation is simply

duvZ(U,V) =0,  (r—2GM). (46)

This admits the expected plane wave solution e=*V and
etV Considering the right mover solution for our purpose

we have

wdo 1
0 V21w
(r = 2GM), (47)

Z(U) _ (e—inam + ei“’UaI,),

in which now the operators a,, and a, are the annihilation
and the creation operators defined for a freely falling
observer near the horizon equipped with the Kruskal
coordinate. The important point is that the solution (47)
is valid on both sides of the past event horizon, whether
V >0 or V < 0. Therefore, we can expand the solution
(44) in the base of the solution (47). This allows us to find
b, in Eq. (44) in the WH region in terms of a,, and aj, in
Eq. (47). Finally, we can use Eq. (47) as the initial condition
for the exterior region to be used as the initial conditions for
the observer on right Z.

To connect the two solutions (47) and (44) we have to
find a dictionary between (u, v) and (U, V) coordinates. In
the WH region both U and V are negative and they are
related to the (u, v) coordinate via

1 1
- —KZ/" U=—-—— —Ku’ 48
4k ¢ 4k ¢ (48)
in which « = ﬁ is the surface gravity.

IV. HAWKING RADIATION

For a freely falling observer near the horizon the natural
coordinate to employ is the Kruskal coordinate which is
nonsingular. On the other hand, an observer using the
coordinate (7, x) is accelerating with respect to the Kruskal
coordinate. Correspondingly, the vacua employed by these
two observers are not identical. Specifically, a positive
frequency mode function in (44) mixes the negative and
positive frequency modes of the Kruskal vacuum. The
interpretation is that the Kruskal vacuum, as viewed by an
accelerator observer in WH, is not empty and carries
particles with Planck distribution. In this section we look
at this issue more closely both from the point of view of an
observer deep in the WH region and also from the point of
view of the far observer in right Z™.
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A. Relation between (b_;.b" ;) and (a,.a},)

Our first job is to find a relation between (b_, b’ ;) and

(a,.al). Here to simplify the notation, we denote the
frequency in the mode function for the WH region by &.
Also see the Appendix for an alternative derivation of

(b_g» b_w) based on the standard inner product approach.
From Eq. (44) we have

— V2@ / oA oy, (49)

Now, expressing Z in terms of the U coordinates as given in
Eq. (47), this leads to

b_&) = /oo dCU(aw(Daw +ﬂw@a:§))» (50)
0

in which the Bogoliubov coefficients a,; and f,; are

defined via
@ [todu .. ol
= - iou ,—iw 1
om0 [T

o [teodu oo
= - iou piol 52
Pos \/;/_oo 22 ¢ (52)

Imposing the standard commutation relations among the
two sets of operators (a,,. ai,) and (b, b\ ), one can check

w

that the Bogoliubov coefficients satisfy the following
normalization condition:

and

/ ® 0@ty — Poobing) = 8@ — ). (53)
0

In particular, for the special case @ = @', the above
normalization condition yields
|7 awllausl = 18a0P) = 50). (54

Note that the factor 5(0) appears because we have used the
infinite length normalization along the spatial x direction.
In a real situation it would be replaced by the physical
length.

To calculate the integrals appearing in a,; and f,; we
use the relation U = — 3¢~ yielding du = —1dU/U in
which U ranges in the interval (—oo0,0). This gives

Heo o —iov _ L [° —1-8 iU
I= due'e™'?% = — d(4kU)(—4kU) ™' "ce™®
- KJ-oo

[Se]

1 w/o\%_[—i®
=—ex|— | 'l —|. 55
Ke<4K> (K) (55)

FIG. 2. Left: the contour in the complex plane to calculate the
integral I given in Eq. (55) for —oo < U < 0. The integral /.
evaluated along the part of large circle C vanishes while the
integral I, over the negative imaginary axis yields to the I
function given in Eq. (56). The branch cut associated with the
function (—U)~'=/% is on the positive real axis denoted by the
dotted line. Right: the contour to calculate the integral Eq. (76)
with the same description as in the left figure, but now 0 < U < o0
where the branch cut is on the negative real axis and the contour is
closed on the upper complex plane.

The contour in the complex plane to calculate the above
integral is shown in the left panel of Fig. 2 where the branch
cut associated with the function (=U)~'=% is on the
positive real axis. The integral over the part of large circle
C with negative imaginary value vanishes while the integral
on the imaginary axis denoted by I, yields the I" function
given by

+o0

['(z) = dxe™x* 1. (56)

0

Similarly, for the other integral in f,; we have

+o0 o 1 ol o\? i@
duei®n iU _ — 52 r(— , 57
e S

in which now the contour C of the large circle closes on the
upper complex planes with positive imaginary values.
Combining the above results yields

Aip 1 (0] 0] @ % —i®
=—/—ex|— | '[— . 58
{/3@@ P (4’<> < K ) G8)

From the above expressions we find that

|aww|2 - ezm|ﬂw(b|2' (59)

Plugging this relation into the normalization condition (54)
yields the following identity:

/ dw|ﬂw&)|2 — 2@ ’ (60)
0 ex —1

which will be useful later on.
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Having calculated b_;, we can obtain bL:; from the
complex conjugation of Eq. (50).

B. Mode function outside the white hole

Our next job is to propagate the mode function from the
WH region across the past horizon to the exterior region
and then to Z*. As the Kruskal coordinate is continuous
across the horizon, we can simply use the mode function
(47) for the observer outside the WH region.

For the exterior of WH, the spacetime is static so
the ¢ coordinate is timelike while r is spacelike as usual.
The tortoise coordinate is now given by r, =r+
2GM In(545; — 1), in which the past horizon is mapped
to r, = —oco while for the far observer r, = +oo.
Furthermore, the tortoise light-cone coordinates (u, )
are given by u=t—r, and v=r+r, such that the
Kruskal light-cone coordinates (U, V) are now given by

— 1 KU — 1 —Ku

V—4Ke , U= e (61)
As we are dealing with the right mover solution with the
mode function Z = Z(U), we need to express the right
mover solution across the past horizon from the WH region
to the exterior region. Looking at the quantum mode
solution of the Regge-Wheeler equation for the observer
near the past horizon in the exterior region, one can see that
the right mover solution has the following form:

[eda 1
o V2r 2@

Z(u)

(e—i&md(b 4 ei(bud:%), (r—2GM™)
(62)

in which the creation and annihilation operators d;, and d_,

@

are defined for this observer just outside the WH.

Our goal is to express the operators d;; and djz, in terms of
the corresponding operators in the WH region, i.e. b_; and
bid). Following a very similar step as in the previous
subsection, we can express d; and d(; in terms of the
Kruskal operators a,, and aI,. However, now the crucial
point is that the relation between the U and u coordinates as
given by Egs. (61) and (48) is identical. Therefore, the
Bogoliubov coefficients relating d;, and d; to a,, and a,, are
the same which relates b_; and bT_&, to a, and al).
Therefore, we conclude that

dy = b_g, djb = b, (63)

-@*

Interestingly, we see that the observers on both sides of the
past horizon agree on the form of the mode function and
share the same vacuum. This may be expected since locally
the horizon surface is regular so any mode function from
the WH region can continuously cross the horizon to the
exterior region without modification.

In the limit where we neglect the bump of the potential in
the Regge-Wheeler equation the quantum mode function
propagates freely from the near horizon region to the
observer in the far region. Correspondingly, the observer
in Z detects the mode function (62). In addition, because
of the relations (63), the observer in Z* shares the same
vacuum as the observer deep inside the WH. While these
two observers share the same vacuum, their vacuum is
different than the vacuum defined by a locally inertial
observer using the Kruskal coordinate. This is because the
Bogoliubov coefficients «,; and f,; are nontrivial. As
such, both of these two observers conclude that the vacuum
defined by the Kruskal coordinate is not empty.

Let us denote the vacuum defined by the Kruskal observer
by |0} which is annihilated by ay, ay|0)x = 0. Also let us
denote the vacuum defined deep inside the WH by |0)wy
which is annihilated by by, bq|0)wy = 0. As shown above,
this vacuum is also annihilated by d, employed by the
observer in the BH region, i.e. dg|0)wy = 0. Note that |0)yy
was used to define the positive frequency solution (39)
yielding to (44). As mentioned before, the two states |0)x and
|0)wy are different. For the observer which defines |0)ywy
as the vacuum inside the WH, the state |0)x is not empty.

This is the source of Hawking radiation. Now, we calculate
the number of produced particles (06 b_5|0)x =
«(0|dld;|0) as detected by either the WH observer or
the observer at Z.

Using the formula (50) for b_; and similarly for b‘_w we

-
obtain

K<0|bT—(bb—¢D|O>K = Am doda’ Z}&)ﬂm’ﬁ)K<0‘amaIl|0>K

— [ dwlpap (64)
0
Now, using the relation (60), we conclude
5(0)
k(06T 5b_5|0)x = = (65)

Calculating the number density measured by the
observer in the BH region (say at Z"), we obtain

(Ol d5/0) (OB b sl0)s 1
5(0) SO

(66)

which is the expected Planck spectrum with the Hawking
temperature,

T. K 1
B on ™ 82GM"

(67)

Consequently, the observer outside the WH measures a flux
of particles with the Planck distribution emitted from WH.
Alternatively, the above equation also suggests that an
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observer deep in the WH region absorbs particles with the
same Planckian distribution from the exterior region.
Naively speaking, if the BH is not completely black (via
Hawking radiation) then the WH is not completely white
either. This conclusion is consistent with the results of [24]
who have studied the Hawking effect for dynamical
trapping horizons, calculating the quantum tunneling rate
using the Hamilton-Jacobi formalism.

Note that we worked in the simplified picture that the
effects of the Regge-Wheeler potential and the scattering of
the propagating waves towards Z* are neglected. This is a
good approximation for large enough @ in which one may
ignore the effect of the scattering by the effective potential.
In general, the flux measured by the remote observer is
essentially a Planck spectrum but with a greybody factor
correction.

C. Outgoing wave from left 7 -

As mentioned before, to have a complete Cauchy initial
condition, we also have to consider perturbations generated
from left 7~ and right Z~ which respectively are to the left
and to the right of the exterior of the WH, see Fig. 1. The
perturbations generated from left Z~ are right movers, i.e.
the mode functions depend on u or U coordinates, while the
perturbations generated at right Z~ are left movers, depend-
ing on v or V coordinates. Since from the start we have
considered the right movers, here we consider the right
moving perturbations originated from the left Z7-. The
discussions for the left movers will be the same.

The region enclosed by the left Z~ and the part of the
future horizon with V. =0, U >0 (which is usually
referred to as part of the “other universe”) is similar to
the exterior of the BH in our part of the universe. The only
difference is that from the surface 7~ to the past event
horizon the future directed time is —t. To see this, let us
construct the Kruskal coordinate in this region. Knowing
that V < 0 and U > 0, the Kruskal coordinate is given by

1 —Kv —_ 1 Ku
:—Zce . U—4K€ s (68)
in which
v=—(t+r,), u=—-t+r,, (69)
and now
r
. = 2GMIn [ ———1|. 70
re=r+ n <2GM ) (70)

Note that r, defined above has a branch cut with respect to
r, defined inside the WH given in Eq. (7). As u and v
change in the range (—oo,+o0), U and V respectively
change in the range (0, +o00) and (—o0,0). On the surface
717,V - —oo so from Eq. (4) we find + - 400 while near

the past event horizon where V — 0, t - —oo. This
suggests that the future directed time in this region (outside
and to the left of WH) is indeed —t.

In this region, like the exterior of BH, —c0 < r, < 400
in which r, - +oo0 is near 7~ while r, — —oo0 is mapped to
the past horizon. As in the BH case, the effective potential
is given by the Regge-Wheeler potential which has a finite
bump. Therefore, for high enough frequencies, we can
ignore the effects of the potential and the wave equation in
the (r,, t) coordinate for the entire region is approximately
given by

R 7 —RZ~0. (71)

Remembering that now the future directed time is —z, the
positive frequency mode solution is given by

to dk 1 ,
Z(r,, t) = _ ez(wt+kr*)c + e—l(thrkr*)cT )
0= Ve vae! k u

(72)

in which the new operators ¢ and | are defined as the
creation and annihilation operators for the local observer on
left Z~.

In terms of the (u, v) coordinate defined in Eq. (69), we
have

o d 1 . . .~
Z(r,,t) = | _Z)” = [emi@vc, + e—&-twvcjb + emiduc
+ etiouct ], (73)

Now, concentrating on right movers as before, the
outgoing solution near the past horizon V =0 and
U > 0 is given by

o do 1 ,~ W
Zu) =~ | —=—a=[e ™y +etiPcl] (r—2GM).
) 0 \/ﬂ\/z_@[ b )
(74)

Note that the plane wave (74) is similar to (44) which were
defined for the other half of the past horizon, V = 0 and
U < 0. The goal is to express (cz. c),) in terms of (a,,, ap)
defined for a freely falling Kruskal observer equipped with
the vacuum (47).

Similar to the analysis in Sec. IVA we can relate these
two sets of operators via the new Bogoliubov coefficients
®ye and f,; as follows:

Cop = /oo dw(aa}&)aw + Bw(bald) (75)
0

Compared to analysis in Sec. IV A, the difference is that
now U changes in the interval (0, +o00) where U = e /4x.
The contour in complex plane to calculate the above
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integral is shown in the right panel of Fig. 2. Similar to
integral (55) we have

and

too 1 (0 \+ (i@
duel®v iU _ _ 32 (= , 77
R O O

yielding

Bos 27k N @ 4k K

Comparing with the values of «,; and f,; given in
Eq. (58) we observe that

(78)

a(u&) = aZ)(D’ ﬂw&) = Z;dr (79)

We see that the results here are on par with the results of
the Secs. IVA and IV B. In particular, a remote observer,
either on left Z~ where the perturbations are generated or
near the future singularity » = 0 inside the BH where the
perturbations are heading for, concludes that the vacuum
defined by a freely falling Kruskal observer (47) has the
particle flux with the spectrum

K<0 C(Tz)ca)|0>1< _ 1

5(0) _e¥—1’

(30)

with the Hawking temperature Ty = 5~ as before.

V. NONVACUUM INITIAL CONDITION

In the analysis so far we have assumed that the wave
function Eq. (34) inside the WH has C; =0 and C, = 1.
This corresponds to the vacuum initial condition. This is
similar to the Bunch-Davies initial condition in inflationary
perturbations. Alternatively, we can consider the general
case with arbitrary values of C|(®w) and C,(w) subject to
the normalization condition Eq. (38). Here we repeat the
analysis of Hawking radiation for this general case. We
only consider the right mover perturbations generated deep
inside the WH region propagating towards the past horizon
V=0, U<0.

Using the asymptotic form of Hankel function given in
Eq. (40), the mode function near the past horizon inside the
WH region is given by

© do 1 ,
Z(t,x)|, - ———1e7'"(C bw—l—C*bT_w
(v 8o = || e (Caby + CibL)

+ el (C3bl, + Cib_y)
+ e (Cyb_, + Cib))

+ eiwu(cébiw + Clbw)}v (81)
in which the coordinates (u, v) are defined as in Eq. (42).
Also to shorten the notation, we simply wrote C;(@w) = C;,
but it is understood that the coefficients C; depend on w.
From the above form of mode function we see that one
cannot uniquely fix the operators b; and b_; just by
matching the right mover solution Z(u) at the horizon
V = 0. We also need to match the left mover Z(v) at the
future horizon U = 0 to determine b; and b_; simulta-
neously. The left mover mode function near the future
horizon U = 0 in the Kruskal coordinate is given by

© d 1 . .
Z(V) = / @ (e7a_, +ea',). (82)

0 V2z\2w

Performing the inverse Fourier transformation like in
Eq. (49) and following the same steps as in Sec. IVA and
imposing the continuity of the mode function for both left
movers and right movers across the past horizon we obtain

by = Co(0)"Q(®) = C, (@) P(®)",

bo = Cal)P(@) - €\ (&) Q@) (83)
in which P(®) and Q(&) are defined via

P@) = [ doaaa, + fusal). (84
and

0@)= [ dofausa s +Puaal). (89

where (3, fu:) are the Bogoliubov coefficients defined
in Sec. IVA.

Using the normalization condition (53) one can check
that

[P(@), P(&')']
[P(@). 0(&')']

[Q(®). 0(&)"] = 8(a — ),

[P(@), Q(&)] = 0. (86)

Note that b. and b', are obtained from the complex
conjugation of b; and b_; in Eq. (83).

Having obtained b_; and bi(b in terms of a.,, and alw,
we are ready to calculate the flux of Hawking radiation as
measured by the WH observer or the observer outside the
WH. From Eq. (83) we obtain
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k(016150 _5/0)x = (0l(Ca(@)P(@)'
- Ci(@
)10}k (87)

Performing the contractions and using the normalization
conditions (59) and (60) the flux of particles is obtained
to be

KOl sb_al0) _ICo@)F + IC(@)F
5(0) T
1 0

- 1@ coth( K~>. (88)

ex —1

One can easily see that when C; =0, the above result
coincides with the Planck distribution of Hawking radia-
tion. However, when C; # 0, we see that the spectrum
deviates from the Planck distribution. The deviation from a
Planck distribution is significant. It would be interesting to
examine if the above result has anything important to say in
connection to the information loss problem.

VI. SUMMARY AND DISCUSSIONS

In this work we studied the cosmology associated to a
white hole background. The past singularity inside the WH
is like a big bang singularity such that the WH background
represents an anisotropic cosmological setup. The scale
factor associated to the extended spatial direction is
contracting while the scale factor representing the size of
the two-sphere is expanding. Motivated by the cosmologi-
cal perturbation analysis in FLRW cosmology, in which the
observed large scale structures are created from quantum
fluctuations during inflation, here we have performed a
similar analysis and studied the quantum perturbations
generated deep inside the WH region. First we considered
the case with the vacuum initial condition C; = 0.
Matching the asymptotic solution to a plane wave solution
as measured by a freely falling observer equipped with the
Kruskal coordinate and the annihilation and creation
operators ay and aii, we have expressed the annihilation
and creation operators by and blt defined for an observer
deep inside the WH in terms of a4 and afl. Furthermore,
demanding that the wave function be continuous across the
horizon, we have related by and b}, to dy and dj, as defined
for an observer outside the WH and to Z.

While the observer deep inside the WH and the observer
far from the BH both agree on their quantum mode function
and share the same vacuum, their vacuum is different than
the one defined for a freely falling observer near the
horizon. In particular, the WH observer and the far observer
detect a spectrum of particle with a Planckian distribution
and with the Hawking temperature T = L. Intuitively

8aGM"
speaking, the conclusion is that if the BH is not entirely

black due to Hawking radiation, then the WH is not entirely
white either.

We have extended the analysis to the general case
where the initial condition deep inside the WH region is
not a pure vacuum, corresponding to C; # 0. This may be
interpreted as an initial state which contains particles and is
not the state of minimum energy. Interestingly, in this case
we have shown that the observer far from the BH detects a
flux which deviates from the Planck spectrum with a
deviation of the form |C, (@)]* coth(22). One has to check
if this has interesting implications for the information loss
problem associated to BH thermodynamics and Hawking
radiation.

To simplify the analysis, we have neglected the
scattering of the wave function by the bump of effective
potential, practically by setting Z=0. It would be
interesting to perform the analysis for the realistic case
where the effects of scattering are included. However, we
expect that the main results remain unchanged for high
frequency modes where the effects of the potential
scattering and the dependence of wave function on ¢
may not be important. However, for the general case, one
expects that the Planck distribution is modified by a
greybody factor.
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APPENDIX: INNER PRODUCT

In this appendix we show that the analysis in Sec. IVA
can be obtained using the inner product method as well.

The inner product for the mode functions is defined
via [31,32]

(fa)v fw/) =-i /(fmfz)’_a - fﬂ),af:)l)dza = 5(60 - C()/)
(A1)

in which dZ¢ is the initial Cauchy surface.

We would like to relate b_; from the mode function of
Z(u) in Eq. (44) to a, of the mode function Z(U) in
Eq. (47). We choose the surface dX¢ to be the surface near
the past event horizon, with V =0 and —o0 < U < 0.

Denoting the positive wave function in Eq. (44) as

fa = 7@ /\/4n@, we have
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0
by = (Z.fs) = i / AU(Z(V)f5y - Z(U) o),

(A2)
in which Z(U) is given by Eq. (47).
Now noting that U = — ;- e™" we obtain
dao 1 0 . ) )
b_~ — - dU iu _ —ioU
o /27:2\/5 e K“’ U)e o
4@\ .
- <a) + Fa)) e’wual} ) (A3)

Each of the two types of integrals can be calculated, using a
similar contour as in Fig. 2, yielding

0 o 4 . - ..
/ dUe'™" (a) - Fa)) P~ 8&)62”“’@4”“F(—4i&)),

[oe]

(A4)

and

0 . 4@\ . o
—/ dUe™™" <a) + U) eV = 8@e " MO (—4i®).

o0

(AS)

Combining these two terms, we obtain b_; in exact
agreement with Eq. (50) with «,; and f,; given in
Eq. (58). The rest of the analysis is exactly the same as
in Sec. IVA.
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