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We revisit the derivation of the nonlocal collision term in the Boltzmann equation for spin-1=2 particles,
using both the Wigner-function approach by de Groot, van Leeuwen, and van Weert, and the Kadanoff-
Baym equation in T-matrix approximation. Contrary to previous calculations, our results maintain full
Lorentz covariance of the nonlocal collision term.
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I. INTRODUCTION AND SUMMARY

The observation of polarization phenomena in relativistic
heavy-ion collisions [1–8] motivated a plethora of theo-
retical developments [9–33] in recent years, which aim at
describing the dynamics of spin polarization in relativistic
fluids. Analogous to the nonrelativistic Barnett effect [34],
a rotating relativistic fluid with spin degrees of freedom can
be polarized along the vorticity direction through the
mutual conversion of orbital and spin angular momentum.
In order to understand this process within a theoretical
framework and to calculate the resulting spin polarization
in a quantitatively reliable manner, considerable efforts
have been made to derive a theory of relativistic spin
hydrodynamics [35–72].

It is convenient to first derive a kinetic theory fromquantum
field theory, which in turn serves as the starting point for the
derivationofspinhydrodynamics, e.g., byaChapman-Enskog
expansion[40,44]orby themethodofmoments [66,71]. Itwas
found in previous works [41,73] (see also Refs. [74–82] for
related studies) that, in spin kinetic theory, a nonlocal collision
term is responsible for the mutual conversion of orbital and
spin angular momentum, and therefore polarizes the fluid
along the vorticity when equilibrium is approached.
In Refs. [41,73], we derived the Boltzmann equation to

order OðℏÞ for massive spin-1=2 particles in the approach
of Ref. [83], termed the “GLWapproach” in this paper. For
Dirac particles with spin 1=2 and for binary elastic
collisions, it assumes the form

p · ∂xfðx; p; sÞ ¼ C½f� ¼ 1

4

Z
dΓ1dΓ2dΓ0dS̄ðpÞð2πℏÞ4δð4Þðpþ p0 − p1 − p2Þ

×W½fðxþ Δ1 − Δ; p1; s1Þfðxþ Δ2 − Δ; p2; s2Þ − fðx; p; s̄Þfðxþ Δ0 − Δ; p0; s0Þ�: ð1Þ

Here,W is the transition probability for the scattering process
and fðx; p; sÞ is the spin-dependent single-particle distribu-
tion function in extended phase space, i.e., ordinary phase
space extended by spin degrees of freedom. We also defined
dΓ ≔ dPdSðpÞ as the integration measure over on-shell
momentum space dP and spin space dSðpÞ, see Eqs. (6)
and (7). Note that in Eq. (1) there is in principle also a
contribution from collisions which exchange only spin but
notmomentum, cf., e.g., Eq. (24) inRef. [41]. It can be shown
that such a contribution corresponds to corrections to the drift
term, as well as an additional Vlasov term, on the left-hand
side of the Boltzmann equation. We defer a detailed dis-
cussion to a subsequent work [84] and, for the sake of
simplicity, omit such a contribution in this paper.We also note

that the collision term (1) agrees with the one given in
Refs. [41,73] only when replacing x − Δ by x. The form
given in Eq. (1) is actually the more accurate one. The overall
shift of all positions by −Δ was neglected in Refs. [41,73]
by an argument assuming an expansion around local ther-
modynamical equilibrium, for details see Appendix D of
Ref. [73].
The nonlocality of the collision term (1) manifests

itself in the fact that the distribution functions of the
collision partners are taken at space-time points shifted
from position xμ by Δ0μ − Δμ, Δμ

1 − Δμ, and Δμ
2 − Δμ,

respectively. These shifts were calculated in Ref. [73]
and are of the order of the Compton wavelength of the
particles, e.g.,
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Δμ ≔
ℏ

2mðp · t̂þmÞ ϵμναβ t̂
νpαsβ; ð2Þ

and similarly for Δ0μ, Δμ
1, and Δμ

2, replacing ðpα; sβÞ by

ðp0α; s0βÞ, ðpα
1; s

β
1Þ, and ðpα

2; s
β
2Þ, respectively. In Eq. (2),

t̂ν ≔ ð1; 0Þ is a timelike unit vector defining the frame
where pα is measured. The nonlocality of the collision term
allows for the conversion of orbital into spin angular
momentum. We remark that the expression (2) is identical
with the so-called Berry curvature, cf., e.g., Ref. [85].
However, a serious shortcoming of the previous work

[41,73] is that the Berry curvature violates Lorentz covari-
ance, since it explicitly depends on the frame vector t̂μ,
which does not transform under Lorentz transformations.
The technical reason for the occurrence of the Berry
curvature is that at some point of the calculation one has
to take momentum derivatives of the Dirac spinors appear-
ing in the Wigner functions. At the same time, momentum
derivatives of the scattering matrix elements are neglected,
arguing that these derivatives should be small if the
interaction is sufficiently localized. However, in doing so
one neglects momentum derivatives of the Dirac spinors
appearing in the matrix elements, which otherwise would
lead to similar Berry-curvature terms, which, if kept, restore
Lorentz covariance.
In this paper, we improve on the previously made

approximation and derive a nonlocal collision term which
manifestly respects Lorentz covariance. The form of this
term is similar to Eq. (1), but the space-time shift (2) is
replaced by a (much more complicated, but) Lorentz-
covariant expression. For a current-current interaction as
in the time-honored Nambu-Jona-Lasinio (NJL) model
[86,87], i.e., an interaction which couples the fermion
current ψ̄ΓðcÞψ with itself with coupling strength Gc, where
ΓðcÞ is a Dirac matrix and the index c characterizes the
particular interaction channel (for details see Sec. III), we
obtain

Δμ
1 ≔

ℏ
m
4GcGd

ℏ2

m4

W
ImfTr½hΓðdÞh2ΓðcÞ�Tr½ΓðdÞh1γμΓðcÞh0�

− Tr½hΓðdÞh1γμΓðcÞh0ΓðdÞh2ΓðcÞ�g; ð3aÞ

Δμ
2 ≔

ℏ
m
4GcGd

ℏ2

m4

W
ImfTr½hΓðdÞh2γμΓðcÞ�Tr½ΓðdÞh1ΓðcÞh0�

− Tr½hΓðdÞh1ΓðcÞh0ΓðdÞh2γμΓðcÞ�g; ð3bÞ

Δ0μ ≔
ℏ
m
4GcGd

ℏ2

m4

W
ImfTr½hΓðdÞh2ΓðcÞ�Tr½ΓðdÞh1ΓðcÞh0γμ�

− Tr½hΓðdÞh1ΓðcÞh0γμΓðdÞh2ΓðcÞ�g; ð3cÞ

Δμ ≔
ℏ
m
4GcGd

ℏ2

m4

W
ImfTr½hγμΓðdÞh2ΓðcÞ�Tr½ΓðdÞh1ΓðcÞh0�

− Tr½hγμΓðdÞh1ΓðcÞh0ΓðdÞh2ΓðcÞ�g; ð3dÞ

where

W ≔ m4
GcGd

ℏ2
16RefTr½hΓðdÞh2ΓðcÞh̄�Tr½ΓðdÞh1ΓðcÞh0�

− Tr½hΓðdÞh1ΓðcÞh0ΓðdÞh2ΓðcÞh̄�g: ð4Þ

Here,

h≡ hðp; sÞ ≔ 1

4m
ð1þ γ5=sÞðpþmÞ; ð5Þ

and similarly for h0, h1, h2, and h̄, with ðp; sÞ replaced by
ðp0; s0Þ; ðp1; s1Þ, ðp2; s2Þ, and ðp; s̄Þ, respectively.
Equations (3) are the main result of this work. Note that
they pertain to the special case of a pointlike interaction, but
can be readily generalized to the casewhere the interaction is
mediated over a nonvanishing distance, see, e.g., Eqs. (100),
which are also valid for more general interactions.
The paper is organized as follows. In Sec. II we recall

some facts about the Wigner function. In Sec. III we define
the Lagrangian underlying our investigations. In Sec. IV
we carefully repeat the calculation of the collision term via
the GLW approach [83] performed in Refs. [41,73], but
now paying attention to maintaining full Lorentz covari-
ance throughout the calculation. For the purpose of making
our calculations more concise, various definitions and
conventions differ from those of Ref. [83] and used
previously in Refs. [41,73]. This also facilitates compari-
son with other works, which adhere to more commonly
used notations. Our result is the nonlocal Boltzmann
equation (1) with the space-time shifts (2) replaced by
the expressions (3). In Sec. V we then confirm our results
by repeating the calculation in the Kadanoff-Baym (KB)
approach (see, e.g., Refs. [88,89]), showing that the results
coincide for an interaction of NJL-type. The KB approach
was previously used by some of us (N.W., D.H.R.) in
Ref. [81], where the nonlocal collision term was derived in
T-matrix approximation. However, the use of the matrix-
valued spin distribution functions in that work prevented a
direct comparison with that of the GLW approach of
Refs. [41,73]. In this paper, we complete the derivation
of the nonlocal collision term in the KB approach, using
the scalar distribution function fðx; p; sÞ in extended
phase space that was used in the GLW approach. We note
that a similar study in the nonrelativistic limit has been
performed in a recent paper [90]. Finally, in Sec. VI, we
conclude our work with an outlook for future studies.
We define the Lorentz-invariant measure in momentum

space as

dP ≔
d3p

ð2πℏÞ3p0
: ð6Þ

The Lorentz-invariant measure in spin space for particles
with spin 1=2 is defined as [41,73]
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dSðpÞ ≔
ffiffiffiffiffiffiffi
p2

3π2

s
d4sδðs · sþ 3Þδðp · sÞ: ð7Þ

This measure implies the following relations for integration
over the spin 4-vector sμ:

Z
dSðpÞ ¼ 2;

Z
dSðpÞsμ ¼ 0;Z

dSðpÞsμsν ¼ −2
�
gμν −

pμpν

p2

�
: ð8Þ

The measure (7) is chosen in such a way that integrating
over the whole spin space gives the number of spin degrees
of freedom, see the first relation in Eq. (8).
We adopt the following conventions: the metric tensor is

gμν ¼ diagðþ;−;−;−Þ and the four-dimensional unit
matrix in Dirac space is denoted as 1, while the Dirac
matrices are denoted as γμ. The four-dimensional Levi-
Civitá symbol is ϵ0123 ¼ −ϵ0123 ¼ 1, and summation over
repeated indices is implied if not stated explicitly. The
scalar product of two four-vectors aμ and bμ is
a · b ≔ aμbμ. Furthermore, we define =a ≔ γμaμ. (Anti-)
symmetrization in Lorentz indices is denoted as a½μbν� ≔
aμbν − aνbμ and aðμbνÞ ≔ aμbν þ aνbμ. We choose natural
Heaviside-Lorentz units, c ¼ ε0 ¼ μ0 ¼ kB ¼ 1, but the
reduced Planck constant ℏ is kept explicitly in order to
perform the power counting. Lorentz indices are denoted
by Greek indices, except for α, β, γ and δ, which are used
for Dirac indices (if necessary with appropriate sub-indices,
e.g., α0; α1; α2;…). Spin indices are denoted by the let-
ters r; s;….

II. WIGNER FUNCTION

In this section, we collect some well-known facts about
the Wigner function, which will be used in the calculation
of the collision term in the GLW as well as the KB
approach. We start with a discussion of the two-particle
correlation function in the closed-time path formalism and
then focus on the definition of the Wigner function, its
Clifford decomposition, as well as its equation of motion.
We then establish a relation between the Wigner function
and the single-particle distribution function in extended
phase space.

A. Two-particle correlation function in closed-time
path formalism

On the closed-time path (see, e.g., Ref. [88]), the two-
particle correlation function assumes the following matrix
form,

Gðx1; x2Þ ¼
�
Gþþðx1; x2Þ Gþ−ðx1; x2Þ
G−þðx1; x2Þ G−−ðx1; x2Þ

�

≡
�
GFðx1; x2Þ G<ðx1; x2Þ
G>ðx1; x2Þ GF̄ðx1; x2Þ

�
: ð9Þ

where Gijðx1; x2Þ (with i; j ¼ þ;−) means that the first
time argument t1 ¼ x01 lives on the time branch i and the
second time argument t2 ¼ x02 lives on the time branch j.
The definitions of the various Green’s functions are

GF
αβðx1; x2Þ ≔ hTψαðx1Þψ̄βðx2Þi; ð10aÞ

GF̄
αβðx1; x2Þ ≔ hTAψαðx1Þψ̄βðx2Þi; ð10bÞ

G<
αβðx1; x2Þ ≔ hψ̄βðx2Þψαðx1Þi; ð10cÞ

G>
αβðx1; x2Þ ≔ hψαðx1Þψ̄ βðx2Þi; ð10dÞ

where T and TA denote the time-ordering and anti-time-
ordering operators, respectively, and angular brackets
denote averages computed with respect to some initial
state. Note that we define G< with opposite sign as in
Ref. [81], but with the same sign as in Ref. [80].
Not all components of the correlation function (9) are

independent. In fact, one may express GF and GF̄ by G<

and G> using the definition of the time-ordering and anti-
time-ordering operators, respectively,

GF
αβðx1; x2Þ ¼ θðt1 − t2ÞG>

αβðx1; x2Þ
− θðt2 − t1ÞG<

αβðx1; x2Þ; ð11aÞ

GF̄
αβðx1; x2Þ ¼ −θðt1 − t2ÞG<

αβðx1; x2Þ
þ θðt2 − t1ÞG>

αβðx1; x2Þ: ð11bÞ

B. Wigner function

The Wigner function G<ðx; pÞ in the KB approach is
defined as the Fourier transform of the two-point function
(10c) with respect to the difference y ≔ x1 − x2 of the two
space-time points x1 and x2,

G<
αβðx;pÞ≔

Z
d4yeip·y=ℏG<

αβðx1;x2Þ

≡
Z

d4yeip·y=ℏ
�
ψ̄ β

�
x−

y
2

�
ψα

�
xþy

2

��
; ð12Þ

where x ≔ ðx1 þ x2Þ=2 is the arithmetic mean (or center) of
the two space-time points x1 and x2. Similarly,
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G>
αβðx;pÞ≔

Z
d4yeip·y=ℏG>

αβðx1;x2Þ

≡
Z

d4yeip·y=ℏ
�
ψα

�
xþy

2

�
ψ̄β

�
x−

y
2

��
: ð13Þ

On the other hand, in the GLW approach [83], the
Wigner function is defined as

Wαβðx; pÞ ≔
Z

d4ye−
i
ℏp·y

�
∶ψ̄β

�
xþ y

2

�
ψα

�
x −

y
2

�
∶
�
;

ð14Þ

i.e., similar as in Eq. (12) when substituting y → −y (in
order to facilitate the comparison with previous work, we
do not perform this substitution explicitly), but with an
additional normal-ordering operation on the field operators.
This bears no further consequences, since we will neglect
antiparticles anyway.
Note that compared to Refs. [39,41,73,83] the factor

ð2πℏÞ−4 in the integration measure in Eq. (14) is absent,
because we choose to absorb such factor into the four-
dimensional momentum-space measure d4p=ð2πℏÞ4. A
further consequence is that the single-particle distribution
function does not have a prefactor ð2πℏÞ−3 as, e.g., in
Eq. (85) of Ref. [41]. This facilitates the expression for
Pauli-blocking factors, which simply read 1 − f, instead of
1 − ð2πℏÞ3f in the notation of Ref. [83].

C. Clifford decomposition

We can expand G<ðx; pÞ (orWðx; pÞ) in terms of the 16
independent generators of the Clifford algebra, Γa,
a ¼ 1;…; 16, with

Γa ∈ f1; γμ;−iγ5; γ5γμ; σμνg; ð15Þ

where σμν ≔ i
2
½γμ; γν�, such that

G<ðx; pÞ≡Wðx; pÞ

¼ 1

4

�
F þ iγ5P þ γμVμ þ γ5γμAμ þ

1

2
σμνSμν

�
:

ð16Þ

Similarly,

G>ðx; pÞ ¼ 1

4

�
F̄ þ iγ5P̄ þ γμV̄μ þ γ5γμĀμ þ

1

2
σμνS̄μν

�
:

ð17Þ

The real-valued coefficient functions F , F̄ , P, P̄, Vμ, V̄μ,
Aμ, Āμ, Sμν, and S̄μν are the scalar, pseudoscalar, vector,
axial-vector, and tensor components of G≶ðx; pÞ (or
Wðx; pÞ), respectively, which can be obtained by taking

the trace of G≶ðx; pÞ (or Wðx; pÞ), multiplied with the
appropriate generator Γa of the Clifford algebra.

D. Equation of motion

The equation of motion for the Wigner function
G<ðx; pÞ can be derived from the Dyson-Schwinger
equation for the two-particle correlation function. In the
quasi-particle approximation one obtains [81]

ð=K −mÞG<ðx; pÞ ¼ Icoll; ð18Þ

where m is the mass of the particles and

Kμ ≔ pμ þ iℏ
2
∂
μ
x: ð19Þ

The collision term Icoll is given by

Icoll ≔
iℏ
2
½Σ<ðx; pÞG>ðx; pÞ − Σ>ðx; pÞG<ðx; pÞ�

þ ℏ2

4
½fΣ<ðx; pÞ; G>ðx; pÞgPB

− fΣ>ðx; pÞ; G<ðx; pÞgPB�: ð20Þ

Note the change of sign in the collision term as compared to
Ref. [81], which is due to the opposite sign in the definition
of G<. In Eq. (20), Σ≷ðx; pÞ are the Wigner transforms of
the self-energies Σ≷ðx1; x2Þ on the closed-time path and we
introduced the Poisson bracket

fA;BgPB ≔ ð∂xAÞ · ð∂pBÞ − ð∂pAÞ · ð∂xBÞ: ð21Þ

By multiplying Eq. (18) with the generators of the
Clifford algebra and taking the trace, we can derive a
system of equations of motion for the Clifford components
of the Wigner function. The real parts of these equations
read

pμVμ −mF ¼ ReTrðIcollÞ; ð22aÞ

mP þ ℏ
2
∂
μ
xAμ ¼ ReTrðiγ5IcollÞ; ð22bÞ

pμF −mVμ þ
ℏ
2
∂
ν
xSμν ¼ ReTrðγμIcollÞ; ð22cÞ

1

2
ϵμνρσpνSρσ þmAμ −

ℏ
2
∂x;μP ¼ ReTrðγ5γμIcollÞ; ð22dÞ

ϵμνρσpρAσ þmSμν −
ℏ
2
∂x½μVν� ¼ −ReTrðσμνIcollÞ; ð22eÞ

while the imaginary parts are
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ℏ
2
∂
μ
xVμ ¼ ImTrðIcollÞ; ð22fÞ

pμAμ ¼ ImTrð−iγ5IcollÞ; ð22gÞ

pνSνμ þ
ℏ
2
∂x;μF ¼ ImTrðγμIcollÞ; ð22hÞ

pμP þ ℏ
4
ϵμνρσ∂

ν
xSρσ ¼ ImTrðγ5γμIcollÞ; ð22iÞ

p½μVν� þ
ℏ
2
ϵμνρσ∂

ρ
xAσ ¼ −ImTrðσμνIcollÞ: ð22jÞ

Acting with the operator =K þm onto Eq. (18) and
combining the resulting equation with its Hermitian con-
jugate, multiplied from the left- and the right-hand side
with γ0, we can derive a mass-shell constraint and a
Boltzmann equation for the Wigner function G<ðx; pÞ,

�
p2 −m2 −

ℏ2

4
∂
2
x

�
G<ðx; pÞ

¼ 1

2
fð=K þmÞIcoll þ γ0½ð=K þmÞIcoll�†γ0g; ð23aÞ

ℏp ·∂xG<ðx;pÞ¼−
i
2
fð=KþmÞIcoll− γ0½ð=KþmÞIcoll�†γ0g;

ð23bÞ

where we have used γ0ðG<Þ†γ0 ≡G<, which follows from
Eq. (16). Taking the trace with the appropriate basis
elements of the Clifford algebra, we obtain for the
components of the Wigner function

�
p2 −m2 −

ℏ2

4
∂
2
x

�
TrðΓaG<Þ ¼ ReTr½Γað=K þmÞIcoll�;

ð24aÞ

ℏp · ∂xTrðΓaG<Þ ¼ ImTr½Γað=K þmÞIcoll�; ð24bÞ

where we have used γ0Γ†
aγ0 ¼ Γa. It was shown in Ref. [81]

that off-shell contributions in Eq. (24b) are of higher order,
OðG4

cÞ, in the coupling constant. They are therefore
neglected in the following. In this approximation, we will
also show by an explicit computation that, at least to order
OðℏÞ, all propagators are on the mass shell.
Similarly, in the GLW approach the equations of motion

for the Wigner function (14) read [73,83]

�
p2 −m2 −

ℏ2

4
∂
2
x

�
Wðx; pÞ ¼ ℏδMðx; pÞ; ð25aÞ

p · ∂xWðx; pÞ ¼ Cðx; pÞ: ð25bÞ

Here we defined

δMαβðx; pÞ ≔
1

2

Z
d4ye−

i
ℏy·ph∶½ρ̄ðx1Þðiℏ=⃖∂x þmÞ�βψαðx2Þ

þ ψ̄ βðx1Þ½ð−iℏ=∂x þmÞρðx2Þ�α∶ i; ð26aÞ

Cαβðx; pÞ ≔
i
2

Z
d4ye−

i
ℏy·ph∶½ρ̄ðx1Þð−iℏ=⃖∂x þmÞ�βψαðx2Þ

− ψ̄βðx1Þ½ðiℏ=∂x þmÞρðx2Þ�α∶i; ð26bÞ

where

ρðxÞ ≔ −
1

ℏ
∂Lint

∂ψ̄ðxÞ ; ð27Þ

with the interaction Lagrangian Lint of the theory under
consideration, and where ψ̄ðxÞ ≔ ψ†ðxÞγ0, ρ̄ðxÞ ≔ ρ†ðxÞγ0
are the Dirac adjoints of the fermion field ψðxÞ and the
source term ρðxÞ. Note the formal similarity between
Eqs. (23) and (25).
Similar to Eqs. (23a) and (23b), Eq. (25a) is a mass-shell

equation for the Wigner function, while Eq. (25b) repre-
sents a Boltzmann-type equation. Again, off-shell terms in
Eq. (25b) can be shown to cancel [73], such that we have

p · ∂xWon-shellðx; pÞ ¼ Con-shellðx; pÞ; ð28Þ

where the Wigner function and collision terms are decom-
posed as

Wðx;pÞ¼ 4πmℏδðp2−m2ÞWon-shellðx;pÞþWoff-shellðx;pÞ;
ð29aÞ

Cðx; pÞ ¼ 4πmℏδðp2 −m2ÞCon-shellðx; pÞ þ Coff-shellðx; pÞ:
ð29bÞ

Note that the prefactor is chosen such that the usual
momentum-space measure is recovered for the on-shell
terms, as is discussed in Appendix A. This also implies that
the ℏ in the prefactor of Eqs. (29a), (29b) does not
participate in the ℏ-power counting.

E. Single-particle distribution function
in extended phase space

Our goal is to derive a Boltzmann equation for the single-
particle distribution function fðx; p; sÞ in extended phase
space from the Boltzmann-type equations (23b) and (25b),
respectively. To this end, we need to establish a relation
between fðx; p; sÞ and G<ðx; pÞ or Wðx; pÞ, respectively.
Since we work in the semiclassical expansion, we can do
this order by order in ℏ. We work up to order Oðℏ2Þ in the
equation of motion (18) for the Wigner function. Since the
collision term Icoll is already of orderOðℏÞ, cf. Eq. (20), for
the computation of the latter we only need to determine
fðx; p; sÞ and G<ðx; pÞ or Wðx; pÞ up to first order in ℏ.
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First of all, following Refs. [41,73] we introduce a scalar
single-particle distribution function in extended phase
space,

fðx; p; sÞ ≔ 1

2
½F ðx; pÞ − s ·Aðx; pÞ�; ð30Þ

and analogously

̄fðx; p; sÞ ≔ 1

2
½F̄ ðx; pÞ − s · Āðx; pÞ�: ð31Þ

Note that fðx; p; sÞ and ̄fðx; p; sÞ are distribution-valued
and thus not identical, but proportional, to fðx; p; sÞ and
f̄ðx; p; sÞ, respectively.
We now expand all quantities in powers of ℏ, e.g.,

fðx; p; sÞ ¼ fð0Þðx; pÞ þ ℏfð1Þðx; p; sÞ þ ℏ2fð2Þðx; p; sÞ
þOðℏ3Þ…; ð32Þ

and similarly for all other quantities. Here we have assumed
that spin effects enter f first at orderOðℏÞ, cf. the discussion
in Refs. [41,73].

1. Zeroth order in ℏ

Since the collision term Icoll is already of first order
in ℏ, cf. Eq. (20), at zeroth order in ℏ we obtain from
Eqs. (22a)–(22d)

pμVð0Þ
μ −mF ð0Þ ¼ 0; ð33aÞ

Pð0Þ ¼ 0; ð33bÞ

pμF ð0Þ −mVð0Þ
μ ¼ 0; ð33cÞ

1

2
ϵμνρσpνSð0Þρσ þmAð0Þ

μ ¼ 0: ð33dÞ

In order to proceed, we make the additional assumption that

Aμ ¼ ℏAð1Þ
μ þOðℏ2Þ, i.e., thatAð0Þ

μ ¼ 0, see Refs. [41,73].
This can be justified by assuming that polarization effects
are at most generated dynamically within the system, but
are not induced already from the outset by, e.g., external
fields. In this case, Eqs. (33b)–(33d) imply that

Pð0Þ ¼ 0; Vð0Þ
μ ¼pμ

m
F ð0Þ; Að0Þ

μ ¼ 0; Sð0Þ
μν ¼ 0; ð34Þ

and the only independent Lorentz component of theWigner
function at order Oðℏ0Þ is F ð0Þ. Analogous relations hold
for the Clifford components P̄ð0Þ, V̄ð0Þ

μ , Āð0Þ
μ , and S̄ð0Þ

μν of the
Wigner function G>.
Furthermore, we conclude by combining Eqs. (33a) and

(33c) that

p2F ð0Þ ¼ mpμVð0Þ
μ ¼ m2F ð0Þ; ð35Þ

i.e., F ð0Þ is on-shell, and thus also Vð0Þ
μ is on-shell. Similar

arguments apply to F̄ ð0Þ and V̄ð0Þ
μ .

Inserting Eq. (34) into Eq. (16), we immediately derive

G<ð0Þðx; pÞ≡Wð0Þðx; pÞ ¼ pþm
4m

F ð0Þðx; pÞ

≡ 1

2
ΛþðpÞF ð0Þðx; pÞ; ð36Þ

and, similarly,

G>ð0Þðx; pÞ ¼ 1

2
ΛþðpÞF̄ ð0Þðx; pÞ; ð37Þ

where we used the projector

ΛþðpÞ ≔ pþm
2m

ð38Þ

onto positive-energy states. On the other hand, because

Að0Þ
μ ¼ 0, to order Oðℏ0Þ, Eq. (30) reads

fð0Þðx; pÞ ¼ 1

2
F ð0Þðx; pÞ; ð39Þ

and similarly Eq. (31) reads

̄fð0Þðx; pÞ ¼ 1

2
F̄ ð0Þðx; pÞ: ð40Þ

Since F ð0Þ and F̄ ð0Þ are on-shell, we can factor out a mass-
shell delta function from fð0Þ and ̄fð0Þ,

fð0Þðx; pÞ ≔ 4πmℏδðp2 −m2Þfð0Þðx; pÞ;
̄fð0Þðx; pÞ ≔ 4πmℏδðp2 −m2Þf̄ð0Þðx; pÞ; ð41Þ

where the prefactor 4πmℏ is introduced to make fð0Þ and
f̄ð0Þ dimensionless and to ensure that fð0Þ converges to the
Fermi distribution function in the thermodynamical limit
(see Appendix A), while f̄ð0Þ becomes a Pauli-blocking
factor 1 − fð0Þ. Note that the factor 2πℏ in the prefactor in
Eq. (41) does not contribute to the power counting, since it
does not appear with either a gradient or a spin-related
quantity. It merely serves to cancel a ð2πℏÞ−1 from the four-
dimensional momentum-space measure, cf. Appendix A.
We thus obtain the final expressions for G≶ð0Þ and Wð0Þ in
terms of fð0Þ and f̄ð0Þ,

G<ð0Þðx; pÞ≡Wð0Þðx; pÞ
¼ 4πmℏδðp2 −m2ÞΛþðpÞfð0Þðx; pÞ; ð42aÞ

G>ð0Þðx; pÞ ¼ 4πmℏδðp2 −m2ÞΛþðpÞf̄ð0Þðx; pÞ: ð42bÞ
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Following the discussion in Sec. V of Ref. [81], we expect
f̄ð0Þ ≡ 1 − fð0Þ (note the sign difference in our definition of
G< with respect to that reference), i.e., it is sufficient to
know fð0Þ to reconstruct both G<ð0Þ and G>ð0Þ.

2. First order in ℏ

To first order in ℏ, we employ Eqs. (22a)–(22e), as well
as Eq. (22g), which read

pμVð1Þ
μ −mF ð1Þ ¼ ReTrðIð1ÞcollÞ; ð43aÞ

1

2
∂
μ
xA

ð0Þ
μ þmPð1Þ ¼ ReTrðiγ5Ið1ÞcollÞ; ð43bÞ

1

2
∂
ν
xS

ð0Þ
νμ − pμF ð1Þ þmVð1Þ

μ ¼ −ReTrðγμIð1ÞcollÞ; ð43cÞ

1

2
ϵμνρσpνSð1Þρσ þmAð1Þ

μ ¼ ReTrðγ5γμIð1ÞcollÞ; ð43dÞ

1

2
∂x½μV

ð0Þ
ν� − ϵμνρσpρAð1Þσ −mSð1Þ

μν ¼ ReTrðσμνIð1ÞcollÞ; ð43eÞ

pμAð1Þ
μ ¼ ImTrð−iγ5Ið1ÞcollÞ: ð43fÞ

Because G>ð1Þ ≡ −G<ð1Þ [81], we have F̄ ð1Þ ≡ −F ð1Þ,
P̄ð1Þ ≡ −Pð1Þ, V̄ð1Þ

μ ≡ −Vð1Þ
μ , Āð1Þ

μ ≡ −Að1Þ
μ , and S̄ð1Þ

μν ≡
−Sð1Þ

μν , respectively. We also have f̄ð1Þ ¼ −fð1Þ.
With Eq. (34) we conclude from Eq. (43b) that

Pð1Þ ¼ 1

m
ReTrðiγ5Ið1ÞcollÞ ¼ OðG2

cÞ: ð44Þ

Since we are ultimately interested in computing the
collision term, we may make further approximations.
Namely, when using the Clifford decomposition for
G<ð1Þ in the collision term, a term such as in Eq. (44)
gives an overall contribution of order OðG4

cÞ, which can be
neglected. We can therefore safely assume that Pð1Þ ≃ 0.
Equation (43c) together with Eq. (34) yields

Vð1Þ
μ ¼ pμ

m
F ð1Þ −

1

m
ReTrðγμIð1ÞcollÞ ≃

pμ

m
F ð1Þ: ð45Þ

In the last step, we have again neglected the contribution of
orderOðG2

cÞ from the collision term, since this gives rise to
an overall contribution of order OðG4

cÞ when inserting the
Clifford decomposition for G<ð1Þ into the collision term.
Finally, Eq. (43e) together with Eq. (34) gives

Sð1Þ
μν ¼ −

1

m
ϵμνρσpρAð1Þσ þ 1

2m
∂x;½μV

ð0Þ
ν� −

1

m
ReTrðσμνIð1ÞcollÞ

≃ −
1

m
ϵμνρσpρAð1Þσ −

1

2m2
p½μ∂x;ν�F ð0Þ: ð46Þ

By the same arguments as above, the contribution from the
collision term can be neglected.
Furthermore, combining Eqs. (43a) and (43c) and using

Eq. (34), we conclude that

p2F ð1Þ ¼ m2F ð1Þ þ ReTr½ðpþmÞIð1Þcoll� ≃m2F ð1Þ; ð47Þ

i.e., F ð1Þ is on-shell up to collisional contributions, which
can be neglected when inserting the Clifford decomposition
for G<ð1Þ into the collision term.
We can also derive a mass-shell condition for Að1Þ

μ . To
this end, multiply Eq. (43e) by pλϵ

μνλτ and insert Eqs. (43d)
and (43f). Using Eq. (34), this results in

p2Að1Þτ ¼ m2Að1Þτ − ReTr½γ5γτðpþmÞIð1Þcoll�
≃m2Að1Þτ; ð48Þ

i.e., Að1Þ
μ is on-shell up to collisional contributions, which

can be neglected when inserting the Clifford decomposition
for G<ð1Þ into the collision term. On account of Eqs. (30)
and (31), also fð1Þ and ̄fð1Þ are on-shell up to collisional
contributions.
We can now insert Eqs. (44)–(46) into the Clifford

decomposition (16) of the Wigner function G<ð1Þðx; pÞ≡
Wð1Þðx; pÞ and obtain up to collisional contributions

G<ð1Þðx;pÞ≡Wð1Þðx;pÞ≃G<ð1Þ
qc ðx;pÞþG<ð1Þ

∇ ðx;pÞ; ð49Þ

with

G<ð1Þ
qc ðx;pÞ¼ 1

2
ΛþðpÞ½F ð1Þðx;pÞþ γ5γ ·Að1Þðx;pÞ�; ð50aÞ

G<ð1Þ
∇ ðx;pÞ ¼ 1

8m2
σμνpν∂

x
μF ð0Þðx;pÞ; ð50bÞ

where in the terminology of Ref. [81] the subscript “qc”
denotes the so-called quasiclassical contribution, while the
subscript “∇” denotes the gradient contribution. The

gradient contribution G<ð1Þ
∇ can be immediately expressed

in terms of fð0Þðx; pÞ using Eqs. (39) and (41),

G<ð1Þ
∇ ðx; pÞ ¼ πℏ

m
δðp2 −m2Þσμνpν∂

x
μfð0Þðx; pÞ; ð51Þ

and similarly

G>ð1Þ
∇ ðx; pÞ ¼ πℏ

m
δðp2 −m2Þσμνpν∂

x
μf̄ð0Þðx; pÞ: ð52Þ

Both the quasiclassical and the gradient parts are
“quasiparticle” contributions in the sense that they are
on the mass shell. Since ∂xμf̄ð0Þ ≡ −∂xμfð0Þ, we confirm that

G>ð1Þ
∇ ≡ −G<ð1Þ

∇ .
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In order to express the quasiclassical contribution G<ð1Þ
qc

in terms of fð1Þ, we need to invert Eq. (30). This can be
done with the relations [41,73]

F ðx; pÞ ¼
Z

dSðpÞfðx; p; sÞ;

Aμðx; pÞ ¼
Z

dSðpÞsμfðx; p; sÞ: ð53Þ

Using the definition (30) of fðx; p; sÞ and the identities (8),
one proves that the first relation is strictly valid to all orders
in ℏ, while the second relation is strictly valid up to order
Oðℏ0Þ and valid up to order OðℏÞ if collisional contribu-
tions are disregarded, such that p ·Að1Þ ≃ 0, cf. Eq. (43f).

Inserting the first-order expressions F ð1Þ and Að1Þ
μ into

Eq. (50a), and factoring out a mass-shell delta function
from fð1Þðx; p; sÞ,

fð1Þðx; p; sÞ ¼ 4πmℏδðp2 −m2Þfð1Þðx; p; sÞ; ð54Þ

we then obtain

G<ð1Þ
qc ðx;pÞ¼4πmℏδðp2−m2Þ

Z
dSðpÞhðp;sÞfð1Þðx;p;sÞ;

ð55Þ

where we have used Eq. (5) and the relation

ð1þ γ5=sÞΛþðpÞ ¼ ΛþðpÞð1þ γ5=sÞ; ð56Þ

which holds since p · s ¼ 0. Similarly,

G>ð1Þ
qc ðx;pÞ¼4πmℏδðp2−m2Þ

Z
dSðpÞhðp;sÞf̄ð1Þðx;p;sÞ;

ð57Þ

Since f̄ð1Þ ≡ −fð1Þ, we confirm that also G>ð1Þ
qc ¼ −G<ð1Þ

qc .
To summarize the results of this subsection, we have

expressed the Wigner functionsG≶ðx; pÞ andWðx; pÞ up to
first order in ℏ in terms of fð0Þ, f̄ð0Þ, fð1Þ, and f̄ð1Þ,
cf. Eqs. (42) and (49) with Eqs. (51), (52), (55), and
(57). For further use, we note that, because of Eq. (8), up to
first order in ℏ we may write

G<ðx; pÞ≡Wðx; pÞ ¼ 4πmℏδðp2 −m2Þ

×
Z

dSðpÞhðp; sÞfðx; p; sÞ þ G<∇ðx; pÞ: ð58Þ

III. INTERACTION LAGRANGIAN

For the interaction Lint between fermions we consider
one-boson exchange. Assuming the interaction range to be
much smaller than all other scales in the problem, we can
integrate out the boson fields and reduce the interaction to a
four-fermion vertex, similar to the NJL model [86,87].
Thus, the interaction Lagrangian reads

Lint ¼
X
c

Gc

X
a;b

½ψ̄ðxÞΓðcÞ
a ψðxÞ�gabðcÞ½ψ̄ðxÞΓðcÞ

b ψðxÞ�: ð59Þ

The sum over c runs over all possible interaction channels,
e.g., scalar (c ¼ S), pseudoscalar (c ¼ P), vector (c ¼ V),
axial-vector (c ¼ A), and tensor (c ¼ T) channel. The

matrices ΓðcÞ
a ;ΓðcÞ

b represent the corresponding elements

of the Clifford algebra: ΓðSÞ
a ¼ 1, ΓðPÞ

a ¼ −iγ5, Γ
ðVÞ
a ¼ γμ,

ΓðAÞ
a ¼ γ5γ

μ, and ΓðTÞ
a ¼ σμν. In the scalar and pseudoscalar

channels, the sum over a and b only contains one element
and gabðS;PÞ ≡ 1. In the vector and axial-vector channels, a

and b are Lorentz indices, which are summed over with
gabðV;AÞ ≡ gμν. In the tensor channel, a and b represent pairs

of (unequal) Lorentz indices, say a ¼ ðμνÞ, b ¼ ðρσÞ and
gabðTÞ ≡ gμρgνσ . Finally, Gc denotes the four-fermion cou-

pling in channel (c).
In order to simplify the notation, in the remainder of this

work we will omit the indices a, b and the metric gabðcÞ, and
just indicate the particular interaction channel c at the
element ΓðcÞ of the Clifford algebra, i.e., an appropriate
summation over ða; bÞ is implied,

X
a;b

½ψ̄ðxÞΓðcÞ
a ψðxÞ�gabðcÞ½ψ̄ðxÞΓðcÞ

b ψðxÞ�

≡ ½ψ̄ðxÞΓðcÞψðxÞ�½ψ̄ðxÞΓðcÞψðxÞ�: ð60Þ

IV. THE NONLOCAL COLLISION TERM
IN THE GLW APPROACH

In this section, we rederive the collision term in the GLW
approach using slightly different and more commonly used
conventions than in Refs. [41,73], in order to facilitate
comparison with results from the KB approach. We first
repeat parts of the derivation of the collision term as
presented in Ref. [73] and then focus separately on the
local and the nonlocal parts of the collision term. Finally,
we summarize our results.

A. The collision term revisited

In the following we restrict ourselves to the particle
sector, i.e., p0 > 0 for all on-shell momenta pμ; the anti-
particle sector can be derived analogously. The positive-
frequency “in” fields are given by
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ψ inðxÞ ¼
1

2

X
s

Z
dPusðpÞâsðpÞe−ip·x=ℏ; ð61Þ

where pμ is on shell, dP was defined in Eq. (6), and âsðpÞ
annihilates a particle with momentum p and spin s. In our
convention (which differs from that of Ref. [83]) the
nonzero anticommutation relations for the creation and
annihilation operators are

fâsðpÞ; â†rðp0Þg ¼ ð2πℏÞ32p0δð3Þðp − p0Þδrs; ð62Þ

while the orthogonality and completeness relation of the
basis spinors read

ūr;αðpÞuαs ðpÞ ¼ 2mδrs;X
r

uαr ðpÞūr;βðpÞ ¼ ðpþmÞαβ: ð63Þ

Note that, from now on, we will not distinguish between
upper and lower Dirac indices. When evaluating the
expressions, it is implied that the Dirac indices are on
their natural position, e.g., upper (lower) indices for spinors
(adjoint spinors), and repeated indices are simply summed
over (without additional sign change). Following Ref. [83],
we may cast the collision term (26b) in the following form:

Cαβðx; pÞ ¼
1

2

1

ð2πℏÞ12ð2mÞ4
X
r2;s2

Z
d4x2

Z
d4p2

Z
d4u2

×
in

�
p2 −

u2

2
; r2

����ΦαβðpÞ
����p2 þ u2

2
; s2

�
in

×
Y2
j¼1

e
i
ℏuj·xj ūsj;αj

�
pj þ

uj
2

�

×Wαjβjðxþ xj; pjÞurj;βj
�
pj −

uj
2

�
: ð64Þ

Note that the different prefactor as compared to Eq. (11) of
Ref. [73] is due to the different definition of the momen-
tum-space measure. Here, for the sake of brevity we used
the notation of Ref. [83] for sums, integrals, and two-
particle states,

X
r2;s2

≔
X2
r1¼1

X2
r2¼1

X2
s1¼1

X2
s2¼1

;

Z
d4x2 ≔

Z
d4x1

Z
d4x2;����p2 � u2

2
; r2

�
≔
����p1 �

u1
2
; p2 �

u2
2
; r1; r2

�
: ð65Þ

The operator Φ in Eq. (64) reads

ΦαβðpÞ≔
i
2

1

ð2πℏÞ4
Z

d4ye−
i
ℏp·y∶

�	
Pμ;ρ̄

�
y
2

�
γμ


β

ψα

�
−
y
2

�

þmρ̄β

�
y
2

�
ψα

�
−
y
2

�
−ψ̄β

�
y
2

�	
γμρ

�
−
y
2

�
;Pμ



α

−mψ̄β

�
y
2

�
ρα

�
−
y
2

��
∶; ð66Þ

where Pμ denotes the momentum operator. The calcu-
lation needed to compute the matrix element in Eq. (64)
has been discussed in Refs. [73,83], but we will none-
theless show the main steps. After the insertion of a
complete set of “out” states and performing the y
integration, one arrives at

in

�
p2 −

u2

2
; r2

����ΦαβðpÞ
����p2 þ u2

2
; s2

�
in

¼ i
4

X
r0

Z
dP0δð4Þðpþ p0 − p1 − p2Þ

×

	
out

�
p0; r0

����ψαð0Þ
����p2 þ u2

2
; s2

�
inin

�
p2 −

u2

2
; r2

����∶ρ̄α0 ð0Þ∶
����p0; r0

�
out

�
p −

=u1 þ =u2
2

þm

�
α0β

−
�
pþ =u1 þ =u2

2
þm

�
αα0out

�
p0; r0

����∶ρα0 ð0Þ∶
����p2 þ u2

2
; s2

�
inin

�
p2 −

u2

2
; r2

����ψ̄βð0Þ
����p0; r0

�
out



: ð67Þ

Next we evaluate the matrix elements of the fields ψ ; ψ̄ . These fields can be written in terms of the “in” fields as

ψð0Þ ¼ ψ inð0Þ þ
Z

d4xSRð−xÞρðxÞ; ð68Þ
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where SR is the retarded fermion propagator, whose Fourier transform is given by S̃RðpÞ ¼ −ð1=ℏÞðpþmÞG̃ðpÞ, with the
scalar propagator G̃ðpÞ ≔ −ℏ2=ðp2 −m2 þ iϵp0Þ. Using the orthogonality relation of the momentum eigenstates,

inhp2; r2jp02; r02iin ¼ ½2ð2πℏÞ3�2p0
1p

0
2½δð3Þðp1 − p0

1Þδr1r01δð3Þðp2 − p0
2Þδr2r02 − δð3Þðp1 − p0

2Þδr1r02δð3Þðp2 − p0
1Þδr2r01 �; ð69Þ

in conjunction with the fact that for one-particle states “in” and “out” states are identical, we find

out

�
p0; r0

����ψð0Þ
����p2 þ u2

2
; s2

�
in
¼ 2ð2πℏÞ3p00

	
us1

�
p1 þ

u1
2

�
δð3Þ

�
p0 − p2 −

u2

2

�
δr0s2 − ð1 ↔ 2Þ




þ S̃R

�
p1 þ

u1
2
þ p2 þ

u2
2
− p0

�
out

�
p0; r0

����∶ρð0Þ∶
����p2 þ u2

2
; s2

�
in
: ð70Þ

Employing this relation and using the projector ΛþðpÞ defined in Eq. (38), we can rewrite Eq. (67) as

in

�
p2 −

u2

2
; r2

����ΦαβðpÞ
����p2 þ u2

2
; s2

�
in

¼ im

��
us1;α

�
p1 þ

u1
2

�
δð3Þ

�
p − p1 þ

u2

2

�
δ

"
p0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
p2 þ

u2

2

�
2

þm2

s
− p0

1 − p0
2

#

×
in

�
p2 −

u2

2
; r2

����∶ρ̄α0 ð0Þ∶
����p2 þ

u2
2
; s2

�
out
Λþ
α0β

�
p −

u1 þ u2
2

�
þ ð1 ↔ 2Þ

�

−
�
ūr1;β

�
p1 −

u1
2

�
δð3Þ

�
p − p1 −

u2

2

�
δ

"
p0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
p2 −

u2

2

�
2

þm2

s
− p0

1 − p0
2

#

× Λþ
αα0

�
pþ u1 þ u2

2

�
out

�
p2 −

u2
2
; r2

����∶ρα0 ð0Þ∶
����p2 þ u2

2
; s2

�
in
þ ð1 ↔ 2Þ

�

−
m
ℏ

X
r0

Z
dP0δð4Þðpþ p0 − p1 − p2

�	
G̃

�
pþ u1 þ u2

2

�
− G̃�

�
p −

u1 þ u2
2

�

Λþ
αα0

�
pþ u1 þ u2

2

�

×
out

�
p0; r0

����∶ρα0 ð0Þ∶
����p2 þ u2

2
; s2

�
inin

�
p2 −

u2

2
; r2

����∶ρ̄β0 ð0Þ∶
����p0; r0

�
out
Λþ
β0β

�
p −

u1 þ u2
2

��
: ð71Þ

Here we used that jp1; p2; s1; s2i ¼ −jp2; p1; s2; s1i. Next, we have to make use of the relation between the source terms
and scattering-matrix elements, which is given by [83]

ð2πℏÞ4δð4Þðpþ p0 − p1 − p2Þinhp; p0; r; r0jt̂jp2; r2iin ≔ −iinhp; p0; r; r0jðŜ − 1Þjp2; r2iin
¼ −ð2πℏÞ4δð4Þðpþ p0 − p1 − p2ÞūrðpÞouthp0; r0jρð0Þjp2; r2iin; ð72Þ

where Ŝ is the scattering matrix. We now split the transfer matrix into real and imaginary parts and make use of the optical
theorem [83],

i
2 inhp;p0; r; r0jðt̂− t̂†Þjp2;r2iin ¼ −

ð2πℏÞ4
16

δð4Þðpþp0 −p1 −p2Þ
X
s2

Z
dQ1dQ2inhp;p0; r; r0jt̂jq2; s2iininhq2; s2jt̂†jp2; r2iin:

ð73Þ

In the remainder of this paper, we will neglect the real parts of the transfer matrix and defer a more detailed discussion of the
latter to a subsequent work [84].
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We now employ the optical theorem and the following expression of the transfer-matrix elements

hp; p0; r; r0jt̂jp2; r2i ¼ 1

ℏ
hp; p0; r; r0j∶Lintð0Þ∶jp2; r2i

¼ ūr;αðpÞūr0;α0 ðp0Þur1;α1ðp1Þur2;α2ðp2ÞMαα0α1α2ðp; p0; p1; p2Þ; ð74aÞ

hp2; r2jt̂†jp; p0; r; r0i ¼ 1

ℏ
hp2; r2j∶L†

intð0Þ∶jp; p0; r; r0i
¼ ūr1;α1ðp1Þūr2;α2ðp2Þur;αðpÞur0;α0 ðp0ÞM̄α1α2αα

0 ðp1; p2; p; p0Þ; ð74bÞ

where M is the tree-level vertex function of the theory in momentum space, i.e., the Fourier transform of the fourth
functional derivative of the classical action with respect to the fields, and M̄α1α2αα

0 ≔ γ0αβγ
0
α0β0γ

0
α1β1

γ0α2β2M
�ββ0β1β2 . With these

we are able to rewrite the source terms in the second and fourth lines of Eq. (71) as

Λþ
αα0

�
pþ u1 þ u2

2

�
out

�
p2 −

u2
2
; r2

����∶ρα0 ð0Þ∶
����p2 þ u2

2
; s2

�
in

¼ −
i
4
m2ð2πℏÞ4

Z
dQ1dQ2δ

ð4Þ
�
pþ p2 þ

u1
2
− q1 − q2

�
Mα1α2β1β2M̄γ1γ2δ1δ2Λþ

αα1

�
pþ u1 þ u2

2

�

× Λþ
β1γ1

ðq1ÞΛþ
β2γ2

ðq2Þūr2;α2
�
p2 −

u2
2

�
us1;δ1

�
p1 þ

u1
2

�
us2;δ2

�
p2 þ

u2
2

�
ð75aÞ

and

out

�
p2 −

u2

2
; s2

����∶ρ̄α0 ð0Þ∶
����p2 þ

u2
2
; r2

�
in
Λþ
α0β

�
p −

u1 þ u2
2

�

¼ i
4
m2ð2πℏÞ4

Z
dQ1dQ2δ

ð4Þ
�
pþ p2 −

u1
2
− q1 − q2

�
M̄α1α2β1β2Mγ1γ2δ1δ2Λþ

β1β

�
p −

u1 þ u2
2

�

× Λþ
δ1α1

ðq1ÞΛþ
δ2α2

ðq2Þur2;β2
�
p2 þ

u2
2

�
ūs1;γ1

�
p1 −

u1
2

�
ūs2;γ2

�
p2 −

u2
2

�
; ð75bÞ

respectively. On the other hand, the source terms in the last line can be written as

X
r0
Λþ
αα0

�
pþ u1 þ u2

2

�
out

�
p0; r0

����∶ρα0 ð0Þ∶
����p2 þ u2

2
; s2

�
inin

�
p2 −

u2

2
; r2

����∶ρ̄β0 ð0Þ∶
����p0; r0

�
out
Λþ
β0β

�
p −

u1 þ u2
2

�

¼ 2mMα1α2β1β2M̄γ1γ2δ1δ2Λþ
αα1

�
pþ u1 þ u2

2

�
Λþ
δ1β

�
p −

u1 þ u2
2

�
Λþ
δ2α2

ðp0Þ

× us1;β1

�
p1 þ

u1
2

�
us2;β2

�
p2 þ

u2
2

�
ūr1;γ1

�
p1 −

u1
2

�
ūr2;γ2

�
p2 −

u2
2

�
: ð75cÞ

Furthermore, in the Boltzmann equation only on-shell terms contribute, i.e., it has to hold that p2 ¼ m2 [73,81]. For this
reason we may use the relation

G̃

�
pþ u1 þ u2

2

�
− G̃�

�
p −

u1 þ u2
2

�
¼ 2πiℏ2δðp2 −m2Þ ð76Þ

in Eq. (71), since the neglected terms are all off-shell contributions.
Inserting Eqs. (75) and (76) into Eq. (71) and the result into Eq. (64), we arrive with the definition of the on-shell

quantities (29) at the following result for the collision term,
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Con-shell;αβðx; pÞ ¼ ð2πℏÞ4m
4

2

Z
dP1dP2dP0

Z
d4u2Mα1α2β1β2Mγ1γ2δ1δ2Λþ

αα0

�
pþ u1 þ u2

2

�
Λþ
β0β

�
p −

u1 þ u2
2

�

×

�
δð4Þðpþ p0 − p1 − p2Þδα0α1δβ

0
δ1
Λþ
δ2α2

ðp0ÞΛþ
β1γ

0
1

�
p1 þ

u1
2

�
Λþ
β2γ

0
2

�
p2 þ

u2
2

�

× Λþ
δ0
1
γ1

�
p1 −

u1
2

�
Λþ
δ0
2
γ2

�
p2 −

u2
2

�Y2
j¼1

fWγ0jδ
0
j

on-shellðx; pjÞδð4ÞðujÞ − iℏ½∂ρujδð4ÞðujÞ�∂xρW
γ0jδ

0
j

on-shellðx; pjÞg

−
1

2
δα

0
γ0
1
δβ

0
β1
δð4Þ

�
pþ p0 − p1 − p2 −

u1
2

�
Λþ
β2γ

0
2

�
p0 þ u2

2

�
Λþ
δ0
1
γ1

�
pþ u2 − u1

2

�
Λþ
δ0
2
γ2

�
p0 −

u2
2

�

× Λþ
δ1α1

ðp1ÞΛþ
δ2α2

ðp2Þ
�
W

γ0
1
δ0
1

on-shell

�
x; pþ u2

2

�
δð4Þðu1Þ − iℏ½∂μu1δð4Þðu1Þ�∂xμWγ0

1
δ0
1

on-shell

�
x; pþ u2

2

��

× fWγ0
2
δ0
2

on-shellðx; p0Þδð4Þðu2Þ − iℏ½∂μu2δð4Þðu2Þ�∂xμWγ0
2
δ0
2

on-shellðx; p0Þg

−
1

2
δα

0
γ1δ

β0
δ0
1
δð4Þ

�
pþ p0 − p1 − p2 þ

u1
2

�
Λþ
β2γ

0
2

�
p0 −

u2
2

�
Λþ
β1γ

0
1

�
pþ u1 − u2

2

�
Λþ
δ0
2
γ2

�
p0 þ u2

2

�

× Λþ
δ1α1

ðp1ÞΛþ
δ2α2

ðp2Þ
�
W

γ0
1
δ0
1

on-shell

�
x; p −

u2
2

�
δð4Þðu1Þ − iℏ½∂μu1δð4Þðu1Þ�∂xμWγ0

1
δ0
1

on-shell

�
x; p −

u2
2

��

× fWγ0
2
δ0
2

on-shellðx; p0Þδð4Þðu2Þ − iℏ½∂μu2δð4Þðu2Þ�∂xμWγ0
2
δ0
2

on-shellðx; p0Þg
�
: ð77Þ

Here we used the completeness relation of the basis spinors
multiple times, assumed that M̄ ¼ M, and took M to be
independent of momentum. Furthermore, we expanded the
Wigner function to first order around xj ¼ 0 and consid-
ered only the on-shell part of the collision term, cf. Eq. (28).
The first terms in curly brackets in Eq. (77) provide the
local contributions, while the respective second terms,

which are proportional to space-time derivatives of the
Wigner functions, constitute the nonlocal parts of the
collision term.

B. Local collisions

From Eq. (77) we can read off the local collision term as

Clocalon-shell;αβðx; pÞ

¼ m4

2

Z
dP1dP2dP0ð2πℏÞ4δð4Þðpþ p0 − p1 − p2ÞMα1α2β1β2Mγ1γ2δ1δ2Λþ

αα0 ðpÞΛþ
β0βðpÞ

×

�
δα

0
α1δ

β0
δ1
Λþ
δ2α2

ðp0ÞΛþ
β1γ

0
1
ðp1ÞΛþ

β2γ
0
2
ðp2ÞΛþ

δ0
1
γ1
ðp1ÞΛþ

δ0
2
γ2
ðp2Þ

Y2
j¼1

W
γ0jδ

0
j

on-shellðx; pjÞ

−
1

2
Λþ
β2γ

0
2
ðp0ÞΛþ

δ0
2
γ2
ðp0ÞΛþ

δ1α1
ðp1ÞΛþ

δ2α2
ðp2Þ½δα0γ0

1
δβ

0
β1
Λþ
δ0
1
γ1
ðpÞ þ δα

0
γ1δ

β0
δ0
1
Λþ
β1γ

0
1
ðpÞ�Wγ0

1
δ0
1

on-shellðx; pÞW
γ0
2
δ0
2

on-shellðx; p0Þ
�
: ð78Þ

Next we show how to translate this expression into
extended phase space. To this end, we first note that all
Wigner functions in Eq. (78) are sandwiched between
energy projectors. Because of the relation

ΛþðpÞσμνpνΛþðpÞ ¼ 0 ð79Þ

this has the consequence that the gradient part of the
Wigner function vanishes, cf. Eqs. (50b) and (58),
such that

ΛþðpÞWon-shellðx; pÞΛþðpÞ ¼
Z

dSðpÞhðp; sÞfðx; p; sÞ:

ð80Þ
One may wonder whether this introduces a discrepancy
to the KB approach (where no such cancellation occurs).
However, in the GLW approach another gradient con-
tribution is generated at order OðℏÞ by an integration by
parts, so that in the end both approaches yield the same
result.
Inserting Eq. (80) into Eq. (78), the local collision term

becomes
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Clocalon-shell;αβðx; pÞ

¼ m4

4

Z
dΓ1dΓ2dΓ0dS̄ðpÞð2πℏÞ4δð4Þðpþ p0 − p1 − p2ÞMα1α2β1β2Mγ1γ2δ1δ2

× fΛþ
αα1ðpÞΛþ

δ1β
ðpÞhδ2α2ðp0; s0Þhβ1γ1ðp1; s1Þhβ2γ2ðp2; s2Þfðx; p1; s1Þfðx; p2; s2Þ

− fðx; p; s̄Þfðx; p0; s0Þhδ1α1ðp1; s1Þhδ2α2ðp2; s2Þ½hαγ1ðp; s̄ÞΛþ
β1β

ðpÞ þ Λþ
αγ1ðpÞhβ1βðp; s̄Þ�hβ2γ2ðp0; s0Þg; ð81Þ

where we used that

Z
dSðpÞhðp; sÞ ¼ ΛþðpÞ: ð82Þ

Lastly, we employ that Con-shell ≔ 1
2
ð1þ γ5=sÞβαCαβon-shell, which then gives

Clocal
on-shellðx; p; sÞ ¼

m4

4

Z
dΓ1dΓ2dΓ0dS̄ðpÞð2πℏÞ4δð4Þðpþ p0 − p1 − p2ÞMα1α2β1β2Mγ1γ2δ1δ2

× hβ1γ1ðp1; s1Þhβ2γ2ðp2; s2Þhδ2α2ðp0; s0Þ½hδ1βðp; sÞhβα1ðp; s̄Þ þ hδ1βðp; s̄Þhβα1ðp; sÞ�
× ½fðx; p1; s1Þfðx; p2; s2Þ − fðx; p; s̄Þfðx; p0; s0Þ�; ð83Þ

where we also made use of the relation

Z
dS̄ðpÞ½hδ1βðp; sÞhβα1ðp; s̄Þ þ hδ1βðp; s̄Þhβα1ðp; sÞ�

¼ 2hδ1α1ðp; sÞ: ð84Þ

Note that the dependence on s̄ in Eq. (83) can be
eliminated employing a so-called “weak equivalence prin-
ciple” [41,73]. This then gives a clearer interpretation of the
last term in Eq. (83) as a loss term corresponding to
particles with momentum p and spin s. The new collision
term then has the form

C̃local
on-shellðx; p; sÞ

¼
Z

dΓ1dΓ2dΓ0W̃½fðx; p1; s1Þfðx; p2; s2Þ

− fðx; p0; s0Þfðx; p; sÞ�; ð85Þ

with

W̃ ≔
m4

2
ð2πℏÞ4δð4Þðpþ p0 − p1 − p2Þ

×Mα1α2β1β2Mγ1γ2δ1δ2hβ1γ1ðp1; s1Þhβ2γ2ðp2; s2Þ
× hδ2α2ðp0; s0Þhδ1α1ðp; sÞ: ð86Þ

This agrees with the local collision term derived in
Refs. [41,73] up to the part corresponding to collisions
without momentum exchange.
If we employ an NJL-type interaction according to

Eq. (59), we obtain

Mα1α2β1β2 ¼ 2Gc

ℏ
ðΓðcÞα1β1ΓðcÞα2β2 − ΓðcÞα1β2ΓðcÞα2β1Þ; ð87Þ

from which it follows that

Mα1α2β1β2Mγ1γ2δ1δ2hβ1γ1ðp1; s1Þhβ2γ2ðp2; s2Þ
× hδ2α2ðp0; s0Þhδ1βðp; sÞhβα1ðp; s̄Þ

≡ 8GcGd

ℏ2
fTr½h2ΓðdÞh0ΓðcÞ�Tr½h1ΓðdÞhh̄ΓðcÞ�

− Tr½h2ΓðdÞhh̄ΓðcÞh1ΓðdÞh0ΓðcÞ�g; ð88Þ

where we abbreviated h1 ≔ hðp1; s1Þ and likewise for
h2; h0; h̄, and h. Here, the symbol “≡” means that the
expressions are equal under the respective integrals where
they appear. This allowed us to use the symmetry under
exchanging the integrations over ðp1; s1Þ and ðp2; s2Þ,
which is reflected in an additional factor of two in Eq. (88).
Taking the complex conjugate of Eq. (88) and using that
h† ¼ γ0hγ0 as well as γ0ΓðcÞ†γ0 ≡ ΓðcÞ, we find

½Mα1α2β1β2Mγ1γ2δ1δ2hβ1γ1ðp1; s1Þhβ2γ2ðp2; s2Þ
× hδ2α2ðp0; s0Þhδ1βðp; sÞhβα1ðp; s̄Þ��

≡ 8GcGd

ℏ2
fTr½h2ΓðdÞh0ΓðcÞ�Tr½h1ΓðdÞh̄hΓðcÞ�

− Tr½h2ΓðdÞh̄hΓðcÞh1ΓðdÞh0ΓðcÞ�g: ð89Þ
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This allows us to bring Eq. (83) into the following form,

Clocal
on-shellðx; p; sÞ ¼

4GcGd

ℏ2
m4

Z
dΓ1dΓ2dΓ0dS̄ðpÞð2πℏÞ4δð4Þðpþ p0 − p1 − p2Þ

× RefTr½h2ΓðdÞh0ΓðcÞ�Tr½h1ΓðdÞhh̄ΓðcÞ� − Tr½h2ΓðdÞhh̄ΓðcÞh1ΓðdÞh0ΓðcÞ�g
× ½fðx; p1; s1Þfðx; p2; s2Þ − fðx; p0; s̄Þfðx; p; s0Þ�: ð90Þ

C. Nonlocal collisions

In order to obtain the nonlocal contribution to the collision term, we have to integrate by parts in the variables u1, u2 in
Eq. (77). Fortunately, the derivatives acting on the projectors are straightforwardly evaluated, e.g.,

∂
μ
uΛþ

�
pþ u

2

�����
u¼0

¼ 1

4m
γμ: ð91Þ

We split the effect of the u1, u2 derivatives into four contributions (enumerated by capital Roman numbers): First, the
derivatives act on the projectors Λþðp� u1=2� u2=2Þ in front of everything, giving

Cnonlocalon-shell;I;αβðx; pÞ ¼
iℏ
4m

m4

2

Z
dP1dP2dP0ð2πℏÞ4δð4Þðpþ p0 − p1 − p2ÞMα1α2β1β2Mγ1γ2δ1δ2

× ½γμαα0Λþ
β0βðpÞ − Λþ

αα0 ðpÞγμβ0β�fδα0α1δβ0δ1Λþ
δ2α2

ðp0Þ∂xμ½Wβ1γ1
on-shellðx; p1ÞWβ2γ2

on-shellðx; p2Þ�

−
1

2
Λþ
δ1α1

ðp1ÞΛþ
δ2α2

ðp2Þ½δα0γ0
1
δβ1β0δδ01γ1 þ δα0γ1δδ01β0δβ1γ01 �∂xμ½W

γ0
1
δ0
1

on-shellðx; pÞWβ2γ2
on-shellðx; p0Þ�g; ð92Þ

where we already simplified some contractions of energy projectors and Wigner functions. Translating this expression into
extended phase space, we find

Cnonlocal
on-shell;Iðx;p;sÞ¼

iℏ
4m

m4

4

Z
dΓ1dΓ2dΓ0dS̄ðpÞð2πℏÞ4δð4Þðpþp0−p1−p2ÞMα1α2β1β2Mγ1γ2δ1δ2

× ½hðp;sÞ;γμ�β0α0 fδα0α1δβ0δ1hδ2α2ðp0;s0Þhβ1γ1ðp1;s1Þhβ2γ2ðp2;s2Þ∂xμ½fðx;p1;s1Þfðx;p2;s2Þ�
−hδ1α1ðp1;s1Þhδ2α2ðp2;s2Þhβ2γ2ðp0;s0Þ½hα0γ1ðp; s̄Þδβ0β1 þhβ1β0 ðp; s̄Þδα0γ1 �∂xμ½fðx;p; s̄Þfðx;p0;s0Þ�g: ð93Þ

Since the parts of fðx; p; sÞ that are proportional to sμ are at least of orderOðℏÞ, we may perform the dS̄ðpÞ integral trivially
to obtain

Cnonlocal
on-shell;Iðx; p; sÞ ¼

iℏ
4m

m4

2

Z
dΓ1dΓ2dΓ0ð2πℏÞ4δð4Þðpþ p0 − p1 − p2ÞMα1α2β1β2Mγ1γ2δ1δ2

× hδ2α2ðp0; s0Þhβ1γ1ðp1; s1Þhβ2γ2ðp2; s2Þ½hðp; sÞ; γμ�δ1α1∂xμ½fðx; p1Þfðx; p2Þ −
1

2
fðx; pÞfðx; p0Þ�: ð94Þ

Here we used that f½hðp; sÞ; γμ�;ΛþðpÞg ¼ ½hðp; sÞ; γμ� since hðp; sÞðp −mÞ ¼ 0.
As a second nonlocal contribution, after integration by parts the u1, u2 derivatives in Eq. (77) act on the remaining

projectors. Performing the same steps that led to Eq. (94), we find

Cnonlocal
on-shell;IIðx;p;sÞ ¼−

iℏ
4m

m4

2

Z
dΓ1dΓ2dΓ0ð2πℏÞ4δð4Þðpþp0−p1−p2ÞMα1α2β1β2Mγ1γ2δ1δ2

× ffðx;p2Þ½∂xμfðx;p1Þ�hδ2α2ðp0;s0Þhβ2γ2ðp2;s2Þhδ1α1ðp;sÞ½hðp1;s1Þ;γμ�β1γ1
þfðx;p1Þ½∂xμfðx;p2Þ�hδ2α2ðp0;s0Þhβ1γ1ðp1;s1Þhδ1α1ðp;sÞ½hðp2;s2Þ;γμ�β2γ2
−fðx;pÞ½∂xμfðx;p0Þ�hβ1γ1ðp1;s1Þhβ2γ2ðp2;s2Þhδ1α1ðp;sÞ½hðp0;s0Þ;γμ�δ2α2
−
1

2
½fðx;p0Þ∂xμfðx;pÞ−fðx;pÞ∂xμfðx;p0Þ�hβ1γ1ðp1;s1Þhβ2γ2ðp2;s2Þhδ2α2ðp0;s0Þ½hðp;sÞ;γμ�δ1α1g: ð95Þ
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Third, a u2 derivative acts on the Wigner functions W
γ0
1
δ0
1

on-shellðx; p� u2=2Þ in the loss term, yielding

Cnonlocal
on-shell;IIIðx; p; sÞ ¼ −

iℏ
4m

m4

4

Z
dΓ1dΓ2dΓ0dS̄ðpÞð2πℏÞ4δð4Þðpþ p0 − p1 − p2ÞMα1α2β1β2Mγ1γ2δ1δ2

× ½∂μpfðx; pÞ�½∂xμfðx; p0Þ�hβ1γ1ðp1; s1Þhβ2γ2ðp2; s2Þhδ2α2ðp0; s0Þ½hðp; sÞ; hðp; s̄Þ�δ1α1 : ð96Þ

Note that, after performing the dS̄ðpÞ integration trivially, this term vanishes as a consequence of our assumptions that
polarization effects enter at order OðℏÞ and that M̄ ¼ M.
Lastly, there are u1 derivatives acting on the momentum-conserving delta function in the loss term, which can be

rewritten as derivatives with respect to p0 and then act both on projectors and the Wigner function, giving

Cnonlocal
on-shell;IVðx; p; sÞ ¼ −

iℏ
4m

m4

4

Z
dΓ1dΓ2dΓ0dS̄ðpÞð2πℏÞ4δð4Þðpþ p0 − p1 − p2ÞMα1α2β1β2Mγ1γ2δ1δ2

× hβ1γ1ðp1; s1Þhβ2γ2ðp2; s2Þ½∂xμfðx; pÞ�½hδ2α2ðp0; s0Þ∂μp0fðx; p0Þ þ fhðp0; s0Þ; γμgδ2α2fðx; p0Þ�
× ½hðp; sÞ; hðp; s̄Þ�δ1α1 : ð97Þ

Like Eq. (96), this contribution vanishes due to our assumptions.

D. Summary

Collecting both the local and the nonvanishing nonlocal contributions, we find

p · ∂xfðx; p; sÞ ¼
1

4

Z
dΓ1dΓ2dΓ0dS̄ðpÞð2πℏÞ4δð4Þðpþ p0 − p1 − p2ÞW

× ½fðxþ Δ1 − Δ; p1; s1Þfðxþ Δ2 − Δ; p2; s2Þ − fðx; p; s̄Þfðxþ Δ0 − Δ; p0; s0Þ�; ð98Þ

where we defined the local transition rate

W ≔ m4Mα1α2β1β2Mγ1γ2δ1δ2hβ1γ1ðp1; s1Þhβ2γ2ðp2; s2Þhδ2α2ðp0; s0Þfhðp; sÞ; hðp; s̄Þgδ1α1 ; ð99Þ

and the nonlocal shifts read

Δμ
1 ≔ −

iℏ
4m

m4

W
Mα1α2β1β2Mγ1γ2δ1δ2hβ2γ2ðp2; s2Þhδ2α2ðp0; s0Þhδ1α1ðp; sÞ½hðp1; s1Þ; γμ�β1γ1 ; ð100aÞ

Δμ
2 ≔ −

iℏ
4m

m4

W
Mα1α2β1β2Mγ1γ2δ1δ2hβ1γ1ðp1; s1Þhδ2α2ðp0; s0Þhδ1α1ðp; sÞ½hðp2; s2Þ; γμ�β2γ2 ; ð100bÞ

Δ0μ ≔ −
iℏ
4m

m4

W
Mα1α2β1β2Mγ1γ2δ1δ2hβ1γ1ðp1; s1Þhβ2γ2ðp2; s2Þhδ1α1ðp; sÞ½hðp0; s0Þ; γμ�δ2α2 ; ð100cÞ

Δμ ≔ −
iℏ
4m

m4

W
Mα1α2β1β2Mγ1γ2δ1δ2hβ1γ1ðp1; s1Þhβ2γ2ðp2; s2Þhδ2α2ðp0; s0Þ½hðp; sÞ; γμ�δ1α1 : ð100dÞ

At this point, two remarks are in order. First, the factorm4 in the local transition rate (99) does not necessarily imply thatW
vanishes in the massless limit, since it cancels with appropriate inverse factors in the energy projectors ΛþðpÞ. Indeed,
considering the case where the distribution functions do not depend on spin, it is apparent that the spin-integrated transition
rate becomes in the massless limit

Z
dS1ðp1ÞdS2ðp2ÞdS0ðp0ÞdS̄ðpÞW ¼ 1

16
Mα1α2β1β2Mγ1γ2δ1δ2p1;β1γ1p2;β2γ2p

0
δ2α2

½ð1þ γ5=sÞp�δ1α1 ; ð101Þ
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which is (assuming that the vertices M do not diverge)
manifestly finite. Nevertheless, in order to properly assess
the collision term in the massless limit, the calculation in
the GLW approach should be repeated taking into account
the different equations of motion for Wðx; pÞ in this case,
which is beyond the scope of this work.
Second, it is reassuring to see how Eq. (98) agrees with

the known expression for binary elastic scattering in the
limit of local collisions and distribution functions inde-
pendent of spin [83]. In this case, the integration over dS̄ðpÞ
in the first line of Eq. (98) will produce a factor of 2, similar
to the other spin-space integrals. Finally, there is a factor of
1=2 on the right-hand side of Eq. (98), which can be
interpreted as a symmetry factor due to the indistinguish-
able nature of the particles.
Upon inserting the explicit NJL-type interaction (87), we

arrive at the main result of this work, i.e., Eqs. (3) with
Eq. (4). Note that, in order to arrive at the precise form of
those equations, we switched the index pairs β1 ↔ β2,
γ1 ↔ γ2, and used the symmetries of the vertices,
i.e., Mα1α2β1β2 ¼ −Mα1α2β2β1 ¼ −Mα2α1β1β2 .

V. THE NONLOCAL COLLISION TERM
IN THE KB APPROACH

In this section, we derive the collision term within the
KB approach. We first discuss the mass-shell constraint and
the Boltzmann-type equation in the semiclassical expan-
sion, i.e., order by order in ℏ. We then compute the various
collision terms in T-matrix approximation. The advantage
of the KB approach as compared to the GLW approach is
that full quantum statistics is retained.

A. Equations of motion in semiclassical expansion

We first derive a mass-shell constraint and a Boltzmann-
type equation for the single-particle distribution function
fðx; p; sÞ in extended phase space. Taking Eqs. (24a), (24b)
for Γa ¼ 1 and Γa ¼ γ5γ

μ, multiplying the latter with sμ,
and adding them, we obtain with Eq. (30)

�
p2−

ℏ2

4
∂
2
x−m2

�
fðx;p;sÞ

¼1

2
ReTr½ð1þγ5=sÞð=KþmÞIcoll�; ð102aÞ

ℏp · ∂xfðx; p; sÞ ¼
1

2
ImTr½ð1þ γ5=sÞð=K þmÞIcoll�: ð102bÞ

We now expand Eqs. (102) up to second order in ℏ, i.e., we
need fðx; p; sÞ up to second order in ℏ, cf. Eq. (32).
Furthermore, the collision term (20) is already of order
OðℏÞ, i.e.,

Icoll ¼ ℏIð1Þcoll þ ℏ2Ið2Þcoll þOðℏ3Þ: ð103Þ

The Wigner functions G≶ and the self-energies Σ≷ entering
the collision term are therefore only required up to order
OðℏÞ,

G≶ðx; pÞ ¼ G≶ð0Þðx; pÞ þ ℏG≶ð1Þðx; pÞ; ð104aÞ

Σ≷ðx; pÞ ¼ Σ≷ð0Þðx; pÞ þ ℏΣ≷ð1Þðx; pÞ: ð104bÞ

Inserting this into Eq. (20), we obtain

Ið1Þcoll ¼
i
2
ðΣ<ð0ÞG>ð0Þ − Σ>ð0ÞG<ð0ÞÞ; ð105aÞ

Ið2Þcoll ¼ ΔIð1Þcoll þ Ið0Þcoll;PB; ð105bÞ

where

ΔIð1Þcoll ≔
i
2
ðΣ<ð1ÞG>ð0Þ − Σ>ð1ÞG<ð0Þ þ Σ<ð0ÞG>ð1Þ

− Σ>ð0ÞG<ð1ÞÞ; ð106aÞ

Ið0Þcoll;PB ≔
1

4
ðfΣ<ð0Þ; G>ð0ÞgPB − fΣ>ð0Þ; G<ð0ÞgPBÞ: ð106bÞ

1. Zeroth order in ℏ

At Oðℏ0Þ, the collision term (20) vanishes, Ið0Þcoll ¼ 0,
since it is at least of orderOðℏÞ. Equation (102b) is trivially
fulfilled, while Eq. (102a) becomes

OðℏÞ∶ðp2 −m2Þfð0Þðx; pÞ ¼ 0: ð107Þ

This confirms that fð0Þðx; pÞ ∼ δðp2 −m2Þ, i.e., it is on
shell, cf. Eq. (42).

2. First order in ℏ

At OðℏÞ, Eqs. (102a) and (102b) become

ðp2 −m2Þfð1Þðx; p; sÞ ¼ −
1

4
ImTr½ð1þ γ5=sÞðpþmÞ

× ðΣ<ð0ÞG>ð0Þ − Σ>ð0ÞG<ð0ÞÞ�;
ð108aÞ

p · ∂xfð0Þðx; pÞ ¼
1

4
ReTr½ð1þ γ5=sÞðpþmÞ

× ðΣ<ð0ÞG>ð0Þ − Σ>ð0ÞG<ð0ÞÞ�: ð108bÞ

3. Second order in ℏ

At Oðℏ2Þ, we also need to take into account the OðℏÞ
contribution to the operator Kμ, cf. Eq. (19), when
computing the right-hand sides of Eqs. (102a) and
(102b). We thus obtain
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ðp2 −m2Þfð2Þðx; p; sÞ − 1

4
∂
2
xfð0Þðx; pÞ ¼ −

1

8
ReTr½ð1þ γ5=sÞ=∂xðΣ<ð0ÞG>ð0Þ − Σ>ð0ÞG<ð0ÞÞ�

−
1

4
ImTr½ð1þ γ5=sÞðpþmÞðΣ<ð1ÞG>ð0Þ − Σ>ð1ÞG<ð0Þ þ Σ<ð0ÞG>ð1Þ − Σ>ð0ÞG<ð1ÞÞ�

þ 1

8
ReTr½ð1þ γ5=sÞðpþmÞðfΣ<ð0Þ; G>ð0ÞgPB − fΣ>ð0Þ; G<ð0ÞgPBÞ�; ð109aÞ

p · ∂xfð1Þðx; p; sÞ ¼ −
1

8
ImTr½ð1þ γ5=sÞ=∂xðΣ<ð0ÞG>ð0Þ − Σ>ð0ÞG<ð0ÞÞ�

þ 1

4
ReTr½ð1þ γ5=sÞðpþmÞðΣ<ð1ÞG>ð0Þ − Σ>ð1ÞG<ð0Þ þ Σ<ð0ÞG>ð1Þ − Σ>ð0ÞG<ð1ÞÞ�

þ 1

8
ImTr½ð1þ γ5=sÞðpþmÞðfΣ<ð0Þ; G>ð0ÞgPB − fΣ>ð0Þ; G<ð0ÞgPBÞ�: ð109bÞ

B. Collision terms

1. Self-energies in T-matrix approximation

For binary elastic scattering, the self-energies Σ≷ðx; pÞ will be taken in T-matrix approximation, where they are given by
the Feynman diagrams shown in Fig. 1,

Σ≷ðx;pÞ ¼ 4
GcGd

ℏ2

Z
d4p1

ð2πℏÞ4
d4p2

ð2πℏÞ4
d4p0

ð2πℏÞ4 ð2πℏÞ
4δð4Þðpþp0 −p1 −p2Þ

× fTr½ΓðdÞG≷ðx;p1ÞΓðcÞG≶ðx;p0Þ�ΓðdÞG≷ðx;p2ÞΓðcÞ − ΓðdÞG≷ðx;p1ÞΓðcÞG≶ðx;p0ÞΓðdÞG≷ðx;p2ÞΓðcÞg: ð110Þ

The first term in the second line of Eq. (110) corresponds to
the “direct diagrams” of Figs. 1(a) and 1(b), while the last
term corresponds to the “exchange diagrams” of Figs. 1(c)
and 1(d). The coupling constants Gc and Gd are associated
with the one-boson-exchange interactions in channel (c) or
channel (d), respectively. Each vertex carries a factor ℏ−1,
giving rise to the factor ℏ−2 [which was missed in Eq. (131)
of Ref. [81]].

2. First order in ℏ

To first order in ℏ, we need to compute the real and
imaginary part of

I0 ≔ Tr½ð1þ γ5=sÞðpþmÞðΣ<ð0ÞG>ð0Þ − Σ>ð0ÞG<ð0ÞÞ�;
ð111Þ

cf. Eqs. (108a), (108b). The self-energies Σ≶ð0Þ are given by
Eq. (110), with all Wigner functions taken at zeroth order in
ℏ, i.e., by Eq. (42). Inserting these expressions into Σ≶ð0Þ
and the result into the trace (111), we obtain with the
cyclicity property of the trace, with Eq. (56), as well as
using the idempotency of ΛþðpÞ the result

I0 ¼ 8m4
GcGd

ℏ2
4πmℏδðp2 −m2Þ

×
Z

dP1dP2dP0ð2πℏÞ4δð4Þðpþ p0 − p1 − p2Þ

× T 0½fð0Þ1 fð0Þ2 f̄0ð0Þf̄ð0Þ − f̄ð0Þ1 f̄ð0Þ2 f0ð0Þfð0Þ�; ð112Þ
where we introduced the abbreviations

fð0Þ1 ≔ fð0Þðx; p1Þ; fð0Þ2 ≔ fð0Þðx; p2Þ;
f0ð0Þ ≔ fð0Þðx; p0Þ; fð0Þ ≔ fð0Þðx; pÞ; ð113Þ

and similarly for f̄ð0Þ1 , f̄ð0Þ2 , f̄0ð0Þ, and f̄ð0Þ, respectively. We
also defined

T 0 ≔ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞ�
× Tr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þ�
− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1Þ
× ΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞ�: ð114Þ

In App. B 1 we prove that, because of the symmetry of the
integrand in Eq. (112) under the exchange pμ

1 ↔ pμ
2, only

the real part of T 0 contributes, therefore in the following
we will set ImT 0 ¼ 0 under the integral.
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Inserting Eq. (112) into Eqs. (108a) and (108b), we
obtain with Eq. (41) for the mass-shell constraint and the
Boltzmann equation at order OðℏÞ,

ðp2 −m2Þfð1Þðx; p; sÞ ¼ 0; ð115aÞ

p ·∂xfð0Þðx;pÞ¼2m4
GcGd

ℏ2

Z
dP1dP2dP0ð2πℏÞ4

×δð4Þðpþp0−p1−p2Þ
×ReT 0½fð0Þ1 fð0Þ2 f̄0ð0Þf̄ð0Þ− f̄ð0Þ1 f̄ð0Þ2 f0ð0Þfð0Þ�:

ð115bÞ

The right-hand side of Eq. (115) vanishes because
ImT 0 ¼ 0. This has the consequence that fð1Þ is on shell,
which is consistent with Eq. (54), see also Ref. [79].
In order to facilitate comparison with the result from

the GLW approach, we extend the integration on the
right-hand side of Eq. (115b) to extended phase space,
dP1dP2dP0 → dΓ1dΓ2dΓ0dS̄ðpÞ, using the relations (8).
Since the integrand does not depend on any of the spin
variables sμ1, sμ2, s0μ, and s̄μ, we may also extend the
definition of T 0 under the integral,

T 0 ≡ T ≔ 32fTr½hΓðdÞh2ΓðcÞh̄�Tr½ΓðdÞh1ΓðcÞh0�
− Tr½hΓðdÞh1ΓðcÞh0ΓðdÞh2ΓðcÞh̄�g; ð116Þ

where we used Eq. (5). With this, we obtain from
Eq. (115b)

p · ∂xfð0Þðx; pÞ ¼
1

4

Z
dΓ1dΓ2dΓ0dS̄ðpÞð2πℏÞ4

× δð4Þðpþ p0 − p1 − p2Þ
×W½fð0Þ1 fð0Þ2 f̄0ð0Þf̄ð0Þ − f̄ð0Þ1 f̄ð0Þ2 f0ð0Þfð0Þ�;

ð117Þ

where

W ≡m4

2

GcGd

ℏ2
ReT ; ð118Þ

cf. Eq. (4).

3. Second order in ℏ

At order Oðℏ2Þ, we need to compute three different
traces, cf. Eqs. (109a) and (109b). The first one is

�

p
−+

1

p’

G

pp
−

G

G

p2
+

(a)

�

�

�

(c)

(c) (d)

(d) �
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G
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+
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+
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p1
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−
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(c)

)d()c(
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FIG. 1. Feynman diagrams for (a),(c) Σ>ðx; pÞ and (b),(d) Σ<ðx; pÞ. Solid lines represent fermion propagators, dashed lines represent
the one-boson-exchange interaction of coupling strength Gc or Gd, respectively. Vertices denote elements ΓðcÞ, ΓðdÞ of the Clifford
algebra corresponding to the interaction channels (c) or (d), respectively.
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I1 ≔ Tr½ð1þ γ5=sÞ=∂xðΣ<ð0ÞG>ð0Þ − Σ>ð0ÞG<ð0ÞÞ�: ð119Þ

The last term in parentheses under the trace is the same
which already occurred in Eq. (111). Accounting for the

additional γμ matrix in =∂x and the fact that the partial
derivative in this term acts on all distribution functions
appearing in the self-energies Σ≶ð0Þ and in the Wigner
functions G≷ð0Þ, we readily obtain

I1 ¼ 4m3
GcGd

ℏ2
4πmℏδðp2 −m2Þ

Z
dP1dP2dP0ð2πℏÞ4δð4Þðpþ p0 − p1 − p2Þ

× T ðaÞ
μ ½ð∂μxfð0Þ1 Þfð0Þ2 f̄0ð0Þf̄ð0Þ − ð∂μxf̄ð0Þ1 Þf̄ð0Þ2 f0ð0Þfð0Þ þ fð0Þ1 ð∂μxfð0Þ2 Þf̄0ð0Þf̄ð0Þ − f̄ð0Þ1 ð∂μxf̄ð0Þ2 Þf0ð0Þfð0Þ

þ fð0Þ1 fð0Þ2 ð∂μxf̄0ð0ÞÞf̄ð0Þ − f̄ð0Þ1 f̄ð0Þ2 ð∂μxf0ð0ÞÞfð0Þ þ fð0Þ1 fð0Þ2 f̄0ð0Þð∂μxf̄ð0ÞÞ − f̄ð0Þ1 f̄ð0Þ2 f0ð0Þð∂μxfð0ÞÞ�; ð120Þ

where

T ðaÞ
μ ≔ Tr½ð1þ γ5=sÞΛþðpÞγμΓðdÞΛþðp2ÞΓðcÞ�Tr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þ�

− Tr½ð1þ γ5=sÞΛþðpÞγμΓðdÞΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞ�: ð121Þ

The second trace we need to compute is

I2 ≔ Tr½ð1þ γ5=sÞðpþmÞðΣ<ð1ÞG>ð0Þ − Σ>ð1ÞG<ð0Þ þ Σ<ð0ÞG>ð1Þ − Σ>ð0ÞG<ð1ÞÞ�: ð122Þ

Here,

Σ≷ð1Þðx; pÞ ¼ 4
GcGd

ℏ2

Z
d4p1

ð2πℏÞ4
d4p2

ð2πℏÞ4
d4p0

ð2πℏÞ4 ð2πℏÞ
4δð4Þðpþ p0 − p1 − p2Þ

× fTr½ΓðdÞG≷ð1Þðx; p1ÞΓðcÞG≶ð0Þðx; p0Þ�ΓðdÞG≷ð0Þðx; p2ÞΓðcÞ

− ΓðdÞG≷ð1Þðx; p1ÞΓðcÞG≶ð0Þðx; p0ÞΓðdÞG≷ð0Þðx; p2ÞΓðcÞ

þ Tr½ΓðdÞG≷ð0Þðx; p1ÞΓðcÞG≶ð1Þðx; p0Þ�ΓðdÞG≷ð0Þðx; p2ÞΓðcÞ

− ΓðdÞG≷ð0Þðx; p1ÞΓðcÞG≶ð1Þðx; p0ÞΓðdÞG≷ð0Þðx; p2ÞΓðcÞ

þ Tr½ΓðdÞG≷ð0Þðx; p1ÞΓðcÞG≶ð0Þðx; p0Þ�ΓðdÞG≷ð1Þðx; p2ÞΓðcÞ

− ΓðdÞG≷ð0Þðx; p1ÞΓðcÞG≶ð0Þðx; p0ÞΓðdÞG≷ð1Þðx; p2ÞΓðcÞg: ð123Þ

According to Eq. (49), each of the Wigner functions G≷ð1Þ contains two terms, a quasiclassical contribution and a gradient
contribution. Since G≷ð1Þ appears linearly in all terms in the trace (122), the latter also splits into two parts,

I2 ≡ I2qc þ I2∇: ð124Þ

The first part, I2qc, contains the quasiclassical parts G≷ð1Þ
qc , and the second part, I2∇, contains the gradient parts G≷ð1Þ

∇ .
Let us first focus on I2qc. Inserting G≶ð1Þ

qc from Eqs. (55) and (57) as well as G≶ð0Þ from Eq. (42), we obtain

I2qc ¼
m4

2

GcGd

ℏ2
4πmℏδðp2 −m2Þ

Z
dΓ1dΓ2dΓ0dS̄ðpÞð2πℏÞ4δð4Þðpþ p0 − p1 − p2Þ

× fT 1½fð1Þ1 fð0Þ2 f̄0ð0Þf̄ð0Þ − f̄ð1Þ1 f̄ð0Þ2 f0ð0Þfð0Þ� þ T 2½fð0Þ1 fð1Þ2 f̄0ð0Þf̄ð0Þ − f̄ð0Þ1 f̄ð1Þ2 f0ð0Þfð0Þ�
þ T 0½fð0Þ1 fð0Þ2 f̄0ð1Þf̄ð0Þ − f̄ð0Þ1 f̄ð0Þ2 f0ð1Þfð0Þ� þ T̄ ½fð0Þ1 fð0Þ2 f̄0ð0Þf̄ð1Þ − f̄ð0Þ1 f̄ð0Þ2 f0ð0Þfð1Þ�g; ð125Þ

where we defined
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T 1 ≔ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞ�Tr½ΓðdÞð1þ γ5=s1ÞΛþðp1ÞΓðcÞΛþðp0Þ�
− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞð1þ γ5=s1ÞΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞ�; ð126aÞ

T 2 ≔ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞð1þ γ5=s2ÞΛþðp2ÞΓðcÞ�Tr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þ�
− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞð1þ γ5=s2ÞΛþðp2ÞΓðcÞ�; ð126bÞ

T 0 ≔ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞ�Tr½ΓðdÞΛþðp1ÞΓðcÞð1þ γ5=s0ÞΛþðp0Þ�
− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞð1þ γ5=s0ÞΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞ�; ð126cÞ

T̄ ≔ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞð1þ γ5=̄sÞ�Tr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þ�
− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞð1þ γ5=̄sÞ�; ð126dÞ

and introduced the abbreviations

fð1Þ1 ≔ fð1Þðx; p1; s1Þ; fð1Þ2 ≔ fð1Þðx; p2; s2Þ; f0ð1Þ ≔ fð1Þðx; p0; s0Þ; fð1Þ ≔ fð1Þðx; p; s̄Þ; ð127Þ

and similarly for f̄ð1Þ1 , f̄ð1Þ2 , f̄0ð1Þ, and f̄ð1Þ, respectively. Note that, in Eq. (125), we extended the phase-space integration from
dP1dP2dP0 to dΓ1dΓ2dΓ0dS̄ðpÞ=16. Because of Eq. (8), this merely inserts a factor of 1 in all terms which do not depend on
the respective spin vector. Because of this, we may also extend the definition of the quantities (126) so that, under the
extended phase-space integration, all become identical,

T 1 ≡ T 2 ≡ T 0 ≡ T̄ ≡ T ; ð128Þ
where we used Eq. (116). Consequently,

I2qc ¼
m4

2

GcGd

ℏ2
4πmℏδðp2 −m2Þ

Z
dΓ1dΓ2dΓ0dS̄ðpÞð2πℏÞ4δð4Þðpþ p0 − p1 − p2Þ

× T ½fð1Þ1 fð0Þ2 f̄0ð0Þf̄ð0Þ − f̄ð1Þ1 f̄ð0Þ2 f0ð0Þfð0Þ þ fð0Þ1 fð1Þ2 f̄0ð0Þf̄ð0Þ − f̄ð0Þ1 f̄ð1Þ2 f0ð0Þfð0Þ

þ fð0Þ1 fð0Þ2 f̄0ð1Þf̄ð0Þ − f̄ð0Þ1 f̄ð0Þ2 f0ð1Þfð0Þ þ fð0Þ1 fð0Þ2 f̄0ð0Þf̄ð1Þ − f̄ð0Þ1 f̄ð0Þ2 f0ð0Þfð1Þ�: ð129Þ
We now consider the gradient part I2∇. Inserting G

≶ð1Þ
∇ from Eqs. (51) and (52) as well as G≶ð0Þ from Eq. (42), we obtain

I2∇ ¼ 2m2
GcGd

ℏ2
4πmℏδðp2 −m2Þ

Z
dP1dP2dP0ð2πℏÞ4δð4Þðpþ p0 − p1 − p2Þ

× fT 1;μνpν
1½ð∂μxfð0Þ1 Þfð0Þ2 f̄0ð0Þf̄ð0Þ − ð∂μxf̄ð0Þ1 Þf̄ð0Þ2 f0ð0Þfð0Þ� þ T 2;μνpν

2½fð0Þ1 ð∂μxfð0Þ2 Þf̄0ð0Þf̄ð0Þ − f̄ð0Þ1 ð∂μxf̄ð0Þ2 Þf0ð0Þfð0Þ�
þ T 0

μνp0ν½fð0Þ1 fð0Þ2 ð∂μxf̄0ð0ÞÞf̄ð0Þ − f̄ð0Þ1 f̄ð0Þ2 ð∂μxf0ð0ÞÞfð0Þ� þ T μνpν½fð0Þ1 fð0Þ2 f̄0ð0Þð∂μxf̄ð0ÞÞ − f̄ð0Þ1 f̄ð0Þ2 f0ð0Þð∂μxfð0ÞÞ�g; ð130Þ
where we defined

T 1;μν ≔ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞ�Tr½ΓðdÞσμνΓðcÞΛþðp0Þ�
− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞσμνΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞ�; ð131aÞ

T 2;μν ≔ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞσμνΓðcÞ�Tr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þ�
− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞσμνΓðcÞ�; ð131bÞ

T 0
μν ≔ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞ�Tr½ΓðdÞΛþðp1ÞΓðcÞσμν�

− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞσμνΓðdÞΛþðp2ÞΓðcÞ�; ð131cÞ

T μν ≔ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞσμν�Tr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þ�
− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞσμν�: ð131dÞ

WAGNER, WEICKGENANNT, and RISCHKE PHYS. REV. D 106, 116021 (2022)

116021-20



The third trace we need to compute is

I3 ≔ Tr½ð1þ γ5=sÞðpþmÞðfΣ<ð0Þ; G>ð0ÞgPB − fΣ>ð0Þ; G<ð0ÞgPBÞ�: ð132Þ

For the Poisson-bracket terms, we need

∂
μ
xG<ð0Þ ¼ 4πmℏδðp2 −m2ÞΛþðpÞ∂μxfð0Þ; ∂

μ
pG<ð0Þ ¼ 4πmℏδðp2 −m2Þ

	
γμ

2m
þ ΛþðpÞ∂μp



fð0Þ; ð133aÞ

∂
μ
xG>ð0Þ ¼ 4πmℏδðp2 −m2ÞΛþðpÞ∂μxf̄ð0Þ; ∂

μ
pG>ð0Þ ¼ 4πmℏδðp2 −m2Þ

	
γμ

2m
þ ΛþðpÞ∂μp



f̄ð0Þ; ð133bÞ

where we neglected off-shell terms ∼δ0ðp2 −m2Þ in the equalities on the right-hand side. We also need

∂
μ
xΣ<ð0Þðx; pÞ ¼ 4m3

GcGd

ℏ2

Z
dP1dP2dP0ð2πℏÞ4δð4Þðpþ p0 − p1 − p2Þ

× fTr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þ�ΓðdÞΛþðp2ÞΓðcÞ − ΓðdÞΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞg
× ½ð∂μxfð0Þ1 Þfð0Þ2 f̄0ð0Þ þ fð0Þ1 ð∂μxfð0Þ2 Þf̄0ð0Þ þ fð0Þ1 fð0Þ2 ð∂μxf̄0ð0ÞÞ�; ð134aÞ

∂
μ
xΣ>ð0Þðx; pÞ ¼ 4m3

GcGd

ℏ2

Z
dP1dP2dP0ð2πℏÞ4δð4Þðpþ p0 − p1 − p2Þ

× fTr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þ�ΓðdÞΛþðp2ÞΓðcÞ − ΓðdÞΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞg
× ½ð∂μxf̄ð0Þ1 Þf̄ð0Þ2 f0ð0Þ þ f̄ð0Þ1 ð∂μxf̄ð0Þ2 Þf0ð0Þ þ f̄ð0Þ1 f̄ð0Þ2 ð∂μxf0ð0ÞÞ�; ð134bÞ

∂
μ
pΣ<ð0Þðx; pÞ ¼ −4m3

GcGd

ℏ2

Z
dP1dP2dP0ð2πℏÞ4δð4Þðpþ p0 − p1 − p2Þ

×

�
Tr

�
ΓðdÞΛþðp1ÞΓðcÞ

	
γμ

2m
þ Λþðp0Þ∂μp0


�
ΓðdÞΛþðp2ÞΓðcÞ

− ΓðdÞΛþðp1ÞΓðcÞ
	
γμ

2m
þ Λþðp0Þ∂μp0



ΓðdÞΛþðp2ÞΓðcÞ

�
fð0Þ1 fð0Þ2 f̄0ð0Þ; ð134cÞ

∂
μ
pΣ>ð0Þðx; pÞ ¼ −4m3

GcGd

ℏ2

Z
dP1dP2dP0ð2πℏÞ4δð4Þðpþ p0 − p1 − p2Þ

×

�
Tr

�
ΓðdÞΛþðp1ÞΓðcÞ

	
γμ

2m
þ Λþðp0Þ∂μp0


�
ΓðdÞΛþðp2ÞΓðcÞ

− ΓðdÞΛþðp1ÞΓðcÞ
	
γμ

2m
þ Λþðp0Þ∂μp0



ΓðdÞΛþðp2ÞΓðcÞ

�
f̄ð0Þ1 f̄ð0Þ2 f0ð0Þ: ð134dÞ

In Eqs. (134c) and (134d), we used the fact that, because of the energy-momentum conserving delta function, ∂μp ≡ ∂
μ
p0 ,

and then integrated by parts. In the course of the latter, we have neglected off-shell terms ∼δ0ðp02 −m2Þ. Inserting
Eqs. (133a)–(134d) into Eq. (132), we arrive at

I3 ¼ 4m3
GcGd

ℏ2
4πmℏδðp2 −m2Þ

Z
dP1dP2dP0ð2πℏÞ4δð4Þðpþ p0 − p1 − p2Þ

× f2mT 0½ð∂μxfð0Þ1 Þfð0Þ2 f̄0ð0Þð∂pμ f̄ð0ÞÞ − ð∂μxf̄ð0Þ1 Þf̄ð0Þ2 f0ð0Þð∂pμfð0ÞÞ þ fð0Þ1 ð∂μxfð0Þ2 Þf̄0ð0Þð∂pμ f̄ð0ÞÞ − f̄ð0Þ1 ð∂μxf̄ð0Þ2 Þf0ð0Þð∂pμfð0ÞÞ
þ fð0Þ1 fð0Þ2 ð∂μxf̄0ð0ÞÞð∂pμ f̄ð0ÞÞ − f̄ð0Þ1 f̄ð0Þ2 ð∂μxf0ð0ÞÞð∂pμfð0ÞÞ þ fð0Þ1 fð0Þ2 ð∂μp0 f̄0ð0ÞÞð∂xμf̄ð0ÞÞ − f̄ð0Þ1 f̄ð0Þ2 ð∂μp0f0ð0ÞÞð∂xμfð0ÞÞ�
þ T ðbÞ

μ ½ð∂μxfð0Þ1 Þfð0Þ2 f̄0ð0Þf̄ð0Þ − ð∂μxf̄ð0Þ1 Þf̄ð0Þ2 f0ð0Þfð0Þ þ fð0Þ1 ð∂μxfð0Þ2 Þf̄0ð0Þf̄ð0Þ − f̄ð0Þ1 ð∂μxf̄ð0Þ2 Þf0ð0Þfð0Þ

þ fð0Þ1 fð0Þ2 ð∂μxf̄0ð0ÞÞf̄ð0Þ − f̄ð0Þ1 f̄ð0Þ2 ð∂μxf0ð0ÞÞfð0Þ� þ T ðcÞ
μ ½fð0Þ1 fð0Þ2 f̄0ð0Þð∂μxf̄ð0ÞÞ − f̄ð0Þ1 f̄ð0Þ2 f0ð0Þð∂μxfð0ÞÞ�g; ð135Þ
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where we have used Eq. (114) and defined

T ðbÞ
μ ≔ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞγμ�Tr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þ�

− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞγμ�; ð136aÞ

T ðcÞ
μ ≔ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞ�Tr½ΓðdÞΛþðp1ÞΓðcÞγμ�

− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞγμΓðdÞΛþðp2ÞΓðcÞ�: ð136bÞ

In Appendix B 2 we prove that, under an integral of the same type as in Eq. (135), T ðbÞ
μ ≡ T ðaÞ�

μ , while in Appendix B 3 we

prove that under the same type of integral the imaginary part of T ðcÞ
μ vanishes.

Inserting Eqs. (120), (124) with (129) and (130), and (135) into Eqs. (109a) and (109b), and using the identities of
Appendix B, we obtain

ðp2 −m2Þfð2Þðx; p; sÞ − πmℏδðp2 −m2Þ∂2xfð0Þðx; pÞ

¼ −
m3

16

GcGd

ℏ2
4πmℏδðp2 −m2Þ

Z
dΓ1dΓ2dΓ0dS̄ðpÞð2πℏÞ4δð4Þðpþ p0 − p1 − p2Þ

× f½2mImT fð1Þ1 þ ReX1;μð∂μxfð0Þ1 Þ�fð0Þ2 f̄0ð0Þf̄ð0Þ − ½2mImT f̄ð1Þ1 þ ReX1;μð∂μxf̄ð0Þ1 Þ�f̄ð0Þ2 f0ð0Þfð0Þ

þ fð0Þ1 ½2mImT fð1Þ2 þ ReX2;μð∂μxfð0Þ2 Þ�f̄0ð0Þf̄ð0Þ − f̄ð0Þ1 ½2mImT f̄ð1Þ2 þ ReX2;μð∂μxf̄ð0Þ2 Þ�f0ð0Þfð0Þ

þ fð0Þ1 fð0Þ2 ½2mImT f̄0ð1Þ þ ReX0
μð∂μxf̄0ð0ÞÞ�f̄ð0Þ − f̄ð0Þ1 f̄ð0Þ2 ½2mImT f0ð1Þ þ ReX0

μð∂μxf0ð0ÞÞ�fð0Þ

þ fð0Þ1 fð0Þ2 f̄0ð0Þ½2mImT f̄ð1Þ þ ReXμð∂μxf̄ð0ÞÞ� − f̄ð0Þ1 f̄ð0Þ2 f0ð0Þ½2mImT fð1Þ þ ReXμð∂μxfð0ÞÞ�
−mReT 0½ð∂μxfð0Þ1 Þfð0Þ2 f̄0ð0Þð∂pμ f̄ð0ÞÞ − ð∂μxf̄ð0Þ1 Þf̄ð0Þ2 f0ð0Þð∂pμfð0ÞÞ þ fð0Þ1 ð∂μxfð0Þ2 Þf̄0ð0Þð∂pμ f̄ð0ÞÞ − f̄ð0Þ1 ð∂μxf̄ð0Þ2 Þf0ð0Þð∂pμfð0ÞÞ
þ fð0Þ1 fð0Þ2 ð∂μxf̄0ð0ÞÞð∂pμ f̄ð0ÞÞ − f̄ð0Þ1 f̄ð0Þ2 ð∂μxf0ð0ÞÞð∂pμfð0ÞÞ þ fð0Þ1 fð0Þ2 ð∂μp0 f̄0ð0ÞÞð∂xμf̄ð0ÞÞ − f̄ð0Þ1 f̄ð0Þ2 ð∂μp0f0ð0ÞÞð∂xμfð0ÞÞ�g; ð137aÞ

p · ∂xfð1Þðx; p; sÞ ¼
m3

16

GcGd

ℏ2

Z
dΓ1dΓ2dΓ0dS̄ðpÞð2πℏÞ4δð4Þðpþ p0 − p1 − p2Þ

× f½2mReT fð1Þ1 − ImX1;μð∂μxfð0Þ1 Þ�fð0Þ2 f̄0ð0Þf̄ð0Þ − ½2mReT f̄ð1Þ1 − ImX1;μð∂μxf̄ð0Þ1 Þ�f̄ð0Þ2 f0ð0Þfð0Þ

þ fð0Þ1 ½2mReT fð1Þ2 − ImX2;μð∂μxfð0Þ2 Þ�f̄0ð0Þf̄ð0Þ − f̄ð0Þ1 ½2mReT f̄ð1Þ2 − ImX2;μð∂μxf̄ð0Þ2 Þ�f0ð0Þfð0Þ

þ fð0Þ1 fð0Þ2 ½2mReT f̄0ð1Þ − ImX0
μð∂μxf̄0ð0ÞÞ�f̄ð0Þ − f̄ð0Þ1 f̄ð0Þ2 ½2mReT f0ð1Þ − ImX0

μð∂μxf0ð0ÞÞ�fð0Þ

þfð0Þ1 fð0Þ2 f̄0ð0Þ½2mReT f̄ð1Þ − ImXμð∂μxf̄ð0ÞÞ� − f̄ð0Þ1 f̄ð0Þ2 f0ð0Þ½2mReT fð1Þ − ImXμð∂μxfð0ÞÞ�g; ð137bÞ

where we have used Eq. (54), employed ImT 0 ≡ 0 under the dP1dP2 integral, and defined

X1;μ ≔
1

2
½T ðaÞ

μ − T ðaÞ�
μ � − i

2m
T 1;μνpν

1 ¼ i

	
ImT ðaÞ

μ −
1

2m
T 1;μνpν

1



; ð138aÞ

X2;μ ≔
1

2
½T ðaÞ

μ − T ðaÞ�
μ � − i

2m
T 2;μνpν

2 ¼ i

	
ImT ðaÞ

μ −
1

2m
T 2;μνpν

2



; ð138bÞ

X0
μ ≔

1

2
½T ðaÞ

μ − T ðaÞ�
μ � − i

2m
T 0

μνp0ν ¼ i
	
ImT ðaÞ

μ −
1

2m
T 0

μνp0ν


; ð138cÞ

Xμ ≔
1

2
½T ðaÞ

μ − T ðcÞ
μ � − i

2m
T μνpν ≡ ReT ðaÞ

μ −
1

2
T ðcÞ

μ −
pμ

2m
T 0: ð138dÞ

In Eqs. (138a)–(138d), we used the fact that T ðbÞ
μ ≡ T ðaÞ�

μ under the dΓ1dΓ2 integral. For the second equality in Eq. (138d)
we employed Eq. (B19). Note that Xμ is purely real under the dΓ1dΓ2 integral.
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In the following, we focus on the Boltzmann equation (137b) and define

Δ̄1;μ ≔ −
ImX1;μ

2mReT
≡ 1

2mReT

	
1

2m
ReT 1;μνpν

1 − ImT ðaÞ
μ



≡ 1

ℏ
ðΔ1;μ − ΔμÞ; ð139aÞ

Δ̄2;μ ≔ −
ImX2;μ

2mReT
≡ 1

2mReT

	
1

2m
ReT 2;μνpν

2 − ImT ðaÞ
μ



≡ 1

ℏ
ðΔ2;μ − ΔμÞ; ð139bÞ

Δ̄0
μ ≔ −

ImX0
μ

2mReT
≡ 1

2mReT

	
1

2m
ReT 0

μνp0ν − ImT ðaÞ
μ



≡ 1

ℏ
ðΔ0

μ − ΔμÞ; ð139cÞ

Δ̄μ ≔ −
ImXμ

2mReT
≡ 0: ð139dÞ

All identities right after the definitions hold under the integral. The final identities, which relate the barred Δ’s on the left-
hand sides to the space-time shifts (3) on the right-hand sides are proven in Appendix B 5, using identities from
Appendix B 4.
Then, with Eq. (118) the Boltzmann equation (137b) reads

p · ∂xfð1Þðx; p; sÞ ¼
1

4

Z
dΓ1dΓ2dΓ0dS̄ðpÞð2πℏÞ4δð4Þðpþ p0 − p1 − p2ÞW

× f½fð1Þ1 þ Δ̄1;μð∂μxfð0Þ1 Þ�fð0Þ2 f̄0ð0Þf̄ð0Þ − ½f̄ð1Þ1 þ Δ̄1;μð∂μxf̄ð0Þ1 Þ�f̄ð0Þ2 f0ð0Þfð0Þ

þ fð0Þ1 ½fð1Þ2 þ Δ̄2;μð∂μxfð0Þ2 Þ�f̄0ð0Þf̄ð0Þ − f̄ð0Þ1 ½f̄ð1Þ2 þ Δ̄2;μð∂μxf̄ð0Þ2 Þ�f0ð0Þfð0Þ

þ fð0Þ1 fð0Þ2 ½f̄0ð1Þ þ Δ̄0
μð∂μxf̄0ð0ÞÞ�f̄ð0Þ − f̄ð0Þ1 f̄ð0Þ2 ½f0ð1Þ þ Δ̄0

μð∂μxf0ð0ÞÞ�fð0Þ

þfð0Þ1 fð0Þ2 f̄0ð0Þ½f̄ð1Þ þ Δ̄μð∂μxf̄ð0ÞÞ� − f̄ð0Þ1 f̄ð0Þ2 f0ð0Þ½fð1Þ þ Δ̄μð∂μxfð0ÞÞ�g: ð140Þ

C. Summary

Expanding fðxþ ℏΔ̄; p; sÞ in powers of ℏ around fð0Þðx; pÞ,

fðxþ ℏΔ̄; p; sÞ ¼ fð0Þðx; pÞ þ ℏfð1Þðx; p; sÞ þ ℏΔ̄μ∂
μ
xfð0Þðx; pÞ þOðℏ2Þ; ð141Þ

and similarly for f1, f2, f0, f̄, f̄1, f̄2, and f̄0, we now combine the results (117), (139), and (140) to write the complete
Boltzmann equation for fðx; p; sÞ up to first order in ℏ as,

p · ∂xfðx; p; sÞ ¼
1

4

Z
dΓ1dΓ2dΓ0dS̄ðpÞð2πℏÞ4δð4Þðpþ p0 − p1 − p2ÞW

× ½fðxþ Δ1 − Δ; p1; s1Þfðxþ Δ2 − Δ; p2; s2Þf̄ðxþ Δ0 − Δ; p0; s0Þf̄ðx; p; s̄Þ
−f̄ðxþ Δ1 − Δ; p1; s1Þf̄ðxþ Δ2 − Δ; p2; s2Þfðxþ Δ0 − Δ; p0; s0Þfðx; p; s̄Þ� þOðℏ2Þ: ð142Þ

This result agrees with that of the GLW approach, Eq. (1),
in the limit of Boltzmann statistics, where f̄, f̄0, f̄1, f̄2 → 1,
and generalizes it to the case of quantum statistics.

VI. CONCLUSIONS AND OUTLOOK

In this work, we have revisited the nonlocal collision term
derived in Refs. [41,73]. In those works, the nonlocality of
the collision term manifested itself by certain space-time
shifts [given by Eq. (2) for a particle with momentumpμ and

spinvectorsμ] of the collision partners. However, the explicit
dependence of these space-time shifts on the frame vector
t̂μ ¼ ð1; 0Þ violates Lorentz covariance. In this work, we
restored Lorentz covariance by carefully recomputing the
collision term in the GLWapproach [83], and confirmed the
result by a calculation within the KB [89] approach. This
results in the more complicated, but manifestly Lorentz-
covariant expressions (3) for the space-time shifts.
In future work, one should repeat the derivation of spin

hydrodynamics along the lines of Ref. [66,71] with the
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Lorentz-covariant space-time shifts (3). For such a calcu-
lation one cannot use the space-time shifts (3) directly,
since the trace T appears in the denominator, which
depends on the spin variables, cf. Eq. (116). However, in
order to perform the integrations over spin space, the latter
should appear in the numerator, where one can apply the
relations (8). One therefore needs to resort to the form of
the nonlocal collision term as given, e.g., in Eq. (137b).
Here, both T and the first-order distribution functions are
linear in the spin variables and thus appear under the
integral in a form where the relations (8) are applicable. In
Appendix C we give the trace terms required for such a
calculation for scalar boson exchange as a simple example.
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APPENDIX A: PREFACTOR
IN EQS. (29) AND (41)

In this Appendix, we convince ourselves of the correct-
ness of the prefactor in Eqs. (29) and (41). To this
end, consider the expression for the canonical energy-
momentum tensor in terms of the vector component of the
Wigner function,

Tμν ¼
Z

d4p
ð2πℏÞ4 p

νVμ: ðA1Þ

At order Oðℏ0Þ, Vð0Þμ ¼ pμF ð0Þ=m, cf. Eq. (34), and we
obtain with Eqs. (39) and (41),

Tμν ¼ 2

Z
d4p

ð2πℏÞ4 p
ν p

μ

m
4πmℏδðp2 −m2Þfð0Þðx; pÞ

¼ 2

Z
dPpμpνfð0Þðx; pÞ: ðA2Þ

This is the standard expression for the energy-momentum
tensor for a non-interacting gas in kinetic theory. In
equilibrium, fð0Þ is the Fermi-Dirac distribution function,

fð0Þeq ¼ ½eðu·p−μÞ=T þ 1�−1. The overall factor 2 counts the
two spin degrees of freedom. Thus, Eqs. (29a) and (41) are
correct.

APPENDIX B: PROPERTIES OF TRACE TERMS

In this appendix, we prove a set of identities for the traces

T 0, T
ðaÞ
μ , T ðbÞ

μ , T ðcÞ
μ , T 1;μνpν

1, T 2;μνpν
2, T

0
μνp0ν, and T μνpν,

respectively. These identities make use of the symmetry
properties of the dP1dP2 integrals under which these
various traces appear.

1. T 0 is real

We prove that, under an integral of the form

Z
dP1dP2T 0fðp1; p2Þ; ðB1Þ

where fðp1; p2Þ ¼ fðp2; p1Þ, the imaginary part of T 0 can
be set to zero. To this end, we compute

T �
0 ¼ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞ��Tr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þ��

− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞ��
¼ Tr½ΓðcÞ†Λþðp2Þ†ΓðdÞ†ΛþðpÞ†ð1þ γ5=sÞ†�Tr½Λþðp0Þ†ΓðcÞ†Λþðp1Þ†ΓðdÞ†�
− Tr½ΓðcÞ†Λþðp2Þ†ΓðdÞ†Λþðp0Þ†ΓðcÞ†Λþðp1Þ†ΓðdÞ†ΛþðpÞ†ð1þ γ5=sÞ†�: ðB2Þ

Using ΛðpÞ† ¼ γ0ΛþðpÞγ0 [and similarly for Λþðp1Þ, Λþðp2Þ, and Λþðp0Þ], ð1þ γ5=sÞ† ¼ γ0ð1þ γ5=sÞγ0, as well as
ΓðcÞ† ¼ γ0ΓðcÞγ0 we obtain

T �
0 ¼ Tr½ΓðcÞΛþðp2ÞΓðdÞΛþðpÞð1þ γ5=sÞ�Tr½Λþðp0ÞΓðcÞΛþðp1ÞΓðdÞ�

− Tr½ΓðcÞΛþðp2ÞΓðdÞΛþðp0ÞΓðcÞΛþðp1ÞΓðdÞΛþðpÞð1þ γ5=sÞ�: ðB3Þ
We now exchange the summation indices c ↔ d in both terms, which is possible, since the prefactor ∼GcGd of the collision
integral is also symmetric under this exchange. Under an integral of the form (B1), we are also allowed to exchange the
integration variables pμ

1 ↔ pμ
2 in the second term, because fðp1; p2Þ is symmetric under this exchange. Finally, using

Eq. (56) and the cyclic property of the trace, we arrive at ac
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T �
0 ≡ T 0; ðB4Þ

which proves that the imaginary part of T 0 vanishes under the integral (B1).

2. T ðbÞ
μ is complex conjugate of T ðaÞ

μ

We prove that, under an integral of the form

Z
dP1dP2T

ðbÞ
μ fðp1; p2Þ; ðB5Þ

where fðp1; p2Þ ¼ fðp2; p1Þ, we may set T ðbÞ
μ ≡ T ðaÞ�

μ . From Eq. (121) we compute

T ðaÞ�
μ ¼ Tr½ð1þ γ5=sÞΛþðpÞγμΓðdÞΛþðp2ÞΓðcÞ��Tr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þ��

− Tr½ð1þ γ5=sÞΛþðpÞγμΓðdÞΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞ��
¼ Tr½ΓðcÞ†Λþðp2Þ†ΓðdÞ†γ†μΛþðpÞ†ð1þ γ5=sÞ†�Tr½Λþðp0Þ†ΓðcÞ†Λþðp1Þ†ΓðdÞ†�
− Tr½ΓðcÞ†Λþðp2Þ†ΓðdÞ†Λþðp0Þ†ΓðcÞ†Λþðp1Þ†ΓðdÞ†γ†μΛþðpÞ†ð1þ γ5=sÞ†�: ðB6Þ

Performing similar steps as in Appendix B 1, because fðp1; p2Þ in the integral (B5) is symmetric under pμ
1 ↔ pμ

2, we then
show that

T ðaÞ�
μ ¼ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞγμ�Tr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þ�

− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞγμ�≡ T ðbÞ
μ ; ðB7Þ

cf. Eq. (136).

3. T ðcÞ
μ is real

We show that, under an integral

Z
dP1dP2T

ðcÞ
μ fðp1; p2Þ; ðB8Þ

where fðp1; p2Þ ¼ fðp2; p1Þ, the imaginary part of T ðcÞ
μ vanishes. To this end, we compute

T ðcÞ�
μ ¼ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞ��Tr½ΓðdÞΛþðp1ÞΓðcÞγμ��

− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞγμΓðdÞΛþðp2ÞΓðcÞ��
¼ Tr½ΓðcÞ†Λþðp2Þ†ΓðdÞ†ΛþðpÞ†ð1þ γ5=sÞ†�Tr½γ†μΓðcÞ†Λþðp1Þ†ΓðdÞ†�
− Tr½ΓðcÞ†Λþðp2Þ†ΓðdÞ†γ†μΓðcÞ†Λþðp1Þ†ΓðdÞ†ΛþðpÞ†ð1þ γ5=sÞ†�: ðB9Þ

Employing similar steps as in Appendix B 1, we obtain

T ðcÞ�
μ ¼ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞ�Tr½ΓðdÞΛþðp1ÞΓðcÞγμ�

− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞγμΓðdÞΛþðp2ÞΓðcÞ�≡ T ðcÞ
μ : ðB10Þ
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4. Identities for T 1;μνpν1, T 2;μνpν2, T
0
μνp0ν, and T μνpν

We first show that, under an integral of the form

Z
dP1dP2T 0

μνp0νfðp1; p2Þ; ðB11Þ

where fðp1; p2Þ ¼ fðp2; p1Þ, T 0
μνp0ν assumes the form

T 0
μνp0ν ≡ 2mImfTr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞ�Tr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þγμ�

− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞΛþðp0ÞγμΓðdÞΛþðp2ÞΓðcÞ�g: ðB12Þ

To this end, note that σμνp0ν ¼ i
2
½γμ; p0� ¼ im½γμ;Λþðp0Þ�. Therefore, Eq. (131c) (multiplied by p0ν) can be written as

T 0
μνp0ν ¼ imfTr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞ�Tr½ΓðdÞΛþðp1ÞΓðcÞγμΛþðp0Þ�

− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞγμΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞ�
− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞ�Tr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þγμ�
þ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞΛþðp0ÞγμΓðdÞΛþðp2ÞΓðcÞ�g: ðB13Þ

Using similar steps as in Appendix B 1, we exploit the symmetry under the integral (B11) to show that the terms in the first
two lines in Eq. (B13) are the complex conjugates of the terms in the last two lines. This proves Eq. (B12).
Next, we show that, under an integral of the formZ

dP1dP2½T 1;μνpν
1fðp1; p2Þ þ T 2;μνpν

2gðp1; p2Þ�; ðB14Þ

with real-valued functions fðp1; p2Þ, gðp1; p2Þ which fulfill fðp1; p2Þ ¼ gðp2; p1Þ, we may use the following expressions
for T 1;μνpν

1 and T 2;μνpν
2,

T 1;μνpν
1 ≡ 2mImfTr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞ�Tr½ΓðdÞΛþðp1ÞγμΓðcÞΛþðp0Þ�

− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞγμΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞ�g; ðB15aÞ

T 2;μνpν
2 ≡ 2mImfTr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞγμΓðcÞ�Tr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þ�

− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞγμΓðcÞ�g: ðB15bÞ

The proof follows similar steps as that of Eq. (B12). We first write σμνpν
1;2 ¼ i

2
½γμ; p1;2� ¼ im½γμ;Λþðp1;2Þ� and insert this

into Eq. (131a) (multiplied by pν
1) and Eq. (131b) (multiplied by pν

2), respectively,

T 1;μνpν
1 ¼ imfTr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞ�Tr½ΓðdÞγμΛþðp1ÞΓðcÞΛþðp0Þ�

− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞγμΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞ�
− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞ�Tr½ΓðdÞΛþðp1ÞγμΓðcÞΛþðp0Þ�
þ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞγμΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞ�g; ðB16aÞ

T 2;μνpν
2 ¼ imfTr½ð1þ γ5=sÞΛþðpÞΓðdÞγμΛþðp2ÞΓðcÞ�Tr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þ�

− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞγμΛþðp2ÞΓðcÞ�
− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞγμΓðcÞ�Tr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þ�
þ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞγμΓðcÞ�g: ðB16bÞ
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Multiplying T 1;μνpν
1 with fðp1; p2Þ and T 2;μνpν

2 with gðp1; p2Þ, and taking the sum, we then prove that, under the integral
(B14) and using fðp1; p2Þ ¼ gðp2; p1Þ, the complex conjugate of terms resulting from the last two lines in Eqs. (B16a)
and (B16b) is

fTr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞ�Tr½ΓðdÞΛþðp1ÞγμΓðcÞΛþðp0Þ�
− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞγμΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞ�g�fðp1; p2Þ
þ fTr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞγμΓðcÞ�Tr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þ�
− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞγμΓðcÞ�g�gðp1; p2Þ

¼ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞ�Tr½ΓðdÞγμΛþðp1ÞΓðcÞΛþðp0Þ�fðp1; p2Þ
− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞγμΛþðp2ÞΓðcÞ�gðp1; p2Þ
þ Tr½ð1þ γ5=sÞΛþðpÞΓðdÞγμΛþðp2ÞΓðcÞ�Tr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þ�gðp1; p2Þ
− Tr½ð1þ γ5=sÞΛþðpÞΓðdÞγμΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞ�fðp1; p2Þ: ðB17Þ

This shows that, under the integral (B14) and in the combination T 1;μνpν
1fðp1; p2Þ þ T 2;μνpν

2gðp1; p2Þ, the terms in the first
and second lines of Eqs. (B16a), (B16b) are (up to a minus sign) the complex conjugates of the terms in the third and fourth
lines. This completes the proof of Eqs. (B15a), (B15b).
Finally, we compute

i
2m

T μνpν ¼ 1

2m
Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp2ÞΓðcÞiσμνpν�Tr½ΓðdÞΛþðp1ÞΓðcÞΛþðp0Þ�

−
1

2m
Tr½ð1þ γ5=sÞΛþðpÞΓðdÞΛþðp1ÞΓðcÞΛþðp0ÞΓðdÞΛþðp2ÞΓðcÞiσμνpν�: ðB18Þ

Using iσμνpν ¼ −γμpþ pμ, the cyclicity of the trace, the
relation pð1þ γ5=sÞ ¼ ð1þ γ5=sÞp, which holds since
p · s ¼ 0, and the identity pΛþðpÞ ¼ mΛþðpÞ, which
is valid for on-shell particles, we arrive with Eqs. (114)
and (136) at

i
2m

T μνpν ¼ pμ

2m
T 0 −

1

2
T ðbÞ

μ ≡ pμ

2m
T 0 −

1

2
T ðaÞ�

μ : ðB19Þ

The last identity uses the result of Appendix B 2, which is
possible since the term on the left-hand side appears under
an integral of the type (B5), cf., e.g., Eq. (B137b).

5. Relation between traces and space-time shifts

Consider the traces in Eqs. (114), (121), (131), and
(136). Under the dΓ1dΓ2dΓ0 integral, we can replace the
energy projectors by the quantities defined in Eq. (5) as,
e.g., Λþðp1Þ≡ 2hðp1; s1Þ, since the additional terms
vanish because of Eq. (8). Employing this for
Λþðp1Þ;Λþðp2Þ, and Λþðp0Þ, we find with Eqs. (B4),
(B7), (B10), (B12), (B15a), (B15b), and (B19),

ImT ðaÞ
μ ≡ −ImT ðbÞ

μ ≡ 4m
ℏ2

GcGd

W
m4

Δμ

ℏ
; ðB20aÞ

ImT ðcÞ
μ ≡ 0; ðB20bÞ

1

2m
ReT 1;μνpν

1 ≡ 4m
ℏ2

GcGd

W
m4

Δ1;μ

ℏ
; ðB20cÞ

1

2m
ReT 2;μνpν

2 ≡ 4m
ℏ2

GcGd

W
m4

Δ2;μ

ℏ
; ðB20dÞ

1

2m
ReT 0

μνp0ν ≡ 4m
ℏ2

GcGd

W
m4

Δ0
μ

ℏ
; ðB20eÞ

1

2m
ReT μνpν ≡ 2m

ℏ2

GcGd

W
m4

Δμ

ℏ
; ðB20fÞ

with the space-time shifts (3) and W from Eq. (4). Using
Eq. (118), we immediately prove Eqs. (139).

APPENDIX C: TRACES FOR SCALAR
BOSON EXCHANGE

In this appendix, we evaluate the various traces occurring
in the collision term for scalar boson exchange, ΓðcÞ ≡ 1.
Using the Mandelstam variables

s≔ ðpþp0Þ2¼ðp1þp2Þ2;
t≔ ðp−p1Þ2¼ðp0−p2Þ2;
u≔ ðp−p2Þ2¼ðp0−p1Þ2; ðC1Þ

with sþ tþ u ¼ 4m2, Eq. (114) becomes
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T 0 ¼
ðsþ tÞð2sþ tÞ

8m4
−
s − t
2m2

þ i
m3

ϵμναβsμpνpα
1p

β
2: ðC2Þ

We denote the momentum pμ in the C.M. frame as
pμ⋆ ≔ ðE⋆;p⋆Þ, with E⋆ ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⋆ þm2

p
, where p⋆ ≔ jp⋆j.

It then follows that p0μ⋆ ≡ ðE⋆;−p⋆Þ. Furthermore, we
define pμ

1⋆ ≔ ðE⋆;p1⋆Þ, such that pμ
2;⋆ ≡ ðE⋆;−p1⋆Þ.

Here we have used that, in the c.m. frame, jp⋆j ¼
jp1⋆j≡ p⋆, such that the on-shell energies of all particles
are equal. Introducing the scattering angle Θ ¼ ∡ðp⋆;p1⋆Þ,
we have s ¼ 4ðm2 þ p2⋆Þ, t ¼ −2p2⋆ð1 − cosΘÞ, u ¼
−2p2⋆ð1þ cosΘÞ, and therefore

ReT 0¼2

	
1þp2⋆

m2
ð1þ2cosΘÞþp4⋆

m4
ð1þcosΘÞð3þcosΘÞ



:

ðC3Þ

The low-energy limit is therefore limp⋆→0 ReT 0 ¼ 2, and
the limit of small scattering angles is limΘ→0 ReT 0 ¼
2ð1þ 3 p2⋆

m2 þ 5p4⋆
4m4Þ.

Similarly, we evaluate the traces (126). This is simplified
by taking the difference of these traces and T 0. Using
energy-momentum conservation multiple times to elimi-
nate the dependence on p0μ, we find

T 1 − T 0 ¼ s · s1

	
s − t
2m2

þ tðsþ tÞ
8m4




−
s · p1

m

�
u

4m2

s1 · p
m

þ s1 · p2

m

�

−
s · p2s1 · p

m2
þ i
m3

ϵμναβs
μ
1p

νpα
1p

β
2; ðC4aÞ

T 2 − T 0 ¼ s · s2

	
s − t
2m2

−
ð2sþ tÞðsþ tÞ

8m4




þ s · p2

m

�
2sþ t
4m2

s2 · p
m

−
s2 · p1

m

�

−
s · p1s2 · p

m2
þ i
m3

ϵμναβs
μ
2p

νpα
1p

β
2; ðC4bÞ

T 0 − T 0 ¼ s · s0
	
s − t
2m2

þ tðsþ tÞ
8m4




−
s · p1

m

�
s0 · p
m

þ u
4m2

s0 · p2

m

�

−
s · p2

m

�
s0 · p
m

þ t
4m2

s0 · p1

m

�

þ i
m3

ϵμναβs0μpνpα
1p

β
2; ðC4cÞ

T̄ − T 0 ¼ s · s̄

	
s − t
2m2

−
ð2sþ tÞðsþ tÞ

8m4



þ s · p1s̄ · p2

m2

−
s · p2s̄ · p1

m2
þ i
m3

ϵμναβs̄μpνpα
1p

β
2: ðC4dÞ

We note that the last two terms in the first line of Eq. (C4d)
are antisymmetric under the exchange of p1 ↔ p2 and thus
vanish under a dP1dP2 integral where the remainder of the
integrand is symmetric under this exchange.
In the low-energy limit, i.e., where the c.m. momentum

p⋆ → 0, one can show that all four-products between spin
vectors and momenta vanish. This is most easily seen in the
c.m. frame and using the orthogonality of the spin four-
vector with the four-momentum. Also, in this limit all
momenta just have a time component, e.g., pμ → ðm; 0Þ,
and similarly for the other momenta. Then, all imaginary
parts in Eqs. (C4) vanish. This then yields

lim
p⋆→0

ðT 1 − T 0Þ ¼ 2s · s1; ðC5aÞ

lim
p⋆→0

ðT 2 − T 0Þ ¼ −2s · s2; ðC5bÞ

lim
p⋆→0

ðT 0 − T 0Þ ¼ 2s · s0; ðC5cÞ

lim
p⋆→0

ðT̄ − T 0Þ ¼ −2s · s̄: ðC5dÞ

Similarly, we compute from Eqs. (131)

T 1;μνpν
1 ¼ ϵμναβ

	
s · p1

m
pνpα

1p
β
2

2m2
þ
�
1þ t

4m2

�
sνpα

1p
β
2

m

þ t − u
4m2

sνpαpβ
1

m




þ i

	�
1 −

3s
4m2

�
pμ þ

s − t
4m2

p1;μ

þ
�
1 −

3t
4m2

�
p2;μ



; ðC6aÞ

T 2;μνpν
2 ¼ −ϵμναβ

	
s · p2

m
pνpα

1p
β
2

2m2
þ
�
1þ u

4m2

�
sνpα

1p
β
2

m

þ t − u − 4ðsþ tÞ
4m2

sνpαpβ
2

m




− i

	�
1 −

3s
4m2

�
pμ þ

�
1 −

3u
4m2

�
p1;μ

þ s − u
4m2

p2;μ



; ðC6bÞ
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T 0
μνp0ν ¼ −ϵμναβ

	
s · ðp1 − p2Þ

m
pνpα

1p
β
2

2m2
þ t − u

4m2

sνpα
1p

β
2

m

þ
�
1þ t

4m2

�
sνpαpβ

1

m
þ
�
1þ u

4m2

�
sνpαpβ

2

m




− i
�
u − t
4m2

pμ þ
s − t
4m2

p1;μ þ
u − s
4m2

p2;μ

�
; ðC6cÞ

and from Eq. (121)

T ðaÞ
μ ¼

�
sþ 3t
4m2

pμ

m
−
sþ t
4m2

p1;μ

m
þ s
2m2

p2;μ

m

�

− iϵμναβsν
�
pα
1p

β
2

m2
−

u
4m2

pαpβ
1

m2
þ sþ t − u

4m2

pαpβ
2

m2

�
;

ðC7Þ

as well as from Eq. (136b)

T ðcÞ
μ ¼ −

	
uþ t
4m2

pμ

m
−
3ðsþ tÞ
4m2

p1;μ

m
þ sþ u

4m2

p2;μ

m




þ i
2
ϵμναβsν

�
pα
1p

β
2

m2
−
pαpβ

1

m2
þ pαpβ

2

m2

�
: ðC8Þ

Note that some terms in these expression can be fur-
ther simplified using the symmetry under the dP1dP2

integral.
From these results we finally compute the space-time

shifts using Eqs. (139),

Δ1;μ ¼
ℏ

2mReT
1

2m
ReT 1;μνpν

1

¼ ℏ
2mReT

ϵμναβ

	
s · p1

m
pνpα

1p
β
2

4m3

þ
�
1þ t

4m2

�
sνpα

1p
β
2

2m2
þ t − u

4m2

sνpαpβ
1

2m2



; ðC9aÞ

Δ2;μ ¼
ℏ

2mReT
1

2m
ReT 2;μνpν

2

¼ −
ℏ

2mReT
ϵμναβ

	
s · p2

m
pνpα

1p
β
2

4m3

þ
�
1þ u

4m2

�
sνpα

1p
β
2

2m2
þ t − u − 4ðsþ tÞ

4m2

sνpαpβ
2

2m2



;

ðC9bÞ

Δ0
μ¼

ℏ
2mReT

ReT 0
μνp0ν

¼−
ℏ

2mReT
ϵμναβ

	
s ·ðp1−p2Þ

m
pνpα

1p
β
2

4m3
þ t−u
4m2

sνpα
1p

β
2

2m2

þ
�
1þ t

4m2

�
sνpαpβ

1

2m2
þ
�
1þ u

4m2

�
sνpαpβ

2

2m2



; ðC9cÞ

Δμ ¼
ℏ

2mReT
ImT ðaÞ

μ

¼ −
ℏ

2mReT
ϵμναβsν

�
pα
1p

β
2

m2
−

u
4m2

pαpβ
1

m2

þ sþ t − u
4m2

pαpβ
2

m2

�
: ðC9dÞ

In the low-energy limit, the spacetime shifts vanish.
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