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Within an effective-field-theory framework, we present a model-independent analysis of the potential of
discovering new physics by searching for lepton flavor violation in heavy quarkonium decays and, more in
general, we study the phenomenology of lepton-flavor-violating (LFV) 2 quark-2 lepton (2¢2¢) operators
with two charm or bottom fields. We compute the constraints from LFV muon and tau decays on the
new-physics operators that can induce LFV processes involving c¢ and bb systems, thus providing a
comprehensive list of indirect upper limits on processes such as J/y — £¢', Y(nS) - £¢', Y (nS) - £¢'y
etc., which can be sought at BESIII, Belle II, and the proposed super tau-charm factory. We show that such
indirect constraints are so stringent that they prevent the detection of quarkonium decays into eu. In the case
of decays of quarkonia into £7 (£ = e, u), we find that an improvement by 2-3 orders of magnitude on the
current sensitivities is in general required in order to discover or further constrain new physics. However,
we show that cancellations among different contributions to the LFV tau decay rates are possible, such that
Y (nS) — ¢7 can saturate the present experimental bounds. We also find that, interestingly, searches for
LFV Z decays, Z — £z, at future e*e™ colliders are complementary probes of 2¢2¢ operators with third

generation quarks.

DOI: 10.1103/PhysRevD.106.115039

I. INTRODUCTION

The lack of conclusive evidence for new physics (NP)
at the Large Hadron Collider (LHC) makes it crucial to
pursue a diversified experimental programme in search for
Nature’s next fundamental energy scale beyond the electro-
weak (EW) one. With this respect, high-intensity frontier
experiments, in particular searches for charged lepton
flavor violation (LFV), represent an ideal laboratory
capable to test scales above 10°-10* TeV, way beyond
the reach of any foreseeable high-energy collider [1].

Neutrino oscillations have provided evidence that lepton
family numbers are not conserved and one can expect
nonstandard contributions to LFV processes in the context
of any extension of the Standard Model (SM) involving
new fields that couple to leptons. On the other hand, the
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physics case for LFV searches has been recently reinforced
by the first results of the FNAL Muon g-2 experiment [2]
and the persistent hints for violation of lepton flavor
universality (LFU) in semileptonic B meson decays
[3.4], especially those of the kind b — suu. Both anomalies
seem to point to a new-physics sector, coupled preferably
with muons, at a scale below 100 TeV [5,6]. Moreover, any
new physics interacting with muons is not in general
expected to exhibit a flavor structure aligned to the SM
one, that is, LFV effects induced by the fields possibly
behind the muon g — 2 and b — suu anomalies are difficult
to avoid unless very peculiar flavor symmetries are
imposed [7-10]. Therefore, LFV rates at observable level
are likely if these experimental anomalies will be confirmed
to be a signal of new physics.

The hints for LFU violation in B decays require a new-
physics sector that couple to both quarks and leptons—the
typical example being scalar or vector leptoquarks [11].
Such new physics can be described in a model-independent
way within an effective field theory (EFT) in terms of 2
quarks-2 leptons (2¢2¢) operators, as long as its scale is
much larger than the typical energy scales of the processes
under study. It has been shown that the B anomalies can be
addressed by operators involving 3rd-generation fermions
only, the couplings to lighter generations being induced by
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TABLEI. Present 90% CL upper limits on vector quarkonium LFV decays. No limit is currently available for LFV

decays of (pseudo)scalar or other vector resonances.

LFVQD Present bounds on BR (90% CL)

J/w = eu 4.5x107° BESIII (2022) [21]
Y(1S) — eu 3.6 x 1077 Belle (2022) [22]
Y(1S) = euy 4.2 x 1077 Belle (2022) [22]
Jy — et 7.5% 1078 BESIII (2021) [23]
Y(1S) = et 2.4 x107° Belle (2022) [22]
Y(1S) = ezy 6.5 x 107° Belle (2022) [22]
Y(2S) = et 3.2 x 1076 BABAR (2010) [24]
T(3S) — er 42 x107° BABAR (2010) [24]
J/w = ut 2.0x 1076 BES (2004) [25]
Y(1S) - ur 2.6 x 1076 Belle (2022) [22]
Y(1S) - ury 6.1 x107° Belle (2022) [22]
Y(2S) - ur 33x107° BABAR (2010) [24]
Y(3S) = ur 3.1x107° BABAR (2010) [24]

field rotations from the interaction basis to the mass
basis [12-15].

The above considerations prompt us to address the
experimental prospects of LFV processes involving heavy
quark flavors, either flavor-violating or flavor-conserving
in the quark sector. In this paper, we focus on the latter case,
in particular on new physics that can induce LFV decays of
heavy quarkonia, that is, ¢c¢ and bb bound states. The
existing limits on LFV quarkonium decays (LFVQD),
concerning vector resonances only, are listed in Table I.
We note the recent results by BESIII and Belle, which
improved previous bounds notably and even searched for
new channels such as Y(1S5) — £¢'y. The experimental
prospects of these processes are even more interesting:
the extended run of BESIII [16] and the proposed super-
tau-charm factory (STCF) [17-19] could increase the

sensitivity on the J/y — £;£; decays by several orders
of magnitude and, for the first time, search for LFV decays
of (pseudo)scalar charmonium states. Similarly, Belle II
[20] is expected to reach an integrated luminosity about two
orders of magnitude larger than the previous B factories,
hence it should improve the limits on the Y'(nS) modes by
at least one order of magnitude.

However, any new physics giving rise to this kind of
decays would also induce other LFV processes, in par-
ticular LFV muon or tau decays [26], as well as other
high-energy LFV processes such as LFV Z decays, which
will give competitive limits at future high-energy e*e™
colliders—see Ref. [27]. The obvious question is then
whether the stringent constraints on the latter processes (see
Table II) still allow sizeable effects for LFV quarkonia
decay. In other words, is it possible to discover new physics

TABLE II.  Present 90% C.L. upper limits (95% C.L. for the Z decays) and future expected sensitivities for the set of LFV transitions

relevant for our analysis.

LFV observable Present bounds Expected future limits
BR(u — ey) 4.2 %1071 MEG (2016) [28] 6 x 10714 MEG 1I [29]
BR(u — ece) 1.0 x 10712 SINDRUM (1988) [30] 10716 Mu3e [31]
CR (4 — e, Au) 7.0 x 10713 SINDRUM TI (2006) [32] .
CR (n — e, Al 6 x 107" COMET/Mu2e [33,34]
R(Z = eu .62 x 10~ TL [35] —-10~ FCC-ee/CEPC [36]
2.62 x 1077 ATLAS (2022) [35 10-8-10710 CC-ee/CEPC [36
BR(7 — ¢y) 33x 1078 BABAR (2010) [37] 9x107° Belle 11 [20,38]
BR(7 — ece) 2.7 x 1078 Belle (2010) [39] 4.7 x 10710 Belle 11 [20,38]
(r - eW) 2.7x 1078 Belle (2010) [39] 4.5 x 10710 Belle 11 [20,38]
R(z - me) .0x 10~ Belle 7) [40] 7.3 x 10~ Belle 11 [20,38]
8.0x 1078 lle (2007) [40 3x 10710 lle 11 [20,38
R(z — pe 8 x 10~ elle [41] 8 x 10~ elle II [20,38]
1.8 x 1078 Belle (2011) [41 3.8 x 10710 Belle 11 [20,38
R(Z — et .0 x 107 B -ee
5.0x107° ATLAS (2021) [42] 1079 FCC-ee/CEPC [36]
(r — uy) 42 %1078 Belle (2021) [43] 6.9 x 107° Belle 11 [20,38]
BR(7 — pup) 2.1x 1078 Belle (2010) [39] 3.6 x 10710 Belle 11 [20,38]
BR(z — pee) 1.8 x 1078 Belle (2010) [39] 2.9 x 10710 Belle II [20,38]
BR(z = 7u) 1.1 x 1077 BABAR (2006) [44] 7.1 x 10710 Belle 11 [20,38]
BR(z = pu) 1.2x 1078 Belle (2011) [41] 5.5x 10710 Belle 11 [20,38]
BR(Z — pr) 6.5 x 107° ATLAS (2021) [42] 1077 FCC-ee/CEPC [36]
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FIG. 1. Diagrammatic example of how the same EFT vertex

(gray circle) generating quarkonia LFV decays can induce other
LFV processes at loop level.

searching for quarkonium LFV? The aim of this paper is to
give a precise quantitative answer to this question, provid-
ing model-independent indirect upper limits on the LFV
decay rates of quarkonia, in a similar way to what was done
in Ref. [27] for LFV Z decays.

To be agnostic about the new dynamics that can give rise
to these effects, we employ an effective-field-theory
approach, working within both the so-called low-energy
effective field theory (LEFT) [45], which involves QED x
QCD invariant operators of fields below the EW scale, and
the Standard Model effective field theory (SMEFT) where
invariance under the full SM gauge group and also heavy
fields are considered [46,47]—for a review cf. Ref. [48]. In
this context, new physics contributions to the quarkonium
decays we are interested in are described by 2¢g2¢ operators
of the schematic form Z‘c?,-fj and l_)bL_”,-fj (ij=e, p 1,
i # j). On the other hand, diagrams obtained by closing the
quark loop will induce (e.g., via a virtual photon exchange,
as illustrated in Fig. 1) other LFV operators involving
lighter quarks as well as purely leptonic LFV operators
[49]. These radiative effects—that can be summarized by
the operator mixing induced by the one-loop renormaliza-
tion group equations (RGEs) of the operator coefficients
[50-53]—will provide contributions to LFV p and ¢
decays, from which we can then obtain the above-
mentioned indirect constraints on the coefficients of the
cetit ; and bb¢;¢ ; operators and, thus, on the rates of LFV
quarkonium decays.

Earlier works focusing on or including constraints on
LFV 2¢2¢ operators can be found in Refs. [49,54—66]. The
authors of Ref. [58], in particular, calculated quarkonium
LFV decay rates and obtained bounds on the associated
operators. However, we have found no systematic com-
parison with the constraints from other LFV processes in
the literature, nor an assessment of the largest possible
effects for quarkonia compatible with such bounds—see
however [54,63] for works focusing on a limited number
of quarkonium processes and indirect constraints. In this
paper, we extend beyond the existing literature and answer
in a systematic way the above question about the sensitivity
to new physics of future searches for LFV quarkonium
decays, including heavy (pseudo)scalar quarkonia and
radiative LFV decays of vector quarkonia. Interestingly,
our approach based on high-intensity frontier observables

is complementary to that of Ref. [62], where indirect
constraints on low-energy processes induced by 2¢27
operators were set based on high-energy measurements
of dilepton distributions from pp — #;¢; at the LHC.

The rest of the paper is organized as follows. In Sec. Il we
introduce the EFT framework we employ and our con-
ventions. Our calculations for the quarkonium LFV decay
rates in terms of the coefficients of LEFT operators are
presented in Sec. III. The running of LEFT operators is
employed in Sec. IVA in order to estimate the indirect
constraints on quarkonium LFV, while the effects of operator
mixing above the EW scale, the sensitivity of LFV experi-
ments to high-scale NP, and possible cancellations due to the
interference of multiple operators are discussed in Sec. [V B
adopting the SMEFT framework. We summarize our results
and conclude in Sec. V. In the Appendices, more technical
results and useful formulas are collected.

II. EFT FRAMEWORK

As discussed in the Introduction, we parametrize the
effects of LFV new physics in terms of nonrenormalizable
operators. Throughout this work, we assume that the new
particles related to the NP scale A responsible for LFV
are much heavier than the EW scale, A > my,. In such a
scenario, in order to assess the NP effects across different
scales, it is then convenient to work within the SMEFT
framework, whose Lagrangian consists of that of the SM
extended with a tower of higher-dimensional operators
constructed by gauge-invariant combinations of the
SM fields only and suppressed by inverse powers of the
scale A:

(d)
Ca
’CSMEFT = ‘CSM + Z ZWO,@, (1)

d>4 a

where Ogd) are the effective operators of dimension-d and
the ng) represent the corresponding Wilson coefficients
(WCs), whose values depend on the renormalization scale
u. Notice that we are working with dimensionless SMEFT
WCs. In the rest of the paper, we will focus on dimension-
6 operators—that are expected to provide the dominant
contributions to LFV processes—and adopt the conven-
tions of the Warsaw basis [47]. All dimension-6 SMEFT
operators that can induce LFV effects [56] are listed in
Table III.

In a specific UV-complete model, the WCs at the scale A
can be determined by integrating out the heavy NP fields.
In the spirit of our model-independent approach, we will
instead consider the WC of the Ofld) at 4 = A as indepen-
dent free parameters. However, at lower energies, the
coefficients of different operators will mix as an effect
of the RGEs. In particular, multiple operators will be
induced at the EW scale even if the UV physics is assumed

115039-3
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TABLE IIL

Complete list of the dimension-6 SMEFT operators relevant to LFV processes. Q and L respectively

denote quark and lepton SU(2), doublets (¢, b = 1,2 and I = 1,2, 3 are SU(2), indices, 7! are the Pauli matrices).

u, d and e are (up and down) quark and lepton singlets.
are the U(1), and SU(2), field strengths,

QDTDH(p = fﬂ"'(Dﬂﬁ”) - (D”(ﬂ)Jr(ﬂ. Bmx and W/Iw
p.r,s,t =1, 2, 3 denote flavor indices.

@ represents the Higgs doublet with
respectively.

2g2¢ operators

3 _ _
Ot (LyruL)(270.) 0% (Ly1,e'L,) (0,77 Q)
fu,prst (pr/ALr)( 4 I/l[) Ofd‘pr.vt ( p}/ﬂ )( sV d)
Oeu,prst (_épyyer)(ﬁsyﬂur) Oed.prst ( eplu€ )( sV d)
Oqe‘prst (prﬂQr)(Eﬂ/yet) Of;dq‘prst ( )(d Qf)
Oz(/’le)qu,prst (Lzer)eab(Q?ut) O(fg)qu,pmt (Lp € ) ab(Qso-lw t)
4¢ operators Dipole operators
Off,prst (l—‘py’tLr)(Z‘snyt) OeW.pr (Z‘L)G”Der)rl(pw;lw
gee,prst ((_ép}/yer))((ésyﬂet)) OeB,pr (Lpo"‘”e,)goBW
L,y,L,)(ey"e
Ce,prst pyy r sV é;
Lepton-Higgs operators
£ = 3 gl =
o (¢'iDy0) (L7 L) Ol or (¢'iD,)(L,r*7'L,)

to match dominantly to a single operator (or just a few of
them) at the scale A.

Below the EW scale, we work within the LEFT employ-
ing the basis introduced by Ref. [45]. As we will see in the
next section, the observables that we focus on—the LFV
quarkonium decays—and the LFV decays of muons and

|

Logpr =

taus that will set indirect constraints on them can be
induced by dimension-5 photon dipole operatorsl

Lgipote = Cey pr(€,0" Prt,)F,, + H.c., (2)

by dimension-6 2¢2¢ operators

CequLryt(zpyllPLf»(Z] 7;4PLQI) + Cgélgersz(zpyﬂPRfr)(ZISVyPRQI)

+ CZq prst(pr”PLfrxqsyﬂPRQt) + qu prvt(CIp}/ﬂPLqr)(ZsyﬂPth)
[quRérst(f PRf )(quLLIt) + Cflefrst<prRfr)(QsPRQZ)

T.RR
Ceq prst(fpa/w

and by dimension-6 4-lepton (4£) operators

Lyp = Clilpii(C " PLE) (251, PLE )
+ CLBS (2" PRt ) (247, PRE )
+ CZéLlilf"vt(Zpy”PLfr)(ZY)’ﬂPRfl)
+ [CSFR (€,PRt,)(¢,Prt,) + Hel,  (4)

where £ denotes leptons, ¢ = u, d, that is, up-type or down-
type quarks, and p, r, s, t are flavor indices. All fields are
defined in the physical mass basis. Notice that, in contrast

'We adopt the following convention for the fermionic QED
couplings: Logp = —eQ/fAf.

®%1)(q50" Prq,) + H.e, (3)

to the SMEFT case, the WCs of the above LEFT inter-
actions are dimensionful parameters.

As we will show in the next section, besides the effects
induced by the above LEFT operators, certain quarkonia
processes are also sensitive to dimension-7 lepton-gluon
and lepton-photon operators that read [67]

Lsr66 = Cocepr(€pPrE,)GE,GM

+ CeGG,pr(;pPRfr)GzVGalw + H.C., (5)
Leepp = Copppr(€ yPRE,)F F*

+ CeFF.pr(ZpPRfr)FﬂyF”D + H.C., (6)

whe~re the dual field
by F* = %e’“’”ﬂ Fop.

strength tensors are defined

115039-4
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The tree-level matching at the EW scale of the dimen-
sion-6 SMEFT operators of Table I1I to the above presented
LEFT basis was computed in Ref. [45]. For completeness,
we collect the matching formulas in Appendix A. The
dimension-7 lepton-gluon/photon operators are obtained
from tree-level matching to dimension-8 SMEFT operators
and from 1-loop matching to dimension-6 scalar operators
with quarks, see, e.g., Ref. [67]. Moreover, in order to
obtain phenomenological predictions in terms of the WCs,
the latter need to be evaluated at the energy scale relevant
for the process of interest. As usual, this can be done by
solving the RGEs of the WCs that, for the LEFT frame-
work, can be found in Ref. [53], while for SMEFT
operators the running of the WCs is given by the RGEs
calculated in Refs. [50-52].

III. DECAY RATES FOR LFV
QUARKONIUM DECAYS

In this section we present our calculation for the LFV
decay rates of quarkonia in terms of the LEFT operators
defined in the previous section. We follow the calculation
in Ref. [58] (see also Ref. [68]). Due to the C parity
conservation in the decay of vector quarkonia V with
JE=1",V ¢ Zjand V — ¢;¢;y decays are induced by
C-odd and C-even operators, respectively, and are thus
complementary. The expressions for the other LFV proc-
esses relevant to our analysis are collected in Appendix C.

A. LFV leptonic vector quarkonium decay: V — 272/

We parametrize the quarkonium decay amplitude by

1_
M= Euiﬁ(v(VLPL + VgPg)v;

2i
+ m_uiel\l/o-ﬂypy(TLPL + TrPg)v;, (7)
%

my A2 (LYE ) [V + Vel

where P, my, and €y are respectively the momentum,
mass, and polarization vector of the vector quarkonium.
The coefficients parametrizing vector and tensor inter-
actions can be expressed in terms of the LEFT Wilson
coefficients and are given by

€q.1jq9 2

eq.1jq99 my,

V. = fymy (cVLL + CVLR %)

TL = meTCZqRJIf;q - qufVCZy,ji’ (8)

2¢Q,0,6;;
_ V.RR V.LR q=7%j
VR - fVmV <Ceq ijqq qu qqij I’I12> ’
v
TR = meTC:ququ qufVCW-iJ" (9)
where O, = —1 and Q, are the electric charges of leptons

and quarks. The lepton flavor conserving contribution is
dominated by tree-level photon exchange which enters the
coefficients parametrizing the vector interactions V; . The
two form factors f, and f7, parametrize the hadronic vector
and tensor matrix elements

:fvmvé‘”,
i (P — P (10)

(0lgr"q|V(P))
(0lge™ q|V(P)) =

The resulting branching ratio for V — fi‘f;r is

BR(V - ¢7¢) = TS

4
3 (TP + TR+ 57 + v}

B 2=y =yi=0i-y)%)

= 2(y7 = ¥7)%)

+yiyj(Re(V Vi) + 16Re(TT}))
+2yi(1 +y; = y})Re(VTy + V. T})

+2y;(1+y; —=y))Re(V, Tr + VT})|, (11)

where y; = m;/my, for a lepton of mass m;, and
Mx,y,z) = x> +y* + 722 — 2xy — 2xz — 2yz denotes the
Killén function. We used FeynCalc [69-71] to obtain the

[

squared matrix element. Our result agrees with Ref. [58] in
the limit y; — 0 except for an additional factor (1 + y? /2)
in the first line for the vector operator contribution.

115039-5
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B. Radiative LFV leptonic vector quarkonium decay: effective vertex in Eq. (6). The operators contributing to
Voourely final state radiation are strongly constrained by the LFV

In light of the recent analysis of the radiative LFV Y(15) ~ Vector quarkonium decay V — £;¢ 7. We thus neglect
decays performed by Belle [22], we calculate the radiative contributions from final state radiation in the analysis of
LFV leptonic vector quarkonium decay using the non-  the radiative decay V — £77 ;7. see Appendix B for full
relativistic color singlet model, following Refs. [72,73].  details. Taking the different Lorentz and polarization
The final state photon can originate from one of the initial ~ Structures into account, the quarkonium decay amplitude
state quarks, one of the final state leptons or result from the for V(P,ey) = £ (p )f i(p j)7(q.€) is given by

|

Qe

x,my

M_

+(P-q)(ey-€) = (P-€)(q-ey)|i[(Sg + Sgx,)Pr + (Sp + Spx,)Py]v;

Q,e -
+ﬁ €apu P @y e [(Py + iPix,)Pr + (P} + iP)x,)P;]v;
vV

Q.e . e
= e e iy (APr + ALPL)Y;. (12)
ytV

and depends on the following combinations of LEFT WCs

S.RR S.RL
C"‘I ijqq + Cf«”l ijaq

Sk =2myfy( ), Sk =4m} fvCorr i,
S, = 2meV(C§qR]quq + quR,Iqu)*, Sy =4myfyCipp i
Pre = 2myfv(Ceglliaq = Coliag) Pl = 4m3fvCorry
Py =2myfy( )" Py =4mjfyC:

( )

CS-RL CS-RR
eq.jiqq ~ eq Jjiqq
Ag =2myfy

CV LR V RR

eFFji’

, AL =2myfy(CVEE _ CVER ) (13)

qe.qqij 5’11 ijqq €q.1jq9 €q.1j99

Here, A; r denote axial-vector contributions, S;  scalar contributions and P . pseudoscalar contributions. Finally terms
with an overtilde correspond to contributions from the dimension-7 operators with two photon field strength tensors,
Eq. (6). Note that the contributions proportional to C,zr and C,rj are proportional to an additional factor x, = 2E, /my
compared to the pseudoscalar contributions.

In the limit of one massless final state lepton, the phase space integration can be carried out analytically and we obtain for
the branching ratio

2m
1927 2F
+ (ISLP + PP + ISk + |PR1)Gs(y) + 1paGpa(y) + TpaGpa(y)

BR(V = ¢;¢]y) = (IALP + AR ))Ga(y) + (ISLI> + [PLI + [Sg[* + [PR[*)Gs(y)

~ ~ A - - 1
+Re(S,5; + SeS3)Gs0) + (PP -+ Pa) (650) =55 )| (14)

where y denotes the nonzero mass of the charged (anti)lepton normalized to the vector quarkonium mass, i.e., y = y;
(y = ). Ips and Ip, denote the interference terms which differ for the two cases
- { +Re(A, P} +AgPy) fory=y;#0,y;, =0,
PAT L —Re(A, Py + AgPy) for y; =0,y =y, #0,
- +Im(A, Py + AgP})
"o { —Im(AL P} + AgP))

fory=y; #0,y; =0,

(15)
fory, =0,y =y; #0,

because for a massless final state lepton the different chiralities do not interfere. The kinematic functions entering the
branching ratio are given by

115039-6
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1
Ga(y) = %(8 —45y2 +36y* + 5 + 12(y? — 6)y* Iny),
Gs(y) =15 (1 =657 +3y* + 2y = 12y Iny),
Gs(y) = 120(3 30y* = 20y* + 60yS — 15y®
+ 21— 120y*Inyy),
Gs(y) = 15 (1= 8y> +8y° =y —24y* Iny),
Graly) =3 (14457 = 5y* + 42+ )% Iny),
~ y
Gpaly) = 5( +9y% = 9y* = y0 + 12(1 4+ y?)y* Iny).
(16)

C. LFV leptonic pseudoscalar quarkonium
decay: P - 27 ¢}

Using the equations of motion for the final state spinors,
the pseudoscalar decay amplitude

iM = u;(SgPg + SLPL)vj, (17)
can be parametrized in terms of two coefficients
S, — e SRR _ ~S.RL
R 4m eq.ijgq  “~eq.ijqq
fr V.LR V.LL V.RR V.LR
T [ (Ceq ijaq ~ Ceq, uqq> <Ceq ijaq ~ Cqe.qqi ,)}
Ar
+ la_aPCeGG,ij’ (18)
s
L= 4m eq.jigg ~ “eq.jiaq
fr V.LR V.LL V.RR V.LR
_7[ (Ceq ijaq ~ Ceq, uqq) +m; (Ceq ijag ~ Cae. qquﬂ
An
+1 a aPCeGG Ji (19)

Given the proportionality to the final state lepton masses,
the pseudoscalar quarkonium decay is mostly sensitive
to pseudoscalar WCs. The form factors fp, hp and ap
parametrize the hadronic axialvector, pseudoscalar, and
anomaly matrix elements

(Olgr*ysalP(p)) = if pp",
OlairsalP(p) =5 (01 GGIP(p) =ap. (20

q

which satisfy the relation hp = m%fp — ap from axialvec-
tor current conservation. The gluonic matrix elements are
expected to be small for 7, . and thus we take ap = 0. The
resulting branching ratio for P — fl.‘fj* is given by

mp A2 (1,37,57)

I'p 167z

< [(ISLI* +1SeP) (1 = yi = 7)
_4yiije(SLS7?)},

BR(P — £7¢}) =

(21)

where y; = m;/mp and we used FeynCalc [69-71] to obtain
the squared matrix element. Our result agrees with Ref. [58]
in the limit of m; — 0 for the pseudoscalar and axial-vector
contributions and we also find agreement for the anomaly
contribution, if we disregard the superfluous +H.c. for
the dimension-7 terms with the field strength tensors in
Ref. [58].

D. LFYV leptonic scalar quarkonium
decay: S — ¢ f;’

Using the fact that the vector current form factor vanishes
for scalar quarkonia, the scalar decay amplitude

M = 01;(SgPg + SLPL)v;, (22)
can be parametrized in terms of two coefficients
Mmsfs  srR S.RL
SR - 2 (Ceq ijqq Ceq quq) + aSCeGG ijo (23)
msfs  _srL SRR\« , 47 %
SL - 2 (CLq Jjiqq Ceq jqu) + ;YaSCeGG,.ji' (24)
The form factors f¢ and ag are defined as [74]
— aS
(01gq|S) = msfs. (0] EGG|S> =as.  (25)

The gluonic matrix elements are expected to be small and
thus we take ag = 0 in the analysis. The branching ratio for
S — ¢£7¢] is given by

ms A'2(1.y7.57)

FS 16]7:

X [(ISLI + Sk (1 = yi = ¥7)
—4injRe(SLS§)]»

BR(S — £7¢]) =

(26)

where y; = m;/mg and we used FeynCalc [69—71] to obtain
the squared matrix element. Our result agrees with Ref. [58]
in the limit of m; — 0.

IV. NUMERICAL RESULTS

In this section we analyze the LFV decays of quarko-
nium states, focusing mostly on the vector quarkonium c¢
states J /W and W(2S), and the bb states T(1S), T(2S) and
T (3S). We also provide indirect upper limits on the LFV
decay rates of the lightest (pseudo)scalar c¢¢ and bb
resonances, as well as on the radiative decays of vector
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TABLE IV. Quarkonium masses, widths, and decay constants, taken from the PDG [80] with the exception of
J»o(nP) which have not been measured yet. They have been obtained following Ref. [78] from the calculated decay
width of the radiative decay y,o(nP) — Y (mS) + y and its measured branching ratio as discussed in the text. When
the transverse form factor is missing, we assume f‘T, = fy, following Ref. [81], which is motivated by the
observation that vector and tensor decay constants of light vector mesons are of a similar order of magnitude. This is
also consistent with the nonrelativistic color singlet model [82—89]. Following Ref. [58], we also use the scalar
decay constants obtained in Ref. [78] using the mock meson approach in the quark model.

Quarkonium Mass (MeV) I' (keV) fv (GeV) T (GeV)

J )y 3096.900 4+ 0.006 92.6 £ 1.7 0.4104(17) [90] 0.3927(27) [91]
w(2S) 3686.10 £ 0.06 294 £8 0.2926(12) [68] e
T(1S) 9460.30 £ 0.26 54.02 +£1.25 0.6772(97) [92]

T(2S) 10023.26 + 0.31 31.98 £2.63 0.481(39) [93]
T(3S) 103552 £ 0.5 20.32 £ 1.85 0.395(25) [94]

Quarkonium Mass (MeV) I' MeV) fu (GeV)

17.(18) 2983.9+ 0.4 32.0+£0.7 0.387(7) [95]

n,(18) 9398.7 +2.0 10£5 0.724(12) [92]

xeo(1P) 3414.71 £ 0.30 10.8 £ 0.6 —i 0.887 [78]

2po(1P) 9859.44 £+ 0.52 1.23 £0.17 —i 0.423 [78]

2p0(2P) 10232.5 £ 0.6 0.76 £0.15 —i 0.421 [78]

quarkonia. In contrast to the 2-body decays of vector
quarkonia V — £¢”, these latter processes are all sensitive
to scalar operators, as shown by the formulas presented in
Sec. III. Hence they potentially provide complementary
information.

In the previous section we computed the contributions to
the LFV quarkonia decays (LFVQD) to leading order.
Nevertheless, in order to reduce the hadronic uncertainties,
we will compute LEVQD as a double ratio, normalizing the
LFV channel to the experimentally measured lepton flavor
conserving decay to electrons:

BR(V
V= eeow prv = ). (27)

(A
BR(V — £¢') = BR(V S eo)re

where the subscript LO refers to the leading order expres-
sions derived in Sec. IIl and the subscript exp to the
corresponding experimental value [75]. We checked that
this introduces a small correction, in general a 2%—4%
reduction of the rates, with the only exception of Y (35),
whose rates increase by about 8%. The (pseudo)scalar
quarkonium decays to an electron-positron pair have not
been measured yet, therefore we just consider the LO
predictions for those decays. For all quarkonium decays we
include both lepton flavor combinations as final states,
Y~ and 7.

For the numerical analysis, we implemented the expres-
sions of Sec. III for LFVQD in the FLAVIO [76] python
code. This allows us to use the range of flavor observables
already included in the routine, as well as the renormaliza-
tion group evolution implemented by means of the

WILSON [77] package. The latter also includes the full
tree-level matching between SMEFT and LEFT
(cf. Appendix A), which we use in the following to explore
both EFT frameworks. When evaluating quarkonium proc-
esses, we set the renormalization scales for decays of
bottomonium resonances to their respective masses, while
the renormalization scales for charmonium decays are fixed
at u =2 GeV.

The numerical values for the masses, decay widths and
decay constants of the quarkonia we consider are collected
in Table IV. Notice that the total widths of the scalar
bottomonium states y,, have not been measured yet.
Following Ref. [78], we evaluate it using the theoretically
calculated partial decay width of the radiative decays
Xvo(nP) = Y(mS) +y and the experimentally measured
branching ratio BR(y,o(nP) — Y(mS) +y) in order to
obtain

lgso(nP) = Ym$) + 1),
o) = BR (0P = Tn8) T 1)y

For y,,(1P) the only available decay is y,o(1P) —
Y(1S) +7 with T(zp — YT(1S)+y) =238 keV [79]
and BR(y,0(1P) = Y(18) +7) = (1.94 £ 0.27)% [80].
For y,0(2P), we take the simple weighted average of the
total widths obtained from the decay rates to T(1S) + y and
Y(2S) +y, which have partial widths of 2.5 keV and
10.9 keV [79], and branching ratios of (3.8 & 1.7) x 1073
and (1.38 £0.30)% [80], respectively, with the errors
added in quadrature.
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TABLE V.

Indirect upper limits on the branching ratio of LFV charmonium decays considering a single nonvanishing LEFT operator

at a scale y € (my;, my). The intervals show how the indirect limits become stronger as y increases. The second column displays the

low-energy observable that gives the strongest constraint.

(a‘)/ chtor Tagg tensor operators. The operators cﬁ;{ifw Cxe;ﬁf.i > C;;S’fa. and C,, j; lead, respectively, to the same results as
Conijcer Conijec and Cpy i

Indirect upper limits on BR
Operator Strongest constraint J/w = ¢ w(2S) - ¢
Cliliece p— e, Au [1.6 — 0.07] x 10715 2.8 —0.2] x 10716
Clilitece 4— e Au [1.5—0.07] x 10715 2.8 —0.2] x 10716
Cliliiece p— ey [3.4—0.5] x 102! 7.8 — 1.4] x 10722
Coppe u— ey [2.6 —2.5] x 10726 [6.3 —0.5] x 1077
Cliltece T 5 pe 6.6 —0.1] x 107 (1.2 - 0.05] x 107
Cliribee T pe 6.5 —0.1] x 107 [1.2-0.04] x 107
Cliffiee T ey [1.2-0.05] x 10~"2 [23-02] x 10713
Copre T ey [1.7-1.6] x 10718 [4.7-3.5]x 107"
Clilgice T pu [4.5 = 0.09] x 107 [7.9 = 0.3] x 10710
Clilipee T pu [4.4—0.09] x 107 7.9 — 0.3] x 10710
Clilhee Ty (1.6 — 0.07] x 10712 [2.9-0.3] x 10713
Copouu T uy [22-21]x 10718 [6.1 —4.5] x 107"

(b) Scalar operators. We find similar limits for y(2S) — ¢¢"y, about a factor of 4 (2) stronger for the pe(z£) channels. See text for details

on how the indirect upper limits have been estimated.

Indirect upper limits on BR

Operator Str. const. J/w = ¢y ne = ¢ Yeo(1P) = £
Coiltiece p— e, Au (15— 1.4] x 102! 2.0 - 1.9] x 10720 3.4 32 x 1071
Coiltlece i — e, Au [1.5—1.4] x 107! 2.0 —1.9] x 10720 [3.4-32] x 107"
Cliltce T ey [1.7 = 0.003] x 10710 (6.8 —0.01] x 10~ [1.5 - 0.003] x 10~
CoRE . T ey 2.0 — 0.09] x 1071 (9.2 —0.4] x 107° [1.3-0.08] x 1077
Ciif,’zm Ty 2.2 -0.004] x 1071 8.7 = 0.02] x 10~ [1.9 - 0.003] x 1077
Coillce Ty [2.6 —0.1] x 10710 [1.2-0.05] x 1078 [1.7-0.1] x 1077

A. LEFT analysis

We are interested in assessing how large LFVQD are
allowed to be given the current constraints on any other
LFV process. We can already get a good feeling about the
answer to this question by working in the LEFT frame-
work, valid below the EW scale, and switching on only
those WCs that contribute directly to the LFVQD, which is
the a priori most favorable scenario for these processes.
Due to RGE effects these WCs will still generate other LFV
processes, including in particular strongly constrained
leptonic decays, which will actually tell us how large the
LFVQD could be without violating any existing bound.

We start showing our numerical results obtained by
switching on a single LEFT operator at a time. While
certainly being a simplified scenario, and probably unre-
alistic within many UV theories, we regard this as a useful
first exercise in order to assess the most relevant WCs for
the processes we are interested in. We discuss deviations
from this simplified assumption in the next subsection,

where we show the results of our analysis within the
SMEFT framework. The main results of our LEFT study
are collected in Tables V and VI

In Table V(a) we summarize the results for vector and
tensor operators with two charm quarks. The first two
columns list the WCs (following the notation presented in
Sec. II) and the most constraining process for a given
operator. In the last two columns, we quote the resulting
indirect upper limits on the branching ratios of J/y — £¢’
and y(2S) — ¢¢’ considering a single nonvanishing LEFT
operator at a scale u that we choose to be either the
quarkonium mass scale m,; or the Z boson mass scale m.
As one can see, the indirect upper limits become stronger as
the scale p increases, due to the larger separation of scales
(and thus a larger logarithm from the RGEs). Notice that the
choice u = my; corresponds to the arguably unrealistic
case that, right at the quarkonium mass scale, the single
nonvanishing operator is the one the induces LFVQD, thus
enhancing the latter process compared to other LFV
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TABLE VI. Same as Table V, but for bb states.

(a) Vector and tensor operators. The operators C, ;7. Cylppiis
CVHE L CTRR and C e
ed.ijbb> “ed.ijbb>

V.RR VLR  ~T.RR
C C Ceajipy» and C

ey,ij*

oy.ji 1€ad, respectively to the same results as CZ(;Li]Lbb,

Str. const. Indirect upper limits on BR
Operator Y(1S) - ¢ T(2S) - ¢ T(3S) - ¢
et ebb U — e, Au [1.1-0.08] x 10712 [9.9 —0.8] x 10713 [1.1 =0.1] x 1072
Coithip i — e, Au [1.1 —0.08] x 10~'2 [9.9-0.8] x 10713 [1.1-0.1] x 10712
CLiR, i ey [4.7-0.7] x 1071 [43-0.7] x 107" [4.8 —0.9] x 107"
Coye p— ey [1.6] x 10725 [1.5] x 1072 [1.6] x 1072
et 7= pe [3.1-0.2] x 107° [2.8—0.2] x 1076 [3.0 —0.3] x 1076
crR T = pe [3.1-0.2] x 107° [2.8-0.2] x 1070 [3.0 - 0.3] x 1070
crr T ey [4.0 = 0.6] x 107! [3.7-0.6] x 107! [4.1 —0.8] x 107!
Copre T ey [1.4] x 10717 [1.3] x 10717 [1.4] x 10717
g T— pu [2.1 -0.2] x 107° [1.9-0.2] x 107° 2.1 —0.2] x 107°
e T pu [2.1 -0.2] x 107° [1.9-0.3] x 107° 2.1 —0.2] x 107°
Coitinn T = uy [5.2-0.7] x 107" [4.8—0.7] x 10" [5.3-0.9] x 107"
eyt T =y [1.8] x 10717 [1.6] x 10717 [1.8] x 10717

(b) Scalar operators. The results for Y'(2S) are similar in size and the ones for Y (35) are slightly less constrained. See text for details on

how the indirect upper limits have been estimated.

Indirect upper limits on BR

n, = ¢

XbO(lP) - ffl

Operator Str. const. Y(1S) - ¢¢y

Coituen p— e, Au 9.2 5.6] x 1019
Cotyebd H— e, Au [9.2 —5.6] x 107"
rm T ey 7.6 = 0.1] x 10~
Coiteenp T ey [3.5-0.3]x 1078
Corl — 9.8~ 0.2] x 107
Cffribb T >y [4.5-0.3] x 1078

[1.2-0.73] x 10716
[1.2-0.73] x 10~'¢
[1.1 —0.02] x 1076
[5.3-0.4] x 107°
[1.4 —0.03] x 1076
(6.8 —0.5] x 107°

[3.0 - 1.9] x 10716
[3.0-1.9] x 1071®

[2.8 —0.05] x 107¢
[1.2-0.09] x 1073
[

3.7-0.07] x 107
[1.5-0.1] x 10~

observables. From an UV point of view this situation—if
possible at all—may require very unlikely cancellations or
correlations among the parameters. We still show this
possibility in order to encompass even tuned scenarios
favorable to LFVQD, although the case y = m  leading to
stronger bounds should be regarded as a more realistic
situation.

For tensor and dipole operators, the strongest constraint
arises from muon and tau LFV radiative decays. While the
dipole operator directly contributes to the radiative LFV

decay ¢ — ¢y, the tensor WC CZ(’R;;, contributes to
1,47 qq

Cey e via RG running. Instead, the vector operators
contribute to the dipole operator only at 2-loop in the
RG running, while the relevant vector operators for z — p?,

|

5

CR =M
(uN — eN) = 3652T
capt

X |mpS(P)pr + mnS(”)fGle

¢ = e, i, and p — e conversion in nuclei are generated at
1-loop, as illustrated by Fig. 1. Thus we find that z — p¢
and u — e conversion in gold provide the most stringent
constraints. We also find the same upper limits for operators
with exchanged chiralities, L <> R.

In Table V(b) we present the results for the scalar
operators. Scalar operators with heavy quarks contribute
to u — e conversion via gluon operators after integrating
out the heavy quark, see Appendix C 3. The dimension-7
gluon operators are not implemented in FLAVIO, but we
estimate the contribution of 2¢2¢ scalar operators with
heavy quarks to gluon operators following Ref. [49,96-98].

Neglecting other loop-induced operators, we find for the

1 — e conversion rate from the operator Cfgfﬁqq or Cf;,’ifeqq

| Ceglteqq (1 = my)[?

2 2
my

(29)
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where m, denotes the quark mass m;, ., X =R, L, N = p,
n the nucleon, fgy is the gluon form factor, S™V) the scalar
overlap integral, and I'c,,, the muon capture rate. As the
ratio Cyovqq/ m, does not run in QCD, the Wilson
coefficient at scale u can be obtained by multiplying with
the running quark mass at p. The expressions for the other
two 2¢2¢ scalar operators are obtained by replacing the
Wilson coefficients Co;eqq by Copanga-

Furthermore, scalar operators with same chirality con-
tribute to the RG running of the dipole operator at 1-loop
order and thus are strongly constrained by the nonobser-
vation of radiative LFV lepton decays. On the contrary,
scalar operators with mixed chirality do not contribute the
dipole operator at 1-loop order in the RG evolution.
However, starting from 2-loop order, there are contributions
which we estimate in the leading-log approximation as

H SRL (-
In| ———|C (i),
e n(max(mf,mc)) eaijec ()
(30)

e 16

Coypij(my) = '3

where we employed the 2-loop anomalous dimensions
calculated in [49]. Using this equation and setting ji = m
or the quarkonium mass scale m,;, we estimate the indirect
bounds for the scalar operators with mixed chiralities.
We find similar results for LEFT operators with b quarks
which are presented in Table VI. The strongest constraints
also originate from radiative LFV lepton decays for all
operators with the exception of vector operators where 7 —
p¢ and y — e conversion in gold provide the most stringent
upper bounds. The 2-loop contribution of mixed chirality
scalar operators to the dipole operator can be estimated as

Conime) =~ myn(E) e, ). 31

ey.ij\Mg) = (4ﬂ)43mb n my, ) eaiibh H)-
Looking at the results in Tables V and VI, one can already
get a good feeling about the most promising WCs and
decay channels. First, we see that there is no hope to study
LFV dipole operators via LFVQD. This should not be
surprising, since these operators generate the severely
constrained processes £/ — ¢y already at the tree level.
Tensor operators share the same fate, as large RGE effects
mix them to the dipole operators. Second, we note that the
eu LFVQD modes, if induced by vector operators, are less
suppressed but still far from the current experimental
sensitivities both for ¢¢ and bb states, cf. Table L. In this
case, the most relevant constraints arises from u — e
conversion in nuclei, whose bound is expected to improve
impressively in the next few years (see Table II) thus
suppressing even more our hope to observe gg — eu
decays.

Finally, the results in the 7 sector seem more optimistic
for future LEVQD searches. In the case of c¢ — £z decays,
we find maximum allowed rates at the level of

107 = 107192 which are about one-two orders or magni-
tude below the latest BESIII results for J/y — er,” and
may be partly within the sensitivity of a future super
tau-charm factory (STCF).4 On the other hand, we find
larger allowed rates for bb — ¢t decays, of the order of
1076 — 1077, This is a consequence of a combination of
phase space, narrower widths and smaller QED-induced
RGE effects, since b quarks carry half the electric charge
of ¢ quarks. Interestingly, the resulting rates for bb — £t
decays are at the level of current sensitivities, implying that
Belle II can probe these LEFT vector operators beyond the
reach of any other experiment. Notice that the results in
Table VI show that the sensitivities to new physics of
T(1S), T(2S) and Y(3S) are comparable, since the effect
of the different widths (I'[Y'(1S)] > T[Y(2S)] > I'[Y(3S)])
is largely compensated by the different masses and decay
constants, cf. Table IV. Hence, running the experiment
longer at the center-of-mass energy of only one of these
resonances may be a more effective probe of our LFV
operators than collecting data in shorter runs for each
resonance.”

The results for scalar operators reported in Tables V(b)
and VI(b) give a quantitative target for future experiments.
Indeed, they provide indirect upper limits for a number
of processes that have never been searched for, with the
exception of the Y(1S) — £¢'y modes. As shown in
Table I, the Belle collaboration has recently released the
first limits on these processes, which are about 2-3 orders of
magnitude above our indirect limits (for the £z modes).
Certainly, searches for the processes in Tables V(b)
and VI(b) are worth pursuing, since they are sensitive to
different LEFT operators—hence potentially to different
kinds of new physics—compared to the 2-body quarkonia
decays. However, one should point out that the UV
completion of some of these operators is not straightfor-
ward. For instance, one can see from Eqgs. (A10) and (A14)
in Appendix A that Cf;,RL and Cf;iRR match to no dimen-
sion-6 SMEFT operator at tree level.

Before moving forward, it is important to clarify that,
even if Tables V and VI indicate the most constraining

*The effectiveness of indirect constraints from tau decays such
as 7 — ¢p stems from the fact that the width of the J /y resonance
is about 7 orders of magnitude larger than the tau width. This
obviously contributes to suppress the branching ratios of the
LFV J/y decays compared to the tau ones.

3 Although BESIII has not provided results for J/y — ur yet,
we assume they can set a limit at the same level as the J/y — et
one, thus improving the current bound by almost two orders
of magnitude, cf. Table 1.

*In a ~3-year run, the STCF could produce ~10'3J/y decays
[19], that is, 1000 more than those employed by BESIII to set the
present constraint [21].

>0n the other hand the width of Y(4S) is about 1000 times
larger than that of T (3S), thus we do not expect that studying
exotic decays of the former resonance would be beneficial to
testing new physics.
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FIG. 2. Matrix plot showing how far the predictions for different LFV observables are from saturating their current bounds when
choosing maximum allowed values for each individual WC at u = my. X,Y € {L, R} with X # Y. For the zu sector, we find results
similar to those shown for the ze processes, with the exception of J /y — pr, whose limit has not been updated by BESIII yet, cf. Table L.

observable for each operator, these are not the only relevant
processes. In order to illustrate this, we show in Fig. 2 the
relative importance of different LFV processes for each
individual LEFT operator. For each WC, we take the largest
possible value (at u = my) that is still allowed by all
constraints. The rate of each observable is normalized to its
current experimental upper limit, so the closer it is to 1
(darker color), the more relevant that process is. We see,
for instance, that the three-body leptonic decays are also
important for constraining the vectorial operators, even if
T — p¢ gives the strongest bound at present. This fact is
important in particular when considering more complex
scenarios in an attempt to evade some of the bounds and
maximise the LFVQD rates, since suppressing the most
constraining observable given in Tables V and VI might not
be enough. We will discuss this point in the following
subsection within the SMEFT framework.

It is also interesting to compare these results with the
limits obtained from high-energy measurements of the tail
of dilepton distributions at the LHC [62], although it is
important to note that they are valid only if the NP scale is
high enough so that the EFT is still valid at the LHC (i.e.,
above a few TeV). We see that the LHC bounds in the last
column of Fig. 2 are several orders of magnitude weaker
than low-energy constraints in the pe sector, although they

are similar (even slightly stronger in some cases) for the 7¢
sector. This nicely shows the complementarity between
low- and high-energy LFV searches.

B. SMEFT analysis

Next, we consider the SMEFT framework. While it is the
natural EFT setup when the new physics scale lies above
the EW scale, it does not provide a valid description for
low-energy processes such as the LFVQD. Therefore, a
proper LFV analysis of our observables in terms of the
SMEFT operators requires a convolution of SMEFT RGE
[50-52] down to the EW scale, matching to LEFT [45], and
LEFT RGE [53] to the physical scale of interest, i.e., the
quarkonium mass. The first two steps introduce additional
contributions that might distort the LEFT results discussed
in the previous subsection.

Given the results of the analysis above, here we only
focus on LFV vector quarkonium decays, V — £¢'.
Moreover, due to the strong bounds from #; — £y, we
neglect the dipole operators and consider just the 2¢2¢
operators in Table III, with the exception of (’)Ep]e ;u) and
Opeau» since they induce large dipole operators through
RGE and are thus very tightly constrained.

In Fig. 3 we present the results for the single SMEFT
operator analysis for the ue sector, switching on at the scale
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Defining a single nonzero SMEFT WC at y = A, and assuming a perturbative coefficient |[C(A)| < 1, these bars show the

highest NP scale that each pe LFV observable can probe. Darker colors are for current bounds, while lighter ones are for future
sensitivities. For LFV quarkonium decays, we show the prospects assuming a future improvement of 1, 2, 3 orders of magnitude.

A just a single 2¢2¢ operator. We show for each operator
the maximum new physics scale that is being probed by
each observable, as accessing larger scales would require
of nonperturbative WCs, that is |[C(A)| > 1. The different
colored bars show the current limits (dark color) and future
reach (light color) for different observables. For LFVQD
(orange-red) we illustrate with different shadings possible
improvements of the sensitivity to the branching ratio by
one, two, and three orders of magnitude. The left (right)
plot shows the results for 2¢2¢ operators with second
(third) generation quarks, motivated by searches for LFV
charmonium (bottomonium) decays. For all operators,
searches for 4 — e conversion in nuclei (yellow), followed
by u4 — eee (blue) provide the most stringent constraints
with an expected improvement of one order of magnitude
in the future. Both LFVQD and u — ey (grey) are less
sensitive to 4-fermion 2¢2¢ SMEFT operators. If new
physics mainly generates the operators in Fig. 3 with

couplings C/A*> 2 1/(1000 TeV)? —1/(100TeV)?, we
thus expect that both u — e conversion in nuclei and ¢ —
eee will be observed at upcoming experiments, while y —
ey and LFVQD, such as J/y — eu and Y (nS) — eu, will
not. Hence any observation of LFVQD to ey would be a
most striking signal that cannot be explained in terms of a
single 2¢2¢ SMEFT operator.

Figure 4 displays the analogous results for the single
SMEFT operator analysis in the ze sector.” The different
colored bars illustrate now the sensitivity of LFVQD
(orange-red), 7 — eee (blue), 7 — euji (green), 7 — pe
(yellow), 7 — me (purple), Z — et (dark red) and the
radiative decay 7 — ey (gray). We find that current con-
straints (dark color) for LFV 7 decays provide the most

®Similar results are obtained for the i sector with the
only exception being J/w — put, for which there is no BESIII
analysis yet.
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FIG. 4. Same as Fig.

stringent constraints. Nevertheless, if the sensitivity of
LFVQD searches is improved by 2—3 orders of magnitude,
they may probe currently unexplored new physics scales A
for some of the operators. While this observation is in line
with the results of the above LEFT analysis for J/y — ez,
the results for Y'(nS) — ez in Fig. 4 look somewhat less
optimistic than those obtained within the LEFT framework,
cf. Table VI.

The origin of these strong constraints for some of the
operators involving b quarks is precisely the above-
mentioned additional RGE effects that SMEFT operators
are subject to. In particular, diagrams obtained by closing
the quark loop of a 2¢27 operator can contribute to the
lepton-Higgs operators displayed in Table III, which induce
LFV couplings of the Z boson, see Egs. (A19) and (A20).
In turn, such couplings give rise to both LFV Z decays and
all kinds of LFV 4-fermion operators (2¢2¢ as well as 47)
through the matching shown in Appendix A, see, e.g.,
Ref. [27]. Due to the large coupling to the Higgs field, this
effect is particularly pronounced for those operators
involving top quarks and it enhances the relative impor-
tance of LFV r decays and Z — er compared to LFVQD,

I10‘2 107"

m Y(1S)—»er mm 7> eee mm ToEUl mm T > pe

T e mZ-er mT-oey

1
Cg’q) 7€33

3
Cg’q) 7€33

Cru, re33

Cr, re33

qu, 3371e

Ceu, 7e33

Ced, 7e33

1072 107" 1 10
A[TeV]

3 for the e sector.

as can be seen in the right plot of Fig. 4. Interestingly, this
plot also shows that, in line to the observations in Ref. [27],
a Z-pole run of future e ™ e~ colliders such as the FCC-ee or
the CEPC would probe these operators through Z LFV as
well as (or better than) Belle II will do searching for LFV 7
decays. On the other hand, operators that do not involve top
quarks will not generate large Z LFV effects (e.g., Czy;epp
and C,,..p) and can be probed better by searches for
Y(nS) - er (and LFV 7 decays) than Z — ez. This
provides an interesting example of the complementarity
between low-energy and high-energy searches for LFV
phenomena.

As in the previous LEFT analysis, switching on a single
WC is a good first approach to analysing the LFVQD.
However, it is a somewhat unrealistic scenario for any
UV-complete theory. Unless some additional symmetry is
present, we could expect that several of our SMEFT
operators are generated at the new physics scale A where
we can integrate out the new degrees of freedom, and this
could induce possible interferences and cancellations
among different operators, changing the conclusions drawn
above. Indeed, this is not an unlikely outcome, given the
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FIG. 5. Contours of BR(J/y — e7) as a function of the Wilson
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coefficients C,y ;00 and C,, ., (top panel) and C,, ;02 and C,, .,

(bottom panel) at A = 1 TeV. The light colored regions are allowed by the current constraints on 7 — eee (blue), 7 — ze (green),
7 — pe (orange). The dark colored regions show the respective future sensitivities and, in addition, that of Z — ez (red).

interplay among 2¢2¢ operators and RGE-induced lepton-
Higgs operators that we have just discussed.

In order to explore possible deviations from the single
operator analysis, we now turn to a two-operator SMEFT
analysis in the ze sector. In Figs. 5 and 6 we show the
resulting LFVQD branching ratios as functions of the 2¢27
and lepton-Higgs Wilson coefficients on a logarithmic
scale. We choose the lepton-Higgs WC to be positive,
hence in the right panels both WCs are positive, while in the
left panels the 2¢2¢ WC is negative. The top panels show
results for operators involving right-handed quark currents
and the bottom panels for left-handed quark currents. For

illustration purposes, we only show results for right-handed
lepton currents but we find qualitatively similar results for
operators built from the corresponding left-handed cur-
rents. Notice that we set A = 1 TeV for all plots.

The light-colored regions in Figs. 5 and 6 are allowed by
the present bounds on 7 — eee (blue), 7 — me (green), 7 —
pe (yellow). The corresponding darker colors indicate the
future reach of these processes, that is, how negative results
of future searches would reduce the allowed parameter
space. Besides those three 7 decays, we display the impact
of the future sensitivity on Z — et (red), while we do not
show its current bound, as this process is not sensitive
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FIG. 6. Contours of BR(Y(1S) — e7) as a function of the Wilson coefficients C, .33 and C,,, ., (top panel) and C,, .33 and C,, ..

(bottom panel) at the scale A = 1 TeV. Colors as in Fig. 5.

enough to constrain the displayed WCs at present. The
plots show that constraints from LFV Z (future) and 7
decays are generally more relevant than LFVQD, in line
with the results previously shown in Fig. 4. However, there
exist nontrivial relations among the Wilson coefficients that
can lead to cancellations in one or more of the decay rates.
These are visible as flat directions, where the contour lines
or the shaded regions extend to arbitrarily large values of
the Wilson coefficients. The cancellation is generally only
possible for a single observable in a given direction, so that
the overall bound on the size of the WCs is not much
affected. In other words, most of the times different LFV ©
decays are complementary and cover each others flat

directions. There is, however, the possibility of an in-
triguing simultaneous cancellation in all observables with
the exception of Y(1S) — ez, as shown in the bottom right
panel of Fig. 6. This means that, along that direction,
BR(Y(1S) — er) is not subject to indirect constraints from
LFV t decays and can in principle be as large as to saturate
the present experimental limit.

These flat directions can be understood by looking at the
leading order running and matching conditions of our two
EFTs. The LFVQD branching ratio for right-handed
charged leptons is proportional to the square of |Vg| in
Eq. (9), which can be expressed in terms of SMEFT
operators at the matching scale y = m, following the
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relations in Appendix A. Neglecting RGE effects, the
amplitude for J/y — et is then proportional to

8
vR 53 Ceu,1e22 + qu,227:e + (1 - gs%v> C(/Je,re

~ Ceu,r(322 + qu~221:e + 0'4Cgoe,re7 (32)

where s,, = sinfy, is the sine of the weak mixing angle.
Then, we clearly see that there are flat directions with
vanishing V, which can be observed in the left panels of
Fig. 5. Similarly for Y(1S) — ez the amplitude is propor-

tional to
* 4 2
VR & Ced,re33 + Vithque,ijTe - 1= gsw C(pe,re
~ Ced,‘re33 + V?bvjbcqe,ij‘re - 0'7C(pe.‘:e’ (33)

where V is the CKM matrix. Notice that the relative sign
between the C,, and the 2¢2¢ operators is now opposite,
hence the flat directions for Y(1S) — et appear in the right
panels of Fig. 6.

Understanding the flat directions for the other LFV decays
in the figures is more involved. The reason is that the 2¢2¢
operators we are switching on at y = A do not generate
directly any of these processes, therefore we need to consider
their RGE effects that induce the relevant WCs: 2¢2¢
operators with uii or dd, 4¢ operators and lepton-Higgs
operators. In general, the dominant contributions’ come from
the gauge RGEs [52], whose coefficients depend on the
quantum numbers of all the involved particles. This means
that the RGE-induced WCs will be different for each
observable in each panel, so in general we can expect that
the flat directions, if any, will be different for every observ-
able. Indeed, by doing this exercise and solving the gauge
RGEs in the leading log approximation, it is straightforward
to reproduce almost every flat direction in Figs. 5 and 6.

The only exception is when the third generation of the
quark doublet is involved, as in the lower panels of Fig. 6.
Even if we were interested just in bottom quarks, the same
SU(2), -invariant operator involves the top quark, whose
large Yukawa coupling dominates the RGEs over the gauge
contributions. In particular, this Yukawa term induces a
large lepton-Higgs operator [51], which in the leading log
approach is given by

6Y? u
Clpe.re (/’t) ~ 167;2 IOg (X) Ceq,‘re33 (A) . (34)

Due to this large contribution every observable, but the
LFVQD, in Fig. 6 is completely dominated by the

’As the LEFT 2q2¢ vector Wilson coefficients do not receive
1-loop QCD RG corrections, it is enough to consider the SMEFT
running.

lepton-Higgs operator, either by the one we switched on
directly at u = A (if C,, ~ C,,) or by the RGE-induced one
(if C,, < C,,). In between, these two contributions com-
pete and can actually cancel each other. In other words,
along the common flat direction in the right panel of Fig. 6
both effect conspire in order to have C,, ., (4 = mz) ~0,
suppressing all the constraining LFV processes at the
same time.

This last result is just an example pointing toward the
LFVQD as the only observable to explore this kind of flat
directions along which all the other observables vanish.
Notice however that these cancellations do not necessarily
exactly hold at higher orders, which we did not include in
our analysis. Nevertheless, even if these higher order terms
would spoil this perfect cancellation, we still expect a
strong suppression in all these LFV processes, leading the
LFVQD as our best hope to explore these directions of the
parameter space.

V. SUMMARY AND CONCLUSIONS

In this paper, we have addressed the prospects of testing
new physics in LFV decays of c¢ and bb bound states and,
more in general, studied the low-energy phenomenology of
LFV 2427 operators with two charm or bottom fields.
Within an EFT framework, we could identify in a model-
independent way the muon and tau LFV processes that,
through radiative effects as illustrated in Fig. 1, indirectly
limit the rates of processes such as J/y — £,
J/w = €€y, Y(nS) - £¢' etc., which can be sought at
BESIII, Belle II, and the proposed super tau-charm factory
(STCF). Our analysis goes beyond previous work by
considering both LEFT and SMEFT and in the number
of considered processes. The main results of our work can
be summarized as follows.

(1) In Sec. III, we recomputed the rates of vector
quarkonia LFV decays (with or without the emission
of a photon) as well as those of (pseudo)scalar
quarkonium states. We found good agreement with
analogous calculations published in Ref. [58] and
Ref. [72] with the appropriate adjustments for
neutrinos in the final state, apart from minor
differences with the results for vector quarkonium
decays in Ref. [58], see Sec. III A and Appendix B
for details.

(i) Indirect limits, obtained within the LEFT, for a
comprehensive list of LFV decays of heavy quar-
konia are shown in Tables V and VL.

¥At the level of precision of our calculations, analogous flat
directions can be observed in the ue sector. However, given the
strong constraints set by muon processes, they require fine-tuned
cancellations that will likely be destabilized by higher-order
corrections. For these reasons, we refrain from a detailed
discussion of this possibility.
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(iii)

@iv)

)

(vi)

(vii)

(viii)

(ix)

For flavor violation in the pe sector, u — e con-
version in nuclei and y — ey set such strong con-
straints on the relevant operators that the rates of the
processes we considered are bound to be way below
the most optimistic future expected sensitivities,
e.g, BR(J/y = eu) 1071, BR(Y(nS) - eu)<
102, Observing processes of this kind would then
be a striking signal of some new physics not
captured by our EFT framework.

In the case of flavor violation in the zZ sector, the
maximum allowed rates for c¢ — 7 decays are at
the level of 10~ — 1019, about one-two orders or
magnitude below the latest BESIII bounds, and may
be within the sensitivity of the STCFE. The maximal
rates for bb — £t decays can be larger, of the order
of 107° — 1077, that is, at the level of the current best
limits set by B-factory experiments, cf. Table I.
Hence Belle II has the potential to test new physics
by searching for LFV bottomonium decays.

Our LEFT analysis did not consider possibly rel-
evant effects of the running of the operators above
the EW scale, nor possible cancellations among
different operators. Both these effects are analyzed
within the SMEFT framework in Sec. IV B.

As shown in Fig. 4, the SMEFT running tends to
increase the relative importance of the constraints
from LFV tau decays compared to J/w — £7 and
Y(nS) —» £r. As a consequence, for most 2¢2¢
operators, an improvement of three orders of mag-
nitude on the experimental sensitivity to the latter
processes would barely suffice to test new physics
scales at the level of LFV tau decays.

This effect is particularly pronounced in the case of
operators contributing to Y(nS) — £z that involve
top quarks. Interestingly, such operators could be
better tested not only through tau decays by Belle I,
but also by searches for LFV Z decays, Z — 77,
at a Tera-Z run of a future ete™ collider up to
scales ~10 TeV.

On the other hand, Y(nS) — ¢z (and LFV tau
decays) are more sensitive than Z — £7 to operators
that do not involve top quarks. This provides a nice
example of the complementarity between low-energy
and high-energy searches for LFV phenomena.

If the new physics effects are not dominantly
captured by a single SMEFT operator, cancellations
(accidental or perhaps induced by symmetries of the
UV-complete theory) among different contributions
to the LFV decay rates are possible. In particular, we
showed in Fig. 6 an example of a flat direction,
along which all tau decays are suppressed and thus
Y (nS) — £t can saturate the present experimental
bounds. A qualitatively similar picture is obtained
when considering operators involving left-handed
instead of right-handed lepton currents.

(x) As a by-product of our analysis, we revisited the
prospects for pe flavor violation induced by 2¢2¢
operators with heavy quarks, see Fig. 3. This can be
observable by Mu3e and Mu2e/COMET up to new-
physics scales ~1000 TeV, while no other LFV
process (in particular 4 — ey) should be observed if
these operators are the main source of flavor
violation. Hence, if both 4 — eee and u — e con-
version in nuclei are detected and the orders of
magnitude of their rates are comparable, that would
be an indication of this kind of operators as the
origin of lepton flavor violation. In contrast, new
physics dominantly inducing 4-lepton operators
would give BR(u — eee) > CR(uN — eN), while
it would be the other way round for 2¢2¢ operators
involving light quarks. This nice interplay of differ-
ent processes highlights once more the model-
discriminating power of the upcoming campaign
of searches for LFV muon decays.
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APPENDIX A: EW-SCALE LEFT-SMEFT
MATCHING

As discussed in Ref. [45], at the EW scale, the SMEFT
operators shown in Table III match to the dipole operator in
Eq. (2) as

A

v
Coppr =
np \/E[\2

Here and in the following, C denote the WCs in the flavor
basis. The corresponding WCs C in the physical mass
basis are obtained by applying the unitary transformation

(Cepprcos@y — Coy pysinfy).  (Al)
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j‘X = X fx, where hatted fields are in the flavor basis, and
unhatted fields in the physical mass basis, f = u, d, e, v
and X = L, R. Throughout this work, we work in the
basis where R, 4., = L, ., = 1, the identity matrix, and
Ld = VCKM’ the CKM matrix.

The LEFT-SMEFT matching for the 2¢2¢ operators in
Eq. (3) reads

. I ‘ 92
eVt~ Lclh c® -9z (Ze) pr1Zut )51

eu,prst — A2 Cq.prst — < Lq.prst m%
(A2)
. 1 97
V.LL (1 (3) z
Ced,prst = F (qu),prst + qu,prst) - m—% [ZEL]pr[ZdL]Sh
(A3)
N Coupr 7>
CZfﬁRrst = 6;\7’2'”1 - m_Z% {ZeR]pr[ZuR]st’ (A4)
N C 2
V.RR dprst 9
Ced.prst = eAg - - ;Z% [ZeR]pr[ZdR]sn (AS)
2 Cfu. rs 92
Cgﬁ%pli’st = Ag ‘- m_Z% [ZeL]pr[ZuR]st’ (A6)
N C 2
V.LR td.prst G
Ceirn =05 g etlplaeler (A7)
N Ce. 7>
Cl‘:e;{‘plist = q[e\gr” - m_Z% [ZeR]st[ZuL]prv (AS)
N C ‘ 2
V.LR _ “qeprst 9z
Cde,prsr - ’1/‘\127 == m_% {ZBR]SI[ZdL]pr’ (A9)
Coeprst = 0, (A10)
- Ctedq.
esfl, =L (any
(1)
~ Cfe u,prs
s, — - Ceeanpnn, (a12)
3)
. C
ras, - - Sheap (A13)
Codpras = 0. (A14)
Coilpra = 0. (A15)

and that of the 4-lepton operators in Eq. (4) is

9

2
o Ct’f,prst _ 9z

AZé{}JI;’st_T 4m%[ eL]pr[ZeL]st_rn/l%[zeL]pt[ZeL]sr’
(A16)
" C , 92 92
Zeﬁﬁ’ﬂ = e["\lz’”’ _é [ZeR}pr[ZeR]st _@ [ZeR]pf[ZeR]sr’
(A17)
~V.LR Cfe.prxt g%
ee.prst = A2 - m_% [ZEL]pr[ZER]Sl' (Alg)

In the above expressions, the effective interactions of the Z
boson read

1 . 1 1}2 1 3
[ZeL]pr = |:5pr <_§ + Slnzew) - EP (C((/)b)’,[?r + C((ll'fzspr):| ’

1 »?

[ZeR]pr = |:5pr(Sin29W) - EF C¢6»Pr:| > (A20)

1 2. 102, 3
[ZuL]pr = |:5pr (5 - §SIH29W> - EF (C((ﬂq)»Pr - C((/”I)P’):| ’
(A21)

2 . 1 22
Zok = {51,, (—gsme) _EFCW*P’]’ (A22)

11, 10°
a0 (=5 St ) 1l €

3 242
(A23)
1. 1%
Zar) pr = [5,,, (3 sm2ew> _2/\2C‘”d"’r} (A24)

For simplicity, we set all other SMEFT operators to zero,
when defining the theory at the high scale, in particular,
those involving Higgs fields together with gauge field
strengths or Higgs fields only. While other Higgs operators
will be generated by RG corrections, in particular LFV
lepton-Higgs operators, the latter ones will not [50-52].
Hence, under this assumption, the Higgs vacuum expect-
ation value, the Z coupling and the Weinberg angle receive
no corrections and they are simply given by the usual SM
definitions. In particular, in the above expressions, one has
g7 = e/(sin @y, cos Oy ). For these reasons, the above for-
mulas are somewhat simplified compared to the full ones
presented in Ref. [45].

Given our choice of basis, the only nontrivial relations
between WC in the flavor and physical mass basis for
neutral-current LFV 4-fermion LEFT operators are
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V.LL __ AV.LL * V.LR __ /AV.LR *
Ced,prxt - Ced,pruhvasvbl’ Cde,prxt - Cde,ahxtvapvbr’
S,RL  __ AS.RL S.RR  _ /S.RR *
Ced.prst - Ced,prsa Vat’ Ced,prst - Ced.pratvas’
T.RR _ A/T.RR *
Ced.prxt - Ced,pratVuS’ (AZS)

where V;; are entries of the CKM matrix. For all other
Wilson coefficients of LFV LEFT operators, the flavor
basis agrees with the mass basis by construction.

Qe

M:

X, my

APPENDIX B: CALCULATIONAL DETAILS
FOR RADIATIVE LFV VECTOR
QUARKONIUM DECAYS

This section provides additional calculational details for
the radiative LFV vector quarkonium decay presented in
Sec. IIB. The full matrix element for V(P,ey) —

¢i (pi)¢; (pj)r(q.€) is given by

T 1(P-q)(ey - €)= (P-€)(q - ey)|i;[(Sk + Sgx,)Pr + (Sp + Spx,)Py]v;

Qqe . _ = =
+ . ;3 i€4pu P "€y e ;[ (P + iPgx,)Pg + (P} + iPyx,)Pp]v;

YtV

Q.e . e
+ﬁl€aﬁyuqﬁ€g€ Yiy*(AgPr + AL PL)v;

yMmy
e 2p;-€" + 2p;-€" +
+ sz’ VLui|: Pi ¢*%¢VPL _ ¢VPL pj d¢*:| 'Uj
2 2pi-q 2pj-q
e 2p;- €+ 2p;-€"+
+ O VRﬁi[ B ¢*¢¢VPR_¢VPR7PJ Wﬁ v;
2 2pi-q 2pj-q
2ieQy . _ |2pi-€ +¢'¢ 2p;-€ +qd"
o R
2ieQs . _ |2pi-€ + ¢4 2p;-€ +4¢"
e e e e e oY
|
where the first three lines originate from initial state  The differential decay rate is then given by
radiation and the last four from final state radiation. The
coefficients are defined in Egs. (8), (9), and (13). The dr’ my W (BS)

relevant scalar products are
P-g=m}x, /2, p*=mi}. ¢*=0,
2 2

m m
pi=yimy, P-pi=='x, P-q=="x, (B2)

and the products of the final state momenta are

2
m
Pi'PjZTV(l—)’%—)’f—xy),
2
m
pitq == (147 =y =x), (B3)

where the variables x and y are defined as x; = 2E;/my and
yi=m;/my, and the x; satisfy the relation x; +x; +x,=2.
Similar expressions apply for i< j. Using FeynCalc
[69-71], we calculate the summed and averaged squared
matrix element

1
MP =3 37 IMP.

spin,pol

(B4)

dx;dx, 2561
with

x, < xp < xp

(B6)

2y, <x, S 1+ y2=yi =y =2y,y..

1
_ (2 = 1 2 2 V2
2(1 = x, +12) [(2=xa)(1 +ya + y; — ye — X4)

£ \/xg = 4yaa 2 (14 3G — %092,

where we choose a =y, b = i and ¢ = j. In the following
we do not consider operators which are also constrained by
the LFV 2-body decay, i.e., we set Vg =T x = 0 and
thus only the contributions from initial state radiation
contribute. Furthermore, we assume a hierarchy among
the final state lepton masses. The results slightly differ
depending on which of the lepton masses is neglected,
because the chirality of the massless lepton determines
which operators interfere, e.g., if the lepton is massless the
relevant chirality is the one of the first lepton field L,  in

+
X, =

(B7)
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the bilinear, while it is the second lepton field L, e for massless antileptons. We find, for the limiting case where either the
lepton or antilepton is taken to be massless,

dr anmV
dr 19;712 [(JALP? + |Ag[*)ga(x,. ¥) + I'gpalx,. y)
14
+ (IS0 + Spx, |* + Sk + Sex, [P+ [Py + iPx, [* + [Py + iPRx, [*)gs(x,, )], (B8)

where y = y; (y = y;) denotes the nonzero (anti)lepton mass and the interference term is given by

. { +Re(AL (P} + iP}x,)" + Ag(P + iPkx,)*) fory=y; #0,y; =0, (B9)
—Re(A, (P, + ii’%xy)* + Ar(P, + iP’ny)*) fory, =0,y =y; #0,
The kinematic functions are given by
x(1=x—y»)2(2x% = (6 + y?)x + 4 + 5y?
ga(x,y) = ( I ( 3 ) ),
6(1—x)
_x(1-x—y?)?
gS(x’y) - 2(1—)(,') ’
yx(1—x—y?)?
) =2 m Xy B10
gPA(x y) (1-)(')2 ( )

We find agreement with the results in Ref. [72] taking into account that the latter work studied final states with neutrinos
instead of charged leptons. We also find agreement with Ref. [58] for the scalar contribution up to a prefactor, but our result
differs for the axial-vector contribution.

APPENDIX C: OBSERVABLES FOR INDIRECT CONSTRAINTS

In this appendix we collect the analytical expressions for the computation of the LFV observables we studied in this work
and used to set indirect limits on the LFVQD. They are given in terms of the LEFT Wilson coefficients, with the exception
of the LFV Z decays that are given in the SMEFT. All these WCs are to be evaluated at the relevant scale, that is, setting y to
the mass of the decaying particle.

1. Radiative LFV decays: ¢; — €y
Neglecting the mass of the final-state lepton, the branching ratio for #; — £y reads [100]:

m3
my.
4zl

BR(l’ﬂi - ij) <|Ceyjl| + ‘Cey l]| ) (Cl)

where I'y, is the total width of the decaying lepton.
2. 3-body LFYV decays: ¢; — fjfk?m

For j = k = m, i.e., the decays u — eee, 1 — eee and 7 — puji, we have [27]

5
my, V.LL |2 V.RR |2 V.LR 2 V.LR |2
(f - fjf/fj) 3(16 )3F {16|C€€jljj| + 16|Ceejtjj| +8|Ceejljj| +8|C€€jjjl|

256¢% ( my 11
|C§eRﬁ//|2 + ‘CgeRffulz + 2 (10g—2' - Z) <|Cey,ji|2 + ‘Cey,ij|2>
my, my,

4
_ 6_6 Re [(ZCV LL o VLR Mo (ZCV RR | CV.LR )C., i } (C2)

eejt/j ee,jijj eyjl eejtjj ee,jjji
mfl_

Similarly, for j # k = m, that is, the decays 7 — euji and 7 — pee, we find [27]
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5

Z My, V,LL V.RR V.LR V.LR
BR(¢; = £6,6)) = m {8|Cee,jikk|2 + 8|Cee,jikk|2 + 8|Cee,jikk|2 + 8|Ceé,kkij|2

25662 m;
+ 2|C§éﬁ§kk|2 + 2|C§fl§aj|2 + e (logm—z’ - 3) (ICepjil* + Cepis*)
i

Cx
_ %Re[(CV.LL + CV.LR ) * + (CV,RR + CV.RL )C }} (C3)
my ee,jikk ee,jikk/) ey, ji ee,jikk ee kkji) > ey.ijl (+

In the above expressions the masses of the lighter leptons have been all neglected.

Finally, notice that the case j = k # m corresponds to processes with |[AL,| =2, [AL,| = |AL,| =1 or |AL,| =2,
|AL,| = |AL,| =1 (z > eepp and 7 — upe) that are never relevant to constrain the hadronic LFV decays we are
interested in.

3. u — e conversion in nuclei

The conversion rate is defined as I'(uN — eN) /T, (N), where ', (N) is the capture rate of muons by the nucleus N
[96], and the uN — eN transition rate is given by is [49,96-98]

2

5
1
['(uN — eN) = My —C* D _~_4(mpcg1]’e)5(p) + C%v(m +p—n)

4 {m, "
", (») (7) 2
1|7 CereuD +4(m, Co SW 4 v +p - )|, (C4)
"
where
N
CE/R) = Z (Cae'doen + Ciivuaa)f 5;113/’ (Cs5)
q=u,d,s
SRR S,RLx* * S, RR* S,RLx*
(N) _ Cegpeqq + Cegyeqq (q) CeGG e _ L Cegueqq + Cegyieqq
Csr = Z m Fsn+ a 127 Z m Fan: (C6)
q=u,d,s q s q=c,b q
N . \
CE/L) = Z (nglLeI;qq + ng'%qq)f g/q,z,, (C7)
q=u,d,s
S.RR S.RL S.RR S.RL
N _ Cegengg + Ceqenag pq) | |CecGeon 1 Cegenqq + Cegengq
CSL - Z m fSN + a 1271_ Z m fGN’ (CS)
q=u.d,s q s q=c.,b q
with N = p, n. The nuclear vector form factors are determined from vector current conservation
u d d u s s
foy=fim=2  fo=fin=1  fi,=fu=0 (€9)
and we follow Ref. [49] for the nuclear scalar form factors
f8=(208£15)x 107, fi) = (41.1£28)x 107, fi = (53£27) x 1073,
= (189 +1.4)x 1073, £ = (451 £2.7) x 1073, (C10)

The scalar form factors for up and down quarks are taken from Ref. [101] and the ones for the strange quark have been
obtained on the lattice [102], which can also be determined using effective field theory [103,104]. See also Ref. [105] for a
recent calculation of next-to-leading order contributions. Finally, the form factor f is related to the nuclear scalar form
factors of light quarks
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faov=1-3_ 5.

q=u.d,s

(C11)

The overlap integrals D, s s yr) and V) for the
different nuclei have been calculated in Ref. [96]. For a
recent reassessment see Ref. [106].

4. Semileptonic LFV 7 decays: = -» P?, © - V¥

Expressions for the z — V¢ processes, with £ = e, y and
V = p,¢ a vector meson, in terms of the LEFT Wilson
coefficients can be found in Ref. [107]. The branching ratio
reads

BR(T - Vl/ﬂ) = |MT—>Vf|2’ (CIZ)

where A(a.b,c) = a*+ b* + ¢* —2(ab + ac + bc). The
squared amplitude is given by

2 _ iV 2 T 2
|MT—>VZ€| - ‘M‘[—ﬂ}f‘ + |MT—>Vf| + IT—’V/’ (C13)
where the first term comes from couplings of the meson to
leptonic vector currents, the second one is due to tensor
currents, and the last term is the interference of the two:

TAqV 2
|MY—>W’| — £V|2 4 |grfv 2)

[<|gVL VR

2 2\2
X((mf sz) —|—m%+m3p—2m%>

NS

— 12m,mRe(g¥¥ (65)*)].

(977 = 372 P + lo7%’ + G’ 1P)

X (2(m3 = m2)? = m3,(m3 + m3) — m)

N =

T 12
|MI—>VK| =

- 12m%,m,mfRe((gTT‘;eV + g’TQ’)

1A% ~‘nf’V)*)]’

x (977 — 911 (C15)

IT—>Vf = 3m‘r<m12' - mLZ” - m%})Re(g‘f/fLV(g;ka + g;"f;?v)*

R~ G+ me o = 2 = )

x Re(gifg (95 + 3% )" + oV (g7 = G57)")-

(C16)

In terms of the LEFT Wilson coefficients, the effective
couplings appearing in the above expressions read in the
case of decays into a p meson

V.LL V.LL V.LR V.LR
“p 1 Ceu,f‘mu B Ced,f'rdd Ceu,f‘ruu B Cedfrdd
9vr = Em/)f/) )

V2 V2

(C17)

V.RR V.RR
C -C

1 CVLR _ VLR
g'nf’p:_m f eu,ltuu ed,ftdd ue,uut’c de.ddtt
VR 2 pJp \/z \/§ 5
(C18)
‘ engtun = Cedutad f
Cp _ pT " eugluu ed,t P
gTL/ _fp \/E - \/Eem_pce“f’ (C19)
CT-RR  _ CT.RR ¥
‘p T “eultuu ed,ltdd P
g;Rp - f/) \/E - \/Eem_p Cey.f‘rv (CZO)
CT-RRx _ ~TRR+
~Tlp T ~eu,sluu edfdd
Ir. =—f, , C21
TL P \/E ( )
T.RR _ ~T.RR
~Tt eu,ltuu d,ftdd
Ik =1, 7 e, (C22)

where f, it the decay constant of the p meson, and pr is the
transverse decay constant.

The corresponding effective couplings for the case of the
¢ are

1
14 s
i l CV-RR CVLR C24
9vr = 2m¢f¢( ed,ltss + de.ssfr)’ ( )
2 f
A * *
gTL¢ = fZ;Cerli'I;ss + 3 e m_jb ey, il (CZS)
(A4 f
gTR¢ = ;;C:z}l,eflis\ + g e mii Ce}’-f‘:’ (C26)
~Tf *
g’I‘L¢ = _fz/;C:z;lI,erl;ss’ (C27)
~T8

As for the case of the decays into a vector, we can
find the expressions for the decays into pseudoscalar
mesons in Ref. [107]. The branching ratio for 7 — P¢,
with £ = e, p is

A(m2, m?, m%)

BR £)= [Mo_ps?. (€29
(T - P ) 167Tm§FT |MT—>'PK| ( )
where
—_— 1
Mol =5 (2 4 = m) (517 + L)
-+ 2m1mbﬂRe<ng77(g‘lr{P)*), (C30)

with
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‘P __  ifP ‘P P
9L =95 —megy, + mGyg .
‘P _  ilP ‘P ‘P
9~ =Ygsg —megyg +m.gyp . (C31)

The effective couplings of z° to leptonic currents are

2
gﬂfﬂ . fﬂmﬂ
SL —
V2(m, + my)
S,RL* S,RR* S,RL* S,RR*
Ceu.rfuu - Ceu,n”uu _ Ced.rfdd - Ced,nf’dd
2 2 ’

(C32)

e - fam
o \/i(mu + md)

S,RL S,RR S,RL S,RR
% <Ceu,f‘mu B Ceuffuu _ Ced,f‘rdd - Ced.ffdd)
9

2 2
(C33)
won _ In Contvuu = Coiéraa B Contrun = Coditrad
gVL \/E 2 2 ’
(C34)

V.RR V.RR V.LR V.LR
grfn — ﬁ Ceu.f‘mu B Ced,f‘rdd _ Cue.uuff B Cde,ddf‘r

VR \/’2' 2 D) .
(C35)

5. LFV Z decays

The branching ratios of LFV decays of the Z boson are
given by [27,56,108]

my ij
BR(Z = £16)) = 132 [l9V&[> + lgv. |
M3 (0GP 4 gl C36
+ > (lg7rl™ + lg7L1)]. (C36)
with
. e
o ¢z
VR sin&WCOSQW[ erlij
. e
9y, = (Zelijo (€37)

sin Oy, cos Oy,

i

P /L) .
ngZR =0 TL — —W<Slngwce&” =+ cos QWCeW,ij)’

(C38)

where the LFV Z couplings Z,; , Z,r are given in terms of
WCs of lepton-Higgs operators in Egs. (A19) and (A20).
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