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Within an effective-field-theory framework, we present a model-independent analysis of the potential of
discovering new physics by searching for lepton flavor violation in heavy quarkonium decays and, more in
general, we study the phenomenology of lepton-flavor-violating (LFV) 2 quark-2 lepton (2q2l) operators
with two charm or bottom fields. We compute the constraints from LFV muon and tau decays on the
new-physics operators that can induce LFV processes involving cc̄ and bb̄ systems, thus providing a
comprehensive list of indirect upper limits on processes such as J=ψ → ll0,ϒðnSÞ → ll0,ϒðnSÞ → ll0γ
etc., which can be sought at BESIII, Belle II, and the proposed super tau-charm factory. We show that such
indirect constraints are so stringent that they prevent the detection of quarkonium decays into eμ. In the case
of decays of quarkonia into lτ (l ¼ e, μ), we find that an improvement by 2-3 orders of magnitude on the
current sensitivities is in general required in order to discover or further constrain new physics. However,
we show that cancellations among different contributions to the LFV tau decay rates are possible, such that
ϒðnSÞ → lτ can saturate the present experimental bounds. We also find that, interestingly, searches for
LFV Z decays, Z → lτ, at future eþe− colliders are complementary probes of 2q2l operators with third
generation quarks.
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I. INTRODUCTION

The lack of conclusive evidence for new physics (NP)
at the Large Hadron Collider (LHC) makes it crucial to
pursue a diversified experimental programme in search for
Nature’s next fundamental energy scale beyond the electro-
weak (EW) one. With this respect, high-intensity frontier
experiments, in particular searches for charged lepton
flavor violation (LFV), represent an ideal laboratory
capable to test scales above 103–104 TeV, way beyond
the reach of any foreseeable high-energy collider [1].
Neutrino oscillations have provided evidence that lepton

family numbers are not conserved and one can expect
nonstandard contributions to LFV processes in the context
of any extension of the Standard Model (SM) involving
new fields that couple to leptons. On the other hand, the

physics case for LFV searches has been recently reinforced
by the first results of the FNAL Muon g-2 experiment [2]
and the persistent hints for violation of lepton flavor
universality (LFU) in semileptonic B meson decays
[3,4], especially those of the kind b → sμμ. Both anomalies
seem to point to a new-physics sector, coupled preferably
with muons, at a scale below 100 TeV [5,6]. Moreover, any
new physics interacting with muons is not in general
expected to exhibit a flavor structure aligned to the SM
one, that is, LFV effects induced by the fields possibly
behind the muon g − 2 and b → sμμ anomalies are difficult
to avoid unless very peculiar flavor symmetries are
imposed [7–10]. Therefore, LFV rates at observable level
are likely if these experimental anomalies will be confirmed
to be a signal of new physics.
The hints for LFU violation in B decays require a new-

physics sector that couple to both quarks and leptons—the
typical example being scalar or vector leptoquarks [11].
Such new physics can be described in a model-independent
way within an effective field theory (EFT) in terms of 2
quarks-2 leptons (2q2l) operators, as long as its scale is
much larger than the typical energy scales of the processes
under study. It has been shown that the B anomalies can be
addressed by operators involving 3rd-generation fermions
only, the couplings to lighter generations being induced by

*calibbi@nankai.edu.cn
†litong@nankai.edu.cn
‡xabier.marcano@uam.es
§m.schmidt@unsw.edu.au

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 106, 115039 (2022)

2470-0010=2022=106(11)=115039(26) 115039-1 Published by the American Physical Society

https://orcid.org/0000-0002-9322-8076
https://orcid.org/0000-0003-0033-0504
https://orcid.org/0000-0002-8792-5537
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.106.115039&domain=pdf&date_stamp=2022-12-30
https://doi.org/10.1103/PhysRevD.106.115039
https://doi.org/10.1103/PhysRevD.106.115039
https://doi.org/10.1103/PhysRevD.106.115039
https://doi.org/10.1103/PhysRevD.106.115039
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


field rotations from the interaction basis to the mass
basis [12–15].
The above considerations prompt us to address the

experimental prospects of LFV processes involving heavy
quark flavors, either flavor-violating or flavor-conserving
in the quark sector. In this paper, we focus on the latter case,
in particular on new physics that can induce LFV decays of
heavy quarkonia, that is, cc̄ and bb̄ bound states. The
existing limits on LFV quarkonium decays (LFVQD),
concerning vector resonances only, are listed in Table I.
We note the recent results by BESIII and Belle, which
improved previous bounds notably and even searched for
new channels such as ϒð1SÞ → ll0γ. The experimental
prospects of these processes are even more interesting:
the extended run of BESIII [16] and the proposed super-
tau-charm factory (STCF) [17–19] could increase the

sensitivity on the J=ψ → lilj decays by several orders
of magnitude and, for the first time, search for LFV decays
of (pseudo)scalar charmonium states. Similarly, Belle II
[20] is expected to reach an integrated luminosity about two
orders of magnitude larger than the previous B factories,
hence it should improve the limits on the ϒðnSÞ modes by
at least one order of magnitude.
However, any new physics giving rise to this kind of

decays would also induce other LFV processes, in par-
ticular LFV muon or tau decays [26], as well as other
high-energy LFV processes such as LFV Z decays, which
will give competitive limits at future high-energy eþe−
colliders—see Ref. [27]. The obvious question is then
whether the stringent constraints on the latter processes (see
Table II) still allow sizeable effects for LFV quarkonia
decay. In other words, is it possible to discover new physics

TABLE I. Present 90%CL upper limits on vector quarkonium LFV decays. No limit is currently available for LFV
decays of (pseudo)scalar or other vector resonances.

LFVQD Present bounds on BR ð90%CLÞ
J=ψ → eμ 4.5 × 10−9 BESIII (2022) [21]
ϒð1SÞ → eμ 3.6 × 10−7 Belle (2022) [22]
ϒð1SÞ → eμγ 4.2 × 10−7 Belle (2022) [22]

J=ψ → eτ 7.5 × 10−8 BESIII (2021) [23]
ϒð1SÞ → eτ 2.4 × 10−6 Belle (2022) [22]
ϒð1SÞ → eτγ 6.5 × 10−6 Belle (2022) [22]
ϒð2SÞ → eτ 3.2 × 10−6 BABAR (2010) [24]
ϒð3SÞ → eτ 4.2 × 10−6 BABAR (2010) [24]

J=ψ → μτ 2.0 × 10−6 BES (2004) [25]
ϒð1SÞ → μτ 2.6 × 10−6 Belle (2022) [22]
ϒð1SÞ → μτγ 6.1 × 10−6 Belle (2022) [22]
ϒð2SÞ → μτ 3.3 × 10−6 BABAR (2010) [24]
ϒð3SÞ → μτ 3.1 × 10−6 BABAR (2010) [24]

TABLE II. Present 90% C.L. upper limits (95% C.L. for the Z decays) and future expected sensitivities for the set of LFV transitions
relevant for our analysis.

LFV observable Present bounds Expected future limits

BRðμ → eγÞ 4.2 × 10−13 MEG (2016) [28] 6 × 10−14 MEG II [29]
BRðμ → eeeÞ 1.0 × 10−12 SINDRUM (1988) [30] 10−16 Mu3e [31]
CR ðμ → e;AuÞ 7.0 × 10−13 SINDRUM II (2006) [32] � � �
CR ðμ → e;AlÞ � � � 6 × 10−17 COMET/Mu2e [33,34]
BRðZ → eμÞ 2.62 × 10−7 ATLAS (2022) [35] 10−8–10−10 FCC-ee/CEPC [36]

BRðτ → eγÞ 3.3 × 10−8 BABAR (2010) [37] 9 × 10−9 Belle II [20,38]
BRðτ → eeeÞ 2.7 × 10−8 Belle (2010) [39] 4.7 × 10−10 Belle II [20,38]
BRðτ → eμμÞ 2.7 × 10−8 Belle (2010) [39] 4.5 × 10−10 Belle II [20,38]
BRðτ → πeÞ 8.0 × 10−8 Belle (2007) [40] 7.3 × 10−10 Belle II [20,38]
BRðτ → ρeÞ 1.8 × 10−8 Belle (2011) [41] 3.8 × 10−10 Belle II [20,38]
BRðZ → eτÞ 5.0 × 10−6 ATLAS (2021) [42] 10−9 FCC-ee/CEPC [36]

BRðτ → μγÞ 4.2 × 10−8 Belle (2021) [43] 6.9 × 10−9 Belle II [20,38]
BRðτ → μμμÞ 2.1 × 10−8 Belle (2010) [39] 3.6 × 10−10 Belle II [20,38]
BRðτ → μeeÞ 1.8 × 10−8 Belle (2010) [39] 2.9 × 10−10 Belle II [20,38]
BRðτ → πμÞ 1.1 × 10−7 BABAR (2006) [44] 7.1 × 10−10 Belle II [20,38]
BRðτ → ρμÞ 1.2 × 10−8 Belle (2011) [41] 5.5 × 10−10 Belle II [20,38]
BRðZ → μτÞ 6.5 × 10−6 ATLAS (2021) [42] 10−9 FCC-ee/CEPC [36]
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searching for quarkonium LFV? The aim of this paper is to
give a precise quantitative answer to this question, provid-
ing model-independent indirect upper limits on the LFV
decay rates of quarkonia, in a similar way to what was done
in Ref. [27] for LFV Z decays.
To be agnostic about the new dynamics that can give rise

to these effects, we employ an effective-field-theory
approach, working within both the so-called low-energy
effective field theory (LEFT) [45], which involves QED ×
QCD invariant operators of fields below the EW scale, and
the Standard Model effective field theory (SMEFT) where
invariance under the full SM gauge group and also heavy
fields are considered [46,47]—for a review cf. Ref. [48]. In
this context, new physics contributions to the quarkonium
decays we are interested in are described by 2q2l operators
of the schematic form c̄cl̄ilj and b̄bl̄ilj (li;j ¼ e, μ, τ,
i ≠ j). On the other hand, diagrams obtained by closing the
quark loop will induce (e.g., via a virtual photon exchange,
as illustrated in Fig. 1) other LFV operators involving
lighter quarks as well as purely leptonic LFV operators
[49]. These radiative effects—that can be summarized by
the operator mixing induced by the one-loop renormaliza-
tion group equations (RGEs) of the operator coefficients
[50–53]—will provide contributions to LFV μ and τ
decays, from which we can then obtain the above-
mentioned indirect constraints on the coefficients of the
c̄cl̄ilj and b̄bl̄ilj operators and, thus, on the rates of LFV
quarkonium decays.
Earlier works focusing on or including constraints on

LFV 2q2loperators can be found in Refs. [49,54–66]. The
authors of Ref. [58], in particular, calculated quarkonium
LFV decay rates and obtained bounds on the associated
operators. However, we have found no systematic com-
parison with the constraints from other LFV processes in
the literature, nor an assessment of the largest possible
effects for quarkonia compatible with such bounds—see
however [54,63] for works focusing on a limited number
of quarkonium processes and indirect constraints. In this
paper, we extend beyond the existing literature and answer
in a systematic way the above question about the sensitivity
to new physics of future searches for LFV quarkonium
decays, including heavy (pseudo)scalar quarkonia and
radiative LFV decays of vector quarkonia. Interestingly,
our approach based on high-intensity frontier observables

is complementary to that of Ref. [62], where indirect
constraints on low-energy processes induced by 2q2l
operators were set based on high-energy measurements
of dilepton distributions from pp → lilj at the LHC.
The rest of the paper is organized as follows. In Sec. II we

introduce the EFT framework we employ and our con-
ventions. Our calculations for the quarkonium LFV decay
rates in terms of the coefficients of LEFT operators are
presented in Sec. III. The running of LEFT operators is
employed in Sec. IVA in order to estimate the indirect
constraints on quarkonium LFV, while the effects of operator
mixing above the EW scale, the sensitivity of LFV experi-
ments to high-scale NP, and possible cancellations due to the
interference of multiple operators are discussed in Sec. IV B
adopting the SMEFT framework. We summarize our results
and conclude in Sec. V. In the Appendices, more technical
results and useful formulas are collected.

II. EFT FRAMEWORK

As discussed in the Introduction, we parametrize the
effects of LFV new physics in terms of nonrenormalizable
operators. Throughout this work, we assume that the new
particles related to the NP scale Λ responsible for LFV
are much heavier than the EW scale, Λ ≫ mW . In such a
scenario, in order to assess the NP effects across different
scales, it is then convenient to work within the SMEFT
framework, whose Lagrangian consists of that of the SM
extended with a tower of higher-dimensional operators
constructed by gauge-invariant combinations of the
SM fields only and suppressed by inverse powers of the
scale Λ:

LSMEFT ¼ LSM þ
X
d>4

X
a

CðdÞ
a

Λd−4O
ðdÞ
a ; ð1Þ

where OðdÞ
a are the effective operators of dimension-d and

the CðdÞ
a represent the corresponding Wilson coefficients

(WCs), whose values depend on the renormalization scale
μ. Notice that we are working with dimensionless SMEFT
WCs. In the rest of the paper, we will focus on dimension-
6 operators—that are expected to provide the dominant
contributions to LFV processes—and adopt the conven-
tions of the Warsaw basis [47]. All dimension-6 SMEFT
operators that can induce LFV effects [56] are listed in
Table III.
In a specific UV-complete model, the WCs at the scale Λ

can be determined by integrating out the heavy NP fields.
In the spirit of our model-independent approach, we will
instead consider the WC of the OðdÞ

a at μ ¼ Λ as indepen-
dent free parameters. However, at lower energies, the
coefficients of different operators will mix as an effect
of the RGEs. In particular, multiple operators will be
induced at the EW scale even if the UV physics is assumed

FIG. 1. Diagrammatic example of how the same EFT vertex
(gray circle) generating quarkonia LFV decays can induce other
LFV processes at loop level.
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to match dominantly to a single operator (or just a few of
them) at the scale Λ.
Below the EW scale, we work within the LEFT employ-

ing the basis introduced by Ref. [45]. As we will see in the
next section, the observables that we focus on—the LFV
quarkonium decays—and the LFV decays of muons and

taus that will set indirect constraints on them can be
induced by dimension-5 photon dipole operators1

Ldipole ¼ Ceγ;prðl̄pσ
μνPRlrÞFμν þ H:c:; ð2Þ

by dimension-6 2q2l operators

L2q2l ¼ CV;LL
eq;prstðl̄pγ

μPLlrÞðq̄sγμPLqtÞ þ CV;RR
eq;prstðl̄pγ

μPRlrÞðq̄sγμPRqtÞ
þ CV;LR

eq;prstðl̄pγ
μPLlrÞðq̄sγμPRqtÞ þ CV;LR

qe;prstðq̄pγμPLqrÞðl̄sγ
μPRltÞ

þ ½CS;RL
eq;prstðl̄pPRlrÞðq̄sPLqtÞ þ CS;RR

eq;prstðl̄pPRlrÞðq̄sPRqtÞ
þ CT;RR

eq;prstðl̄pσμνPRlrÞðq̄sσμνPRqtÞ þ H:c:�; ð3Þ

and by dimension-6 4-lepton (4l) operators

L4l ¼ CV;LL
ee;prstðl̄pγ

μPLlrÞðl̄sγμPLltÞ
þ CV;RR

ee;prstðl̄pγ
μPRlrÞðl̄sγμPRltÞ

þ CV;LR
ee;prstðl̄pγ

μPLlrÞðl̄sγμPRltÞ
þ ½CS;RR

ee;prstðl̄pPRlrÞðl̄sPRltÞ þ H:c:�; ð4Þ

where l denotes leptons, q ¼ u, d, that is, up-type or down-
type quarks, and p, r, s, t are flavor indices. All fields are
defined in the physical mass basis. Notice that, in contrast

to the SMEFT case, the WCs of the above LEFT inter-
actions are dimensionful parameters.
As we will show in the next section, besides the effects

induced by the above LEFT operators, certain quarkonia
processes are also sensitive to dimension-7 lepton-gluon
and lepton-photon operators that read [67]

LllGG ¼ CeGG;prðl̄pPRlrÞGa
μνGaμν

þ CeGG̃;prðl̄pPRlrÞGa
μνG̃

aμν þ H:c:; ð5Þ

LllFF ¼ CeFF;prðl̄pPRlrÞFμνFμν

þ CeFF̃;prðl̄pPRlrÞFμνF̃μν þ H:c:; ð6Þ

where the dual field strength tensors are defined
by F̃μν ¼ 1

2
ϵμναβFαβ.

TABLE III. Complete list of the dimension-6 SMEFT operators relevant to LFV processes. Q and L respectively
denote quark and lepton SUð2ÞL doublets (a, b ¼ 1, 2 and I ¼ 1, 2, 3 are SUð2ÞL indices, τI are the Pauli matrices).
u, d and e are (up and down) quark and lepton singlets. φ represents the Higgs doublet with
φ†D

↔

μφ≡ φ†ðDμφÞ − ðDμφÞ†φ. Bμν and WI
μν are the Uð1ÞY and SUð2ÞL field strengths, respectively.

p; r; s; t ¼ 1, 2, 3 denote flavor indices.

2q2l operators

Oð1Þ
lq;prst

ðL̄pγμLrÞðQ̄sγ
μQtÞ Oð3Þ

lq;prst ðL̄pγμτ
ILrÞðQ̄sγ

μτIQtÞ
Olu;prst ðL̄pγμLrÞðūsγμutÞ Old;prst ðL̄pγμLrÞðd̄sγμdtÞ
Oeu;prst ðēpγμerÞðūsγμutÞ Oed;prst ðēpγμerÞðd̄sγμdtÞ
Oqe;prst ðQ̄pγ

μQrÞðēsγμetÞ Oledq;prst ðL̄perÞðd̄sQtÞ
Oð1Þ

lequ;prst
ðL̄a

perÞϵabðQ̄b
sutÞ Oð3Þ

lequ;prst ðL̄a
pσμνerÞϵabðQ̄b

sσ
μνutÞ

4l operators Dipole operators

Oll;prst ðL̄pγμLrÞðL̄sγ
μLtÞ OeW;pr ðL̄pσ

μνerÞτIφWI
μν

Oee;prst ðēpγμerÞðēsγμetÞ OeB;pr ðL̄pσ
μνerÞφBμν

Ole;prst ðL̄pγμLrÞðēsγμetÞ
Lepton-Higgs operators

Oð1Þ
φl;pr

ðφ†iD
↔

μφÞðL̄pγ
μLrÞ Oð3Þ

φl;pr ðφ†iD
↔I

μφÞðL̄pγ
μτILrÞ

Oφe;pr ðφ†iD
↔

μφÞðēpγμerÞ Oeφ3;pr ðL̄perφÞðφ†φÞ

1We adopt the following convention for the fermionic QED
couplings: LQED ¼ −eQff̄=Af.
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The tree-level matching at the EW scale of the dimen-
sion-6 SMEFToperators of Table III to the above presented
LEFT basis was computed in Ref. [45]. For completeness,
we collect the matching formulas in Appendix A. The
dimension-7 lepton-gluon/photon operators are obtained
from tree-level matching to dimension-8 SMEFT operators
and from 1-loop matching to dimension-6 scalar operators
with quarks, see, e.g., Ref. [67]. Moreover, in order to
obtain phenomenological predictions in terms of the WCs,
the latter need to be evaluated at the energy scale relevant
for the process of interest. As usual, this can be done by
solving the RGEs of the WCs that, for the LEFT frame-
work, can be found in Ref. [53], while for SMEFT
operators the running of the WCs is given by the RGEs
calculated in Refs. [50–52].

III. DECAY RATES FOR LFV
QUARKONIUM DECAYS

In this section we present our calculation for the LFV
decay rates of quarkonia in terms of the LEFT operators
defined in the previous section. We follow the calculation
in Ref. [58] (see also Ref. [68]). Due to the C parity
conservation in the decay of vector quarkonia V with
JC ¼ 1−, V → lilj and V → liljγ decays are induced by
C-odd and C-even operators, respectively, and are thus
complementary. The expressions for the other LFV proc-
esses relevant to our analysis are collected in Appendix C.

A. LFV leptonic vector quarkonium decay: V → l−
i l

+
j

We parametrize the quarkonium decay amplitude by

M ¼ 1

2
ūi=ϵVðVLPL þ VRPRÞvj

þ 2i
mV

ūiϵ
μ
VσμνP

νðTLPL þ TRPRÞvj; ð7Þ

where Pν, mV , and ϵV are respectively the momentum,
mass, and polarization vector of the vector quarkonium.
The coefficients parametrizing vector and tensor inter-
actions can be expressed in terms of the LEFT Wilson
coefficients and are given by

VL ¼ fVmV

�
CV;LL
eq;ijqq þ CV;LR

eq;ijqq þ
2e2QqQlδij

m2
V

�
;

TL ¼ mVfTVC
T;RR�
eq;jiqq − eQqfVC�

eγ;ji; ð8Þ

VR ¼ fVmV

�
CV;RR
eq;ijqq þ CV;LR

qe;qqij þ
2e2QqQlδij

m2
V

�
;

TR ¼ mVfTVC
T;RR
eq;ijqq − eQqfVCeγ;ij; ð9Þ

where Ql ¼ −1 and Qq are the electric charges of leptons
and quarks. The lepton flavor conserving contribution is
dominated by tree-level photon exchange which enters the
coefficients parametrizing the vector interactions VL;R. The
two form factors fV and fTV parametrize the hadronic vector
and tensor matrix elements

h0jq̄γμqjVðPÞi ¼ fVmVϵ
μ
V;

h0jq̄σμνqjVðPÞi ¼ ifTVðϵμVPν − ϵνVP
μÞ: ð10Þ

The resulting branching ratio for V → l−
i l

þ
j is

BRðV → l−
i l

þ
j Þ ¼

mV

ΓV

λ1=2ð1; y2i ; y2jÞ
16π

�jVLj2 þ jVRj2
12

ð2 − y2i − y2j − ðy2i − y2jÞ2Þ

þ 4

3
ðjTLj2 þ jTRj2Þð1þ y2i þ y2j − 2ðy2i − y2jÞ2Þ

þ yiyjðReðVLV�
RÞ þ 16ReðTRT�

LÞÞ
þ 2yið1þ y2j − y2i ÞReðVRT�

R þ VLT�
LÞ

þ 2yjð1þ y2i − y2jÞReðVLT�
R þ VRT�

LÞ
�
; ð11Þ

where yi ¼ mi=mV , for a lepton of mass mi, and
λðx; y; zÞ ¼ x2 þ y2 þ z2 − 2xy − 2xz − 2yz denotes the
Källén function. We used FeynCalc [69–71] to obtain the

squared matrix element. Our result agrees with Ref. [58] in
the limit yi → 0 except for an additional factor ð1þ y2j=2Þ
in the first line for the vector operator contribution.
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B. Radiative LFV leptonic vector quarkonium decay:
V → l−

i l
+
j γ

In light of the recent analysis of the radiative LFVϒð1SÞ
decays performed by Belle [22], we calculate the radiative
LFV leptonic vector quarkonium decay using the non-
relativistic color singlet model, following Refs. [72,73].
The final state photon can originate from one of the initial
state quarks, one of the final state leptons or result from the

effective vertex in Eq. (6). The operators contributing to
final state radiation are strongly constrained by the LFV
vector quarkonium decay V → l−

i l
þ
j . We thus neglect

contributions from final state radiation in the analysis of
the radiative decay V → l−

i l
þ
j γ, see Appendix B for full

details. Taking the different Lorentz and polarization
structures into account, the quarkonium decay amplitude
for VðP; ϵVÞ → l−

i ðpiÞlþ
j ðpjÞγðq; ϵÞ is given by

M ¼ Qqe

xγm3
V
½ðP · qÞðϵV · ϵ�Þ − ðP · ϵ�Þðq · ϵVÞ�ūi½ðSR þ S̃RxγÞPR þ ðSL þ S̃LxγÞPL�vj

þ Qqe

xγm3
V
iϵαβμνPαqβϵμVϵ

�νūi½ðP0
R þ iP̃0

RxγÞPR þ ðP0
L þ iP̃0

LxγÞPL�vj

þ Qqe

xγm2
V
iϵαβμνqβϵ

μ
Jϵ

�νūiγαðARPR þ ALPLÞvj; ð12Þ

and depends on the following combinations of LEFT WCs

SR ¼ 2mVfVðCS;RR
eq;ijqq þ CS;RL

eq;ijqqÞ; S̃R ¼ 4m2
VfVCeFF;ij;

SL ¼ 2mVfVðCS;RL
eq;jiqq þ CS;RR

eq;jiqqÞ�; S̃L ¼ 4m2
VfVC

�
eFF;ji;

P0
R ¼ 2mVfVðCS;RR

eq;ijqq − CS;RL
eq;ijqqÞ; P̃0

R ¼ 4m2
VfVCeFF̃;ij;

P0
L ¼ 2mVfVðCS;RL

eq;jiqq − CS;RR
eq;jiqqÞ�; P̃0

L ¼ 4m2
VfVC

�
eFF̃;ji

;

AR ¼ 2mVfVðCV;LR
qe;qqij − CV;RR

eq;ijqqÞ; AL ¼ 2mVfVðCV;LL
eq;ijqq − CV;LR

eq;ijqqÞ: ð13Þ

Here, AL;R denote axial-vector contributions, SL;R scalar contributions and P0
L;R pseudoscalar contributions. Finally terms

with an overtilde correspond to contributions from the dimension-7 operators with two photon field strength tensors,
Eq. (6). Note that the contributions proportional to CeFF and CeFF̃ are proportional to an additional factor xγ ¼ 2Eγ=mV
compared to the pseudoscalar contributions.
In the limit of one massless final state lepton, the phase space integration can be carried out analytically and we obtain for

the branching ratio

BRðV → l−
i l

þ
j γÞ ¼

αQ2
qmV

192π2ΓV

�
ðjALj2 þ jARj2ÞGAðyÞ þ ðjSLj2 þ jP0

Lj2 þ jSRj2 þ jP0
Rj2ÞGSðyÞ

þ ðjS̃Lj2 þ jP̃0
Lj2 þ jS̃Rj2 þ jP̃0

Rj2ÞG̃SðyÞ þ IPAGPAðyÞ þ ĨPAG̃PAðyÞ

þ ReðSLS̃�L þ SRS̃
�
RÞĜSðyÞ þ ImðP0

LP̃
0�
L þ P0

RP̃
0�
R Þ
�
ĜSðyÞ −

1

12

��
; ð14Þ

where y denotes the nonzero mass of the charged (anti)lepton normalized to the vector quarkonium mass, i.e., y ¼ yi
(y ¼ yj). IPA and ĨPA denote the interference terms which differ for the two cases

IPA ¼
�þReðALP0�

L þ ARP0�
R Þ for y ¼ yi ≠ 0; yj ¼ 0;

−ReðALP0�
R þ ARP0�

L Þ for yi ¼ 0; y ¼ yj ≠ 0;

ĨPA ¼
�þImðALP̃0�

L þ ARP̃0�
R Þ for y ¼ yi ≠ 0; yj ¼ 0;

−ImðALP̃0�
R þ ARP̃0�

L Þ for yi ¼ 0; y ¼ yj ≠ 0;
ð15Þ

because for a massless final state lepton the different chiralities do not interfere. The kinematic functions entering the
branching ratio are given by
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GAðyÞ ¼
1

36
ð8 − 45y2 þ 36y4 þ y6 þ 12ðy2 − 6Þy4 ln yÞ;

GSðyÞ ¼
1

12
ð1 − 6y2 þ 3y4 þ 2y6 − 12y4 ln yÞ;

G̃SðyÞ ¼
1

120
ð3 − 30y2 − 20y4 þ 60y6 − 15y8

þ 2y10 − 120y4 ln yÞ;

ĜSðyÞ ¼
1

12
ð1 − 8y2 þ 8y6 − y8 − 24y4 ln yÞ;

GPAðyÞ ¼
y
2
ð1þ 4y2 − 5y4 þ 4ð2þ y2Þy2 ln yÞ;

G̃PAðyÞ ¼
y
3
ð1þ 9y2 − 9y4 − y6 þ 12ð1þ y2Þy2 ln yÞ:

ð16Þ

C. LFV leptonic pseudoscalar quarkonium
decay: P → l−

i l
+
j

Using the equations of motion for the final state spinors,
the pseudoscalar decay amplitude

iM ¼ ūiðSRPR þ SLPLÞvj; ð17Þ

can be parametrized in terms of two coefficients

SR¼
hP
4mq

�
CS;RR
eq;ijqq−CS;RL

eq;ijqq

�

−
fP
2

h
mj

�
CV;LR
eq;ijqq−CV;LL

eq;ijqq

�
þmi

�
CV;RR
eq;ijqq−CV;LR

qe;qqij

�i

þ i
4π

αs
aPCeGG̃;ij; ð18Þ

SL¼
hP
4mq

�
CS;RL
eq;jiqq−CS;RR

eq;jiqq

��

−
fP
2

h
mi

�
CV;LR
eq;ijqq−CV;LL

eq;ijqq

�
þmj

�
CV;RR
eq;ijqq−CV;LR

qe;qqij

�i

þ i
4π

αs
aPC�

eGG̃;ji
: ð19Þ

Given the proportionality to the final state lepton masses,
the pseudoscalar quarkonium decay is mostly sensitive
to pseudoscalar WCs. The form factors fP, hP and aP
parametrize the hadronic axialvector, pseudoscalar, and
anomaly matrix elements

h0jq̄γμγ5qjPðpÞi ¼ ifPpμ;

h0jq̄iγ5qjPðpÞi ¼
hP
2mq

; h0j αs
4π

GG̃jPðpÞi ¼ aP; ð20Þ

which satisfy the relation hP ¼ m2
PfP − aP from axialvec-

tor current conservation. The gluonic matrix elements are
expected to be small for ηb;c and thus we take aP ¼ 0. The
resulting branching ratio for P → l−

i l
þ
j is given by

BRðP → l−
i l

þ
j Þ ¼

mP

ΓP

λ1=2ð1; y2i ; y2jÞ
16π

×
	
jSLj2 þ jSRj2

�

1 − y2i − y2j

�
− 4yiyjReðSLS�RÞ

�
; ð21Þ

where yi ¼ mi=mP and we used FeynCalc [69–71] to obtain
the squared matrix element. Our result agrees with Ref. [58]
in the limit of mi → 0 for the pseudoscalar and axial-vector
contributions and we also find agreement for the anomaly
contribution, if we disregard the superfluous þH:c: for
the dimension-7 terms with the field strength tensors in
Ref. [58].

D. LFV leptonic scalar quarkonium
decay: S → l−

i l
+
j

Using the fact that the vector current form factor vanishes
for scalar quarkonia, the scalar decay amplitude

M ¼ ūiðSRPR þ SLPLÞvj; ð22Þ

can be parametrized in terms of two coefficients

SR ¼ mSfS
2

ðCS;RR
eq;ijqq þ CS;RL

eq;ijqqÞ þ
4π

αs
aSCeGG;ij; ð23Þ

SL ¼ mSfS
2

ðCS;RL
eq;jiqq þ CS;RR

eq;jiqqÞ� þ
4π

αs
aSC�

eGG;ji: ð24Þ

The form factors fS and aS are defined as [74]

h0jq̄qjSi ¼ mSfS; h0j αs
4π

GGjSi ¼ aS: ð25Þ

The gluonic matrix elements are expected to be small and
thus we take aS ¼ 0 in the analysis. The branching ratio for
S → l−

i l
þ
j is given by

BRðS → l−
i l

þ
j Þ ¼

mS

ΓS

λ1=2ð1; y2i ; y2jÞ
16π

× ½ðjSLj2 þ jSRj2Þð1 − y2i − y2jÞ
− 4yiyjReðSLS�RÞ�; ð26Þ

where yi ¼ mi=mS and we used FeynCalc [69–71] to obtain
the squared matrix element. Our result agrees with Ref. [58]
in the limit of mi → 0.

IV. NUMERICAL RESULTS

In this section we analyze the LFV decays of quarko-
nium states, focusing mostly on the vector quarkonium cc̄
states J=Ψ and Ψð2SÞ, and the bb̄ states ϒð1SÞ, ϒð2SÞ and
ϒð3SÞ. We also provide indirect upper limits on the LFV
decay rates of the lightest (pseudo)scalar cc̄ and bb̄
resonances, as well as on the radiative decays of vector
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quarkonia. In contrast to the 2-body decays of vector
quarkonia V → ll0, these latter processes are all sensitive
to scalar operators, as shown by the formulas presented in
Sec. III. Hence they potentially provide complementary
information.
In the previous section we computed the contributions to

the LFV quarkonia decays (LFVQD) to leading order.
Nevertheless, in order to reduce the hadronic uncertainties,
we will compute LFVQD as a double ratio, normalizing the
LFV channel to the experimentally measured lepton flavor
conserving decay to electrons:

BRðV → ll0Þ ¼ BRðV → eeÞexp
BRðV → eeÞLO

BRðV → ll0ÞLO; ð27Þ

where the subscript LO refers to the leading order expres-
sions derived in Sec. III and the subscript exp to the
corresponding experimental value [75]. We checked that
this introduces a small correction, in general a 2%–4%
reduction of the rates, with the only exception of ϒð3SÞ,
whose rates increase by about 8%. The (pseudo)scalar
quarkonium decays to an electron-positron pair have not
been measured yet, therefore we just consider the LO
predictions for those decays. For all quarkonium decays we
include both lepton flavor combinations as final states,
lþl0− and l−l0þ.
For the numerical analysis, we implemented the expres-

sions of Sec. III for LFVQD in the FLAVIO [76] python
code. This allows us to use the range of flavor observables
already included in the routine, as well as the renormaliza-
tion group evolution implemented by means of the

WILSON [77] package. The latter also includes the full
tree-level matching between SMEFT and LEFT
(cf. Appendix A), which we use in the following to explore
both EFT frameworks. When evaluating quarkonium proc-
esses, we set the renormalization scales for decays of
bottomonium resonances to their respective masses, while
the renormalization scales for charmonium decays are fixed
at μ ¼ 2 GeV.
The numerical values for the masses, decay widths and

decay constants of the quarkonia we consider are collected
in Table IV. Notice that the total widths of the scalar
bottomonium states χb0 have not been measured yet.
Following Ref. [78], we evaluate it using the theoretically
calculated partial decay width of the radiative decays
χb0ðnPÞ → ϒðmSÞ þ γ and the experimentally measured
branching ratio BRðχb0ðnPÞ → ϒðmSÞ þ γ) in order to
obtain

Γχb0ðnPÞ ¼
Γðχb0ðnPÞ → ϒðmSÞ þ γÞth

BRðχb0ðnPÞ → ϒðmSÞ þ γÞexp
: ð28Þ

For χb0ð1PÞ the only available decay is χb0ð1PÞ →
ϒð1SÞ þ γ with Γðχb0 → ϒð1SÞ þ γÞ ¼ 23.8 keV [79]
and BRðχb0ð1PÞ → ϒð1SÞ þ γÞ ¼ ð1.94� 0.27Þ% [80].
For χb0ð2PÞ, we take the simple weighted average of the
total widths obtained from the decay rates toϒð1SÞ þ γ and
ϒð2SÞ þ γ, which have partial widths of 2.5 keV and
10.9 keV [79], and branching ratios of ð3.8� 1.7Þ × 10−3

and ð1.38� 0.30Þ% [80], respectively, with the errors
added in quadrature.

TABLE IV. Quarkonium masses, widths, and decay constants, taken from the PDG [80] with the exception of
χb0ðnPÞ which have not been measured yet. They have been obtained following Ref. [78] from the calculated decay
width of the radiative decay χb0ðnPÞ → ϒðmSÞ þ γ and its measured branching ratio as discussed in the text. When
the transverse form factor is missing, we assume fTV ≡ fV , following Ref. [81], which is motivated by the
observation that vector and tensor decay constants of light vector mesons are of a similar order of magnitude. This is
also consistent with the nonrelativistic color singlet model [82–89]. Following Ref. [58], we also use the scalar
decay constants obtained in Ref. [78] using the mock meson approach in the quark model.

Quarkonium Mass (MeV) Γ (keV) fV (GeV) fTV (GeV)

J=ψ 3096.900� 0.006 92.6� 1.7 0.4104(17) [90] 0.3927(27) [91]
ψð2SÞ 3686.10� 0.06 294� 8 0.2926(12) [68] � � �
ϒð1SÞ 9460.30� 0.26 54.02� 1.25 0.6772(97) [92] � � �
ϒð2SÞ 10023.26� 0.31 31.98� 2.63 0.481(39) [93] � � �
ϒð3SÞ 10355.2� 0.5 20.32� 1.85 0.395(25) [94] � � �

Quarkonium Mass (MeV) Γ (MeV) fM (GeV)

ηcð1SÞ 2983.9� 0.4 32.0� 0.7 0.387(7) [95]
ηbð1SÞ 9398.7� 2.0 10� 5 0.724(12) [92]

χc0ð1PÞ 3414.71� 0.30 10.8� 0.6 −i 0.887 [78]
χb0ð1PÞ 9859.44� 0.52 1.23� 0.17 −i 0.423 [78]
χb0ð2PÞ 10232.5� 0.6 0.76� 0.15 −i 0.421 [78]
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A. LEFT analysis

We are interested in assessing how large LFVQD are
allowed to be given the current constraints on any other
LFV process. We can already get a good feeling about the
answer to this question by working in the LEFT frame-
work, valid below the EW scale, and switching on only
those WCs that contribute directly to the LFVQD, which is
the a priori most favorable scenario for these processes.
Due to RGE effects these WCs will still generate other LFV
processes, including in particular strongly constrained
leptonic decays, which will actually tell us how large the
LFVQD could be without violating any existing bound.
We start showing our numerical results obtained by

switching on a single LEFT operator at a time. While
certainly being a simplified scenario, and probably unre-
alistic within many UV theories, we regard this as a useful
first exercise in order to assess the most relevant WCs for
the processes we are interested in. We discuss deviations
from this simplified assumption in the next subsection,

where we show the results of our analysis within the
SMEFT framework. The main results of our LEFT study
are collected in Tables V and VI.
In Table V(a) we summarize the results for vector and

tensor operators with two charm quarks. The first two
columns list the WCs (following the notation presented in
Sec. II) and the most constraining process for a given
operator. In the last two columns, we quote the resulting
indirect upper limits on the branching ratios of J=ψ → ll0
and ψð2SÞ → ll0 considering a single nonvanishing LEFT
operator at a scale μ that we choose to be either the
quarkonium mass scale mqq̄ or the Z boson mass scale mZ.
As one can see, the indirect upper limits become stronger as
the scale μ increases, due to the larger separation of scales
(and thus a larger logarithm from the RGEs). Notice that the
choice μ ¼ mqq̄ corresponds to the arguably unrealistic
case that, right at the quarkonium mass scale, the single
nonvanishing operator is the one the induces LFVQD, thus
enhancing the latter process compared to other LFV

TABLE V. Indirect upper limits on the branching ratio of LFV charmonium decays considering a single nonvanishing LEFT operator
at a scale μ ∈ ðmqq̄; mZÞ. The intervals show how the indirect limits become stronger as μ increases. The second column displays the
low-energy observable that gives the strongest constraint.

(a) Vector and tensor operators. The operators CV;RR
eu;ijcc, C

V;LR
ue;ccij, C

T;RR
eu;jicc and Ceγ;ji lead, respectively, to the same results as CV;LL

eu;ijcc,
CV;LR
eu;ijcc, C

T;RR
eu;ijcc and Ceγ;ij

Indirect upper limits on BR

Operator Strongest constraint J=ψ → ll0 ψð2SÞ → ll0

CV;LL
eu;μecc μ → e;Au ½1.6 − 0.07� × 10−15 ½2.8 − 0.2� × 10−16

CV;LR
eu;μecc μ → e;Au ½1.5 − 0.07� × 10−15 ½2.8 − 0.2� × 10−16

CT;RR
eu;μecc μ → eγ ½3.4 − 0.5� × 10−21 ½7.8 − 1.4� × 10−22

Ceγ;μe μ → eγ ½2.6 − 2.5� × 10−26 ½6.3 − 0.5� × 10−27

CV;LL
eu;τecc τ → ρe ½6.6 − 0.1� × 10−9 ½1.2 − 0.05� × 10−9

CV;LR
eu;τecc τ → ρe ½6.5 − 0.1� × 10−9 ½1.2 − 0.04� × 10−9

CT;RR
eu;τecc τ → eγ ½1.2 − 0.05� × 10−12 ½2.3 − 0.2� × 10−13

Ceγ;τe τ → eγ ½1.7 − 1.6� × 10−18 ½4.7 − 3.5� × 10−19

CV;LL
eu;τμcc τ → ρμ ½4.5 − 0.09� × 10−9 ½7.9 − 0.3� × 10−10

CV;LR
eu;τμcc τ → ρμ ½4.4 − 0.09� × 10−9 ½7.9 − 0.3� × 10−10

CT;RR
eu;τμcc τ → μγ ½1.6 − 0.07� × 10−12 ½2.9 − 0.3� × 10−13

Ceγ;τμ τ → μγ ½2.2 − 2.1� × 10−18 ½6.1 − 4.5� × 10−19

(b) Scalar operators. We find similar limits for ψð2SÞ → ll0γ, about a factor of 4 (2) stronger for the μeðτlÞ channels. See text for details
on how the indirect upper limits have been estimated.

Indirect upper limits on BR

Operator Str. const. J=ψ → ll0γ ηc → ll0 χc0ð1PÞ → ll0

CS;RR
eu;μecc μ → e, Au ½1.5 − 1.4� × 10−21 ½2.0 − 1.9� × 10−20 ½3.4 − 3.2� × 10−19

CS;RL
eu;μecc μ → e, Au ½1.5 − 1.4� × 10−21 ½2.0 − 1.9� × 10−20 ½3.4 − 3.2� × 10−19

CS;RR
eu;τecc τ → eγ ½1.7 − 0.003� × 10−10 ½6.8 − 0.01� × 10−9 ½1.5 − 0.003� × 10−7

CS;RL
eu;τecc τ → eγ ½2.0 − 0.09� × 10−10 ½9.2 − 0.4� × 10−9 ½1.3 − 0.08� × 10−7

CS;RR
eu;τμcc τ → μγ ½2.2 − 0.004� × 10−10 ½8.7 − 0.02� × 10−9 ½1.9 − 0.003� × 10−7

CS;RL
eu;τμcc τ → μγ ½2.6 − 0.1� × 10−10 ½1.2 − 0.05� × 10−8 ½1.7 − 0.1� × 10−7
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observables. From an UV point of view this situation—if
possible at all—may require very unlikely cancellations or
correlations among the parameters. We still show this
possibility in order to encompass even tuned scenarios
favorable to LFVQD, although the case μ ¼ mZ leading to
stronger bounds should be regarded as a more realistic
situation.
For tensor and dipole operators, the strongest constraint

arises from muon and tau LFV radiative decays. While the
dipole operator directly contributes to the radiative LFV
decay l → l0γ, the tensor WC CT;RR

eq;ll0qq contributes to
Ceγ;ll0 via RG running. Instead, the vector operators
contribute to the dipole operator only at 2-loop in the
RG running, while the relevant vector operators for τ → ρl,

l ¼ e, μ, and μ → e conversion in nuclei are generated at
1-loop, as illustrated by Fig. 1. Thus we find that τ → ρl
and μ → e conversion in gold provide the most stringent
constraints. We also find the same upper limits for operators
with exchanged chiralities, L ↔ R.
In Table V(b) we present the results for the scalar

operators. Scalar operators with heavy quarks contribute
to μ → e conversion via gluon operators after integrating
out the heavy quark, see Appendix C 3. The dimension-7
gluon operators are not implemented in FLAVIO, but we
estimate the contribution of 2q2l scalar operators with
heavy quarks to gluon operators following Ref. [49,96–98].
Neglecting other loop-induced operators, we find for the
μ → e conversion rate from the operatorCS;RR

eq;μeqq orCS;RL
eq;μeqq

CRðμN → eNÞ ¼ m5
μ

36π2Γcapt
× jmpSðpÞfGp þmnSðnÞfGnj2

jCS;RX
eq;μeqqðμ ¼ mqÞj2

m2
q

; ð29Þ

TABLE VI. Same as Table V, but for bb̄ states.

(a) Vector and tensor operators. The operators CV;RR
ed;ijbb, C

V;LR
de;bbij, C

T;RR
ed;jibb, and Ceγ;ji lead, respectively to the same results as CV;LL

ed;ijbb,
CV;LR
ed;ijbb, C

T;RR
ed;ijbb, and Ceγ;ij.

Str. const. Indirect upper limits on BR

Operator ϒð1SÞ → ll0 ϒð2SÞ → ll0 ϒð3SÞ → ll0

CV;LL
ed;μebb μ → e;Au ½1.1 − 0.08� × 10−12 ½9.9 − 0.8� × 10−13 ½1.1 − 0.1� × 10−12

CV;LR
ed;μebb μ → e;Au ½1.1 − 0.08� × 10−12 ½9.9 − 0.8� × 10−13 ½1.1 − 0.1� × 10−12

CT;RR
ed;μebb μ → eγ ½4.7 − 0.7� × 10−19 ½4.3 − 0.7� × 10−19 ½4.8 − 0.9� × 10−19

Ceγ;μe μ → eγ ½1.6� × 10−25 ½1.5� × 10−25 ½1.6� × 10−25

CV;LL
ed;τebb τ → ρe ½3.1 − 0.2� × 10−6 ½2.8 − 0.2� × 10−6 ½3.0 − 0.3� × 10−6

CV;LR
ed;τebb τ → ρe ½3.1 − 0.2� × 10−6 ½2.8 − 0.2� × 10−6 ½3.0 − 0.3� × 10−6

CT;RR
ed;τebb τ → eγ ½4.0 − 0.6� × 10−11 ½3.7 − 0.6� × 10−11 ½4.1 − 0.8� × 10−11

Ceγ;τe τ → eγ ½1.4� × 10−17 ½1.3� × 10−17 ½1.4� × 10−17

CV;LL
ed;τμbb τ → ρμ ½2.1 − 0.2� × 10−6 ½1.9 − 0.2� × 10−6 ½2.1 − 0.2� × 10−6

CV;LR
ed;τμbb τ → ρμ ½2.1 − 0.2� × 10−6 ½1.9 − 0.3� × 10−6 ½2.1 − 0.2� × 10−6

CT;RR
ed;τμbb τ → μγ ½5.2 − 0.7� × 10−11 ½4.8 − 0.7� × 10−11 ½5.3 − 0.9� × 10−11

Ceγ;τμ τ → μγ ½1.8� × 10−17 ½1.6� × 10−17 ½1.8� × 10−17

(b) Scalar operators. The results for ϒð2SÞ are similar in size and the ones for ϒð3SÞ are slightly less constrained. See text for details on
how the indirect upper limits have been estimated.

Indirect upper limits on BR

Operator Str. const. ϒð1SÞ → ll0γ ηb → ll0 χb0ð1PÞ → ll0

CS;RR
ed;μebb μ → e, Au ½9.2 − 5.6� × 10−19 ½1.2 − 0.73� × 10−16 ½3.0 − 1.9� × 10−16

CS;RL
ed;μebb μ → e, Au ½9.2 − 5.6� × 10−19 ½1.2 − 0.73� × 10−16 ½3.0 − 1.9� × 10−16

CS;RR
ed;τebb τ → eγ ½7.6 − 0.1� × 10−9 ½1.1 − 0.02� × 10−6 ½2.8 − 0.05� × 10−6

CS;RL
ed;τebb τ → eγ ½3.5 − 0.3� × 10−8 ½5.3 − 0.4� × 10−6 ½1.2 − 0.09� × 10−5

CS;RR
ed;τμbb τ → μγ ½9.8 − 0.2� × 10−9 ½1.4 − 0.03� × 10−6 ½3.7 − 0.07� × 10−6

CS;RL
ed;τμbb τ → μγ ½4.5 − 0.3� × 10−8 ½6.8 − 0.5� × 10−6 ½1.5 − 0.1� × 10−5
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where mq denotes the quark mass mb;c, X ¼ R, L, N ¼ p,
n the nucleon, fGN is the gluon form factor, SðNÞ the scalar
overlap integral, and Γcapt the muon capture rate. As the
ratio CS;RX

eq;μeqq=mq does not run in QCD, the Wilson
coefficient at scale μ can be obtained by multiplying with
the running quark mass at μ. The expressions for the other
two 2q2l scalar operators are obtained by replacing the
Wilson coefficients CS;RX

eq;μeqq by CS;RX�
eq;eμqq.

Furthermore, scalar operators with same chirality con-
tribute to the RG running of the dipole operator at 1-loop
order and thus are strongly constrained by the nonobser-
vation of radiative LFV lepton decays. On the contrary,
scalar operators with mixed chirality do not contribute the
dipole operator at 1-loop order in the RG evolution.
However, starting from 2-loop order, there are contributions
which we estimate in the leading-log approximation as

Ceγ;ijðmlÞ ¼
e3

ð4πÞ4
16

3
mc ln

�
μ̄

maxðml; mcÞ
�
CS;RL
eq;ijccðμ̄Þ;

ð30Þ

where we employed the 2-loop anomalous dimensions
calculated in [49]. Using this equation and setting μ̄ ¼ mZ
or the quarkonium mass scalemqq̄, we estimate the indirect
bounds for the scalar operators with mixed chiralities.
We find similar results for LEFToperators with b quarks

which are presented in Table VI. The strongest constraints
also originate from radiative LFV lepton decays for all
operators with the exception of vector operators where τ →
ρl and μ → e conversion in gold provide the most stringent
upper bounds. The 2-loop contribution of mixed chirality
scalar operators to the dipole operator can be estimated as

Ceγ;ijðmlÞ ¼
e3

ð4πÞ4
4

3
mb ln

�
μ̄

mb

�
CS;RL
eq;ijbbðμ̄Þ: ð31Þ

Looking at the results in Tables V and VI, one can already
get a good feeling about the most promising WCs and
decay channels. First, we see that there is no hope to study
LFV dipole operators via LFVQD. This should not be
surprising, since these operators generate the severely
constrained processes l0 → lγ already at the tree level.
Tensor operators share the same fate, as large RGE effects
mix them to the dipole operators. Second, we note that the
eμ LFVQD modes, if induced by vector operators, are less
suppressed but still far from the current experimental
sensitivities both for cc̄ and bb̄ states, cf. Table I. In this
case, the most relevant constraints arises from μ → e
conversion in nuclei, whose bound is expected to improve
impressively in the next few years (see Table II) thus
suppressing even more our hope to observe qq̄ → eμ
decays.
Finally, the results in the τl sector seem more optimistic

for future LFVQD searches. In the case of cc̄ → lτ decays,
we find maximum allowed rates at the level of

10−9 − 10−10,2 which are about one-two orders or magni-
tude below the latest BESIII results for J=ψ → eτ,3 and
may be partly within the sensitivity of a future super
tau-charm factory (STCF).4 On the other hand, we find
larger allowed rates for bb̄ → lτ decays, of the order of
10−6 − 10−7. This is a consequence of a combination of
phase space, narrower widths and smaller QED-induced
RGE effects, since b quarks carry half the electric charge
of c quarks. Interestingly, the resulting rates for bb̄ → lτ
decays are at the level of current sensitivities, implying that
Belle II can probe these LEFT vector operators beyond the
reach of any other experiment. Notice that the results in
Table VI show that the sensitivities to new physics of
ϒð1SÞ, ϒð2SÞ and ϒð3SÞ are comparable, since the effect
of the different widths (Γ½ϒð1SÞ� > Γ½ϒð2SÞ� > Γ½ϒð3SÞ�)
is largely compensated by the different masses and decay
constants, cf. Table IV. Hence, running the experiment
longer at the center-of-mass energy of only one of these
resonances may be a more effective probe of our LFV
operators than collecting data in shorter runs for each
resonance.5

The results for scalar operators reported in Tables V(b)
and VI(b) give a quantitative target for future experiments.
Indeed, they provide indirect upper limits for a number
of processes that have never been searched for, with the
exception of the ϒð1SÞ → ll0γ modes. As shown in
Table I, the Belle collaboration has recently released the
first limits on these processes, which are about 2-3 orders of
magnitude above our indirect limits (for the lτ modes).
Certainly, searches for the processes in Tables V(b)
and VI(b) are worth pursuing, since they are sensitive to
different LEFT operators—hence potentially to different
kinds of new physics—compared to the 2-body quarkonia
decays. However, one should point out that the UV
completion of some of these operators is not straightfor-
ward. For instance, one can see from Eqs. (A10) and (A14)
in Appendix A that CS;RL

eu and CS;RR
ed match to no dimen-

sion-6 SMEFT operator at tree level.
Before moving forward, it is important to clarify that,

even if Tables V and VI indicate the most constraining

2The effectiveness of indirect constraints from tau decays such
as τ → lρ stems from the fact that the width of the J=ψ resonance
is about 7 orders of magnitude larger than the tau width. This
obviously contributes to suppress the branching ratios of the
LFV J=ψ decays compared to the tau ones.

3Although BESIII has not provided results for J=ψ → μτ yet,
we assume they can set a limit at the same level as the J=ψ → eτ
one, thus improving the current bound by almost two orders
of magnitude, cf. Table I.

4In a ∼3-year run, the STCF could produce ∼1013J=ψ decays
[19], that is, 1000 more than those employed by BESIII to set the
present constraint [21].

5On the other hand the width of ϒð4SÞ is about 1000 times
larger than that of ϒð3SÞ, thus we do not expect that studying
exotic decays of the former resonance would be beneficial to
testing new physics.
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observable for each operator, these are not the only relevant
processes. In order to illustrate this, we show in Fig. 2 the
relative importance of different LFV processes for each
individual LEFToperator. For eachWC, we take the largest
possible value (at μ ¼ mZ) that is still allowed by all
constraints. The rate of each observable is normalized to its
current experimental upper limit, so the closer it is to 1
(darker color), the more relevant that process is. We see,
for instance, that the three-body leptonic decays are also
important for constraining the vectorial operators, even if
τ → ρl gives the strongest bound at present. This fact is
important in particular when considering more complex
scenarios in an attempt to evade some of the bounds and
maximise the LFVQD rates, since suppressing the most
constraining observable given in Tables Vand VI might not
be enough. We will discuss this point in the following
subsection within the SMEFT framework.
It is also interesting to compare these results with the

limits obtained from high-energy measurements of the tail
of dilepton distributions at the LHC [62], although it is
important to note that they are valid only if the NP scale is
high enough so that the EFT is still valid at the LHC (i.e.,
above a few TeV). We see that the LHC bounds in the last
column of Fig. 2 are several orders of magnitude weaker
than low-energy constraints in the μe sector, although they

are similar (even slightly stronger in some cases) for the τl
sector. This nicely shows the complementarity between
low- and high-energy LFV searches.

B. SMEFT analysis

Next, we consider the SMEFT framework. While it is the
natural EFT setup when the new physics scale lies above
the EW scale, it does not provide a valid description for
low-energy processes such as the LFVQD. Therefore, a
proper LFV analysis of our observables in terms of the
SMEFT operators requires a convolution of SMEFT RGE
[50–52] down to the EW scale, matching to LEFT [45], and
LEFT RGE [53] to the physical scale of interest, i.e., the
quarkonium mass. The first two steps introduce additional
contributions that might distort the LEFT results discussed
in the previous subsection.
Given the results of the analysis above, here we only

focus on LFV vector quarkonium decays, V → ll0.
Moreover, due to the strong bounds from li → ljγ, we
neglect the dipole operators and consider just the 2q2l
operators in Table III, with the exception of Oð1=3Þ

lequ and
Oledu, since they induce large dipole operators through
RGE and are thus very tightly constrained.
In Fig. 3 we present the results for the single SMEFT

operator analysis for the μe sector, switching on at the scale

FIG. 2. Matrix plot showing how far the predictions for different LFV observables are from saturating their current bounds when
choosing maximum allowed values for each individual WC at μ ¼ mZ. X; Y ∈ fL; Rg with X ≠ Y. For the τμ sector, we find results
similar to those shown for the τe processes, with the exception of J=ψ → μτ, whose limit has not been updated by BESIII yet, cf. Table I.
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Λ just a single 2q2l operator. We show for each operator
the maximum new physics scale that is being probed by
each observable, as accessing larger scales would require
of nonperturbative WCs, that is jCðΛÞj > 1. The different
colored bars show the current limits (dark color) and future
reach (light color) for different observables. For LFVQD
(orange-red) we illustrate with different shadings possible
improvements of the sensitivity to the branching ratio by
one, two, and three orders of magnitude. The left (right)
plot shows the results for 2q2l operators with second
(third) generation quarks, motivated by searches for LFV
charmonium (bottomonium) decays. For all operators,
searches for μ → e conversion in nuclei (yellow), followed
by μ → eee (blue) provide the most stringent constraints
with an expected improvement of one order of magnitude
in the future. Both LFVQD and μ → eγ (grey) are less
sensitive to 4-fermion 2q2l SMEFT operators. If new
physics mainly generates the operators in Fig. 3 with

couplings C=Λ2 ≳ 1=ð1000 TeVÞ2 − 1=ð100TeVÞ2, we
thus expect that both μ → e conversion in nuclei and μ →
eee will be observed at upcoming experiments, while μ →
eγ and LFVQD, such as J=ψ → eμ and ϒðnSÞ → eμ, will
not. Hence any observation of LFVQD to eμ would be a
most striking signal that cannot be explained in terms of a
single 2q2l SMEFT operator.
Figure 4 displays the analogous results for the single

SMEFT operator analysis in the τe sector.6 The different
colored bars illustrate now the sensitivity of LFVQD
(orange-red), τ → eee (blue), τ → eμμ̄ (green), τ → ρe
(yellow), τ → πe (purple), Z → eτ (dark red) and the
radiative decay τ → eγ (gray). We find that current con-
straints (dark color) for LFV τ decays provide the most

FIG. 3. Defining a single nonzero SMEFT WC at μ ¼ Λ, and assuming a perturbative coefficient jCðΛÞj ≤ 1, these bars show the
highest NP scale that each μe LFV observable can probe. Darker colors are for current bounds, while lighter ones are for future
sensitivities. For LFV quarkonium decays, we show the prospects assuming a future improvement of 1, 2, 3 orders of magnitude.

6Similar results are obtained for the τμ sector with the
only exception being J=ψ → μτ, for which there is no BESIII
analysis yet.
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stringent constraints. Nevertheless, if the sensitivity of
LFVQD searches is improved by 2–3 orders of magnitude,
they may probe currently unexplored new physics scales Λ
for some of the operators. While this observation is in line
with the results of the above LEFT analysis for J=ψ → eτ,
the results for ϒðnSÞ → eτ in Fig. 4 look somewhat less
optimistic than those obtained within the LEFT framework,
cf. Table VI.
The origin of these strong constraints for some of the

operators involving b quarks is precisely the above-
mentioned additional RGE effects that SMEFT operators
are subject to. In particular, diagrams obtained by closing
the quark loop of a 2q2l operator can contribute to the
lepton-Higgs operators displayed in Table III, which induce
LFV couplings of the Z boson, see Eqs. (A19) and (A20).
In turn, such couplings give rise to both LFV Z decays and
all kinds of LFV 4-fermion operators (2q2l as well as 4l)
through the matching shown in Appendix A, see, e.g.,
Ref. [27]. Due to the large coupling to the Higgs field, this
effect is particularly pronounced for those operators
involving top quarks and it enhances the relative impor-
tance of LFV τ decays and Z → eτ compared to LFVQD,

as can be seen in the right plot of Fig. 4. Interestingly, this
plot also shows that, in line to the observations in Ref. [27],
a Z-pole run of future eþe− colliders such as the FCC-ee or
the CEPC would probe these operators through Z LFV as
well as (or better than) Belle II will do searching for LFV τ
decays. On the other hand, operators that do not involve top
quarks will not generate large Z LFV effects (e.g., Cld;τebb
and Ced;τebb) and can be probed better by searches for
ϒðnSÞ → eτ (and LFV τ decays) than Z → eτ. This
provides an interesting example of the complementarity
between low-energy and high-energy searches for LFV
phenomena.
As in the previous LEFT analysis, switching on a single

WC is a good first approach to analysing the LFVQD.
However, it is a somewhat unrealistic scenario for any
UV-complete theory. Unless some additional symmetry is
present, we could expect that several of our SMEFT
operators are generated at the new physics scale Λ where
we can integrate out the new degrees of freedom, and this
could induce possible interferences and cancellations
among different operators, changing the conclusions drawn
above. Indeed, this is not an unlikely outcome, given the

FIG. 4. Same as Fig. 3 for the τe sector.
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interplay among 2q2l operators and RGE-induced lepton-
Higgs operators that we have just discussed.
In order to explore possible deviations from the single

operator analysis, we now turn to a two-operator SMEFT
analysis in the τe sector. In Figs. 5 and 6 we show the
resulting LFVQD branching ratios as functions of the 2q2l
and lepton-Higgs Wilson coefficients on a logarithmic
scale. We choose the lepton-Higgs WC to be positive,
hence in the right panels bothWCs are positive, while in the
left panels the 2q2l WC is negative. The top panels show
results for operators involving right-handed quark currents
and the bottom panels for left-handed quark currents. For

illustration purposes, we only show results for right-handed
lepton currents but we find qualitatively similar results for
operators built from the corresponding left-handed cur-
rents. Notice that we set Λ ¼ 1 TeV for all plots.
The light-colored regions in Figs. 5 and 6 are allowed by

the present bounds on τ → eee (blue), τ → πe (green), τ →
ρe (yellow). The corresponding darker colors indicate the
future reach of these processes, that is, how negative results
of future searches would reduce the allowed parameter
space. Besides those three τ decays, we display the impact
of the future sensitivity on Z → eτ (red), while we do not
show its current bound, as this process is not sensitive

FIG. 5. Contours of BRðJ=ψ → eτ) as a function of the Wilson coefficients Ceu;τe22 and Cφe;τe (top panel) and Ceq;τe22 and Cφe;τe
(bottom panel) at Λ ¼ 1 TeV. The light colored regions are allowed by the current constraints on τ → eee (blue), τ → πe (green),
τ → ρe (orange). The dark colored regions show the respective future sensitivities and, in addition, that of Z → eτ (red).
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enough to constrain the displayed WCs at present. The
plots show that constraints from LFV Z (future) and τ
decays are generally more relevant than LFVQD, in line
with the results previously shown in Fig. 4. However, there
exist nontrivial relations among the Wilson coefficients that
can lead to cancellations in one or more of the decay rates.
These are visible as flat directions, where the contour lines
or the shaded regions extend to arbitrarily large values of
the Wilson coefficients. The cancellation is generally only
possible for a single observable in a given direction, so that
the overall bound on the size of the WCs is not much
affected. In other words, most of the times different LFV τ
decays are complementary and cover each others flat

directions. There is, however, the possibility of an in-
triguing simultaneous cancellation in all observables with
the exception of ϒð1SÞ → eτ, as shown in the bottom right
panel of Fig. 6. This means that, along that direction,
BRðϒð1SÞ → eτ) is not subject to indirect constraints from
LFV τ decays and can in principle be as large as to saturate
the present experimental limit.
These flat directions can be understood by looking at the

leading order running and matching conditions of our two
EFTs. The LFVQD branching ratio for right-handed
charged leptons is proportional to the square of jVRj in
Eq. (9), which can be expressed in terms of SMEFT
operators at the matching scale μ ¼ mZ following the

FIG. 6. Contours of BRðϒð1SÞ → eτ) as a function of the Wilson coefficients Ced;τe33 and Cφe;τe (top panel) and Ceq;τe33 and Cφe;τe
(bottom panel) at the scale Λ ¼ 1 TeV. Colors as in Fig. 5.
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relations in Appendix A. Neglecting RGE effects, the
amplitude for J=ψ → eτ is then proportional to

VR ∝ Ceu;τe22 þ Cqe;22τe þ
�
1 −

8

3
s2w

�
Cφe;τe

≈ Ceu;τe22 þ Cqe;22τe þ 0.4Cφe;τe; ð32Þ

where sw ≡ sin θW is the sine of the weak mixing angle.
Then, we clearly see that there are flat directions with
vanishing VR, which can be observed in the left panels of
Fig. 5. Similarly for ϒð1SÞ → eτ the amplitude is propor-
tional to

VR ∝ Ced;τe33 þ V�
ibVjbCqe;ijτe −

�
1 −

4

3
s2w

�
Cφe;τe

≈ Ced;τe33 þ V�
ibVjbCqe;ijτe − 0.7Cφe;τe; ð33Þ

where V is the CKM matrix. Notice that the relative sign
between the Cφe and the 2q2l operators is now opposite,
hence the flat directions forϒð1SÞ → eτ appear in the right
panels of Fig. 6.
Understanding the flat directions for the other LFV decays

in the figures is more involved. The reason is that the 2q2l
operators we are switching on at μ ¼ Λ do not generate
directly any of these processes, thereforewe need to consider
their RGE effects that induce the relevant WCs: 2q2l
operators with uū or dd̄, 4l operators and lepton-Higgs
operators. In general, the dominant contributions7 come from
the gauge RGEs [52], whose coefficients depend on the
quantum numbers of all the involved particles. This means
that the RGE-induced WCs will be different for each
observable in each panel, so in general we can expect that
the flat directions, if any, will be different for every observ-
able. Indeed, by doing this exercise and solving the gauge
RGEs in the leading log approximation, it is straightforward
to reproduce almost every flat direction in Figs. 5 and 6.
The only exception is when the third generation of the

quark doublet is involved, as in the lower panels of Fig. 6.
Even if we were interested just in bottom quarks, the same
SUð2ÞL-invariant operator involves the top quark, whose
large Yukawa coupling dominates the RGEs over the gauge
contributions. In particular, this Yukawa term induces a
large lepton-Higgs operator [51], which in the leading log
approach is given by

Cφe;τeðμÞ ≈
6Y2

t

16π2
log

�
μ

Λ

�
Ceq;τe33ðΛÞ: ð34Þ

Due to this large contribution every observable, but the
LFVQD, in Fig. 6 is completely dominated by the

lepton-Higgs operator, either by the one we switched on
directly at μ ¼ Λ (if Cφe ≃ Ceq) or by the RGE-induced one
(if Cφe ≪ Ceq). In between, these two contributions com-
pete and can actually cancel each other. In other words,
along the common flat direction in the right panel of Fig. 6
both effect conspire in order to have Cφe;τeðμ ¼ mZÞ ≃ 0,
suppressing all the constraining LFV processes at the
same time.
This last result is just an example pointing toward the

LFVQD as the only observable to explore this kind of flat
directions along which all the other observables vanish.
Notice however that these cancellations do not necessarily
exactly hold at higher orders, which we did not include in
our analysis. Nevertheless, even if these higher order terms
would spoil this perfect cancellation, we still expect a
strong suppression in all these LFV processes, leading the
LFVQD as our best hope to explore these directions of the
parameter space.8

V. SUMMARY AND CONCLUSIONS

In this paper, we have addressed the prospects of testing
new physics in LFV decays of cc̄ and bb̄ bound states and,
more in general, studied the low-energy phenomenology of
LFV 2q2l operators with two charm or bottom fields.
Within an EFT framework, we could identify in a model-
independent way the muon and tau LFV processes that,
through radiative effects as illustrated in Fig. 1, indirectly
limit the rates of processes such as J=ψ → ll0,
J=ψ → ll0γ, ϒðnSÞ → ll0 etc., which can be sought at
BESIII, Belle II, and the proposed super tau-charm factory
(STCF). Our analysis goes beyond previous work by
considering both LEFT and SMEFT and in the number
of considered processes. The main results of our work can
be summarized as follows.

(i) In Sec. III, we recomputed the rates of vector
quarkonia LFV decays (with or without the emission
of a photon) as well as those of (pseudo)scalar
quarkonium states. We found good agreement with
analogous calculations published in Ref. [58] and
Ref. [72] with the appropriate adjustments for
neutrinos in the final state, apart from minor
differences with the results for vector quarkonium
decays in Ref. [58], see Sec. III A and Appendix B
for details.

(ii) Indirect limits, obtained within the LEFT, for a
comprehensive list of LFV decays of heavy quar-
konia are shown in Tables V and VI.

7As the LEFT 2q2l vector Wilson coefficients do not receive
1-loop QCD RG corrections, it is enough to consider the SMEFT
running.

8At the level of precision of our calculations, analogous flat
directions can be observed in the μe sector. However, given the
strong constraints set by muon processes, they require fine-tuned
cancellations that will likely be destabilized by higher-order
corrections. For these reasons, we refrain from a detailed
discussion of this possibility.
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(iii) For flavor violation in the μe sector, μ → e con-
version in nuclei and μ → eγ set such strong con-
straints on the relevant operators that the rates of the
processes we considered are bound to be way below
the most optimistic future expected sensitivities,
e.g., BRðJ=ψ → eμÞ≲ 10−15, BRðϒðnSÞ → eμÞ≲
10−12. Observing processes of this kind would then
be a striking signal of some new physics not
captured by our EFT framework.

(iv) In the case of flavor violation in the τl sector, the
maximum allowed rates for cc̄ → lτ decays are at
the level of 10−9 − 10−10, about one-two orders or
magnitude below the latest BESIII bounds, and may
be within the sensitivity of the STCF. The maximal
rates for bb̄ → lτ decays can be larger, of the order
of 10−6 − 10−7, that is, at the level of the current best
limits set by B-factory experiments, cf. Table I.
Hence Belle II has the potential to test new physics
by searching for LFV bottomonium decays.

(v) Our LEFT analysis did not consider possibly rel-
evant effects of the running of the operators above
the EW scale, nor possible cancellations among
different operators. Both these effects are analyzed
within the SMEFT framework in Sec. IV B.

(vi) As shown in Fig. 4, the SMEFT running tends to
increase the relative importance of the constraints
from LFV tau decays compared to J=ψ → lτ and
ϒðnSÞ → lτ. As a consequence, for most 2q2l
operators, an improvement of three orders of mag-
nitude on the experimental sensitivity to the latter
processes would barely suffice to test new physics
scales at the level of LFV tau decays.

(vii) This effect is particularly pronounced in the case of
operators contributing to ϒðnSÞ → lτ that involve
top quarks. Interestingly, such operators could be
better tested not only through tau decays by Belle II,
but also by searches for LFV Z decays, Z → lτ,
at a Tera-Z run of a future eþe− collider up to
scales ∼10 TeV.

(viii) On the other hand, ϒðnSÞ → lτ (and LFV tau
decays) are more sensitive than Z → lτ to operators
that do not involve top quarks. This provides a nice
example of the complementarity between low-energy
and high-energy searches for LFV phenomena.

(ix) If the new physics effects are not dominantly
captured by a single SMEFT operator, cancellations
(accidental or perhaps induced by symmetries of the
UV-complete theory) among different contributions
to the LFV decay rates are possible. In particular, we
showed in Fig. 6 an example of a flat direction,
along which all tau decays are suppressed and thus
ϒðnSÞ → lτ can saturate the present experimental
bounds. A qualitatively similar picture is obtained
when considering operators involving left-handed
instead of right-handed lepton currents.

(x) As a by-product of our analysis, we revisited the
prospects for μe flavor violation induced by 2q2l
operators with heavy quarks, see Fig. 3. This can be
observable by Mu3e and Mu2e/COMET up to new-
physics scales ∼1000 TeV, while no other LFV
process (in particular μ → eγ) should be observed if
these operators are the main source of flavor
violation. Hence, if both μ → eee and μ → e con-
version in nuclei are detected and the orders of
magnitude of their rates are comparable, that would
be an indication of this kind of operators as the
origin of lepton flavor violation. In contrast, new
physics dominantly inducing 4-lepton operators
would give BRðμ → eeeÞ ≫ CRðμN → eNÞ, while
it would be the other way round for 2q2l operators
involving light quarks. This nice interplay of differ-
ent processes highlights once more the model-
discriminating power of the upcoming campaign
of searches for LFV muon decays.
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APPENDIX A: EW-SCALE LEFT-SMEFT
MATCHING

As discussed in Ref. [45], at the EW scale, the SMEFT
operators shown in Table III match to the dipole operator in
Eq. (2) as

Ĉeγ;pr ¼
vffiffiffi
2

p
Λ2

ðCeB;pr cos θW − CeW;pr sin θWÞ: ðA1Þ

Here and in the following, Ĉ denote the WCs in the flavor
basis. The corresponding WCs C in the physical mass
basis are obtained by applying the unitary transformation
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f̂X ¼ XffX, where hatted fields are in the flavor basis, and
unhatted fields in the physical mass basis, f ¼ u, d, e, ν
and X ¼ L, R. Throughout this work, we work in the
basis where Ru;d;e;ν ¼ Lu;e;ν ≡ 1, the identity matrix, and
Ld ¼ VCKM, the CKM matrix.
The LEFT-SMEFT matching for the 2q2l operators in

Eq. (3) reads

ĈV;LL
eu;prst ¼

1

Λ2
ðCð1Þ

lq;prst − Cð3Þ
lq;prstÞ −

g2Z
m2

Z
½ZeL�pr½ZuL�st;

ðA2Þ

ĈV;LL
ed;prst ¼

1

Λ2
ðCð1Þ

lq;prst þ Cð3Þ
lq;prstÞ −

g2Z
m2

Z
½ZeL�pr½ZdL�st;

ðA3Þ

ĈV;RR
eu;prst ¼

Ceu;prst

Λ2
−

g2Z
m2

Z
½ZeR�pr½ZuR�st; ðA4Þ

ĈV;RR
ed;prst ¼

Ced;prst

Λ2
−

g2Z
m2

Z
½ZeR�pr½ZdR�st; ðA5Þ

ĈV;LR
eu;prst ¼

Clu;prst

Λ2
−

g2Z
m2

Z
½ZeL�pr½ZuR�st; ðA6Þ

ĈV;LR
ed;prst ¼

Cld;prst

Λ2
−

g2Z
m2

Z
½ZeL�pr½ZdR�st; ðA7Þ

ĈV;LR
ue;prst ¼

Cqe;prst

Λ2
−

g2Z
m2

Z
½ZeR�st½ZuL�pr; ðA8Þ

ĈV;LR
de;prst ¼

Cqe;prst

Λ2
−

g2Z
m2

Z
½ZeR�st½ZdL�pr; ðA9Þ

ĈS;RL
eu;prst ¼ 0; ðA10Þ

ĈS;RL
ed;prst ¼

Cledq;stpr

Λ2
; ðA11Þ

ĈS;RR
eu;prst ¼ −

Cð1Þ
lequ;prst

Λ2
; ðA12Þ

ĈT;RR
eu;prst ¼ −

Cð3Þ
lequ;prst

Λ2
; ðA13Þ

ĈS;RR
ed;prst ¼ 0; ðA14Þ

ĈT;RR
ed;prst ¼ 0; ðA15Þ

and that of the 4-lepton operators in Eq. (4) is

ĈV;LL
ee;prst¼

Cll;prst

Λ2
−

g2Z
4m2

Z
½ZeL�pr½ZeL�st−

g2Z
4m2

Z
½ZeL�pt½ZeL�sr;

ðA16Þ

ĈV;RR
ee;prst¼

Cee;prst

Λ2
−

g2Z
4m2

Z
½ZeR�pr½ZeR�st−

g2Z
4m2

Z
½ZeR�pt½ZeR�sr;

ðA17Þ

ĈV;LR
ee;prst ¼

Cle;prst

Λ2
−

g2Z
m2

Z
½ZeL�pr½ZeR�st: ðA18Þ

In the above expressions, the effective interactions of the Z
boson read

½ZeL�pr ¼
�
δpr

�
−
1

2
þ sin2θW

�
−
1

2

v2

Λ2
ðCð1Þ

φl;pr þ Cð3Þ
φl;prÞ

�
;

ðA19Þ

½ZeR�pr ¼
�
δprðsin2θWÞ −

1

2

v2

Λ2
Cφe;pr

�
; ðA20Þ

½ZuL�pr ¼
�
δpr

�
1

2
−
2

3
sin2θW

�
−
1

2

v2

Λ2
ðCð1Þ

φq;pr − Cð3Þ
φq;prÞ

�
;

ðA21Þ

½ZuR�pr ¼
�
δpr

�
−
2

3
sin2θW

�
−
1

2

v2

Λ2
Cφu;pr

�
; ðA22Þ

½ZdL�pr¼
�
δpr

�
−
1

2
þ1

3
sin2θW

�
−
1

2

v2

Λ2
ðCð1Þ

φq;prþCð3Þ
φq;prÞ

�
;

ðA23Þ

½ZdR�pr ¼
�
δpr

�
1

3
sin2θW

�
−
1

2

v2

Λ2
Cφd;pr

�
: ðA24Þ

For simplicity, we set all other SMEFT operators to zero,
when defining the theory at the high scale, in particular,
those involving Higgs fields together with gauge field
strengths or Higgs fields only. While other Higgs operators
will be generated by RG corrections, in particular LFV
lepton-Higgs operators, the latter ones will not [50–52].
Hence, under this assumption, the Higgs vacuum expect-
ation value, the Z coupling and the Weinberg angle receive
no corrections and they are simply given by the usual SM
definitions. In particular, in the above expressions, one has
gZ ¼ e=ðsin θW cos θWÞ. For these reasons, the above for-
mulas are somewhat simplified compared to the full ones
presented in Ref. [45].
Given our choice of basis, the only nontrivial relations

between WC in the flavor and physical mass basis for
neutral-current LFV 4-fermion LEFT operators are
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CV;LL
ed;prst ¼ ĈV;LL

ed;prabV
�
asVbt; CV;LR

de;prst ¼ ĈV;LR
de;abstV

�
apVbr;

CS;RL
ed;prst ¼ ĈS;RL

ed;prsaVat; CS;RR
ed;prst ¼ ĈS;RR

ed;pratV
�
as;

CT;RR
ed;prst ¼ ĈT;RR

ed;pratV
�
as; ðA25Þ

where Vij are entries of the CKM matrix. For all other
Wilson coefficients of LFV LEFT operators, the flavor
basis agrees with the mass basis by construction.

APPENDIX B: CALCULATIONAL DETAILS
FOR RADIATIVE LFV VECTOR

QUARKONIUM DECAYS

This section provides additional calculational details for
the radiative LFV vector quarkonium decay presented in
Sec. III B. The full matrix element for VðP; ϵVÞ →
l−
i ðpiÞlþ

j ðpjÞγðq; ϵÞ is given by

M ¼ Qqe

xγm3
V
½ðP · qÞðϵV · ϵ�Þ − ðP · ϵ�Þðq · ϵVÞ�ūi½ðSR þ S̃RxγÞPR þ ðSL þ S̃LxγÞPL�vj

þ Qqe

xγm3
V
iϵαβμνPαqβϵμVϵ

�νūi½ðP0
R þ iP̃0

RxγÞPR þ ðP0
L þ iP̃0

LxγÞPL�vj

þ Qqe

xγm2
V
iϵαβμνqβϵ

μ
Jϵ

�νūiγαðARPR þ ALPLÞvj

þ eQl

2
VLūi

�
2pi · ϵ� þ =ϵ�=q

2pi · q
=ϵVPL − =ϵVPL

2pj · ϵ� þ =q=ϵ�

2pj · q

�
vj

þ eQl

2
VRūi

�
2pi · ϵ� þ =ϵ�=q

2pi · q
=ϵVPR − =ϵVPR

2pj · ϵ� þ =q=ϵ�

2pj · q

�
vj

þ 2ieQl

mV
TLūi

�
2pi · ϵ� þ =ϵ�=q

2pi · q
ϵμVσμνp

νPL − ϵμVσμνp
νPL

2pj · ϵ� þ =q=ϵ�

2pj · q

�
vj

þ 2ieQl

mV
TRūi

�
2pi · ϵ� þ =ϵ�=q

2pi · q
ϵμVσμνp

νPR − ϵμVσμνp
νPR

2pj · ϵ� þ =q=ϵ�

2pj · q

�
vj; ðB1Þ

where the first three lines originate from initial state
radiation and the last four from final state radiation. The
coefficients are defined in Eqs. (8), (9), and (13). The
relevant scalar products are

P ·q¼m2
Vxγ=2; p2¼m2

V; q2¼ 0;

p2
i ¼ y2i m

2
V; P ·pi¼

m2
V

2
xi; P ·q¼m2

V

2
xγ; ðB2Þ

and the products of the final state momenta are

pi · pj ¼
m2

V

2
ð1 − y2i − y2j − xγÞ;

pi · q ¼ m2
V

2
ð1þ y2j − y2i − xjÞ; ðB3Þ

where the variables x and y are defined as xi ¼ 2Ei=mV and
yi¼mi=mV , and the xi satisfy the relation xiþxjþxγ¼2.
Similar expressions apply for i ↔ j. Using FeynCalc

[69–71], we calculate the summed and averaged squared
matrix element

jMj2 ≡ 1

3

X
spin;pol

jMj2: ðB4Þ

The differential decay rate is then given by

dΓ
dxidxγ

¼ mV

256π3
jMj2; ðB5Þ

with

2ya ≤ xa ≤ 1þ y2a − y2b − y2c − 2ybyc; x−b ≤ xb ≤ xþb ;

ðB6Þ

x�b ¼ 1

2ð1 − xa þ y2aÞ
½ð2 − xaÞð1þ y2a þ y2b − y2c − xaÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2a − 4y2a

q
λ1=2ð1þ y2a − xa; y2b; y

2
cÞ�; ðB7Þ

where we choose a ¼ γ, b ¼ i and c ¼ j. In the following
we do not consider operators which are also constrained by
the LFV 2-body decay, i.e., we set VL;R ¼ TL;R ¼ 0 and
thus only the contributions from initial state radiation
contribute. Furthermore, we assume a hierarchy among
the final state lepton masses. The results slightly differ
depending on which of the lepton masses is neglected,
because the chirality of the massless lepton determines
which operators interfere, e.g., if the lepton is massless the
relevant chirality is the one of the first lepton field L̄; ē in
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the bilinear, while it is the second lepton field L, e for massless antileptons. We find, for the limiting case where either the
lepton or antilepton is taken to be massless,

dΓ
dxγ

¼ αQ2
qmV

192π2
½ðjALj2 þ jARj2ÞgAðxγ; yÞ þ I0gPAðxγ; yÞ

þ ðjSL þ S̃Lxγj2 þ jSR þ S̃Rxγj2 þ jP0
L þ iP̃0

Lxγj2 þ jP0
R þ iP̃0

Rxγj2ÞgSðxγ; yÞ�; ðB8Þ

where y ¼ yi (y ¼ yj) denotes the nonzero (anti)lepton mass and the interference term is given by

I0 ¼
�þReðALðP0

L þ iP̃0
LxγÞ� þ ARðP0

R þ iP̃0
RxγÞ�Þ for y ¼ yi ≠ 0; yj ¼ 0;

−ReðALðP0
R þ iP̃0

RxγÞ� þ ARðP0
L þ iP̃0

LxγÞ�Þ for yi ¼ 0; y ¼ yj ≠ 0;
ðB9Þ

The kinematic functions are given by

gAðx; yÞ ¼
xð1 − x − y2Þ2ð2x2 − ð6þ y2Þxþ 4þ 5y2Þ

6ð1 − xÞ3 ;

gSðx; yÞ ¼
xð1 − x − y2Þ2

2ð1 − xÞ ;

gPAðx; yÞ ¼
yxð1 − x − y2Þ2

ð1 − xÞ2 : ðB10Þ

We find agreement with the results in Ref. [72] taking into account that the latter work studied final states with neutrinos
instead of charged leptons. We also find agreement with Ref. [58] for the scalar contribution up to a prefactor, but our result
differs for the axial-vector contribution.

APPENDIX C: OBSERVABLES FOR INDIRECT CONSTRAINTS

In this appendix we collect the analytical expressions for the computation of the LFVobservables we studied in this work
and used to set indirect limits on the LFVQD. They are given in terms of the LEFT Wilson coefficients, with the exception
of the LFV Z decays that are given in the SMEFT. All these WCs are to be evaluated at the relevant scale, that is, setting μ to
the mass of the decaying particle.

1. Radiative LFV decays: li → ljγ

Neglecting the mass of the final-state lepton, the branching ratio for li → ljγ reads [100]:

BRðli → ljγÞ ¼
m3

li

4πΓli

ðjCeγ;jij2 þ jCeγ;ijj2Þ; ðC1Þ

where Γli is the total width of the decaying lepton.

2. 3-body LFV decays: li → ljlkl̄m

For j ¼ k ¼ m, i.e., the decays μ → eeē, τ → eeē and τ → μμμ̄, we have [27]

BRðli → ljljl̄jÞ ¼
m5

li

3ð16πÞ3Γli

�
16jCV;LL

ee;jijjj2 þ 16jCV;RR
ee;jijjj2 þ 8jCV;LR

ee;jijjj2 þ 8jCV;LR
ee;jjjij2

þ jCS;RR
ee;jijjj2 þ jCS;RR

ee;jjijj2 þ
256e2

m2
li

�
log

m2
li

m2
lj

−
11

4

�
ðjCeγ;jij2 þ jCeγ;ijj2Þ

−
64e
mli

Re½ð2CV;LL
ee;jijj þ CV;LR

ee;jijjÞC�
eγ;ji þ ð2CV;RR

ee;jijj þ CV;LR
ee;jjjiÞCeγ;ji�

�
: ðC2Þ

Similarly, for j ≠ k ¼ m, that is, the decays τ → eμμ̄ and τ → μeē, we find [27]
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BRðli → ljlkl̄kÞ ¼
m5

li

3ð16πÞ3Γli

�
8jCV;LL

ee;jikkj2 þ 8jCV;RR
ee;jikkj2 þ 8jCV;LR

ee;jikkj2 þ 8jCV;LR
ee;kkijj2

þ 2jCS;RR
ee;jikkj2 þ 2jCS;RR

ee;kkijj2 þ
256e2

m2
li

�
log

m2
li

m2
lk

− 3

�
ðjCeγ;jij2 þ jCeγ;ijj2Þ

−
64e
mli

Re½ðCV;LL
ee;jikk þ CV;LR

ee;jikkÞC�
eγ;ji þ ðCV;RR

ee;jikk þ CV;RL
ee;kkjiÞCeγ;ij�

�
: ðC3Þ

In the above expressions the masses of the lighter leptons have been all neglected.
Finally, notice that the case j ¼ k ≠ m corresponds to processes with jΔLej ¼ 2, jΔLμj ¼ jΔLτj ¼ 1 or jΔLμj ¼ 2,

jΔLej ¼ jΔLτj ¼ 1 (τ → eeμ̄ and τ → μμē) that are never relevant to constrain the hadronic LFV decays we are
interested in.

3. μ → e conversion in nuclei

The conversion rate is defined as ΓðμN → eNÞ=ΓcaptðNÞ, where ΓcaptðNÞ is the capture rate of muons by the nucleus N
[96], and the μN → eN transition rate is given by is [49,96–98]

ΓðμN → eNÞ ¼ m5
μ

4

���� 1

mμ
C�
eγ;μeDþ 4ðmpC

ðpÞ
SR S

ðpÞ þ CðpÞ
VRV

ðpÞ þ p → nÞ
����
2

þm5
μ

4

���� 1

mμ
Ceγ;eμDþ 4ðmpC

ðpÞ
SL S

ðpÞ þ CðpÞ
VLV

ðpÞ þ p → nÞ
����
2

; ðC4Þ

where

CðNÞ
VR ¼

X
q¼u;d;s

ðCV;LR
qe;qqeμ þ CV;RR

eq;eμqqÞfðqÞVN; ðC5Þ

CðNÞ
SR ¼

X
q¼u;d;s

CS;RR�
eq;μeqq þ CS;RL�

eq;μeqq

mq
fðqÞSN þ

�
C�
eGG;μe

αs
−

1

12π

X
q¼c;b

CS;RR�
eq;μeqq þ CS;RL�

eq;μeqq

mq

�
fGN; ðC6Þ

CðNÞ
VL ¼

X
q¼u;d;s

ðCV;LR
eq;eμqq þ CV;LL

eq;eμqqÞfðqÞVN; ðC7Þ

CðNÞ
SL ¼

X
q¼u;d;s

CS;RR
eq;eμqq þ CS;RL

eq;eμqq

mq
fðqÞSN þ

�
CeGG;eμ

αs
−

1

12π

X
q¼c;b

CS;RR
eq;eμqq þ CS;RL

eq;eμqq

mq

�
fGN; ðC8Þ

with N ¼ p, n. The nuclear vector form factors are determined from vector current conservation

fðuÞVp ¼ fðdÞVn ¼ 2; fðdÞVp ¼ fðuÞVn ¼ 1; fðsÞVp ¼ fðsÞVn ¼ 0; ðC9Þ

and we follow Ref. [49] for the nuclear scalar form factors

fðuÞSp ¼ ð20.8� 1.5Þ × 10−3; fðdÞSp ¼ ð41.1� 2.8Þ × 10−3; fðsÞSN ¼ ð53� 27Þ × 10−3;

fðuÞSn ¼ ð18.9� 1.4Þ × 10−3; fðdÞSn ¼ ð45.1� 2.7Þ × 10−3: ðC10Þ

The scalar form factors for up and down quarks are taken from Ref. [101] and the ones for the strange quark have been
obtained on the lattice [102], which can also be determined using effective field theory [103,104]. See also Ref. [105] for a
recent calculation of next-to-leading order contributions. Finally, the form factor fGN is related to the nuclear scalar form
factors of light quarks
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fGN ¼ 1 −
X

q¼u;d;s

fðqÞSN: ðC11Þ

The overlap integrals D, SðpÞ, SðnÞ, VðpÞ, and VðnÞ for the
different nuclei have been calculated in Ref. [96]. For a
recent reassessment see Ref. [106].

4. Semileptonic LFV τ decays: τ → Pl, τ → Vl

Expressions for the τ → Vl processes, with l ¼ e, μ and
V ¼ ρ;ϕ a vector meson, in terms of the LEFT Wilson
coefficients can be found in Ref. [107]. The branching ratio
reads

BRðτ → VlÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðm2

τ ; m2
l; m

2
VÞ

q
16πm3

τΓτ
jMτ→Vlj2; ðC12Þ

where λða; b; cÞ ¼ a2 þ b2 þ c2 − 2ðabþ acþ bcÞ. The
squared amplitude is given by

jMτ→Vlj2 ¼ jMV
τ→Vlj2 þ jMT

τ→Vlj2 þ I τ→Vl; ðC13Þ

where the first term comes from couplings of the meson to
leptonic vector currents, the second one is due to tensor
currents, and the last term is the interference of the two:

jMV
τ→Vlj2 ¼

1

2
½ðjgτlVVL j2 þ jgτlVVR j2Þ

×

�ðm2
τ −m2

lÞ2
m2

V
þm2

τ þm2
l − 2m2

V

�

− 12mτmlReðgτlVVR ðgτlVVL Þ�Þ�; ðC14Þ

jMT
τ→Vlj2 ¼

1

2
½ðjgτlVTL − g̃τlVTL j2 þ jgτlVTR þ g̃τlVTR j2Þ

× ð2ðm2
τ −m2

lÞ2 −m2
Vðm2

τ þm2
lÞ −m4

VÞ
− 12m2

VmτmlReððgτlVTR þ g̃τlVTR Þ
× ðgτlVTL − g̃τlVTL Þ�Þ�; ðC15Þ

I τ→Vl ¼ 3mτðm2
τ −m2

l −m2
VÞReðgτlVVL ðgτlVTR þ g̃τlVTR Þ�

þ gτlVVR ðgτlVTL − g̃τlVTL Þ�Þ þ 3mlðm2
l −m2

τ −m2
VÞ

× ReðgτlVVR ðgτlVTR þ g̃τlVTR Þ� þ gτlVVL ðgτlVTL − g̃τlVTL Þ�Þ:
ðC16Þ

In terms of the LEFT Wilson coefficients, the effective
couplings appearing in the above expressions read in the
case of decays into a ρ meson

gτlρVL ¼1

2
mρfρ

�
CV;LL
eu;lτuu−CV;LL

ed;lτddffiffiffi
2

p þCV;LR
eu;lτuu−CV;LR

ed;lτddffiffiffi
2

p
�
;

ðC17Þ

gτlρVR ¼1

2
mρfρ

�
CV;RR
eu;lτuu−CV;RR

ed;lτddffiffiffi
2

p þCV;LR
ue;uulτ−CV;LR

de;ddlτffiffiffi
2

p
�
;

ðC18Þ

gτlρTL ¼ fTρ
CT;RR�
eu;τluu − CT;RR�

ed;τlddffiffiffi
2

p −
ffiffiffi
2

p
e
fρ
mρ

C�
eγ;τl; ðC19Þ

gτlρTR ¼ fTρ
CT;RR
eu;lτuu − CT;RR

ed;lτddffiffiffi
2

p −
ffiffiffi
2

p
e
fρ
mρ

Ceγ;lτ; ðC20Þ

g̃τlρTL ¼ −fTρ
CT;RR�
eu;τluu − CT;RR�

ed;τlddffiffiffi
2

p ; ðC21Þ

g̃τlρTR ¼ fTρ
CT;RR
eu;lτuu − CT;RR

ed;lτddffiffiffi
2

p ; ðC22Þ

where fρ it the decay constant of the ρmeson, and fTρ is the
transverse decay constant.
The corresponding effective couplings for the case of the

ϕ are

gτlϕVL ¼ 1

2
mϕfϕðCV;LL

ed;lτss þ CV;LR
ed;lτssÞ; ðC23Þ

gτlϕVR ¼ 1

2
mϕfϕðCV;RR

ed;lτss þ CV;LR
de;sslτÞ; ðC24Þ

gτlϕTL ¼ fTϕC
T;RR�
ed;τlss þ

2

3
e
fϕ
mϕ

C�
eγ;τl; ðC25Þ

gτlϕTR ¼ fTϕC
T;RR
ed;lτss þ

2

3
e
fϕ
mϕ

Ceγ;lτ; ðC26Þ

g̃τlϕTL ¼ −fTϕC
T;RR�
ed;τlss; ðC27Þ

g̃τlϕTR ¼ fTϕC
T;RR
ed;lτss: ðC28Þ

As for the case of the decays into a vector, we can
find the expressions for the decays into pseudoscalar
mesons in Ref. [107]. The branching ratio for τ → Pl,
with l ¼ e, μ is

BRðτ → PlÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðm2

τ ; m2
l; m

2
PÞ

q
16πm3

τΓτ
jMτ→Plj2; ðC29Þ

where

jMτ→Plj2 ¼
1

2
ðm2

τ þm2
l −m2

PÞðjgτlPL j2 þ jgτlPR j2Þ
þ 2mτmlReðgτlPL ðgτlPR Þ�Þ; ðC30Þ

with
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gτlPL ¼ gτlPSL −mlg
τlP
VL þmτg

τlP
VR ;

gτlPR ¼ gτlPSR −mlg
τlP
VR þmτg

τlP
VL : ðC31Þ

The effective couplings of π0 to leptonic currents are

gτlπSL ¼ fπm2
πffiffiffi

2
p ðmu þmdÞ

×

�
CS;RL�
eu;τluu − CS;RR�

eu;τluu

2
−
CS;RL�
ed;τldd − CS;RR�

ed;τldd

2

�
;

ðC32Þ

gτlπSR ¼ fπm2
πffiffiffi

2
p ðmu þmdÞ

×

�
CS;RL
eu;lτuu − CS;RR

eu;lτuu

2
−
CS;RL
ed;lτdd − CS;RR

ed;lτdd

2

�
;

ðC33Þ

gτlπVL ¼ fπffiffiffi
2

p
�
CV;LR
eu;lτuu − CV;LR

ed;lτdd

2
−
CV;LL
eu;lτuu − CV;LL

ed;lτdd

2

�
;

ðC34Þ

gτlπVR ¼ fπffiffiffi
2

p
�
CV;RR
eu;lτuu − CV;RR

ed;lτdd

2
−
CV;LR
ue;uulτ − CV;LR

de;ddlτ

2

�
:

ðC35Þ

5. LFV Z decays

The branching ratios of LFV decays of the Z boson are
given by [27,56,108]

BRðZ → liljÞ ¼
mZ

12πΓZ
½jgijVRj2 þ jgijVLj2

þm2
Z

2
ðjgijTRj2 þ jgijTLj2Þ�; ðC36Þ

with

gijVR ¼ e
sin θW cos θW

½ZeR�ij;

gijVL ¼ e
sin θW cos θW

½ZeL�ij; ðC37Þ

gijTR ¼ δgji�TL ¼ −
vffiffiffi
2

p
Λ2

ðsin θWCeB;ij þ cos θWCeW;ijÞ;

ðC38Þ

where the LFV Z couplings ZeL; ZeR are given in terms of
WCs of lepton-Higgs operators in Eqs. (A19) and (A20).
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