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We study quark and lepton mass matrices derived from magnetized T2=Z2 orbifold models. Quark and
lepton masses have a large hierarchy. In addition, mixing angles are large in the lepton sector, while those
are small in the quark sector. We find that this structure can be realized in certain flavor models, which are
identified by the zero points of the zero-mode wave functions of fermions and Higgs modes. We classify
such realistic flavor models. Fixed points τ ¼ i, e2πi=3 and i∞ of the modulus τ play a role in realizing a
large mass hierarchy through our scenario, where residual S, ST, and T symmetries remain and the lightest
Higgs modes can correspond to eigenstates of residual symmetries at the leading order. As a result, we find
that there are 24 flavor models in total which can be realistic in a vicinity of S-symmetric vacuum but no
flavor models for ST- and T-symmetric vacua.
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I. INTRODUCTION

The standard model (SM) established by the discovery of
the Higgs particle is a successful theory describing almost
all observations from current experiments. However it still
contains several unsolved issues. The origin of the quark
and lepton flavors is one of such issues. Quark and lepton
masses are required to be hierarchical, and neutrino masses
must be extremely light compared with other fermions by
observational results. In addition, quark mixings are
required to be small but lepton mixings are large. Also
we have CP-violating phases. To describe these observ-
ables in the quark sector, the SM needs ten real parameters:
six quark masses, three mixing angles, and one CP-violating
phase. For the lepton sector, it needs twelve real parameters:
six lepton masses, three mixing angles, and three Dirac and
Majorana CP-violating phases. Understanding the origin of
these parameters is one of the most fundamental and
challenging issues in the current particle physics.
Superstring theory is a promising candidate for the

unified theory. This theory predicts ten-dimensional (10D)
space-time. The extra six-dimensional (6D) space must be
compactified to be unobserved. The low-energy effective
theory of superstring theory leads 10D super-Yang-Mills
theory and its compactification can lead to solutions to the
issues in particle physics. Hence, we can expect that the
quark and lepton flavor structures are originated from this

6D space. For example, torus and orbifold compactifica-
tions with magnetic flux background give the four-
dimensional chiral theory where wave functions have a
generation structure determined by the size of the magnetic
flux and Yukawa couplings depend on moduli [1–4]. In this
sense, superstring theory on torus compactification and its
orbifoldings with magnetic fluxes is attractive. Indeed,
several numerical studies have shown that realistic flavor
structures can be realized [5–10].
Moreover, torus compactification has another important

aspect. The geometrical symmetry of torus is the modular
symmetry Γ≡ SLð2;ZÞ as well as Γ̄≡ SLð2;ZÞ=Z2,
which has recently drawn attention from the bottom-up
approach. It is well known that the finite modular subgroups
ΓN for N ¼ 2, 3, 4, and 5 are isomorphic to S3, A4, S4, and
A5, respectively [11]. Inspired by these aspects, flavor
models with ΓN have been studied intensively in the
bottom-up approach. (See e.g., Refs. [12–61].) In those
models, matter fields are assumed to transform nontrivially
under modular symmetry. In addition, Yukawa couplings
are also modular forms and depend on the modulus τ.
Especially, the modular fixed points, τ ¼ i, e2πi=3 and i∞,
are important. Yukawa couplings as well as mass matrices
have SðZ2Þ, STðZ3Þ, and TðZNÞ-symmetries at τ ¼ i,
e2πi=3, and i∞, respectively, and these residual symmetries
make the structure of Yukawa couplings specific patterns. In
Refs. [33,36,43,55–57], realistic results were obtained at the
vicinity of the modualr fixed points. (See also Ref. [62].)
Here, we study the quark and lepton mass matrices

derived from magnetized T2=Z2 orbifold models. Zero
modes in magnetized T2=Z2 orbifold models transform
nontrivially under the modular symmetry [63–70].
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In general, compactifications of superstring theory lead to
more than one candidate for Higgs modes, which have the
same quantum numbers under SUð3Þ × SUð2Þ ×Uð1Þ SM
gauge group and can couple with quarks and leptons. It is
true for torus and orbifold compactification with magnetic
flux. Note that again the generation number of wave
functions is determined by the size of magnetic flux.
Then, the number of Higgs pairs is also determined by
the magnetic fluxes in the quark and lepton sectors and is
larger than one, in general. They can couple to both quarks
and leptons and give multipair Yukawa couplings among
them. Thus mass matrices of quarks and leptons are given
by the liner combination of these Yukawa couplings and
vacuum expectation values (VEVs) of multipair Higgs
fields. We expect that those Higgs modes may have mass
terms, i.e., the so-called μ terms, and the lightest linear
combination develops its VEV. Thus, the Higgs VEV
direction is determined by the lightest direction. The mass
terms of Higgs fields are forbidden at the perturbative level
in superstring theory. They can be induced by nonperturba-
tive effects such as D-brane instanton effects. However,
such analyses are not straightforward in explicit models, and
the lightest direction is not clear. In our analysis, as in
Refs. [5–8], we use the direction of Higgs VEVs as
parameters and find the model conditions to lead to
hierarchical masses of quarks and charged lepton, small
mixing of quarks and large mixing of leptons. In addition,
we assume the vicinity at either of three modular fixed
points, τ ¼ i, e2πi=3, and i∞, and Higgs VEVs are aligned in
the eigenbasis of S, ST, and T transformations, respectively.
As we will show, such vacuum can be led by the leading
order Higgs μ term due to D-brane instanton effects.
Also we need to solve the smallness of neutrino masses.

It can be realized by a seesaw mechanism. Majorana
mass terms of a right-handed neutrino can be induced
by D-brane instanton effects [71–75]. In particular, in
Ref. [76], possible forms of right-handed neutrino mass
terms induced by D-brane instanton effects on magnetized
T2=Z2 orbifold were studied. Assuming same D-brane
instanton effects, we obtain light neutrino masses through
the seesaw mechanism.
Our purpose of this paper is to realize realistic quark and

lepton mass matrices in magnetized orbifold models. One
of the key points is how to derive a large hierarchy of
fermion masses. Such a hierarchy can be realized in mass
matrices with almost rank one. In Ref. [9], the texture
structure of quark mass matrices was studied and it was
shown that (approximate) rank one quark mass matrices
can be derived through the texture structure. Here, we show
another method to find (approximate) rank one mass
matrices by using properties of wave functions in compact
space. Such a method will be applied to both the quark
sector and charged lepton sector, although only the quark
sector was studied in Ref. [9]. Another key point is how to
drive the large mixing in the lepton sector and the small

mixing in the quark sector. As will be shown, the above
Higgs VEV directions leading to approximate rank one
mass matrices have a problem when we apply it to the
neutrino sector, too. Such a difficulty can be avoided in
some models, which satisfy certain consistency conditions.
We will study such conditions and show explicit models.
The paper is organized as follows. In Sec. II, we review

the zero-modewave functions and flavor models on the torus
and orbifold with magnetic fluxes. In Sec. III, we study the
conditions to realize quark and lepton flavor structure and
classify the flavor models consistent with them. In Sec. IV,
we also classify the flavor models consistent with the
modular symmetric vacuum. In Sec. V, we give the numeri-
cal studies for the quark and lepton mass matrices in our
models. Section VI concludes this study. In Appendixes A
and B, we review the Majorana mass terms of right-handed
neutrinos and Higgs μ terms induced by D-brane instanton
effects, respectively. In Appendix C, we summarize the
Yukawa couplings and Majorana mass terms on the model
studied numerically in Sec. V.

II. MAGNETIZED ORBIFOLD MODEL

A. Torus and orbifold compactifications

First of all, we briefly review the zero-mode wave
functions on the magnetized T2. As in Ref. [9], to make
our analysis simple, we assumeUð1Þ background magnetic
flux on T2:

F ¼ dA ¼ πiM
Imτ

dz ∧ dz̄; A ¼ πM
Imτ

Imðz̄dzÞ; ð1Þ

where z denotes the complex coordinate on T2, τ denotes
the complex structure modulus,M is a value of flux, and A
is the vector potential one-form. Then the torus identi-
fication z ∼ zþmþ nτ; m; n ∈ Z, makes the value of flux
M be the integer, which is called the Dirac quantization
condition.
The two-dimensional spinor with Uð1Þ unit charge

q ¼ 1, ψ ¼ ðψþ;ψ−ÞT , must satisfy the following boun-
dary conditions:

ψðzþ 1Þ ¼ e2πiα1eπiM
Imz
ImτψðzÞ;

ψðzþ τÞ ¼ e2πiα2eπiM
Imτ̄z
Imτ ψðzÞ; ð2Þ

where αi, i ¼ 1, 2 denote Scherk-Schwarz (SS) phases,
which cannot be removed by the gauge transformation.
Imposing these conditions on the massless Dirac equation,
i=Dψ ¼ 0, it is found that when M > 0 (M < 0), ψþ (ψ−)
has the jMj number of degenerate solutions but ψ− (ψþ) has
no solution. Then the jth zero modes of ψþ for M > 0 are
expressed as
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ψ ðjþα1;α2Þ;jMj
þ ðz; τÞ

¼
�jMj
A2

�
1=4

e2πi
ðjþα1Þα2

jMj eπijMjzImz
Imτϑ

� jþα1
jMj
−α2

�
ðjMjz; jMjτÞ;

j ¼ 0; 1;…; jMj − 1; ð3Þ

where A denotes the area of T2 and ϑ denotes the Jacobi
theta function defined by

ϑ

�
a

b

�
ðν; τÞ ¼

X
l∈Z

eπiðaþlÞ2τe2πiðaþlÞðνþbÞ: ð4Þ

Similarly, ones of ψ− for M < 0 are given. Hereafter

we assume M > 0 and denote ψ ðjþα1;α2Þ;jMj
þ as

ψ ðjþα1;α2Þ;M
T2 although one can study the M < 0 case in

the same way. It can be shown that the zero modes satisfy
the normalization,

Z
d2zψ ðiþα1;α2Þ;Mðz;τÞðψ ðjþα1;α2Þ;Mðz;τÞÞ� ¼ð2ImτÞ−1=2δi;j:

ð5Þ

Second, we review the zero-mode wave functions on
the T2=Z2 twisted orbifold. The T2=Z2 twisted orbifold is
obtained by the Z2 twist identification, z ∼ −z, in addition
to torus identification. Then the zero modes on T2=Z2 are
given by

ψ ðjþα1;α2Þ;M
T2=Zm

2

ðzÞ ¼ N ðjþα1Þ
�
ψ ðjþα1;α2Þ;M
T2 ðzÞ þ ð−1Þmψ ðjþα1;α2Þ;M

T2 ð−zÞ
�

¼ N ðjþα1Þ
�
ψ ðjþα1;α2Þ;M
T2 ðzÞ þ ð−1Þm−2α2ψ ðM−ðjþα1Þ;α2Þ;M

T2 ðzÞ
�

≡Ojk;α1;α2;M
m ψ ðkþα1;α2Þ;M

T2 ðzÞ; ð6Þ

where m ∈ f0; 1g denotes parities under Z2 twist, N ðjþα1Þ
is a normalization factor defined by

N ðjþα1Þ ¼
�
1=2 ðjþ α1 ¼ 0;M=2Þ;
1=

ffiffiffi
2

p ðotherwiseÞ; ð7Þ

and

Ojk;α1;α2;M
m ¼ N ðjþα1Þðδj;k þ ð−1Þm−2α2δM−j−2α1;kÞ: ð8Þ

Note that SS phases on T2=Z2 are restricted to

ðα1; α2Þ ¼ ð0; 0Þ; ð1=2; 0Þ; ð0; 1=2Þ; ð1=2; 1=2Þ; ð9Þ

due to the Z2 twist identification. The number of zero
modes is summarized in Table I.

B. Zero points of zero modes on T2=Z2

Here we study the zero points of zero-mode wave
functions on T2=Z2. Zero points of zero-mode wave
functions are the coordinates on T2=Z2 where all zero-

mode wave functions vanish, ψ ðjþα1;α2Þ;M
T2=Zm

2

ðzÞ ¼ 0 for all

of j. We focus on zero points at the fixed points which are
invariant points under Z2 twist up to lattice translations of
torus. As we will see soon, all zero-mode wave functions
become zero or nonzero at each fixed point. The fixed
points on T2=Z2 are obtained as follows:

PF ¼
�
0;
1

2
;
τ

2
;
1þ τ

2



: ð10Þ

First we consider the boundary conditions at the fixed
points in order to find the zero points. From Eq. (3), we can
check that the zero modes on T2 satisfy the following
conditions:

ψ ðjþα1;α2Þ;M
T2

�
zþ n1 þ n2τ

2

�
¼ eπiðjþα1Þn1eπiM

4
n1n2e

πiM
2

Imðn1þn2 τ̄Þz
Imτ · ψ

ðjþα1þM
2
n2;α2þM

2
n1Þ;M

T2 ðzÞ;
ð11Þ

where n1; n2 ∈ Z. They lead to

TABLE I. The number of zero modes on T2=Z2. Z2 parities 0
and 1 denote even and odd modes, respectively.

(Z2 parity, α1, α2) M ¼ even M ¼ odd

(0, 0, 0) M
2
þ 1 Mþ1

2

(1, 0, 0) M
2
− 1 M−1

2

(0, 1/2, 0) M
2

Mþ1
2

(1, 1/2, 0) M
2

M−1
2

(0, 0, 1/2) M
2

Mþ1
2

(1, 0, 1/2) M
2

M−1
2

(0, 1/2, 1/2) M
2

M−1
2

(1, 1/2, 1/2) M
2

Mþ1
2
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ð−1Þm−2α2ψ ðM−ðjþα1Þ;α2Þ;M
T2

�
zþ n1 þ n2τ

2

�
¼ eπiðjþα1Þn1eπiM

4
n1n2e

πiM
2

Imðn1þn2 τ̄Þz
Imτ ð−1Þðm−Mn1n2−2ðα1n1þα2n2ÞÞ−2ðα2þM

2
n1Þψ ðM−ðjþα1þM

2
n2Þ;α2þM

2
n1Þ;M

T2 ðzÞ: ð12Þ

Thus, the zero modes on T2=Z2 also satisfy the following conditions:

ψ ðjþα1;α2Þ;M
T2=Zm

2

�
zþ n1 þ n2τ

2

�
¼ eπiðjþα1Þn1eπiM

4
n1n2e

πiM
2

Imðn1þn2 τ̄Þz
Imτ ψ

ðjþα1þM
2
n2;α2þM

2
n1Þ;M

T2=Zm0
2

ðzÞ; ð13Þ

where

m0 ¼ m −Mn1n2 − 2ðα1n1 þ α2n2Þ ðmod 2Þ: ð14Þ

Note that m;m0 ¼ 0 and 1 denote Z2 even and odd modes,
respectively. At z ¼ 0, we obtain

ψ ðjþα1;α2Þ;M
T2=Zm

2

�
n1 þ n2τ

2

�
¼ eπiðjþα1Þn1eπiM

4
n1n2ψ

ðjþα1þM
2
n2;α2þM

2
n1Þ;M

T2=Zm0
2

ð0Þ: ð15Þ

This means that the zero-mode wave function values on
T2=Z2 at the fixed points are given in terms of ones at
z ¼ 0; therefore we can find whether zero modes at the
fixed points vanish or not by the values of zero modes
at z ¼ 0.

It follows from the zero-mode formula in Eq. (6) that Z2

even and odd modes satisfy

ψ ðjþα1;α2Þ;M
T2=Z0

2

ð0Þ ≠ 0; ψ ðjþα1;α2Þ;M
T2=Z1

2

ð0Þ ¼ 0 ð16Þ

at z ¼ 0 for all j, α1, α2, and M. This means that if the Z2

parity of the zero mode on the right-hand side in Eq. (15) is
odd, the zero mode on the left-hand side vanishes. Thus the
zero modes with ðm; α1; α2Þ at the fixed point z ¼ n1þn2τ

2

become zero if

m0 ¼ m −Mn1n2 − 2ðα1n1 þ α2n2Þ ¼ 1 ðmod 2Þ ð17Þ

are satisfied. In Table II we have summarized the zero
points of each zero mode at the fixed points.
Also we find the zero points of the derivative of zero-

modes wave functions. The boundary condition in Eq. (13)
leads to the following relation:

∂

∂z
ψ ðjþα1;α2Þ;M
T2=Zm

2

�
zþ n1 þ n2τ

2

�
¼ eπiðjþα1Þn1eπiM

4
n1n2e

πiM
2

Imðn1þn2 τ̄Þz
Imτ

�
∂

∂z
þ πM
4Imτ

ðn1 þ n2τ̄Þ
�
ψ
ðjþα1þM

2
n2;α2þM

2
n1Þ;M

T2=Zm0
2

ðzÞ: ð18Þ

At z ¼ 0, we obtain

∂

∂z
ψ ðjþα1;α2Þ;M
T2=Zm

2

�
n1 þ n2τ

2

�
¼ eπiðjþα1Þn1eπiM

4
n1n2

�
∂

∂z
þ πM
4Imτ

ðn1 þ n2τ̄Þ
�
ψ
ðjþα1þM

2
n2;α2þM

2
n1Þ;M

T2=Zm0
2

ð0Þ: ð19Þ

Since the derivatives of Z2 even and odd modes are Z2 odd
and even modes respectively, they satisfy

∂

∂z
ψ ðjþα1;α2Þ;M
T2=Z0

2

ð0Þ ¼ 0;
∂

∂z
ψ ðjþα1;α2Þ;M
T2=Z1

2

ð0Þ ≠ 0 ð20Þ

at z ¼ 0 for all j, α1, α2, andM. This and Eq. (16) mean that
either the first or second terms on the right-hand side in
Eq. (19) vanishes but the remaining term does not vanish.
Thus only the derivatives of Z2 even modes vanish at z ¼ 0

and do not vanish at z ¼ 1
2
; τ
2
; 1þτ

2
, and other derivatives do

not vanish at all fixed points. In Table III we have
summarized the results.

C. Yukawa couplings

Here we study Yukawa couplings which are obtained by
the overlap integrals of the wave functions of the left-
handed fermion, right-handed fermion, and Higgs fields.
First we study Yukawa couplings on T2 instead of ones on
T2=Z2. Yukawa couplings on T2 are given by the overlap
integral of zero modes on T2:
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Yijk
T2 ¼ gð2ImτÞ1=2

Z
T2

d2zψ ðiþα1L;α2LÞ;ML

T2 ðzÞ · ψ ðjþα1R;α2RÞ;MR

T2 ðzÞ · ðψ ðkþα1H;α2HÞ;MH

T2 ðzÞÞ�; ð21Þ

where ðMf; α1f; α2fÞ with f ∈ fL; R;Hg are (flux, SS phases) of the left-handed fermion (L), right-handed fermion (R),
and Higgs fields (H), and g denotes the 3-point coupling in higher dimensional theory. Using the normalization in Eq. (5),
we find

Yijk
T2 ¼ gA−1=2

����MLMR

MH

����1=4e2πiððiþα1LÞα2L
ML

þðjþα1RÞα2R
MR

−ðkþα1H Þα2H
MH

Þ XMH−1

m¼0

ϑ

�MRðiþα1LÞ−MLðjþα1RÞþMLMRm
MLMRMH

0

�
× ðMLα2R −MRα2L;MLMRMHτÞ · δiþj−k;MHl−MLm; ð22Þ

where MLþMR¼MH, ðα1L;α2LÞþðα1R;α2RÞ¼ðα1H;α2HÞ, and l ∈ Z.
Similarly Yukawa couplings on T2=Z2 are given by the overlap integral of zero modes on T2=Z2:

Yijk
T2=Z2

¼ gð2ImτÞ1=2
Z

d2zψ ðiþα1L;α2LÞ;ML

T2=Z
mL
2

ðzÞ · ψ ðjþα1R;α2RÞ;MR

T2=Z
mR
2

ðzÞ · ðψ ðkþα1H;α2HÞ;MH

T2=Z
mH
2

ðzÞÞ�; ð23Þ

where mf with f ∈ fL;R;Hg is Z2 parity of left-handed
fermion (L), right-handed fermion (R), and Higgs fields (H)
and we have mf ¼ 0 for Z2 even and mf ¼ 1 for Z2 odd.
From Eq. (8), this can be rewritten by Yukawa couplings
on T2 as

Yijk
T2=Z2

¼ Oii0;α1L;α2L;ML
mL Ojj0;α1R;α2R;MR

mR ðOkk0;α1H;α2H;MH
mH Þ�Yi0j0k0

T2 :

ð24Þ

Hereafter we denote Yukawa couplings on T2=Z2 as Yijk

instead of Yijk
T2=Z2

.

D. Quark and lepton flavor models

Here we study quark and lepton flavor models on the
magnetized orbifold model. We start with higher dimen-
sional theory with larger gauge group, e.g., SUð3Þ×
SUð2Þ × Uð1ÞY ×Uð1Þn. We introduce magnetic flux

background along Uð1Þ directions so as to obtain three
generations of quarks and leptons. Uð1Þ gauge bosons
may become massive except Uð1ÞY . See for details of
model building Refs. [6,77]. We consider all possible
zero-mode assignments into left-handed quark doublets
Q ¼ ðuL; dLÞT , right-handed up-sector (down-sector)
quark singlets uR ðdRÞ, left-handed lepton doublets L ¼
ðνL; eLÞT , right-handed neutrino (charged lepton) singlets
νR ðeRÞ, and up and down type Higgs fields Hu;d. Here and
in what follows we denote (flux, Z2 parity, SS phases)
of zero modes assigned into each field of f ∈ fQ ¼
ðuL; dLÞT; uR; dRjL ¼ ðνL; eLÞT; νR; eRjHu;Hdg by Bf. In
addition, we denote the jth zero-mode wave function of
each field as ψfj . Then mass matrices for up-sector quarks,
down-sector quarks, and charged leptons,Mu,Md, andMe,
are given by

Mu¼Yijk
u hHk

ui; Md¼Yijk
d hHk

di; Me¼Yijk
e hHk

di; ð25Þ

TABLE III. Zero points of derivatives of each zero mode at the
fixed points.

(Z2 parity; SS phases) M ¼ even M ¼ odd

(0, 0, 0) 0 0
(1, 0, 0) None None
(0, 1/2, 0) 0 0
(1, 1/2, 0) None None
(0, 0, 1/2) 0 0
(1, 0, 1/2) None None
(0, 1/2, 1/2) 0 0
(1, 1/2, 1/2) None None

TABLE II. Zero points of each zero mode at the fixed points.
Z2 parities 0 and 1 denote even and odd modes, respectively.

(Z2 parity, α1, α2) M ¼ even M ¼ odd

(0,0,0) None 1þτ
2

(1,0,0) 0; 1
2
; τ
2
; 1þτ

2
0; 1

2
; τ
2

(0,1/2,0) 1
2
; 1þτ

2
1
2

(1,1/2,0) 0; τ
2 0; τ

2
; 1þτ

2

(0,0,1/2) τ
2
; 1þτ

2
τ
2

(1,0,1/2) 0; 1
2

0; 1
2
; 1þτ

2

(0,1/2,1/2) 1
2
; τ
2

1
2
; τ
2
; 1þτ

2

(1,1/2,1/2) 0; 1þτ
2

0
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where

Yijk
u ¼ gð2ImτÞ1=2

Z
d2zψuiL

· ψujR
· ðψHk

u
Þ�

¼ gð2ImτÞ1=2
Z

d2zψQi · ψujR
· ðψHk

u
Þ�; ð26Þ

Yijk
d ¼ gð2ImτÞ1=2

Z
d2zψdiL

· ψdjR
· ðψHk

d
Þ�

¼ gð2ImτÞ1=2
Z

d2zψQi · ψdjR
· ðψHk

d
Þ�; ð27Þ

Yijk
e ¼ gð2ImτÞ1=2

Z
d2zψeiL

· ψejR
· ðψHk

d
Þ�

¼ gð2ImτÞ1=2
Z

d2zψLi · ψejR
· ðψHk

d
Þ�; ð28Þ

and hHk
u;di denote Higgs VEVs. On the other hand the light

neutrino mass, Mν, can be induced through the seesaw
mechanism as follows:

Mν ¼ MDM−1
RRM

T
D; ð29Þ

where MRR is Majorana mass matrix of right-handed
neutrinos, Mij

D ¼ Yijk
ν hHk

ui is Dirac mass, and

Yijk
ν ¼ gð2ImτÞ1=2

Z
d2zψνiL

· ψνjR
· ðψHk

u
Þ�: ð30Þ

In Appendix A, we briefly review Majorana mass terms of
right-handed neutrinos induced by the D-brane instanton
effects on the magnetized T2=Z2 model. To obtain non-
vanishing Yukawa couplings for quarks and leptons (flux,
Z2 parity, SS phases) of each field must satisfy

BQ þ BuR ¼ BL þ BνR ¼ BHu
; ð31Þ

BQ þ BdR ¼ BL þ BeR ¼ BHd
: ð32Þ

Because of these conditions, the number of Higgs modes is
larger than one, in general. Furthermore, to cancel the chiral
anomaly the number of up- and down-type Higgs fields
must be the same in four-dimensional supersymmetric
models. Under these conditions, we have obtained 6,460
flavor models in total on the magnetized orbifold. However
realistic quark and lepton flavor structure cannot be realized
in most of models. In the following section, we will see the
difficulties to realize realistic quark and lepton flavor
structure, and find the conditions to avoid them. We will
also classify the flavor models satisfying such conditions.

III. CONDITIONS TO REALIZE QUARK
AND LEPTON FLAVORS

As we have seen in the previous section, we have
obtained 6,460 candidate models for quark and lepton
flavors on the magnetized orbifold models. However it is
not easy to realize realistic flavors due to mass hierarchies
and the differences of mixing angles between quarks and
leptons. Here we study the conditions to realize realistic
quark and lepton flavor observables.

A. Conditions for flavors

First we show four conditions to realize realistic quark
and lepton flavor structure. Here, we assume a linear
combination Hk

u;d corresponds to the lightest mode, and
it develops its VEV.

1. Condition for up quark masses

Since an up-sector quark has large mass hierarchy, its
mass matrix can be regarded approximately as a rank one
matrix,

Mu ¼ Yijk
u hHk

ui ¼ ðUu
LÞ†
0B@mu

mc

mt

1CAUu
R

∝ ðUu
LÞ†
0B@Oð10−6Þ

Oð10−3Þ
1

1CAUu
R

∼ ðUu
LÞ†
0B@ 0

0

1

1CAUu
R; ð33Þ

where Uu
L and Uu

R are unitary matrices to diagonalize Mu.
That is

Mij
u ¼ Yijk

u hHk
ui ∼Mrank−1 ð34Þ

are required, where Mrank−1 denotes a rank one matrix. To
realize such a mass matrix, the following direction hku must
exist:

∃ hkus:t:Yijk
u hku ¼ Mrank−1 ðcondition IÞ: ð35Þ

Then it is possible to realize the mass hierarchy in the
up-sector quark by taking hHk

ui ¼ hku þ εku such that
εu=hu ∼Oðmc

mt
Þ ∼Oð10−3Þ.

2. Condition for down quark and charged lepton masses

The down-sector quarks and charged leptons also have
large hierarchies, and their mass matrices can be regarded
approximately as rank one matrices,
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Md ¼ Yijk
d hHk

di ¼ ðUd
LÞ†
0B@md

ms

mb

1CAUd
R

∝ ðUd
LÞ†
0B@Oð10−4Þ

Oð10−2Þ
1

1CAUd
R

∼ ðUd
LÞ†
0B@ 0

0

1

1CAUd
R; ð36Þ

Me ¼ Yijk
e hHk

di ¼ ðUe
LÞ†
0B@me

mμ

mτ

1CAUe
R

∝ ðUe
LÞ†
0B@Oð10−4Þ

Oð10−2Þ
1

1CAUe
R

∼ ðUe
LÞ†
0B@ 0

0

1

1CAUe
R; ð37Þ

where Ud
L and Ud

R are unitary matrices to diagonalize Md,
and Ue

L and Ue
R are ones for Me. That is

Mij
d ¼ Yijk

d hHk
di ∼MRank−1;

Mij
e ¼ Yijk

e hHk
di ∼Mrank−1 ð38Þ

are required. To realize such mass matrices, the following
direction hkd must exist:

∃ hkds:t:Yijk
d hkd ¼ Mrank−1;

Yijk
e hkd ¼ Mrank−1 ðcondition IIÞ: ð39Þ

Then it is possible to realize the down-sector quark and
charged lepton mass hierarchies by taking hHk

di ¼ hkd þ εkd
such that εd=hd ∼Oðms

mb
Þ ∼Oðmμ

mτ
Þ ∼Oð10−2Þ.

3. Condition for quark mixing

The absolute values of the Cabibbo-Kobayashi-
Maskawa (CKM) matrix elements are observed as

jVCKMj≡ jðUu
LÞ†Ud

Lj ¼

0B@ 0.974 0.227 0.00361

0.226 0.973 0.0405

0.00854 0.0398 0.999

1CA;

ð40Þ

which is approximately a unit matrix. This implies that the
following relation

Uu
L ∼Ud

L ð41Þ

is required. To realize this relation, here we introduce the
unitary matrices uu;dL;R which diagonalize rank one matrices

Yijk
u;dh

k
u;d:

½ðuu;dL Þ†�ii0Yi0j0k
u;d h

k
u;d½uu;dR �j0j ∝

0B@ 0

0

1

1CA
ij

; ð42Þ

and impose the following condition:

uuL ¼ udL ðcondition IIIÞ: ð43Þ

Under this condition, in a basis where uuL, u
d
L, u

u
R, and udR

are unit matrices, the quark mass matrices should have the
following forms:

Mu ¼ Yijk
u hHk

ui

¼ Yijk
u ðhku þ εkuÞ ∝

0B@ 0

0

1

1CAþO
�
mc

mt

�
; ð44Þ

Md ¼ Yijk
d hHk

di

¼ Yijk
d ðhkd þ εkdÞ ∝

0B@ 0

0

1

1CAþO
�
ms

mb

�
; ð45Þ

because of the mass hierarchies. From the above, the
unitary matrices Uu;d

L;R which diagonalize Mu;d can be
estimated to be

Uu
L;R ∼

0BB@
1 0 0

0 1 Oðmc
mt
Þ

0 Oðmc
mt
Þ 1

1CCA
0BB@

1 0 Oðmc
mt
Þ

0 1 0

Oðmc
mt
Þ 0 1

1CCA
0BB@

� � 0

� � 0

0 0 1

1CCA ∼

0BB@
� � Oðmc

mt
Þ

� � Oðmc
mt
Þ

Oðmc
mt
Þ Oðmc

mt
Þ 1

1CCA; ð46Þ
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Ud
L;R ∼

0BB@
1 0 0

0 1 Oðms
mb
Þ

0 Oðms
mb
Þ 1

1CCA
0BB@

1 0 Oðms
mb
Þ

0 1 0

Oðms
mb
Þ 0 1

1CCA
0BB@

� � 0

� � 0

0 0 1

1CCA ∼

0BB@
� � Oðms

mb
Þ

� � Oðms
mb
Þ

Oðms
mb
Þ Oðms

mb
Þ 1

1CCA; ð47Þ

where � denotes unestimated values. Then the CKMmatrix
can be estimated to be

VCKM ∼

0B@
� � Oðms

mb
Þ

� � Oðms
mb
Þ

Oðms
mb
Þ Oðms

mb
Þ 1

1CA

∼

0B@ � � Oð10−2Þ
� � Oð10−2Þ

Oð10−2Þ Oð10−2Þ 1

1CA; ð48Þ

and this is consistent with the observations in Eq. (40).
Thus it is possible to realize realistic quark mixing under
the condition III in Eq. (43).

4. Condition for lepton mixing

If we take the direction of up-type Higgs VEVs,
hHk

ui ¼ hku þ εku, satisfying Eq. (38), the light neutrino
mass matrix becomes

Mij
ν ¼ Yii0m

ν hHm
u iðMi0j0

RRÞ−1ðYj0jn
ν ÞThHn

ui
¼ Yii0m

ν hmu ðMi0j0
RRÞ−1ðYj0jn

ν ÞThnu þOðεuÞ þOðε2uÞ: ð49Þ

If the first term is nonvanishing and εu is small enough, the
first term is dominant. In this case, the direction of hu is
determined to satisfy Eq. (34) and there are no parameters
to be used for realizing lepton mixing. Thus it is difficult to
realize realistic lepton mixing unless MRR and Yijk

ν hku have
ideal structures. To avoid this difficulty, here we impose the
following condition:

Yijk
u hku ¼ Mrank−1 ⇒ Yijk

ν hku ¼ 0 ðcondition IVÞ: ð50Þ

In such case the mass matrix of light neutrino is given by

Mij
ν ¼ Yii0m

ν εmu ðMi0j0
RRÞ−1ðYj0jn

ν ÞTεnu; ð51Þ

and we have the possibility to realize realistic lepton mixing
by taking appropriate directions of εu.
In Table IV, we summarize all conditions.

B. Zero-point analysis

In the previous subsection, we saw four conditions, I, II,
III, and IV, to realize quark and lepton masses and their
mixing angles. Then Higgs VEV directions hku;d leading to
rank one or vanishing mass matrices have been required. In
this subsection, we show such directions can be realized in
several cases by checking the zero points of zero modes.
The procedure is as follows. First we start from Yukawa
couplings between left-handed fermion zero modes ψ i

L,
right-handed fermion zero modes ψ j

R, and Higgs field zero
modes ψk

H. We consider zero points of zero modes ψ i
L, ψ

j
R,

and ψk
H. As we will see soon, zero-point patterns on

Yukawa couplings have the information which liner com-
binations of Yukawa matrices lead to rank one or vanishing
mass matrix. Second, we will construct unitary matrices
for Higgs field zero modes which correspond to this liner
combination. Finally, we classify the structure of mass
matrices in each pattern of zero points.
Yukawa couplings between ψ i

L, ψ
j
R, and ψH are given by

Yijk ¼ gyijk ¼ gð2ImτÞ1=2
Z

d2zψ i
LðzÞ · ψ j

RðzÞ · ðψk
HðzÞÞ�:

ð52Þ

This leads to the product expansion,

ψ i
LðzÞ · ψ j

RðzÞ ¼ yijkψk
HðzÞ: ð53Þ

Here we denote sets of the zero points at the fixed points of
ψ i
L, ψ

j
R, and ψk

H as PψL
, PψR

, and PψH
, and ones of the

derivatives of ψ i
L, ψ

j
R, and ψk

H as P0
ψL
, P0

ψR
, and P0

ψH
.

Next, we choose one point p on T2=Z2 (not necessary to
be fixed points) and consider a unitary transformation for
ψ i
L such as

ψ i
L → ψ̂ i

L ¼ Uij
ψLðpÞψ j

L; ð54Þ

TABLE IV. The conditions I, II, III, and IV.

Conditions

I ∃ hku s.t. Yijk
u hku ¼ rank one matrix

II ∃ hkd s.t. Yijk
d hkd ¼ rank one matrix,

Yijk
e hkd ¼ rank one matirx

III uuL ¼ udL
IV Yijk

u hku ¼ rank one matrix ⇒ Yijk
ν hku ¼ 0
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Uij
ψLðpÞ ¼

0B@ cos θ2 0 − sin θ2
0 1 0

sin θ2 0 cos θ2

1CA
0B@ 1 0 0

0 cos θ1 − sin θ1
0 sin θ1 cos θ1

1CA
0B@ e−iα0 0 0

0 e−iα1 0

0 0 e−iα2

1CA; ð55Þ

where 8<: αi ¼ Angðψ i
LðpÞÞ for p ∉ PψL

;

αi ¼ Ang
�

∂

∂zψ
i
LðpÞ

�
for p ∈ PψL

;
ð56Þ

8<: θ1 ¼ tan−1 jψ1
LðpÞj

jψ2
LðpÞj

; θ2 ¼ tan−1 jψ0
LðpÞj

sin θ1jψ1
LðpÞjþcos θ1jψ2

LðpÞj
for p ∉ PψL

;

θ1 ¼ tan−1
j ∂
∂zψ

1
LðpÞj

j ∂
∂zψ

2
LðpÞj

; θ2 ¼ tan−1
j ∂
∂zψ

0
LðpÞj

sin θ1j ∂∂zψ1
LðpÞjþcos θ1j ∂∂zψ2

LðpÞj
for p ∈ PψL

:
ð57Þ

For p ∉ PψL
redefined zero modes ψ̂ i

LðzÞ (i ≠ 2) become
zero at z ¼ p while for p ∈ PψL

the derivative of redefined
zero modes ∂

∂z ψ̂
i
LðzÞ (i ≠ 2) become zero at z ¼ p. In a

similar way we can obtain redefined zero modes, ψ̂R and
ψ̂H, for ψR and ψH by unitary transformations UψR

ðpÞ and
UψH

ðpÞ such that only ψ̂2
R and ψ̂ ðgH−1Þ

H are nonvanishing.
Then we consider the structures of redefined Yukawa
couplings,

Ŷijk ¼ gð2ImτÞ1=2
Z

d2zψ̂ i
LðzÞ · ψ̂ j

RðzÞ · ðψ̂k
HðzÞÞ�: ð58Þ

From Table II, we can find that conditions for nonvanishing
Yukawa couplings in Eqs. (31) and (32) mean that when
one point p is in PL, it is also in either PR or PH; when p is
in PR, it is also in either PL or PH; when p is in PH, it is
also in either PL or PR. That is, there are four possible
patterns of p:

ð1Þ p ∉ PψL
; p ∉ PψR

; p ∉ PψH
;

ð2Þ p ∈ PψL
; p ∈ PψR

; p ∉ PψH
;

ð3Þ p ∈ PψL
; p ∉ PψR

; p ∈ PψH
ðp ∉ P0

ψL
; p ∉ P0

ψH
Þ;

ð4Þ p ∉ PψL
; p ∈ PψR

; p ∈ PψH
ðp ∉ P0

ψR
; p ∉ P0

ψH
Þ:

Note that the derivatives of zero modes which vanish at
z ¼ p ∈ PF do not vanish at z ¼ p as can be read from

Tables II and III. In each pattern, we focus on the structures

of ŶijðgH−1Þ ¼ Uii0
ψL
ðpÞUjj0

ψRðpÞYi0j0kðUðgH−1Þk
ψH ðpÞÞ�, where

gH denotes the number of Higgs fields, because we use
the Higgs mode basis such that the wave function for the
ðgH − 1Þth Higgs mode is nonvanishing at p and the others
vanish.

1. p ∉ PψL
; p ∉ PψR

; p ∉ PψH

Table V shows the zero points of redefined zero modes.
In this case, the product expansion in Eq. (53) at z ¼ p
leads to

ψ̂ i
LðpÞ|fflffl{zfflffl}
∝δi;2

· ψ̂ j
RðpÞ|fflffl{zfflffl}
∝δj;2

¼ ŷijk ψ̂k
HðpÞ|fflfflffl{zfflfflffl}

∝δk;ðgH−1Þ

⇔ ŶijðgH−1Þ ∝ δi;2δj;2 ðrank one matrixÞ

ð59Þ

⇔ YijkðUðgH−1Þk
ψH ðpÞÞ� ¼ Mrank−1: ð60Þ

2. p ∈ PψL
; p ∈ PψR

; p ∉ PψH

Table VI shows the zero points of redefined zero modes.
In this case, the product expansion in Eq. (53) at z ¼ p
leads to

TABLE V. Zero points of redefined zero modes in pattern (1).

j ¼ 0 1 2 3 � � � gH − 2 gH − 1

ψ̂ j
L ¼ Ujk

ψ1
ψk
L Pψ1

; p PψL
; p PψL

= � � � = =

ψ̂ j
R ¼ Ujk

ψ2
ψk
R PψR

; p PψR
; p PψR

= � � � = =

ψ̂ j
H ¼ Ujk

ψHψ
k
H PψH

; p PψH
; p PψH

; p PψH
; p � � � PψH

; p PψH
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ψ̂ i
LðpÞ|fflffl{zfflffl}
¼0

· ψ̂ j
RðpÞ|fflffl{zfflffl}
¼0

¼ ŷijk ψ̂k
HðpÞ|fflfflffl{zfflfflffl}

∝δk;ðgH−1Þ

⇔ ŶijðgH−1Þ ¼ 0 ð61Þ

⇔ YijkðUðgH−1Þk
ψH ðpÞÞ� ¼ 0: ð62Þ

3. p ∈ PψL
; p ∉ PψR

; p ∈ PψH
ðp ∉ P0

ψL
; p ∉ P0

ψH
Þ

Table VII shows the zero points of redefined zero-mode
wave functions and their derivatives. In this case, the
product expansion in Eq. (53) at z ¼ p give no information
for ŶijðgH−1Þ. Instead of Eq. (53) we consider the derivative
of Eq. (53). At z ¼ p, it leads to

ψ̂ i
LðpÞ|fflffl{zfflffl}
¼0

· ψ̂ j
RðpÞ|fflffl{zfflffl}
∝δj;2

¼ ŷijkψ̂k
HðpÞ|fflfflffl{zfflfflffl}
¼0

⇒
∂

∂z
ψ̂ i
LðpÞ|fflfflfflfflffl{zfflfflfflfflffl}

∝δi;2

· ψ̂ j
RðpÞ|fflffl{zfflffl}
∝δj;2

þ ψ̂ i
LðpÞ|fflffl{zfflffl}
¼0

·
∂

∂z
ψ̂ j
RðpÞ ¼ ŷijk

∂

∂z
ψ̂k
HðpÞ|fflfflfflfflffl{zfflfflfflfflffl}

∝δk;ðgH−1Þ

ð63Þ

⇔ ŶijðgH−1Þ ∝ δi;2δj;2 ðrank one matrixÞ ð64Þ

⇔ YijkðUðgH−1Þk
ψH ðpÞÞ� ¼ Mrank−1: ð65Þ

4. p ∉ PψL
; p ∈ PψR

; p ∈ PψH
ðp ∉ P0

ψR
; p ∉ P0

ψH
Þ

This case is flipping between ψL and ψR in the pattern
(3); therefore it gives the same result as the pattern (3),

YijkðUðgH−1Þk
ψH ðpÞÞ� ¼ Mrank−1: ð66Þ

In Eqs. (60) and (65), note that unitary transformations
UψL

andUψR
do not change the rank of the matrix. Thus we

can obtain Higgs VEV directions hku;d ¼ vu;dðUðgH−1Þk
Hu;d

Þ�
leading to rank one fermion mass matrices in three patterns
(1), (3), and (4). On the other hand, the pattern (2) gives
vanishing mass matrices.

C. Classification of models

In this subsection, we classify all of the quark and lepton
flavor models on the magnetized orbifold model which
satisfy the conditions I, II, III, and IV. In what follows we
denote sets of the zero points at the fixed points of each
field f as Pf for

f ∈ fQ ¼ ðuL; dLÞ; uR; dRjL ¼ ðνL; eLÞ; νR; eRjHu;Hdg:
ð67Þ

First, we show the constraints of Pf to satisfy each
condition.

1. Condition I

The condition I is that the up-type Higgs VEV direction
leading to the up-sector quarkmass matrix with the rank one
must exist. Hence,

Yijk
u hku ¼ Mrank−1 ð68Þ

is required. As shown in the previous subsection, this
requirement means that the following point pu must exist:

TABLE VII. Zero points of redefined zero modes and their derivatives in pattern (3).

j ¼ 0 1 2 3 � � � gH − 2 gH − 1

ψ̂ j
L ¼ Ujk

ψLψ
k
L PψL

PψL
PψL

= � � � = =

ψ̂ j
R ¼ Ujk

ψRψ
k
R PψR

; p PψR
; p PψR

= � � � = =

ψ̂ j
H ¼ Ujk

ψHψ
k
H PψH

PψH
PψH

PψH
� � � PψH

PψH

∂

∂z ψ̂
j
L ¼ Ujk

ψL
d
dzψ

k
L P0

ψL
; p P0

ψL
; p P0

ψL
= � � � = =

∂

∂z ψ̂
j
H ¼ Ujk

ψH
d
dzψ

k
H P0

ψH
; p P0

ψH
p P0

ψH
; p P0

ψH
; p � � � P0

ψH
; p P0

ψH

TABLE VI. Zero points of redefined zero modes in pattern (2).

j ¼ 0 1 2 3 � � � gH − 2 gH − 1

ψ̂ j
L ¼ Ujk

ψLψ
k
L PψL

PψL
PψL

= � � � = =

ψ̂ j
2 ¼ Ujk

ψRψ
k
R PψR

PψR
PψR

= � � � = =

ψ̂ j
H ¼ Ujk

ψHψ
k
H PψH

; p PψH
; p PψH

; p PψH
; p � � � PψH

; p PψH
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∃pu ¼ p s:t:

8>><>>:
ð1Þ p ∉ PψL

; p ∉ PψR
; p ∉ PψH

ð3Þ p ∈ PψL
; p ∉ PψR

; p ∈ PψH
ðp ∉ P0

ψL
; p ∉ P0

ψH
Þ

ð4Þ p ∉ PψL
; p ∈ PψR

; p ∈ PψH
ðp ∉ P0

ψR
; p ∉ P0

ψH
Þ
; ð69Þ

for ðψL;ψR;ψHÞ ¼ ðQ; uR;HuÞ, i.e., constraint I.

2. Condition II

The condition II is that the down-type Higgs VEV direction leading to the down-sector quark and charged lepton mass
matrices with rank one must exist. Hence,

Yijk
d hkd ¼ Mrank−1; Yijk

e hkd ¼ Mrank−1 ð70Þ

are required. As shown in the previous subsection, this requirement means that the following point pd must exist:

∃pd ¼ p s:t:

8>><>>:
ð1Þ p ∉ PψL

; p ∉ PψR
; p ∉ PψH

ð3Þ p ∈ PψL
; p ∉ PψR

; p ∈ PψH
ðp ∉ P0

ψL
; p ∉ P0

ψH
Þ

ð4Þ p ∉ PψL
; p ∈ PψR

; p ∈ PψH
ðp ∉ P0

ψR
; p ∉ P0

ψH
Þ
; ð71Þ

for ðψL;ψR;ψHÞ ¼ ðQ; dR;HdÞ, i.e., constraint II1 and for ðψL;ψR;ψHÞ ¼ ðL; eR;HdÞ, i.e., constraint II2.

3. Condition III

The condition III is that unitary matrices uu;dL which
diagonalize rank one matrices Yijk

u;dh
k
u;d must satisfy

uuL ¼ udL. When the condition I is satisfied, that is, the
constraint I is satisfied, we can find the up-sector quark
mass matrix with the rank one,

Yijk
u hku ¼ vuY

ijk
u ðUðgH−1Þk

ψH ðpuÞÞ�; ð72Þ

and they are diagonalized as

Uii0
ψL
ðpuÞUjj0

ψRðpuÞvuYi0j0k
u ðUðgH−1Þk

ψH ðpuÞÞ� ∝ δi;2δj;2 ð73Þ

for ðψL;ψR;ψHÞ ¼ ðQ; uR;HuÞ. Note that UψL
, UψR

,
and UψH

are defined by Eq. (55) and the sentence below.
Similarly, when the condition II is satisfied, that is, the
constraints II1 and II2 are satisfied, we can find the down-
sector quark mass matrix with the rank one,

Yijk
d hkd ¼ vdY

ijk
d ðUðgH−1Þk

ψH ðpdÞÞ�; ð74Þ

and they are diagonalized as

Uii0
ψL
ðpdÞUjj0

ψRðpdÞvdYi0j0k
d ðUðgH−1Þk

ψH ðpdÞÞ� ∝ δi;2δj;2 ð75Þ

for ðψL;ψR;ψHÞ ¼ ðQ; dR;HdÞ. Then uuL ¼ udL is equiv-
alent to the equation

Uij
ψLðpuÞ ¼ Uij

ψLðpdÞ for ψL ¼ Q: ð76Þ

Obviously this can be satisfied by

pu ¼ pd ðconstraint IIIÞ: ð77Þ

4. Condition IV

The condition IV is that when the up-sector quark mass
matrix is a rank one matrix, the neutrino Dirac mass matrix
must vanish. Hence,

Yijk
u hku ¼ Mrank−1 ⇒ Yijk

ν hku ¼ 0; ð78Þ

is required. As shown in the previous subsection, this
requirement means that the following point pu must exist:

∃pu ¼ p s:t:ð2Þp ∈ PψL
; p ∈ PψR

; p ∉ PψH
; ð79Þ

for ðψL;ψR;ψHÞ ¼ ðL; νR;HuÞ, i.e., constraint IV.
In Table VIII, we summarize all constraints.
Next, we classify all possible flavor models satisfying

the above constraints. See Table VIII. From the
constraint III, pu ¼ pd ≡ p must consist. Furthermore,
from the constraint IV, p must be in PF and satisfy

p ∈ PL; p ∈ PνR ; p ∉ PHu
: ð80Þ

From the constraint I, this makes p be the pattern (1) for
ðψL;ψR;ψHÞ ¼ ðQ; uR;HuÞ in Eq. (69), i.e.,

p ∉ PQ; p ∉ PuR; p ∉ PHu
: ð81Þ
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Similarly, from the constraint II2, p must be the pattern
(3) for ðψL;ψR;ψHÞ ¼ ðL; eR;HdÞ in Eq. (71), i.e.,

p ∈ PL; p ∉ PeR; p ∈ PHd
: ð82Þ

Finally, from the constraint II1, pmust be the pattern (4) for
ðψL;ψR;ψHÞ ¼ ðQ; dR;HdÞ in Eq. (71), i.e.,

p ∉ PQ; p ∈ PdR; p ∈ PHd
: ð83Þ

Thus, the point p consistent with all conditions must satisfy

p ∈ PL ∪ PdR ∪ PνR ∪ PHd
⊂ PF;

p ∉ PQ ∪ PuR ∪ PeR ∪ PHu
⊂ PF: ð84Þ

Now we are ready to classify all possible flavor models
satisfying the conditions I, II, III, and IV. We again note
that pu ¼ pd ¼ p ∈ PF and therefore we can find flavor
models with consistent p by checking the zero points of
zero modes of each field from Table II. Flavor models are
picked up by Eq. (84) in addition to the nonvanishing
Yukawa coupling conditions, Eqs. (31) and (32) and the
anomaly cancellation condition which makes the number of
up- and down-type Higgs fields the same. The results are
shown in Appendix D of Ref. [78]. There are 408 flavor
models in total.

IV. MODULAR SYMMETRIC MODELS

In this section, we classify the flavor models, which have
a specific property under the S transformation. To calculate
fermion flavors, we need to identify two types of VEVs;
one is the VEVof modulus and another one is the VEVs of
Higgs fields. In the former, we consider the vacuum where
the modulus lies on either of three modular fixed points;

(i) τ ¼ i is invariant under S transformation; (ii) τ ¼
e2πi=3 ≡ ω is invariant under ST transformation; (iii) τ¼ i∞
is invariant under T transformation. In the latter, we
consider Higgs VEVs aligned in eigenbasis of the modular
transformation corresponding to each fixed point. We will
show that some flavor models have the possibility to lead to
realistic flavor observations in a vicinity of S-symmetric
vacuum but there are no consistent flavor models for
ST- and T-symmetric vacua.

A. Higgs μ term

First, we start from assuming that the value of modulus
is fixed at either of τ ¼ i, ω, and i∞. In this subsection,
we study which direction Higgs VEVs are aligned at these
three modular fixed points.
Higgs VEVs are aligned in the lightest mass direction.

Supersymmetric mass term (μ term) of Higgs fields can be
generated by D-brane instanton effects [71–75]. As shown
in Appendix B, actually in a leading order, D-brane
instanton effects give the following Higgs μ term:

μijεnmHi
umH

j
dn ¼ Λe−Sinstð2ImτÞ−1ðYi

uY
j
dÞεnmHi

umH
j
dn;

ð85Þ

where Λ denotes a typical scale such as the compactifica-
tion scale and Sinst denotes the instanton action. Here, Yi

u

(Yj
d) are the 3-point couplings among instanton zero modes

α, β (γ), and Higgs fields Hi
u (Hj

d) given by

Yi
u ¼ gðImτÞ1=2

Z
d2zψαðzÞ · ψβðzÞ · ðψ i

Hu
ðzÞÞ�;

Yj
d ¼ gðImτÞ1=2

Z
d2zψαðzÞ · ψγðzÞ · ðψ j

Hd
ðzÞÞ�; ð86Þ

TABLE VIII. The constraints I, II1, II2, III, and IV. For example, if pu corresponds to (1), it is not included in PQ.
If pu corresponds to (3), it is included in PQ. The bold texts denote the choices in Eq. (84) which are consistent with
all constraints.

PQ PuR PdR PL PνR PeR PHu
PHd

I: pu is

8<: ð1Þ
ð3Þ
ð4Þ

not in not in � � � � � � � � � � � � not in � � �
in not in � � � � � � � � � � � � in � � �

not in in � � � � � � � � � � � � in � � �

II1: pd is

8<: ð1Þ
ð3Þ
ð4Þ

not in � � � not in � � � � � � � � � � � � not in
in � � � not in � � � � � � � � � � � � in

not in � � � in � � � � � � � � � � � � in

II2: pd is

( ð1Þ
ð3Þ
ð4Þ

� � � � � � � � � not in � � � not in � � � not in
� � � � � � � � � in � � � not in � � � in
� � � � � � � � � not in � � � in � � � in

III: pu ¼ pd � � � � � � � � � � � � � � � � � � � � � � � �
IV: pu is � � � � � � � � � in in � � � not in � � �
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where ψs are the zero-mode wave functions on T2=Z2

corresponding to instanton zero modes α, β (γ), and Higgs
fields Hu (Hd).
Here, let us consider the modular transformation of this

leading mass term. Under modular transformation, the zero
modes of α, β, γ, and Higgs fields behave as the modular
forms of weight 1=2:

ψα;β;γ → J̃1=2ðγ̃; τÞρ̃α;β;γðγ̃Þψα;β;γ;

ψ i
Hu;d

→ J̃1=2ðγ̃; τÞρ̃Hu;d
ðγ̃Þijψ j

Hu;d
; ð87Þ

where J̃1=2ðγ̃; τÞ is the automophy factor given by

J̃1=2ðS̃; τÞ ¼ ð−τÞ1=2; J̃1=2ðT̃; τÞ ¼ 1;

J̃1=2ðfST; τÞ ¼ ð−ðτ þ 1ÞÞ1=2; ð88Þ

and ρ̃α;β;γ and ρ̃Hu;d
denote 1 × 1 and gH × gH unitary

matrices for α, β, γ, and Hu;d. Then, the modular

transformations of 3-point couplings Yi
u and Yj

d are
obtained as

Yi
u → J̃1=2ðγ̃; τÞρ̃αðγ̃Þ · ρ̃βðγ̃Þ · ðρ̃Hu

ðγ̃ÞikÞ�Yk
u; ð89Þ

Yj
d → J̃1=2ðγ̃; τÞρ̃αðγ̃Þ · ρ̃γðγ̃Þ · ðρ̃Hd

ðγ̃ÞjkÞ�Yk
d; ð90Þ

and it follows from these that the μmatrix is transformed as

μijðτÞ → J̃1=2ðγ̃; τÞ4J̃�1=2ðγ̃; τÞ2½ρ̃αðγ̃Þ�2ρ̃βðγ̃Þρ̃γðγ̃Þ
· ðρ̃Hu

ðγ̃Þii0 Þ�ðρ̃Hd
ðγ̃Þjj0 Þ�μi0j0 ðτÞ: ð91Þ

At the modular fixed points τ ¼ i, ω, and i∞, the leading
mass term becomes invariant under S, ST, and T trans-
formations respectively since S ∶ τ ¼ −1=τ, ST ∶ τ ¼
−1=ðτ þ 1Þ and T ∶ τ ¼ τ þ 1. That is, the μij matrix obeys
the following modular invariance relations:

μijðiÞ ¼ ðJ̃1=2ðS̃; iÞρ̃Hu
ðS̃Þii0 Þ� · ½J̃1=2ðS̃; iÞρ̃αðS̃Þ�2J̃1=2ðS̃; iÞρ̃βðS̃ÞJ̃1=2ðS̃; iÞρ̃γðS̃ÞμijðiÞ · ðJ̃1=2ðS̃; iÞρ̃Hd

ðS̃Þj0jÞ†; ð92Þ

μijðωÞ ¼ ðJ̃1=2ðfST;ωÞρ̃Hu
ðfSTÞii0 Þ� · ½J̃1=2ðfST;ωÞρ̃αðfSTÞ�2J̃1=2ðfST;ωÞρ̃βðfSTÞJ̃1=2ðfST;ωÞρ̃γðfSTÞμijðωÞ

· ðJ̃1=2ðfST;ωÞρ̃Hd
ðfSTÞj0jÞ†; ð93Þ

μijði∞Þ ¼ ðJ̃1=2ðT̃; i∞Þρ̃Hu
ðT̃Þii0 Þ� · ½J̃1=2ðT̃; i∞Þρ̃αðT̃Þ�2J̃1=2ðT̃; i∞Þρ̃βðT̃ÞJ̃1=2ðT̃; i∞Þρ̃γðT̃Þμijði∞Þ

· ðJ̃1=2ðT̃; i∞Þρ̃Hd
ðT̃Þj0jÞ†; ð94Þ

where we have used Eq. (88). These relations mean that
the mass eigenbasis of the leading mass term at each
modular fixed point τ ¼ i, ω, and i∞ is also S, ST, and T
transformation eigenbasis, respectively. Let us check
this conclusion at τ ¼ i as an example. Let us consider
the simple case that J̃1=2ðS̃; iÞρ̃αðS̃Þ ¼ J̃1=2ðS̃; iÞρ̃βðS̃Þ ¼
J̃1=2ðS̃; iÞρ̃γðS̃Þ ¼ 1 and diagðJ̃1=2ðS̃; iÞρ̃Hu;d

ðS̃ÞÞ ¼ ð1;−1Þ,
hence two pairs of Higgs fields. Then the relation Eq. (92)
in S eigenbasis is given by

�
μ00ðiÞ μ01ðiÞ
μ10ðiÞ μ11ðiÞ

�
¼
�
1 0

0 −1

��
μ00ðiÞ μ01ðiÞ
μ10ðiÞ μ11ðiÞ

��
1 0

0 −1

�
; ð95Þ

and obviously the leading mass matrix is diagonalized due
to μ01ðiÞ ¼ μ10ðiÞ ¼ 0. In a similar way, we can show the
leading mass eigenbasis at each modular fixed point is
also eigenbasis of each residual symmetry of the modular
transformation.

In general, there would exist some configurations giving
a single instanton zero mode; therefore the leading mass
term should be rewritten by the liner combination of
them as

μijðτÞ ¼
X
a

daYia
u Y

ja
d ≡X

a

caμ
ij
a ðτÞ; ð96Þ

where a runs all possible instanton zero-mode configura-
tions and Yia

u (Yja
d ) denotes 3-point couplings among

instanton zero modes αa, βa (γa) and Higgs fields Hu (Hd).
Under modular transformation, μija is transformed as
Eq. (91) and obeys the same modular invariance relations
in Eqs. (92)–(94). Hence, the general leading mass eigen-
basis at each modular fixed point is also eigenbasis of
corresponding modular transformation. Thus, at the leading
order, Higgs VEVs which are aligned in the lightest mass
direction at τ ¼ i, ω, and i∞ must be eigenbasis of S, ST,
and T transformations, respectively.
Unfortunately, on the magnetized T2=Z2 orbifold mod-

els, we cannot find the leading order Higgs μ term being
able to determine the lightest mass direction uniquely
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because of the shortage of number of instanton zero-mode configurations which couple to Higgs fields. In what follows, we
assume that Higgs VEVs are aligned along eigenvectors of residual modular symmetry as the leading order although we do
not know the full order μ-term structure. Such Higgs VEVs can be realized as long as the μ term transforms under modular
transformation as X

a

caμ
ij
a Hi

uH
j
d →

γ X
a

Aðγ̃; τ; aÞ · caμija Hi
uH

j
d; ð97Þ

where Aðγ̃; τ; aÞmeans a modular symmetry anomaly on a μ term. In fact, the leading mass term, Eq. (96), is transformed asX
a

caμ
ij
a ðτÞHi

uH
j
d →

γ
J̃1=2ðγ̃; τÞ4

X
a

½ρ̃αaðγ̃Þ�2ρ̃βaðγ̃Þρ̃γaðγ̃Þ · caμija Hi
uH

j
d; ð98Þ

under modular transformation since Hu;d behaves as the modular form of weight −1=2:

Hi
u;d →

γ
J̃�−1=2ðγ̃; τÞρ̃Hu;d

ðγ̃ÞijHj
u;d: ð99Þ

The modular transformation Eq. (97) ensures the modular invariances of μija at the fixed points:

μija ðiÞ ¼ AðS̃; τ; aÞðJ̃1=2ðS̃; iÞρ̃Hu
ðS̃Þii0 Þ�ðJ̃1=2ðS̃; iÞρ̃Hd

ðS̃Þjj0 Þ�μi
0j0
a ðiÞ; ð100Þ

μija ðωÞ ¼ AðfST; τ; aÞðJ̃1=2ðfST;ωÞρ̃Hu
ðfSTÞii0 Þ�ðJ̃1=2ðfST;ωÞρ̃Hd

ðfSTÞjj0 Þ�μi0j0a ðωÞ; ð101Þ

μija ði∞Þ ¼ AðT̃; τ; aÞðJ̃1=2ðT̃; i∞Þρ̃Hu
ðT̃Þii0 Þ�ðJ̃1=2ðT̃; i∞Þρ̃Hd

ðT̃Þjj0 Þ�μi
0j0
a ði∞Þ: ð102Þ

Thus, there is no mixing between Higgs modes with
different eiganvalues of residual symmetry in the μ matrix
as seen in Eq. (95). Therefore, the Higgs VEVs are aligned
along eigenvectors of residual modular symmetry.

B. Classification of the modular symmetric models

In this subsection, we investigate the conditions to
realize the Higgs VEVs which correspond to the eigen-
vectors of the residual modular transformation at the
modular fixed points. Note that we ignore T-symmetric
vacuum because the values of elements of Yukawa matrices
at τ ¼ i∞ are strictly restricted by T symmetry and it is

difficult to realize realistic flavor observations. In addition,
the fixed point, τ ¼ i∞, corresponds the decompactifica-
tion limit, and it is not valid from the viewpoint of four-
dimensional effective theory.
Under S and T transformations, the complex coordinate

on T2=Z2, z, and the modulus, τ, are transformed as

ðz; τÞ→S
�
−
z
τ
;−

1

τ

�
; ðz; τÞ→T ðz; τ þ 1Þ: ð103Þ

This gives the following S and T transformations of zero
modes:

ψ ðjþα1;α2Þ;M
T2=Zm

2

ðz; τÞ→S ψ ðjþα1;α2Þ;M
T2=Zm

2

ðS ∶ ðz; τÞÞ ¼ ð−τÞ1=2ρðSÞjkα1α01α2α02ψ ðkþα1;α2Þ;M
T2=Zm

2

ðz; τÞ; ð104Þ

ψ ðjþα1;α2Þ;M
T2=Zm

2

ðz; τÞ→T ψ ðjþα1;α2Þ;M
T2=Zm

2

ðT ∶ ðz; τÞÞ ¼ ρðTÞjkα1α01α2α02ψ ðkþα1;α2Þ;M
T2=Zm

2

ðz; τÞ; ð105Þ

where

ρðSÞjkα1α01α2α02 ¼
8<:N ðjþα1ÞN ðkþα0

1
Þ 4eπi=4ffiffiffiffi

M
p cos

�
2πðjþα1Þðkþα0

1
Þ

M

�
δðα2;α1Þ;ðα01;α02Þ ðm ¼ 0Þ;

N ðjþα1ÞN ðkþα0
1
Þ 4ieπi=4ffiffiffiffi

M
p sin

�
2πðjþα1Þðkþα0

1
Þ

M

�
δðα2;α1Þ;ðα01;α02Þ ðm ¼ 1Þ;

ð106Þ
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ρðTÞjkα1α01α2α02 ¼ e
πiðjþα1Þ2

M δj;kδðα1;α2−α1þM
2
Þ;ðα0

1
;α0

2
Þ: ð107Þ

Obviously zero modes are mapped into ones with the same SS phases only if α1 ¼ α2 under S transformation and only if
α1 ¼ α2 ¼ M=2 (mod 1) under ST transformation. Therefore, modular symmetric Higgs VEVs at least have the following
SS phases: (

ðα1; α2Þ ¼ ð0; 0Þ or ð1=2; 1=2Þ for S-symmetric vacuum;

ðα1; α2Þ ¼ ðM=2;M=2Þ ðmod 1Þ for ST-symmetric vacuum:
ð108Þ

In each case, we can find Higgs fields which are eigenbasis of S and ST transformations, respectively. On the other hand, it
is not clear whether the realistic flavor structure is realized in these vacua or not.

Next we study the condition to realize the direction hku;d ¼ vu;dðUðgH−1Þk
Hu;d

ðpÞÞ� which are eigenvectors of residual
symmetries at modular fixed points. We have the possibilities of realizing realistic flavor structure by assuming the
vicinity of such an eigenvector directions since fermion mass hierarchies can be realized near hku;d as described in the end of
Sec. III B. The conditions for the modular eigenvectors hku;d are given by

�
p ¼ 0 or 1þi

2
for S-symmetric vacuum;

p ¼ 0 for ST-symmetric vacuum:
ð109Þ

Let us prove the condition for S-symmetric vacuum. To make the direction hku;d ¼ vu;dðUðgH−1Þk
Hu;d

ðpÞÞ� S eigenstate at τ ¼ i,

the nonvanishing redefined zero modes of Higgs fields defined in Eq. (55), ψ̂ ðgH−1Þ
Hu;d

ðz; τÞ ¼ UðgH−1Þk
Hu;d

ðpÞψk
Hu;d

ðz; τÞ, must be

eigenbasis of S transformation. We will check this by calculating S transformation of ψ̂ ðgH−1Þ
Hu;d

ðp; iÞ for p ∉ PHu;d
and

∂

∂z ψ̂
ðgH−1Þ
Hu;d

ðp; iÞ for p ∈ PHu;d
. Note that the redefined zero modes satisfy

(
ψ̂ j≠ðgH−1Þðp; τÞ ¼ 0; ψ̂ ðgH−1Þðp; τÞ ≠ 0 for p ∉ PHu;d

;

∂

∂z ψ̂
j≠ðgH−1Þðp; τÞ ¼ 0; ∂

∂z ψ̂
ðgH−1Þðp; τÞ ≠ 0; ðψ̂ jðp; τÞ ¼ 0Þ for p ∈ PHu;d

;
ð110Þ

as defined in Eq. (55). For p ¼ 0 or 1þi
2

and p ∉ PHu;d
, S transformation of nonvanishing mode ψ̂ ðgH−1Þ

Hu;d
ðp; iÞ is given by

ψ̂ ðgH−1Þ
Hu;d

ðp; iÞ→S ψ̂ ðgH−1Þ
Hu;d

ðS ∶ ðp; iÞÞ ¼
8<: ψ̂ ðgH−1Þ

Hu;d
ð0; iÞ for p ¼ 0

ψ̂ ðgH−1Þ
Hu;d

�
−1þi
2

; i
�

for p ¼ 1þi
2

¼
8<: ψ̂ ðgH−1Þ

Hu;d
ð0; iÞ for p ¼ 0

e−2πiα1Hu;d e−πi
MHu;d

2 ψ̂ ðgH−1Þ
Hu;d

�
1þi
2
; i
�

for p ¼ 1þi
2

; ð111Þ

from the boundary condition in Eq. (2). Similarly, for p ¼ 0 or 1þi
2

and p ∈ PHu;d
, S transformation of ∂

∂z ψ̂
ðgH−1Þ
Hu;d

ðp; iÞ is
given by

∂

∂z
ψ̂ ðgH−1Þ
Hu;d

ðp; iÞ→S ð−iÞ ∂

∂z
ψ̂ ðgH−1Þ
Hu;d

ðS ∶ ðp; iÞÞ ¼
8<: ð−iÞ ∂

∂z ψ̂
ðgH−1Þ
Hu;d

ð0; iÞ for p ¼ 0

ð−iÞ ∂

∂z ψ̂
ðgH−1Þ
Hu;d

�
−1þi
2

; i
�

for p ¼ 1þi
2

¼
8<: ð−iÞ ∂

∂z ψ̂
ðgH−1Þ
Hu;d

ð0; iÞ for p ¼ 0

ð−iÞe−2πiα1Hu;d e−πi
MHu;d

2
∂

∂z ψ̂
ðgH−1Þ
Hu;d

�
1þi
2
; i
�

for p ¼ 1þi
2

; ð112Þ
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from the boundary condition in Eq. (18). As shown in Eq. (104), the transformation law is independent of z; therefore the
same relations consist on z ≠ p,

ψ̂ ðgH−1Þ
Hu;d

ðz; iÞ→S
8<: ψ̂ ðgH−1Þ

Hu;d
ðz; iÞ for p ¼ 0 ∉ PHu;d

e−2πiα1Hu;d e−πi
MHu;d

2 ψ̂ ðgH−1Þ
Hu;d

ðz; iÞ for p ¼ 1þi
2

∉ PHu;d

; ð113Þ

∂

∂z
ψ̂ ðgH−1Þ
Hu;d

ðz; iÞ→S
8<: ð−iÞ ∂

∂z ψ̂
ðgH−1Þ
Hu;d

ðz; iÞ for p ¼ 0 ∈ PHu;d

ð−iÞe−2πiα1Hu;d e−πi
MHu;d

2
∂

∂z ψ̂
ðgH−1Þ
Hu;d

ðz; iÞ for p ¼ 1þi
2

∈ PHu;d

: ð114Þ

Using ∂

∂z→
S ð−iÞ ∂

∂z, finally we obtain

ψ̂ ðgH−1Þ
Hu;d

ðz; iÞ→S

8>>>>>>><>>>>>>>:

ψ̂ ðgH−1Þ
Hu;d

ðz; iÞ for p ¼ 0 ∉ PHu;d

e−2πiα1Hu;d e−πi
MHu;d

2 ψ̂ ðgH−1Þ
Hu;d

ðz; iÞ for p ¼ 1þi
2

∉ PHu;d

ψ̂ ðgH−1Þ
Hu;d

ðz; iÞ for p ¼ 0 ∈ PHu;d

e−2πiα1Hu;d e−πi
MHu;d

2 ψ̂ ðgH−1Þ
Hu;d

ðz; iÞ for p ¼ 1þi
2

∈ PHu;d

: ð115Þ

This means that ψ̂ ðgH−1Þ
Hu;d

ðz; iÞ with p ¼ 0 or 1þi
2

becomes
eigenbasis of S transformation. This is because z ¼ 0 and
1þi
2

are invariant under S transformation up to lattice
translations of torus.
On the other hand, the cases p ¼ 1

2
and i

2
are complicated.

The boundary conditions Eqs. (13) and (18) may give the
relations

ψ̂ ðgH−1Þ
Hu;d

�
1

2
; i

�
∝ ψ̂ ðgH−1Þ

Hu;d

�
i
2
; i

�
;

∂

∂z
ψ̂ ðgH−1Þ
Hu;d

�
1

2
; i

�
∝

∂

∂z
ψ̂ ðgH−1Þ
Hu;d

�
i
2
; i

�
ð116Þ

in certain patterns of flux, SS phases and Z2 parity. If these

exist, ψ̂ ðgH−1Þ
Hu;d

ðz; iÞ with p ¼ 1
2
or i

2
can be eigenbasis of S

transformation since S ∶ z ¼ S ∶ 1
2
¼ i

2
at τ ¼ i. However it

is unclear and difficult to show whether the relations in
Eq. (116) exist or not. Instead, we directly calculate

whether the directions ψ̂ ðgH−1Þ
Hu;d

ðz; iÞ in each model is
eigenbasis of S transformation or not by using Eq. (104).

As a result, there are no models where ψ̂ ðgH−1Þ
Hu;d

ðz; iÞ with
p ¼ 1

2
or i

2
is S eigenbasis. Thus, the direction hku;d ¼

vu;dðUðgH−1Þk
Hu;d

ðpÞÞ� with S-invariant points p ¼ 0 and 1þi
2
is

S-symmetric vacuum.
In a similar way, we can check the condition for

ST-symmetric vacuum in Eq. (109). The direction hku;d

with ST-invariant point p ¼ 0 is ST eigenstate but other
points p ∈ PF which are not ST invariant lead to not
ST-symmetric vacuum.
Now, we are ready to classify the flavor models whose

hku;d is modular symmetric. The conditions are Eqs. (108)
and (109). As a result, we cannot find the flavor models
satisfying conditions for ST-symmetric vacuum but we can
find models for S-symmetric vacuum. The results for
S-symmetric vacuum are shown in Table IX. There are
24 flavor models in total.

V. NUMERICAL EXAMPLE

In this section, we study a flavor model shown in Table X
which can be realistic in the vicinity of S eigenvector, and
derive a realistic quark and lepton flavor structure. In this
model, quark doublets Q have (flux, Z2 parity, SS phases
α1; α2Þ ¼ ð6; 0; 0; 1

2
Þ; right-handed up-sector quarks uR

have ð5; 0; 0; 1
2
Þ; right-handed down-sector quarks dR have

ð6; 0; 1
2
; 0Þ; lepton doublets L have ð6; 0; 1

2
; 0Þ; right-handed

neutrinos νR have ð5; 0; 1
2
; 0Þ; right-handed charged leptons

eR have ð6; 0; 0; 1
2
Þ; up-type Higgs fields Hu have

(11,0,0,0); down-type Higgs fields Hd have ð12; 0; 1
2
; 1
2
Þ.

The number of both up- and down-types Higgs fields
are six.
Yukawa couplings Yijk

u , Yijk
d , Yijk

ν , and Yijk
e appearing in

this model are summarized in Appendix C 1; the Majorana
mass matrix of the right-handed neutrinos induced by
D-brane instanton effect is shown in Appendix C 2.
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In our numerical study, we fix the value of modulus by τ ¼ i and use Higgs VEV directions as parameters. Higgs VEV
directions satisfying conditions I–IV, hku;d, in this model are given by

hku ¼ vuð0.8464; 0.5014; 0.1759; 0.03657; 0.004504; 0.0003144Þ; ð117Þ

hkd ¼ vdð0.4330; 0.7696; 0.4501; 0.1310; 0.02074; 0.001945Þ; ð118Þ

where hku and hkd are S-eigenbasis directions with eigen-
values þ1 and þi, respectively. Thus the modulus is
S-symmetric vacuum, while these Higgs VEV directions
correspond to S eigenstates. First, we try to realize flavor
observations in exact S-eigenstate directions in the Higgs

VEV directions. Six pairs of up- (down-)type Higgs fields
include three S eigenstates with eigenvalueþ1 (þi) in total.
We use these three eigenstates as parameters for up- and
down-type Higgs VEVs, respectively. To obtain realistic
flavors, let us choose the following Higgs VEV directions:

TABLE IX. All quark and lepton flavor models satisfying S-symmetric vacuum conditions in Eqs. (108) and (109).
The first to eighth rows show the fluxM, Z2 paritym (even, odd ¼ 0, 1), and SS phases ðα1; α2Þ of the zero modes of
the fields. gH denotes the number of Higgs fields.

BQ BuR BdR BL BνR BeR BHu
BHd

gH p

5,0,0,0 7; 0; 1
2
; 1
2

6; 1; 1
2
; 1
2

6; 1; 1
2
; 0 6; 1; 0; 1

2
5; 0; 0; 1

2
12; 0; 1

2
; 1
2

11; 1; 1
2
; 1
2

6 0

5,0,0,0 7; 0; 1
2
; 1
2

6; 1; 1
2
; 1
2

6; 1; 0; 1
2

6; 1; 1
2
; 0 5; 0; 1

2
; 0 12; 0; 1

2
; 1
2

11; 1; 1
2
; 1
2

6 0

5; 0; 1
2
; 0 6; 0; 1

2
; 0 6; 1; 0; 1

2
6; 1; 1

2
; 1
2

5; 1; 1
2
; 1
2

5,0,0,0 11,0,0,0 11; 1; 1
2
; 1
2

6 0

5; 0; 1
2
; 0 6; 1; 0; 1

2
6; 0; 1

2
; 0 6; 1; 1

2
; 1
2

5,0,0,0 5; 1; 1
2
; 1
2

11; 1; 1
2
; 1
2

11,0,0,0 6 1þi
2

5; 0; 0; 1
2

6; 0; 0; 1
2

6; 1; 1
2
; 0 6; 1; 1

2
; 1
2

5; 1; 1
2
; 1
2

5,0,0,0 11,0,0,0 11; 1; 1
2
; 1
2

6 0

5; 0; 0; 1
2

6; 1; 1
2
; 0 6; 0; 0; 1

2
6; 1; 1

2
; 1
2

5,0,0,0 5; 1; 1
2
; 1
2

11; 1; 1
2
; 1
2

11,0,0,0 6 1þi
2

5; 1; 1
2
; 1
2

7,1,0,0 6; 1; 1
2
; 1
2

6; 0; 1
2
; 0 6; 0; 0; 1

2
5; 0; 1

2
; 0 12; 0; 1

2
; 1
2

11,0,0,0 6 1þi
2

5; 1; 1
2
; 1
2

7,1,0,0 6; 1; 1
2
; 1
2

6; 0; 0; 1
2

6; 0; 1
2
; 0 5; 0; 0; 1

2
12; 0; 1

2
; 1
2

11,0,0,0 6 1þi
2

6; 0; 1
2
; 0 5; 0; 1

2
; 0 7; 1; 1

2
; 0 6; 1; 1

2
; 1
2

5; 1; 1
2
; 1
2

7; 0; 1
2
; 1
2

11,0,0,0 13,1,0,0 6 0

6; 0; 1
2
; 0 6; 0; 0; 1

2
6; 1; 0; 1

2
6; 1; 1

2
; 0 6; 1; 0; 1

2
6; 0; 0; 1

2
12; 0; 1

2
; 1
2

12; 1; 1
2
; 1
2

6 0

6; 0; 1
2
; 0 6; 0; 0; 1

2
6; 1; 0; 1

2
6; 1; 0; 1

2
6; 1; 1

2
; 0 6; 0; 1

2
; 0 12; 0; 1

2
; 1
2

12; 1; 1
2
; 1
2

6 0

6; 0; 0; 1
2

5; 0; 0; 1
2

7; 1; 0; 1
2

6; 1; 1
2
; 1
2

5; 1; 1
2
; 1
2

7; 0; 1
2
; 1
2

11,0,0,0 13,1,0,0 6 0

6; 0; 0; 1
2

6; 0; 1
2
; 0 6; 1; 1

2
; 0 6; 1; 1

2
; 0 6; 1; 0; 1

2
6; 0; 0; 1

2
12; 0; 1

2
; 1
2

12; 1; 1
2
; 1
2

6 0

6; 0; 0; 1
2

6; 0; 1
2
; 0 6; 1; 1

2
; 0 6; 1; 0; 1

2
6; 1; 1

2
; 0 6; 0; 1

2
; 0 12; 0; 1

2
; 1
2

12; 1; 1
2
; 1
2

6 0

6; 0; 1
2
; 1
2

7; 0; 1
2
; 1
2

7,1,0,0 7; 1; 1
2
; 0 6; 1; 1

2
; 0 6; 0; 0; 1

2
13,0,0,0 13; 1; 1

2
; 1
2

7 0

6; 0; 1
2
; 1
2

7; 0; 1
2
; 1
2

7,1,0,0 7; 1; 0; 1
2

6; 1; 0; 1
2

6; 0; 1
2
; 0 13,0,0,0 13; 1; 1

2
; 1
2

7 0

6; 0; 1
2
; 1
2

7,1,0,0 7; 0; 1
2
; 1
2

7; 1; 1
2
; 0 6; 0; 0; 1

2
6; 1; 1

2
; 0 13; 1; 1

2
; 1
2

13,0,0,0 7 1þi
2

6; 0; 1
2
; 1
2

7,1,0,0 7; 0; 1
2
; 1
2

7; 1; 0; 1
2

6; 0; 1
2
; 0 6; 1; 0; 1

2
13; 1; 1

2
; 1
2

13,0,0,0 7 1þi
2

6; 1; 1
2
; 0 5; 0; 0; 1

2
7; 1; 0; 1

2
6; 1; 1

2
; 1
2

5,0,0,0 7,1,0,0 11; 1; 1
2
; 1
2

13; 0; 1
2
; 1
2

6 1þi
2

6; 1; 1
2
; 0 6; 1; 0; 1

2
6; 0; 0; 1

2
6; 0; 1

2
; 0 6; 0; 0; 1

2
6; 1; 0; 1

2
12; 0; 1

2
; 1
2

12; 1; 1
2
; 1
2

6 1þi
2

6; 1; 1
2
; 0 6; 1; 0; 1

2
6; 0; 0; 1

2
6; 0; 0; 1

2
6; 0; 1

2
; 0 6; 1; 1

2
; 0 12; 0; 1

2
; 1
2

12; 1; 1
2
; 1
2

6 1þi
2

6; 1; 0; 1
2

5; 0; 1
2
; 0 7; 1; 1

2
; 0 6; 1; 1

2
; 1
2

5,0,0,0 7,1,0,0 11; 1; 1
2
; 1
2

13; 0; 1
2
; 1
2

6 1þi
2

6; 1; 0; 1
2

6; 1; 1
2
; 0 6; 0; 1

2
; 0 6; 0; 1

2
; 0 6; 0; 0; 1

2
6; 1; 0; 1

2
12; 0; 1

2
; 1
2

12; 1; 1
2
; 1
2

6 1þi
2

6; 1; 0; 1
2

6; 1; 1
2
; 0 6; 0; 1

2
; 0 6; 0; 0; 1

2
6; 0; 1

2
; 0 6; 1; 1

2
; 0 12; 0; 1

2
; 1
2

12; 1; 1
2
; 1
2

6 1þi
2

TABLE X. Flux, Z2 parity (even, odd ¼ 0, 1), SS phases ðα1; α2Þ of quarks, leptons, and Higgs fields in the
model. gH denotes the number of Higgs fields.

BQ BuR BdR BL BνR BeR BHu
BHd

gH

6; 0; 1
2
; 0 6; 0; 0; 1

2
6; 1; 0; 1

2
6; 1; 0; 1

2
6; 1; 1

2
; 0 6; 0; 1

2
; 0 12; 0; 1

2
; 1
2

12; 1; 1
2
; 1
2

6
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hHk
ui ¼ vuð0.8466; 0.5009; 0.1762; 0.03715; 0.004794; 0.0003797Þ; ð119Þ

hHk
di ¼ vdð0.5006; 0.7890; 0.3521; 0.05382;−0.003787;−0.003709Þ: ð120Þ

We note that again these directions are eigenbasis of S
transformation. They lead to the following up quark, down
quark, and charged lepton mass ratios:

ðmu;mc;mtÞ=mt ¼ ð2.96 × 10−5; 5.35 × 10−4; 1Þ; ð121Þ

ðmd;ms;mbÞ=mb ¼ ð4.36 × 10−4; 1.17 × 10−2; 1Þ; ð122Þ

ðme;mμ; mτÞ=mτ ¼ ð4.36 × 10−4; 1.17 × 10−2; 1Þ; ð123Þ

and a ratio of the differences of the squares of the neutrino
masses, ffiffiffiffiffiffiffiffiffiffiffiffiffi

Δm2
ν12

Δm2
ν13

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jm2

ν1 −m2
ν2 j

jmν1 −m2
ν3 j

s
¼ 0.179; ð124Þ

for normal ordering (NO), mν1 < mν2 < mν3 . Also the
absolute values of the CKM matrix, jVCKMj, and the
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix,
jVPMNSj, are obtained as follows:

jVCKMj ¼

0B@ 0.972 0.235 0.00134

0.233 0.964 0.126

0.0309 0.122 0.992

1CA;

jVPMNSj ¼

0B@ 0.990 0.137 0.0134

0.129 0.957 0.261

0.0487 0.257 0.965

1CA: ð125Þ

The mass ratios of quarks and leptons, and the absolute
values of the CKM matrix are roughly realized, but the
absolute values of the PMNS matrix are not realistic. As a
result, in this model it is difficult to realize both quark and
lepton flavors in the exact S eigenvectors of the Higgs VEV
directions.
Next, we consider the vicinity of above S eigenvector of

Higgs VEV directions. We use all six pairs of Higgs VEVs
as parameters for both up and down types but fix the
modulus at τ ¼ i to simplify the analysis. To obtain realistic
flavors, in the vicinity of hku;d, we have chosen the following
Higgs VEV directions:

hHk
ui ¼ vuð0.8509; 0.4970; 0.1679; 0.02805;−0.006762;−0.003731Þ; ð126Þ

hHk
di ¼ vdð0.4340; 0.7688; 0.4499; 0.1283; 0.02538; 0.03302Þ: ð127Þ

The norm of hku in hHk
ui is 0.9998 and one of hkd in hHk

di is 0.9995. In these directions, the mass matrices for quarks and
leptons are given by

Mu=mt ¼

0B@ 0.7202 0.5992 0.1214

0.2492 0.2063 0.03922

0.03057 0.02249 −0.002550

1CA; Md=mb ¼

0B@ 0.8675 0.3620 0.05514

0.3053 0.1303 0.02287

0.03861 0.03580 0.03967

1CA; ð128Þ

Mν=mν3 ¼

0B@ −0.3614 −0.09456 −0.3323
−0.09456 −0.1345 −0.4077
−0.3323 −0.4077 −0.5819

1CA; Me=mτ ¼

0B@ 0.8675 0.3053 0.03861

0.3620 0.1303 0.03580

0.05514 0.02287 0.03967

1CA: ð129Þ

Then they lead to the following up quark, down quark, and charged lepton mass ratios:

ðmu;mc;mtÞ=mt ¼ ð3.13 × 10−5; 8.14 × 10−3; 1Þ; ð130Þ

ðmd;ms;mbÞ=mb ¼ ð8.46 × 10−4; 4.10 × 10−2; 1Þ; ð131Þ

ðme;mμ; mτÞ=mτ ¼ ð8.46 × 10−4; 4.10 × 10−2; 1Þ; ð132Þ

and a ratio of the differences of the squares of the neutrino masses,
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ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

ν12

Δm2
ν13

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jm2

ν1 −m2
ν2 j

jmν1 −m2
ν3 j

s
¼ 0.162 ð133Þ

for NO. For inverted ordering (IO), mν3 < mν1 < mν2 , it is
difficult to realize realistic the flavor structure. Also the
absolute values of the CKMmatrix, jVCKMj, and the PMNS
matrix, jVPMNSj, are obtained as follows:

jVCKMj ¼

0B@ 0.973 0.232 0.00234

0.232 0.973 0.0162

0.00603 0.0152 1.00

1CA;

jVPMNSj ¼

0B@ 0.841 0.522 0.147

0.246 0.608 0.755

0.483 0.598 0.639

1CA: ð134Þ

The results are summarized in Table XI. As a result, in this
model we could realize quark and lepton flavor structure in
the vicinity of the S eigenvector of Higgs VEV direction.

VI. CONCLUSION

In this paper, we have investigated the conditions to
realize the quark and lepton flavor structure in magnetized
orbifold models. We have found four conditions I, II, III,
and IV. The condition I demands the directions of up type
Higgs VEVs hku leading to rank one mass matrix for up
quark to realize its mass hierarchy. The condition II
demands the directions of down-type Higgs VEVs hkd
leading to rank one mass matrices for both down-sector
quarks and charged leptons to realize their mass hierar-
chies. The condition III demands the equivalence between
uuL and udL which are unitary matrices diagonalizing rank
one mass matrices to realize small quark mixing. The
condition IV demands that hku is also the direction leading
to vanishing neutrino Dirac mass matrix to realize not small

lepton mixing. Note that the rank one mass matrices are
favorable in the limit that we neglect masses of the first
and second generations. Through zero points analysis for
zero modes of each field, we could check whether the
flavor models can satisfy these four conditions or not.
Consequently we have found the 408 flavor models which
are consistent with the conditions I–IV. In such models it is
possible to realize the large hierarchy of up quark, down
quark, and charged lepton masses and realistic mixings of
quark and lepton in the vicinity of hku;d.
Also we have classified the flavor models which can be

realistic in the vicinity of specific points under S symmetry,
where VEV of modulus lies on the fixed point of S
transformation, τ ¼ i, and Higgs VEVs are aligned in
eigenbasis of S transformation. Indeed Higgs VEVs led
by the leading μ term generated by D-brane instanton
effects at τ ¼ i are generally aligned in eigenbasis of S
transformation. In this paper, we have classified the flavor
models whose hku;d becomes eigenbasis of S transformation.
As a result we have found 24 flavor models, and they have
the possibilities to realize realistic flavor observations in the
vicinity of S eigenvector of Higgs VEV direction.
Here, we have given numerical studies on the model

shown in Table X in the exact and the vicinity of S
eigenvector of Higgs VEV direction. In the exact
S-eigenvector direction, we could roughly realize the values
of the quark and lepton mass ratios and the CKMmatrix but
the PMNS matrix was not realistic. In the vicinity of S
eigenvector of Higgs VEV direction, we could realize the
values of quark and lepton mass ratios as well as the CKM
and PMNS matrices.
Similar classifications through the zero-point analysis

can be applied for the flavor models in other orbifold
models such as T2=Z3, T2=Z4, and T2=Z6. It would be
possible for magnetized T4 and its orbifold models. Also
we need to study Higgs μ term through D-brane instanton
effects to check the direction of Higgs VEVs. We would

TABLE XI. The mass ratios of the quarks and leptons, and the absolute values of the CKM matrix and the PMNS
matrix elements at τ ¼ i under the vacuum alignments of Higgs fields in Eqs. (126) and (127). Reference values of
mass ratios are shown in Ref. [79]. Those of the CKM matrix and PMNS matrix elements are shown in
Refs. [80,81].

Obtained values Reference values

ðmu;mc;mtÞ=mt ð3.13 × 10−5; 8.14 × 10−3; 1Þ ð5.58 × 10−6; 2.69 × 10−3; 1Þ
ðmd;ms;mbÞ=mb ð8.46 × 10−4; 4.10 × 10−2; 1Þ ð6.86 × 10−4; 1.37 × 10−2; 1Þ
jVCKMj  

0.973 0.232 0.00234
0.232 0.973 0.0162

0.00603 0.0152 1.00

!  
0.974 0.227 0.00361
0.226 0.973 0.0405

0.00854 0.0398 0.999

!
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

ν12=Δm2
ν13

p
0.162 (NO) 0.173

ðme;mμ; mτÞ=mτ ð8.46 × 10−4; 4.10 × 10−2; 1Þ ð2.78 × 10−4; 5.88 × 10−2; 1Þ
jVPMNSj  

0.841 0.522 0.147
0.246 0.608 0.755
0.483 0.598 0.639

!  
0.801 − 0.845 0.513 − 0.579 0.143 − 0.156
0.232 − 0.507 0.459 − 0.694 0.629 − 0.779
0.260 − 0.526 0.470 − 0.702 0.609 − 0.763

!
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study them and examine the possibilities of realization of
quark and lepton flavor structure elsewhere.

ACKNOWLEDGMENTS

H. U. was supported by Grant-in-Aid for JSPS Research
Fellows No. 20J20388. S. K. was supported by Grant-in-
Aid for JSPS Research Fellows No. 22J10172.

APPENDIX A: MAJORANA NEUTRINO MASSES
BY D-BRANE INSTANTON EFFECTS

Here we give a brief review of Majorana neutrino mass
terms induced by D-brane instanton effects [71–75].
We consider two stacks of D-branes, DN1

and DN2
,

and assume D-brane instanton Dinst with magnetic fluxes.
Right-handed neutrinos νR appear as zero modes of open
strings between DN1

and DN2
; instanton zero modes β (γ)

appear between DN1
(DN2

) and Dinst. Then D-brane
instanton effects give the following term:Z

d2βd2γe−ðImτÞ−1=2dija βiγjνaR ; ðA1Þ

where β and γ are Grasmannian, and dija are the 3-point
couplings among β, γ, and νR given by

dija ¼ gðImτÞ1=2
Z

d2zψ i
βðzÞ · ψ j

γðzÞ · ðψa
νRðzÞÞ�; ðA2Þ

where ψs are the zero-mode wave functions on T2=Z2

corresponding to instanton zero modes β, γ and right-
handed neutrinos νR. Mass terms can be generated only if
each of β and γ has two zero modes. By Grasmannian
integral, we obtain Majorana mass term,

Λe−Sinst
Z

d2βd2γe−ðImτÞ−1=2dija βiγjνaR

¼ Λe−SinstðImτÞ−1εijεkldika djlb νaRν
b
R ¼ Mab

RRν
a
Rν

b
R; ðA3Þ

where Sinst denotes the instanton action and Λ denotes a
typical sale as the compactification scale. The possible
instanton zero-modes configurations are given by the
following nonvanishing conditions for 3-point couplings:

Mβ �Mγ ¼ �MνR ; mβ þmγ ¼ mνR ;

ðα1; α2Þβ þ ðα1; α2Þγ ¼ ðα1; α2ÞνR ; ðA4Þ

where Mf, mf and ðα1; α2Þf, f ¼ β; γ; νR denote the
magnetic fluxes, Z2 twist parities, and SS phases for zero
modes of β, γ, and νR.

APPENDIX B: HIGGS μ TERM BY D-BRANE
INSTANTON EFFECTS

Here we give a brief review of Higgs μ terms induced by
D-brane instanton effects [71–75].
We consider three stacks of D-branes, Da, Db, and Dc

with magnetic fluxes. The D-brane Db is parallel to Dc.
Up- (down-)type Higgs fields, Hu (Hd), appear as zero
modes of open strings between Da and Db (Dc). To
generate μ terms, we also assume the D-brane instanton
Dinst with magnetic flux which has a single zero mode with
each of the other branes. The instanton zero modes α, β,
and γ appear as zero modes of open strings between Da
and Dinst, Db and Dinst, and Dc and Dinst. Then D-brane
instanton effects give the following term:Z

d2αdβdγeðImτÞ−1=2ðYi
uα·Hi

uβþYj
dα·H

j
dγÞ; ðB1Þ

where α, β, and γ are Grasmannian and Yi
u (Yj

d) are the
3-point couplings among α, β (γ), and Hi

u (Hj
d) given by

Yi
u ¼ gðImτÞ1=2

Z
d2zψαðzÞ · ψβðzÞ · ðψ i

Hu
ðzÞÞ�;

Yj
d ¼ gðImτÞ1=2

Z
d2zψαðzÞ · ψγðzÞ · ðψ j

Hd
ðzÞÞ�; ðB2Þ

where ψs are the zero-mode wave functions on T2=Z2

corresponding to instanton zero modes α, βðγÞ and Higgs
fieldsHu (Hd). Mass terms can be generated only if each of
α, β, and γ has a single zero mode. By Grasmannian
integral, we obtain the Higgs μ term,

Λe−Sinst
Z

d2αdβdγeðImτÞ−1=2ðYi
uα·Hi

uþYj
dα·H

j
dγÞ

¼ Λe−SinstðImτÞ−1ðYi
uY

j
dÞεnmHi

umH
j
dn ¼ μijεnmHi

umH
j
dn;

ðB3Þ

where m; n ∈ f1; 2g denote components of SUð2ÞL dou-
blet. The possible instanton zero-mode configurations are
given by the following nonvanishing conditions for 3-point
couplings:

Mα �Mβ ¼ �MHu
;

mα þmβ ¼ mHu
; ðα1; α2Þα þ ðα1; α2Þβ ¼ ðα1;α2ÞHu

;

ðB4Þ

Mα �Mγ ¼ �MHd
;

mα þmγ ¼ mHd
; ðα1; α2Þα þ ðα1; α2Þγ ¼ ðα1; α2ÞHd

;

ðB5Þ
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where Mf, mf and ðα1;α2Þf, f ¼ α; β; γ; Hu;Hd, denote
the magnetic fluxes, Z2 twist parities, and SS phases for
zero modes of α, β, γ, Hu, and Hd.

APPENDIX C: THE MODEL IN THE
NUMERICAL EXAMPLE

1. Yukawa couplings

Here we summarize Yukawa couplings of up-sector
quarks, down-sector quarks, neutrinos, and charged lep-
tons, Yijk

u , Yijk
d , Yijk

ν , and Yijk
e in our model.

a. Up quark:
BQ −BuR −BHu

= ð6;0; 12 ;0Þ− ð6;0;0; 12Þ− ð12;0; 12 ; 12Þ
Table XII shows the zero-mode assignments for quark

doubletsQi, right-handed up-sector quarks ujR, and up-type
Higgs fields Hk

u. Yukawa couplings are given by

Yijk
u Hk

u ¼ Yij0
u H0

u þ Yij1
u H1

u þ Yij2
u H2

u þ Yij3
u H3

u

þ Yij4
u H4

u þ Yij5
u H5

u; ðC1Þ

with

Yij0
u ¼ cð6−6−12Þ

0B@
X0

1ffiffi
2

p X1 0

0 1ffiffi
2

p X2
1ffiffi
2

p X3

0 0 1ffiffi
2

p X4

1CA; Yij1
u ¼ cð6−6−12Þ

0B@ 0 1ffiffi
2

p X0
1ffiffi
2

p X2

X1 0 0

0 1ffiffi
2

p X3
1ffiffi
2

p X5

1CA;

Yij2
u ¼ cð6−6−12Þ

0B@
0 0 1ffiffi

2
p X1

0 1ffiffi
2

p X0 − 1ffiffi
2

p X5

X2
1ffiffi
2

p X4 0

�
; Yij3

u ¼ cð6−6−12Þ

0B@
0 0 − 1ffiffi

2
p X4

0 1ffiffi
2

p X5
1ffiffi
2

p X0

X3
1ffiffi
2

p X1 0

1CA;

Yij4
u ¼ cð6−6−12Þ

0B@ 0 − 1ffiffi
2

p X5 − 1ffiffi
2

p X3

X4 0 0

0 1ffiffi
2

p X2
1ffiffi
2

p X0

1CA; Yij5
u ¼ cð6−6−12Þ

0B@
X5 − 1ffiffi

2
p X4 0

0 1ffiffi
2

p X3 − 1ffiffi
2

p X2

0 0 1ffiffi
2

p X1

1CA;

where

XN ≡X5
n¼0

ð−1Þnη6ðNþ1=2Þþ72n; ηN ≡ ϑ

� N
432

0

�
ð0; 432τÞ:

ðC2Þ

b. Down quark:
BQ −BdR −BHd

= ð6;0; 12 ;0Þ− ð6;1;0; 12Þ − ð12;1; 12 ; 12Þ
Table XIII shows the zero-mode assignments for

quark doublets Qi, right-handed down-sector quarks djR,

and down-type Higgs fields Hk
d. Yukawa couplings are

given by

Yijk
d Hk

d ¼ Yij0
d H0

d þ Yij1
d H1

d þ Yij2
d H2

d þ Yij3
d H3

d

þ Yij4
d H4

d þ Yij5
d H5

d; ðC3Þ

with

TABLE XII. Zero-mode wave functions in “ð6; 0; 1
2
; 0Þ − ð6; 0; 0; 1

2
Þ − ð12; 0; 1

2
; 1
2
Þ” model.

Qi ujR Hk
u

0 1ffiffi
2

p ðψ ð1=2;0Þ;6
T2 þ ψ ð11=2;0Þ;6

T2 Þ ψ ð0;1=2Þ;6
T2

1ffiffi
2

p ðψ ð1=2;1=2Þ;12
T2 − ψ ð23=2;1=2Þ;12

T2 Þ
1 1ffiffi

2
p ðψ ð3=2;0Þ;6

T2 þ ψ ð9=2;0Þ;6
T2 Þ 1ffiffi

2
p ðψ ð1;1=2Þ;6

T2 − ψ ð5;1=2Þ;6
T2 Þ 1ffiffi

2
p ðψ ð3=2;1=2Þ;12

T2 − ψ ð21=2;1=2Þ;12
T2 Þ

2 1ffiffi
2

p ðψ ð5=2;0Þ;6
T2 þ ψ ð7=2;0Þ;6

T2 Þ 1ffiffi
2

p ðψ ð2;1=2Þ;6
T2 − ψ ð4;1=2Þ;6

T2 Þ 1ffiffi
2

p ðψ ð5=2;1=2Þ;12
T2 − ψ ð19=2;1=2Þ;12

T2 Þ
3 1ffiffi

2
p ðψ ð7=2;1=2Þ;12

T2 − ψ ð17=2;1=2Þ;12
T2 Þ

4 1ffiffi
2

p ðψ ð9=2;1=2Þ;12
T2 − ψ ð15=2;1=2Þ;12

T2 Þ
5 1ffiffi

2
p ðψ ð11=2;1=2Þ;12

T2 − ψ ð13=2;1=2Þ;12
T2 Þ
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Yij0
d ¼ cð6−6−12Þ

0BB@
1ffiffi
2

p X1 0 0

− 1ffiffi
2

p X2
1ffiffi
2

p X3 0

0 − 1ffiffi
2

p X4 X5

1CCA; Yij1
d ¼ cð6−6−12Þ

0BB@
1ffiffi
2

p X0
1ffiffi
2

p X2 0

0 0 X4

− 1ffiffi
2

p X3 − 1ffiffi
2

p X5 0

1CCA;

Yij2
d ¼ cð6−6−12Þ

0BB@
0 1ffiffi

2
p X1 X3

1ffiffi
2

p X0
1ffiffi
2

p X5 0

− 1ffiffi
2

p X4 0 0

1CCA; Yij3
d ¼ cð6−6−12Þ

0BB@
0 1ffiffi

2
p X4 X2

− 1ffiffi
2

p X5
1ffiffi
2

p X0 0

1ffiffi
2

p X1 0 0

1CCA;

Yij4
d ¼ cð6−6−12Þ

0BB@
1ffiffi
2

p X5
1ffiffi
2

p X3 0

0 0 X1

1ffiffi
2

p X2
1ffiffi
2

p X0 0

1CCA; Yij5
d ¼ cð6−6−12Þ

0BB@
1ffiffi
2

p X4 0 0

1ffiffi
2

p X3
1ffiffi
2

p X2 0

0 1ffiffi
2

p X1 X0

1CCA;

where

XN ≡X5
n¼0

ð−1Þnη6ðNþ1=2Þþ72n; ηN ≡ ϑ

� N
432

0

�
ð0; 432τÞ: ðC4Þ

c. Neutrino: BL −BνR −BHu
= ð6;1;0; 12Þ− ð6;1; 12 ;0Þ− ð12;0; 12 ; 12Þ

Table XIV shows the zero-mode assignments for lepton doublets Li, right-handed neutrinos νjR and up-type Higgs fields
Hk

u. Yukawa couplings are given by

TABLE XIII. Zero-mode wave functions in “ð6; 0; 1
2
; 0Þ − ð6; 1; 0; 1

2
Þ − ð12; 1; 1

2
; 1
2
Þ” model.

Qi djR Hk
d

0 1ffiffi
2

p ðψ ð1=2;0Þ;6
T2 þ ψ ð11=2;0Þ;6

T2 Þ 1ffiffi
2

p ðψ ð1;1=2Þ;6
T2 þ ψ ð5;1=2Þ;6

T2 Þ 1ffiffi
2

p ðψ ð1=2;1=2Þ;12
T2 þ ψ ð23=2;1=2Þ;12

T2 Þ
1 1ffiffi

2
p ðψ ð3=2;0Þ;6

T2 þ ψ ð9=2;0Þ;6
T2 Þ 1ffiffi

2
p ðψ ð2;1=2Þ;6

T2 þ ψ ð4;1=2Þ;6
T2 Þ 1ffiffi

2
p ðψ ð3=2;1=2Þ;12

T2 þ ψ ð21=2;1=2Þ;12
T2 Þ

2 1ffiffi
2

p ðψ ð5=2;0Þ;6
T2 þ ψ ð7=2;0Þ;6

T2 Þ ψ ð3;1=2Þ;6
T2

1ffiffi
2

p ðψ ð5=2;1=2Þ;12
T2 þ ψ ð19=2;1=2Þ;12

T2 Þ
3 1ffiffi

2
p ðψ ð7=2;1=2Þ;12

T2 þ ψ ð17=2;1=2Þ;12
T2 Þ

4 1ffiffi
2

p ðψ ð9=2;1=2Þ;12
T2 þ ψ ð15=2;1=2Þ;12

T2 Þ
5 1ffiffi

2
p ðψ ð11=2;1=2Þ;12

T2 þ ψ ð13=2;1=2Þ;12
T2 Þ

TABLE XIV. Zero-mode wave functions in “ð6; 1; 0; 1
2
Þ − ð6; 1; 1

2
; 0Þ − ð12; 0; 1

2
; 1
2
Þ” model.

Li νjR Hk
u

0 1ffiffi
2

p ðψ ð1;1=2Þ;6
T2 þ ψ ð5;1=2Þ;6

T2 Þ 1ffiffi
2

p ðψ ð1=2;0Þ;6
T2 − ψ ð11=2;0Þ;6

T2 Þ 1ffiffi
2

p ðψ ð1=2;1=2Þ;12
T2 − ψ ð23=2;1=2Þ;12

T2 Þ
1 1ffiffi

2
p ðψ ð2;1=2Þ;6

T2 þ ψ ð4;1=2Þ;6
T2 Þ 1ffiffi

2
p ðψ ð3=2;0Þ;6

T2 − ψ ð9=2;0Þ;6
T2 Þ 1ffiffi

2
p ðψ ð3=2;1=2Þ;12

T2 − ψ ð21=2;1=2Þ;12
T2 Þ

2 ψ ð3;1=2Þ;6
T2

1ffiffi
2

p ðψ ð5=2;0Þ;6
T2 − ψ ð7=2;0Þ;6

T2 Þ 1ffiffi
2

p ðψ ð5=2;1=2Þ;12
T2 − ψ ð19=2;1=2Þ;12

T2 Þ
3 1ffiffi

2
p ðψ ð7=2;1=2Þ;12

T2 − ψ ð17=2;1=2Þ;12
T2 Þ

4 1ffiffi
2

p ðψ ð9=2;1=2Þ;12
T2 − ψ ð15=2;1=2Þ;12

T2 Þ
5 1ffiffi

2
p ðψ ð11=2;1=2Þ;12

T2 − ψ ð13=2;1=2Þ;12
T2 Þ
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Yijk
ν Hk

u ¼ Yij0
ν H0

u þ Yij1
ν H1

u þ Yij2
ν H2

u þ Yij3
ν H3

u þ Yij4
ν H4

u þ Yij5
ν H5

u; ðC5Þ

with

Yij0
ν ¼ cð6−6−12Þ

0BB@
− 1ffiffi

2
p X1 − 1ffiffi

2
p X2 0

0 − 1ffiffi
2

p X3 − 1ffiffi
2

p X4

0 0 −X5

1CCA; Yij1
ν ¼ cð6−6−12Þ

0BB@
1ffiffi
2

p X0 0 − 1ffiffi
2

p X3

− 1ffiffi
2

p X2 0 1ffiffi
2

p X5

0 −X4 0

1CCA;

Yij2
ν ¼ cð6−6−12Þ

0BB@
0 1ffiffi

2
p X0

1ffiffi
2

p X4

1ffiffi
2

p X1 − 1ffiffi
2

p X5 0

−X3 0 0

1CCA; Yij3
ν ¼ cð6−6−12Þ

0BB@
0 1ffiffi

2
p X5

1ffiffi
2

p X1

− 1ffiffi
2

p X4
1ffiffi
2

p X0 0

X2 0 0

1CCA;

Yij4
ν ¼ cð6−6−12Þ

0BB@
− 1ffiffi

2
p X5 0 − 1ffiffi

2
p X2

1ffiffi
2

p X3 0 1ffiffi
2

p X0

0 X1 0

1CCA; Yij5
ν ¼ cð6−6−12Þ

0BB@
1ffiffi
2

p X4 − 1ffiffi
2

p X3 0

0 1ffiffi
2

p X2 − 1ffiffi
2

p X1

0 0 X0

1CCA; ðC6Þ

where

XN ≡X5
n¼0

ð−1Þnη6ðNþ1=2Þþ72n; ηN ≡ ϑ

� N
432

0

�
ð0; 432τÞ:

d. Charged lepton: BL −BeR −BHd
= ð6;1;0; 12Þ− ð6;0; 12 ;0Þ− ð12;1; 12 ; 12Þ

Table XV shows the zero-mode assignments for lepton doublets Li, right-handed charged leptons ejR, and down-type
Higgs fields Hk

d. Yukawa couplings are given by

Yijk
e ¼ Yjik

d : ðC7Þ

2. Majorana mass of right-handed neutrino

Majorana masses of right-handed neutrinos can be induced by D-brane instanton effects as shown in Appendix A. For the
right-handed neutrinos in our model, there are two possible instanton zero-mode configurations, β1, γ1 and β2, γ2,

Bβ1 − Bγ1 − BνR ¼
�
3; 0; 0;

1

2

�
−
�
3; 1;

1

2
;
1

2

�
−
�
6; 1;

1

2
; 0

�
;

Bβ2 − Bγ2 − BνR ¼ ð2; 0; 0; 0Þ −
�
4; 1;

1

2
; 0

�
−
�
6; 1;

1

2
; 0

�
: ðC8Þ

TABLE XV. Zero-mode wave functions in “ð6; 1; 0; 1
2
Þ − ð6; 0; 1

2
; 0Þ − ð12; 1; 1

2
; 1
2
Þ” model.

Li ejR Hk
d

0 1ffiffi
2

p ðψ ð1;1=2Þ;6
T2 þ ψ ð5;1=2Þ;6

T2 Þ 1ffiffi
2

p ðψ ð1=2;0Þ;6
T2 þ ψ ð11=2;0Þ;6

T2 Þ 1ffiffi
2

p ðψ ð1=2;1=2Þ;12
T2 þ ψ ð23=2;1=2Þ;12

T2 Þ
1 1ffiffi

2
p ðψ ð2;1=2Þ;6

T2 þ ψ ð4;1=2Þ;6
T2 Þ 1ffiffi

2
p ðψ ð3=2;0Þ;6

T2 þ ψ ð9=2;0Þ;6
T2 Þ 1ffiffi

2
p ðψ ð3=2;1=2Þ;12

T2 þ ψ ð21=2;1=2Þ;12
T2 Þ

2 ψ ð3;1=2Þ;6
T2

1ffiffi
2

p ðψ ð5=2;0Þ;6
T2 þ ψ ð7=2;0Þ;6

T2 Þ 1ffiffi
2

p ðψ ð5=2;1=2Þ;12
T2 þ ψ ð19=2;1=2Þ;12

T2 Þ
3 1ffiffi

2
p ðψ ð7=2;1=2Þ;12

T2 þ ψ ð17=2;1=2Þ;12
T2 Þ

4 1ffiffi
2

p ðψ ð9=2;1=2Þ;12
T2 þ ψ ð15=2;1=2Þ;12

T2 Þ
5 1ffiffi

2
p ðψ ð11=2;1=2Þ;12

T2 þ ψ ð13=2;1=2Þ;12
T2 Þ
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However, these two configurations give the sameMajorana mass matrix up to overall factor; therefore we concentrate on the
former configuration, β1, γ1. Table XVI shows the zero-mode assignments for two zero modes of them. The 3-point
couplings dija are given by

dij0 ¼ cð3−3−6Þ

� η1.5 þ η16.5 þ η19.5 0

− 1ffiffi
2

p ðη4.5 þ η13.5 þ η22.5Þ η7.5 þ η10.5 þ η25.5

�
; ðC9Þ

dij1 ¼ cð3−3−6Þ

 
0

ffiffiffi
2

p ðη4.5 þ η13.5 þ η22.5Þ
1ffiffi
2

p ðη1.5 þ η16.5 þ η19.5 þ η7.5 þ η10.5 þ η25.5Þ 0

!
; ðC10Þ

dij2 ¼ cð3−3−6Þ

� η7.5 þ η10.5 þ η25.5 0

− 1ffiffi
2

p ðη4.5 þ η13.5 þ η22.5Þ η1.5 þ η16.5 þ η19.5

�
; ðC11Þ

where

ηN ≡ ϑ

� N
54

0

�
ð0; 54τÞ: ðC12Þ

Using above dija , Majorana masses of right-handed neutrinos can be calculated by Eq. (A3).
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