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Within the framework of large-momentum effective theory, the light-cone distribution amplitude
(LCDA) of the B meson in heavy-quark effective theory can be extracted from lattice calculations of the
quasidistribution amplitude through the hard-collinear factorization formula. This quasiquantity can be
renormalized in a regularization-independent momentum subtraction (RI/MOM) scheme. In this work, we
derive the matching coefficient which connects the renormalized quasidistribution amplitude in the
RI/MOM scheme and the standard LCDA in the MS scheme at one-loop accuracy. Our numerical analysis
verifies the feasibility of the RI/MOM scheme for renormalizing the B-meson quasidistribution amplitude.
These results will be crucial for exploring the partonic structure of heavy-quark hadrons.
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I. INTRODUCTION

B-meson light-cone distribution amplitudes (LCDAs)
in heavy-quark effective theory (HQET) are the indispen-
sable ingredients for establishing QCD factorization
theorems of exclusive B-meson decay amplitudes and
for experimental data analysis [1–5]. Defined as the light-
cone matrix elements of the nonlocal HQET quark-gluon
operators, they describe the nonperturbative strong inter-
action dynamics of the B-meson system. Although there
has been much progress in perturbative calculations
concerning B-meson decays in recent years [6–16], our
limited knowledge of B-meson LCDAs has become the
major stumbling block for precision predictions of the
B-meson decay observables. Therefore, currently, a sig-
nificant task in B physics is improving the accuracy of
B-meson LCDAs.
Despite its importance, calculating LCDAs from the first

principles of QCD has been a challenge. Model-indepen-
dent properties of the leading-twist B-meson LCDA
ϕþ
B ðω; μÞ and its first inverse moment λ−1B ðμÞ have received

considerable attention lately [17–21]. By contrast, non-
perturbative determinations of ϕþ

B ðω; μÞ have been mainly
performed in the framework of QCD sum rules or the
Dyson-Schwinger equation (DSE) [22,23], whereas both
theories have their own drawbacks. In the former, the light-
cone separation between the effective heavy-quark field

and the light-antiquark field needs to be sufficiently small
to guarantee the validity of the local operator product
expansion for the HQET correlation function under dis-
cussion. In the latter, the DSEs are essentially equations of
motion corresponding to the Green’s function whose
solution requires accurate knowledge of the B-meson wave
function. Therefore, it is evident that determining the
momentum dependence of B-meson LCDAs with model-
independent techniques is of top priority in B physics.
Being nonperturbative in nature, LCDAs intrinsically con-
tain low-energy degrees of freedom and thus cannot be
evaluated in perturbation theory.
Nonperturbative methods such as lattice QCD offer an

alternative way out. Based on first principles, lattice field
theory uses the QCD Lagrangian to simulate the strong
interaction using Markov chain Monte Carlo methods. In
the heavy-quark sector, the relatively large mass of the
bottom quark (mb ∼ 5 GeV) makes it rather difficult to
perform conventional lattice simulations since practical
limitations usually cannot permit the use of a sufficiently
small lattice spacing a to properly control discretization
errors, which necessitates the use of effective field theories
such as HQET and nonrelativistic QCD approaches to
lattice calculations of the properties of hadrons containing
heavy quarks [24,25]. Thanks to long-term efforts from the
community, a complete and practical method is known to
nonperturbatively renormalize the HQET and match it to
QCD in lattice gauge field theory [26–30]. The encourag-
ing results already obtained with the lattice HQET tech-
nique bring us confidence for performing the numerical
simulation of the leading-twist B-meson LCDA ϕþ

B ðω; μÞ.
However, the dependence of the LCDA correlator on the
light-cone coordinate makes it essentially unfeasible to
directly calculate it on the lattice, which is constructed in
Euclidean space with imaginary time.
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A promising approach to circumvent this problem
was proposed under the name of large-momentum
effective theory (LaMET) [31,32]. The essential strategy
of this novel proposal resides in the construction of a
time-independent quasiquantity which, on the one hand,
can be readily computed on a Euclidean lattice and, on
the other hand, approaches the original hadronic dis-
tribution amplitude on the light cone under a Lorentz
boost. The encouraging results obtained in the frame of
LaMET indicate that this formalism allows for a bright
future to systematically compute a wide range of
“parton observables” with the demanding computational
resources and the tremendous development of new
techniques and algorithms [33–63]. In view of the
significance of B-meson LCDAs and the validity of
LaMET, more attentions should be devoted to determin-
ing B-meson LCDAs in the frame of LaMET, and there
have been some preliminary researches [64–66].
Based on LaMET, the procedure of calculating the

B-meson LCDA from lattice QCD can be divided into
three steps: 1) lattice simulation on the B-meson
quasidistribution amplitude; 2. renormalize the quasidis-
tribution amplitude in a specific scheme; 3. match the
renormalized quasidistribution amplitude to the LCDA
which is usually renormalized in the MS scheme. In this
paper, we focus on the second and third steps. With
increasing computational resources, the renormalization
process will be a key factor to improve the precision of
the B-meson quasidistribution amplitude. The authors of
Ref. [64] constructed the quasidistribution amplitude
φþ
B ðξ; μÞ and renormalized it in the MS scheme. One of

the standard methods to renormalize operators in lattice
QCD is the regularization-independent momentum sub-
traction (RI/MOM) scheme which essentially belongs to
momentum subtraction schemes in quantum field theory.
As a nonperturbative method, it has proven to be
practical in the frame of LaMET and gained great
popularity in recent years [67–70] (see Refs. [71–74]
for other practical approaches). The multiplicative renor-
malizability of the constructed quasi-HQET operator to
all orders in perturbation theory has been demonstrated,
which enables a nonperturbative renormalization such as
the RI/MOM scheme. This is a crucial step in the
application of extracting the B-meson LCDA in lattice
simulations. After being renormalized in the RI/MOM
scheme, the B-meson quasidistribution amplitude can be
matched to the usual B-meson LCDA through the
factorization formula. A perturbative matching coeffi-
cient appearing in the formula that converts the B-meson
quasidistribution amplitude in the RI/MOM scheme to
the B-meson LCDA in the MS scheme is not available

yet. One of the main motives of this paper is to calculate
this coefficient at one-loop accuracy.
Our work is an extension of a series of previous

works. The B-meson quasidistribution amplitude φþ
B ðξ; μÞ

renormalized in the RI/MOM scheme and the perturbative
matching coefficient entering the hard-collinear factori-
zation formula are presented. Since the renormalized
matrix elements in the RI/MOM scheme are independent
of UV-regularization choices, we carry out this matching
calculation with dimensional regularization for conven-
ience. These results will be crucial to exploring
the partonic structure of heavy-quark hadrons in the static
limit.
The rest of this paper is organized as follows. In Sec. II

the leading-twist (twist-2) LCDA and quasi-DA as well as
the RI/MOM scheme are briefly reviewed. In Sec. III we
present the factorization formula, followed by the calcu-
lation of the renormalized quasidistribution amplitude and
the derived matching coefficient. In Sec. IV we analyze
these results and give perspectives for lattice calculations; a
numerical comparison between the B-meson quasidistri-
bution amplitude obtained in the RI/MOM scheme and a
modeled B-meson LCDA is presented. We conclude in
Sec. V. A few more details about the calculation of the
renormalized quasidistribution amplitude are included in
the Appendix.

II. B-MESON (QUASI)DISTRIBUTION
AMPLITUDES AND RI/MOM SCHEME

The momentum-space distribution function of the
leading-twist LCDA ϕþ

B ðω; μÞ can be deduced from the
Fourier transformation of its form in coordinate space [22],

ϕþ
B ðω; μÞ ¼

1

2π

Z þ∞

−∞
dηein̄·vωηϕ̃þ

B ðη − iϵ; μÞ; ð1Þ

where n̄ is the light-cone coordinate with n̄2 ¼ 0, and
ϕ̃þ
B ðη; μÞ is the leading-twist LCDA in coordinate space

with the definition

if̃BðμÞmBϕ̃
þ
B ðη; μÞ

¼ h0jðq̄WcÞðηn̄Þn̄=γ5ðW†
chvÞð0ÞjB̄ðvÞi: ð2Þ

The soft light-cone Wilson line is given by Wcðηn̄Þ ¼
PfExp½igs

R
η
−∞ dxn̄ · Aðxn̄Þ�g and f̃BðμÞ is the static decay

constant of the B meson [75].
We employ the following definition of the B-meson

quasidistribution amplitude:
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if̃Bðμ̃ÞmBφ
þ
B ðξ; μ̃Þ

¼
Z þ∞

−∞

dτ
2π

einz·vξτh0jðq̄WcÞðτnzÞn=zγ5ðW†
chvÞð0ÞjB̄ðvÞi:

ð3Þ

Here μ̃ is a renormalization scale for the quasidistribution
amplitude whose definition depends on the renormalization
scheme we choose. One can see that φþ

B ðξ; μ̃Þ is constructed
from the spatial correlation function of two collinear
(effective) quark fields with nz ¼ ð0; 0; 0; 1Þ, and we work
in a Lorentz-boosted frame of the B meson in which
n̄ · v ≫ n · v and set v⊥μ ¼ 0. Unlike the B-meson LCDA
defined in Eq. (1), which is invariant under a boost along
the z direction, the quasidistribution amplitude changes

dynamically under such a boost, which is encoded in its
nontrivial dependence on the heavy-quark velocity v.
It is of vital importance to show that the nonlocal matrix

element in Eq. (3) will renormalize multiplicatively to all
orders in perturbation theory when applying the lattice
regularization scheme since this feature will facilitate the
lattice QCD simulation substantially. The authors of
Ref. [64] demonstrated this multiplicative renormalizabil-
ity, which enables the RI/MOM scheme to be utilized in the
B-meson quasidistribution amplitude φþ

B ðξ; μ̃Þ. Following
the strategy in Refs. [49,50], the RI/MOM renormalization
factor ZOM is determined nonperturbatively on the lattice
by imposing the condition that the quantum corrections of
the correlator in an off-shell quark state vanish at the scales
k2 ¼ −μ2R and kz ¼ kzR,

Z−1
OMðτ; kzR; μR;ΛÞh0jðq̄WcÞðτnzÞn=zγ5ðW†

chvÞð0Þjbq̄ðkÞijk2¼−μ2
R

kz¼kz
R

¼ h0jðqWcÞðτnzÞn=zγ5ðW†
chvÞð0Þjbq̄ðkRÞijtree; ð4Þ

where μR is the renormalization scale. For convenience,
hereafter we simply denote fμ̃g ¼ fk2 ¼ −μ2R; kz ¼ kzRg. It
should be stressed that the renormalization condition is
applied to the matrix element, not the quasidistribution
itself. In order to get the renormalized quasidistribution,
one needs to Fourier transform this matrix element after-
wards. The operator in Eq. (4) is not Oð4Þ covariant;
therefore, in addition to μR, one needs another scale
parameter kzR to pin down the renormalization condition.
Λ denotes the UV cutoff, in the case of dimensional
regularization Λ ¼ 1=ϵ.
We denote the bare correlator for the B meson on the

lattice as

h̃Bðτ; kz; 1=ϵÞ ¼ h0jðq̄sWcÞðτnzÞn=zγ5ðW†
chvÞð0Þjbq̄ðkÞi;

ð5Þ

which is renormalized as

h̃Rðτ; kz; fμ̃gÞ ¼ Z−1
OMðτ; fμ̃g; 1=ϵÞh̃Bðτ; kz; 1=ϵÞ: ð6Þ

One advantage of the RI/MOM scheme is that, although the
bare matrix element and the renormalization factor ZOM
depend on the choice of regularization scheme, the renor-
malized matrix element does not. Besides, the logarithmic
UV divergence related to the self-energy of the quark and
the linear divergence arising from the self-energy of the
Wilson line have been delicately discussed in Ref. [42]. All
of the UV cutoff dependence cancels out in Eq. (6) due to
the multiplicative renormalizability of the quasidistribution
amplitude.

Afterwards, by Fourier transforming the renormalized
matrix element h̃Rðτ; kz; fμ̃gÞ to momentum space, one
can work out the RI/MOM matching coefficient. This
issue will be elaborately discussed in the next section.

III. MATCHING BETWEEN QUASIDISTRIBUTION
AMPLITUDE AND LIGHT-CONE
DISTRIBUTION AMPLITUDE

We now proceed to determine the perturbative match-
ing coefficient that converts the renormalized B-meson
quasidistribution amplitude in the RI/MOM scheme to
the renormalized B-meson LCDA in the MS scheme.
Following the construction in Ref. [64], the hard-
collinear factorization formula is

φþ
B ðξ; μ̃Þ ¼

Z
∞

0

dωHðξ;ω; nz · v; μ; fμ̃gÞϕþ
B ðω; μÞ

þO
�
ΛQCD

nz · vξ

�
: ð7Þ

For convenience, hereafter we subsequently denote nz · v
as vz. The matching coefficient H denotes the difference
in the UV behavior of the quasiquantity and the light-
cone one (one can resort to the recent reviews in
Refs. [55,56] for more details). Thanks to the asymp-
totic freedom, this difference can be calculated using
perturbation theory in QCD, which makes it possible to
extract light-cone parton physics from quasiquantities.
Notably, the matching coefficient H depends on the
choice of the renormalization scheme for the quasidis-
tribution amplitude.
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To determine the matching coefficient at the one-loop level, we replace the B-meson state with a heavy b quark plus an
off-shell light-quark state in Eqs. (2) and (3). Then, the matrix elements with the quark state as the initial
state can be calculated in perturbation theory. We carry out the calculation using the off-shellness of the light quark
as an IR regulator and dimensional regularization with d ¼ 4 − 2ϵ as the UV regulator.
The one-loop corrections to the quasidistribution amplitude of φþ

B ðξ; μ̃Þ are shown in Fig. 1. The result at tree level is

φþð0Þ
B ðξÞ ¼ δðξ − k̃Þ, where k̃≡ kz=vz. We denote the result for the bare quasidistribution amplitude at one loop as

φþð1Þ
B;bareðξ; μÞ, which was calculated in Ref. [64]:

φþð1Þ
B;bareðξ; μÞ ¼

αsCF

4π

8>>>>>>>>><
>>>>>>>>>:

�
1

k̃ðξ−k̃Þ

�
−k̃þ 2ξ ln −ξ

k̃−ξ

��
þ
�

2
k̃−ξ

�
⊕
þ
�

1
ξ−k̃

�
1
ϵ − ln 4þ ln μ2

vz2ðk̃−ξÞ2

��
⊕

ðξ < 0Þ

1
k̃ðξ−k̃Þ

�
2ξ − k̃ − 2 ln 4k̃2vz2

−k2

�
þ
�

2
k̃−ξ

�
⊕
þ
�

1
ξ−k̃

�
1
ϵ − ln 4þ ln μ2

vz2ðk̃−ξÞ2

��
⊕

ð0 < ξ < k̃Þ

1
k̃ðξ−k̃Þ

�
k̃ − 2ξ ln ξ

ξ−k̃

�
þ
�

2
ξ−k̃

�
⊕
þ
��

1
ϵ þ ln 4þ 2 ln vz2 þ ln μ2

vz2ðξ−k̃Þ2

��
⊕

ðξ > k̃Þ

þ αsCF

4π
fðaÞδðξ − k̃Þ: ð8Þ

Here we assign vμ ¼ ðv0; 0; 0; vzÞ, with vz ≫ 1. Applying the default power-counting scheme, one can readily identify
that the hard correction from the one-loop box diagram in Fig. 1(d) is power suppressed. Recall that we have used the
off-shellness of the light quark −k2 as an IR regulator; this logarithmic IR singularity is identical for both quasidistribution
amplitude and LCDA, leaving the matching coefficient H independent of −k2, as it should be.
The plus distribution is defined by (with a > 1)

fFðξ;ωÞg⊕ ¼ Fðξ;ωÞ − δðξ − ωÞ
Z

aξ

0

dtFðξ; tÞ: ð9Þ

The subtraction-scheme-dependent term in Eq. (8),

fðaÞ ¼ −
1

ϵ
ð1þ ln ð4ða − 1Þvz2ÞÞ − 2 −

π2

3
þ 4ðln 2Þ2 þ ln

128

a − 1
þ ðln a − 1Þ2

þ 2 ln aþ ln vz2ð3þ 2 ln 4þ ln vz2Þ þ lnð4vz2Þð3 lnða − 1Þ − 2 ln aÞ

þ HPL½f−;þg;−1� − 2 ln
−k2

k̃2

�
1þ ln

a − 1

a

�
þ ln

ξ2

μ2
ð1þ lnð4ða − 1Þvz2ÞÞ; ð10Þ

will compensate the same schemedependence of the newly introduced plus distribution for the convolution of the hard functionH
with a smooth test function.An advantage of introducing the above-mentionedplus function is that it allows to implement both the
ultraviolet and infrared subtractions for the perturbative matching procedure simultaneously.

(a) (b) (d)(c)

FIG. 1. One-loop corrections to the quasidistribution amplitude φþ
B ðξ; μÞ: the effective HQET bottom quark is represented by the

double line, and the spacelike Wilson line is indicated by the dashed line.
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Having the bare result in hand, we next discuss the
RI/MOM renormalization of φþ

B ðξ; μ̃Þ. The renormalized
correlator h̃Rðτ; kz; fμ̃gÞ was already given in Eq. (6),
which must be Fourier transformed into ξ space to obtain
the distribution F̃ ðξ; kz; fμ̃gÞ:

F̃ ðξ; kz; fμ̃gÞ ¼
Z

dτ
2π

eiv
zξτh̃Rðτ; kz; fμ̃gÞ: ð11Þ

Ṽðkz; fμ̃gÞ is the local correspondence of F̃ ðξ; kz; fμ̃gÞ,
which is given by h̃R at τ ¼ 0,

Ṽðkz; fμ̃gÞ ¼ h̃Rðτ ¼ 0; kz; fμ̃gÞ: ð12Þ
With F̃ ðξ; kz; fμ̃gÞ and Ṽðkz; fμ̃gÞ calculated on the lattice,
the B-meson quasidistribution amplitude can be obtained as

φþ
B ðξ; μ̃Þ ¼ vz

Z
dτ
2π

eiv
zξτ h̃Rðτ; kz; fμ̃gÞ

h̃Rðτ ¼ 0; kz; fμ̃gÞ : ð13Þ

The calculation procedure of the renormalization factor
ZOM is similar to the previous one in Ref. [64] but a bit
more complicated, since the Feynman diagrams in Fig. 1
are calculated at a specific scale fμ̃g. We then proceed to
derive the expression for the renormalized quasidistribution
amplitude φþ

B ðξ; μ̃Þ from Eq. (13). Taking advantage of
Eq. (6), we have

φþ
B ðξ; μ̃Þ ¼ vz

Z
dτ
2π

eiv
zξτ Z

−1
OMðτ; fμ̃g; 1=ϵÞ

Z−1
OMð0; fμ̃g; 1=ϵÞ

h̃Bðτ; kz; 1=ϵÞ
h̃Bð0; kz; 1=ϵÞ

:

ð14Þ

The renormalization constant is determined by the renorm-
alization condition in Eq. (4),

Z−1
OMðτ; fμ̃g; 1=ϵÞ

Z−1
OMð0; fμ̃g; 1=ϵÞ

h̃Bðτ; fμ̃g; 1=ϵÞ
h̃Bð0; fμ̃g; 1=ϵÞ

¼ h̃Bðτ; fμ̃g; 1=ϵÞ
h̃Bð0; fμ̃g; 1=ϵÞ

����
tree

;

¼ e−ik
z
Rτ; ð15Þ

in which

h̃Bðτ; fμ̃g; 1=ϵÞ
h̃Bð0; fμ̃g; 1=ϵÞ

¼
Z

dξ0e−iτvzξ0φþ
B;CTðξ0; fμ̃gÞ: ð16Þ

Here φþ
B;CT is the additive counterterm contribution of the

quasidistribution amplitude, as will be clearly seen sub-
sequently. Substitute Eq. (16) into Eq. (15), one immedi-
ately obtains the ratio of the nonlocal and local
renormalization constants at one loop,

�
Z−1
OMðτ; fμ̃g; 1=ϵÞ

Z−1
OMð0; fμ̃g; 1=ϵÞ

�ð1Þ

¼ −
Z

dξ0e−iτðvzξ0−k
z
RÞφþð1Þ

B;CTðξ0; fμ̃gÞ; ð17Þ

as well as ðZ−1
OMðτ;fμ̃gÞ

Z−1
OMð0;fμ̃gÞ

Þð0Þ ¼ 1 at tree level.

Finally, the renormalized quasidistribution amplitude in
Eq. (14) can be expanded at one-loop order,

φþð1Þ
B ðξ; μ̃Þ ¼ vz

Z
dτ
2π

eiv
zξτ

��
Z−1
OMðτ; fμ̃g; 1=ϵÞ

Z−1
OMð0; fμ̃g; 1=ϵÞ

�ð1Þ�h̃ðτ; kzÞ
h̃ð0; kzÞ

�ð0Þ
þ
�
Z−1
OMðτ; fμ̃gÞ

Z−1
OMð0; fμ̃gÞ

�ð0Þ�h̃Bðτ; kz; 1=ϵÞ
h̃Bð0; kz; 1=ϵÞ

�ð1Þ�

¼ −vz
Z

dτ
2π

eiv
zξτ

Z
dξ0e−iτðvzξ0−k

z
RÞφþð1Þ

B;CTðξ0; fμ̃gÞe−ik
zτ þ φþð1Þ

B;bareðξ; kzÞ

¼ φþð1Þ
B;bareðξ; kzÞ − φþð1Þ

B;CTðξþ k̃R − k̃; rRÞ: ð18Þ

Here k̃R ≡ kzR=v
z and we define the dimensionless ratio

rR ≡ μ2R
kz2R

: ð19Þ

It is worth stressing the difference between rR and
ρ≡ −k2=kz2. As indicated, we keep −k2 small as the IR
regulator, i.e., ρ ≪ 1. Thus, we can identify the logarithmic
IR divergences by Taylor expanding in ρ, making
the calculation much more convenient. However, the

renormalization scale μR is not necessarily small, which
makes a Taylor expansion in rR unfeasible when calculat-
ing the renormalized quasidistribution amplitude, i.e.,
calculating the counterterm of the bare quasidistribution
amplitude. More pertinent details on this issue can be found
in the Appendix.
Next, we consider the B-meson LCDA ϕþ

B ðω; μÞ whose
IR divergence is regulated by the same light-quark off-
shellness−k2. With the definition in Eq. (1), one can get the
renormalized ϕþ

B ðω; μÞ at one loop in the MS scheme:
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ϕþð1Þ
B ðω; μÞ ¼ αsCF

2π

8>>>>>>>><
>>>>>>>>:

0 ðω < 0Þ�
− ω

ðω−k̃Þk̃ ln
μ2k̃2

ωðk̃−ωÞð−k2Þ

�
⊕

ð0 < ω < k̃Þ
�

1
ω−k̃ ln

μ2

ðω−k̃Þ2

�
⊕

ðω > k̃Þ

−
αsCF

2π

�
−2þ 5π2

24
þ 1

2
ðlnða − 1ÞÞ2 þ ðln aÞ2 þ Li2ð1 − aÞ

þ ðln a − 1Þ ln
�
−
μ2

k2

�
− lnða − 1Þ ln

�
−
aμ2

k2

�
þ
�
ln
ω

μ

�
2
�
δðω − k̃Þ: ð20Þ

The results shown in Eqs. (20) and (8) do not contain the
contribution of the box diagram since the collinear con-
tribution to the bare quasidistribution amplitude in the box
diagram is precisely reproduced by the corresponding
diagram for the B-meson LCDA at one loop, i.e., in the
unphysical region (ξ < 0) the contribution of the box
diagram to the quasiquantity is suppressed by 1=v2z, and
in the physical region (ω > 0) the contributions to both the
quasiquantity and LCDA are exactly the same. As for the
counterterm in the box diagram for the quasidistribution
amplitude in the RI/MOM scheme, as long as we work in
the region vz2ξ ≫ 1=rR the contribution can be disre-
garded. In fact, it has also been demonstrated that the
box diagram does not contribute in the pseudodistribution
approach either [76].
Considering the hard-collinear factorization formula in

Eq. (7), the matching coefficient H is then determined
by the difference between the momentum-space quasi-
distribution amplitude and the LCDA. We expand

φþ
B ðξ; μ̃Þ;ϕþ

B ðω; μÞ, and Hðξ;ω; vz; μ; fμ̃gÞ in series of
αns up to the one-loop level:

φþ
B ðξ; μ̃Þ ¼ δðξ − k̃Þ þ φþð1Þ

B ðξ; μ̃Þ þOðα2Þ;
ϕþ
B ðω; μÞ ¼ δðω − k̃Þ þ ϕþð1Þ

B ðω; μÞ þOðα2Þ;
Hðξ;ω; vz; μ; fμ̃gÞ ¼ δðξ − ωÞ þHð1Þðξ;ω; vz; μ; fμ̃gÞ

þOðα2Þ: ð21Þ

Substituting the expressions above into Eq. (7),

Hð1Þðξ;ω; vz; μ; fμ̃gÞjω→k̃ ¼ φþð1Þ
B ðξ; μ̃Þ − ϕþð1Þ

B ðω; μÞjω→ξ:

ð22Þ

The renormalized φþð1Þ
B ðξ; μ̃Þ and ϕþð1Þ

B ðω; μÞ have
already been calculated, and therefore the matching coef-
ficient can be derived from Eq. (22),

Hðξ;ω; vz;μ;fμ̃gÞ ¼ δðξ−ωÞ þ g1ðξ;ω;μÞ− g2ðξ;ω;fμ̃gÞþ
αsCF

4π
lnvz

�
3þ 4 ln

a− 1

a

�
δðξ−ωÞ; ð23Þ

where

g1ðξ;ω; μÞ ¼
αsCF

4π

8>>>>>>><
>>>>>>>:

1
ωðω−ξÞ

	
ω − 2ξ ln −ξ

ω−ξ



ðξ < 0Þ�

1
ωðω−ξÞ

�
ω − 2ξþ 2ξ ln 4vz2ξðω−ξÞ

μ2

��
⊕

ð0 < ξ < ωÞ
�

1
ωðω−ξÞ

�
−ωþ 2ω ln μ2

ðξ−ωÞ2 þ 2ξ ln ξ
ξ−ω

��
⊕

ðξ > ωÞ

ð24Þ

and
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g2ðξ;ω; fμ̃gÞ ¼
αsCF

4π

8>>>>>>>>>>><
>>>>>>>>>>>:

− 1
ω−ξ ðξ < ω − k̃RÞ�

1
2kzR

ffiffiffiffiffiffiffiffi
1−rR

p ðω−ξÞ

�
−2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − rR

p ðkzR þ 2vzðξ − ωÞÞ

−ð4vzðξ − ωÞ − kzRðrR − 4ÞÞ ln 2−2
ffiffiffiffiffiffiffiffi
1−rR

p
−rR

rR

��
⊕

ðω − k̃R < ξ < ωÞ
h

1
ω−ξ

i
⊕

ðξ > ωÞ:

ð25Þ

As expected, H does not depend on the IR regulator −k2
since the logarithmic IR singularities cancel between the
quasidistribution amplitude and the LCDA. The Oð1=vz2Þ
contributions to the matching coefficient H are dropped,
and the vz expansion is subtle and thus should be treated
carefully and systematically. One can tell that the expres-
sion for H is more complicated than that in Ref. [64] where
the quasidistribution amplitude was renormalized in the MS
scheme; this is natural since the renormalization condition
in the RI/MOM scheme has introduced new momentum
scales fμ̃g. In Sec. IV we will make a comparison between
these two matching coefficients.

IV. PERSPECTIVES FOR LATTICE
CALCULATIONS

We discuss the perspectives for lattice calculations based
on numerical analysis. An important step in obtaining the
B-meson LCDA in HQET based upon LaMET is to
perform the lattice simulation of the quasidistribution
amplitude φþ

B ðξ; μ̃Þ in the moving B-meson frame with
vz ≫ 1. To this end, it will be instructive to study how the
matching coefficient in Eq. (23) changes the LCDA, which
is helpful for understanding the characteristic feature of
φþ
B ðξ; μ̃Þ. We start with a well-known phenomenological

model of ϕþ
B ðω; μÞ motivated by the HQET sum rule

calculation [1],

ϕþ
B ðω; μ ¼ 1.5 GeVÞ ¼ ω

ω2
0

e−ω=ω0 ; ð26Þ

where the reference value of the logarithmic inverse
moment ω0 ¼ 350 MeV is taken for illustrative purposes.
With the expression for ϕþ

B ðω; μÞ above and the factoriza-
tion formula in Eq. (7), we can depict the shape of the
quasidistribution amplitude φþ

B ðξ; μ̃Þ. For our study, we set
the default values kzR ¼ 2 GeV, μ ¼ 1.5 GeV, and rR ¼ 2.
The factorization formula in Eq. (7) requires a large vz in
order to suppress the Oð1=vz2Þ corrections; here, we take
vz ¼ 10. Figure 2 shows comparisons between the RI/
MOM quasidistribution amplitude (blue dashed line), the
MS quasidistribution amplitude (orange dashed line), and
the modeled LCDA of theBmeson (red solid line). One can
see that both the RI/MOM and MS quasidistribution

amplitudes are close to the B-meson LCDA, and the
radiative tail at large and negative momentum ξ that
develops in the MS quasidistribution amplitude does not
emerge in the RI/MOM quasidistribution amplitude, which
is encouraging on account of the convergence of perturba-
tion theory in the RI/MOM scheme. In addition, in contrast
to the quasiparton distribution function in Ref. [42],
no peaks arise in the momentum region ξ ≤ 0. Next,
we consider the dependence of the RI/MOM quasidistri-
bution amplitude on rR and kzR. We fix kzR ¼ 2 GeV,
μ ¼ 1.5 GeV, and vz ¼ 10 and vary the parameter
rR ¼ f1.5; 4; 12g in the upper panel of Fig. 3. One can
tell that the quasidistribution amplitude is pretty sensitive to
the variation of rR. It seems that with larger rR, the
quasidistribution amplitude moves away from LCDA. In
the lower panel of Fig. 3 we vary kzR ¼ f1; 2; 4g GeV with
fixed values of rR ¼ 2; μ ¼ 1.5 GeV, and vz ¼ 10.

FIG. 2. Shapes of the B-meson quasidistribution amplitude
φþ
B ðξ ¼ ω; kzR ¼ 2.0 GeV; rR ¼ 2Þ in HQET obtained from the

hard-collinear factorization theorem in Eq. (7) and from the
nonperturbative model of ϕþ

B ðω; μ ¼ 1.5 GeVÞ presented in
Eq. (26). The red solid line represents the nonperturbative model
of ϕþ

B , whereas the corresponding quasidistribution amplitudes
φþ
B normalized in the MS and RI/MOM schemes are represented

by the orange dashed and blue dashed lines, respectively. The
shadow region of jωj ≤ 200 MeV is excluded due to the
inapplicability of the hard-collinear factorization formula for
jvzωj ≤ 2.0 GeV.
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Finally, we discuss the dependence on the heavy-quark
velocity vz. We hold kzR ¼ 2 GeV, μ ¼ 1.5 GeV, and
rR ¼ 2 and vary vz ¼ f3; 10; 20g in Fig. 4. The differences
between quasidistribution amplitudes depicted with differ-
ent vz values decreases rapidly as ω increases. When

ω > 0.8 the three lines almost merge into one, which
was also observed in the study of the quasiparton distri-
bution function using different Pz values [42], suggesting
that the RI/MOM scheme is a promising approach with
favorable convergence at large ω.
It should be stressed here that the current lattice HQET

studies mainly focus on the spectroscopy, decay constants,
and transition form factors of heavy mesons. For the case of
nonlocal heavy-light currents, the situation could be more
complicated. On the one hand, we should construct a fully
nonperturbative renormalization program for the currents
(this is what this work is trying to partially address). On the
other hand, quantifying the size of discretization errors
beyond the naive power-counting analysis is also called for,
especially when we need a rather large momentum for the
heavy meson. This is an issue that should be studied further
in the future.
In addition, with increasing computational resources,

one can further decrease the lattice spacing to
a ≤ 0.044 fm, at which point even bottom quarks could
be simulated with the same action as up/down quarks, in
principle, although this would be relatively computation-
ally expensive. Thus, we can pursue an alternative deter-
mination of the B-meson distribution amplitude ϕþ

B ðω; μÞ
from the numerical simulation of the following Euclidean
quantity directly in QCD:

ifBmBψ
þ
B ðx; μÞ

¼
Z þ∞

−∞

dτ
2π

einz·pxτh0jðq̄WcÞðτnzÞn=zγ5ðW†
cbÞð0ÞjB̄ðpÞi:

ð27Þ

From the perspective of continuum QCD, the newly
introduced distribution amplitude ψþ

B ðx; μÞ can be further
matched onto the Euclidean HQET quantity φþ

B ðξ; μÞ by
integrating out the short-distance fluctuations at the heavy-
quark mass scale, in analogy to the hard-collinear factori-
zation formula obtained in Refs. [12,77].
In conclusion, the numerical analysis in this section

indicates that the RI/MOM scheme is suitable for renorm-
alizing the B-meson quasidistribution amplitude. The
derived one-loop matching coefficient yields only a rela-
tively small effect on the modeled B-meson LCDA, which
provides more confidence about extracting the B-meson
LCDA perturbatively and model independently in the
future. It should be stressed here that our major objective
is to explore the opportunity of accessing the light-cone
dynamics of the B-meson leading-twist distribution ampli-
tude by simulating the RI/MOM quasidistribution ampli-
tude on the lattice. This is a rather preliminary attempt,
and the numerical simulations of such quasidistribution
amplitudes are still at an exploratory stage, even for the
ones suitable for the determination of the light-meson
distribution amplitude. Improved methodologies to control

FIG. 3. Comparisons between the LCDA and the quasidistri-
bution amplitude obtained at different rR’s (upper panel) and k

z
R’s

(lower panel).

FIG. 4. Comparisons between the LCDA and the quasidistri-
bution amplitude obtained at vz ¼ 3 (orange dashed), vz ¼ 10
(blue dashed), and vz ¼ 20 (purple dashed).
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both the statistical errors and systematic uncertainties
are called for, as well as further development of new
algorithms and computing techniques on the lattice (see
Refs. [55,56,78,79] for details on lattice calculations). We
would also like to remind the reader that a hybrid
renormalization procedure was recently proposed for the
quasiparton distribution function, which utilizes the advan-
tages of the RI/MOM and ratio schemes at short and large
distances simultaneously [51]. The study of the feasibility
of this renormalization procedure applied to the B-meson
quasidistribution amplitude deserves more attention.

V. CONCLUSION

LaMET theory has provided a natural way to calculate
parton distributions in an interval of momentum scales,
similar to extracting parton distributions from experimental
data at finite energies. Within the framework of LaMET,
we derived the matching coefficient which connects the
renormalized quasidistribution amplitude in the RI/MOM
scheme and the standard LCDA in the MS scheme. Our
numerical analysis indicates that the one-loop matching has
a nice UV convergence and reasonable magnitude as a
perturbative correction, which shows that the theoretical
uncertainty caused by perturbative matching is control-
lable, thus making the RI/MOM scheme feasible in lattice
applications. We believe that our result has the potential to
considerably improve the convenience and accuracy of
extracting the B-meson LCDA from quasiquantities, and
hence to promote the development of a first-principles
determination of the highly desired B-meson LCDA, which
is undoubtedly of the highest importance for exploring the
delicate flavor structure of the Standard Model and beyond
at the LHCb and Belle II experiments.
To further increase the accuracy of our results, one

can study the yet unavailable higher-order perturbative
corrections to the short-distance matching coefficient
and construct the subleading-power factorization formula
for the quasidistribution amplitude, which we leave for
future works.
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APPENDIX: RENORMALIZATION OF B-MESON
QUASIDISTRIBUTION AMPLITUDE

First, consider the amplitude of the heavy-quark sail
diagram in Fig. 1(b),

φþðbÞ
B;bareðξ; μÞ ¼ ig2sCFμ̃

2ϵvz
Z

ddq
ð2πÞd

1

qz
1

q2
1

v · q

× ðδðξ − k̃þ qzÞ − δðξ − k̃ÞÞ: ðA1Þ

Here the delta functions δðξ − k̃þ qzÞ and δðξ − k̃Þ in the
parentheses in Eq. (A1) come from the Fourier trans-
formation with respect to the variable τ in the “real” and
“virtual” diagrams, respectively. Notably, all of the k
dependence comes from the delta function, while the other
part of the integrand is independent of kz and ρ≡ −k2=kz2,
indicating that the corresponding counterterm φþðbÞ

B;CTðξþ
k̃R − k̃; rRÞ in Eq. (18) remains unchanged when the
RI/MOM renormalization condition is imposed at the
specific scale fμ̃g,

φþðbÞ
B;CTðξþ k̃R − k̃; rRÞ ¼ ig2sCFμ̃

2ϵvz
Z

ddq
ð2πÞd

1

qz
1

q2
1

v · q

× ðδðξ − k̃þ qzÞ − δðξ − k̃ÞÞ:
ðA2Þ

Therefore, the contribution of the heavy-quark sail diagram
cancels out after renormalization. This feature which
appears in the RI/MOM B-meson quasidistribution ampli-
tude considerably simplifies our calculation and facilitates
a relatively small effect of the final one-loop matching
coefficient. A similar cancelation also appears in the
Wilson line self-energy diagram in Fig. 1(c),

φþðcÞ
B;bareðξ; μÞ ¼ −ig2sCFμ̃

2ϵ

Z
ddq
ð2πÞd

1

q2
1

qz2

× ðδðξ − k̃þ qzÞ − δðξ − k̃ÞÞ: ðA3Þ

Once again, except for the delta function, the integrand in
Eq. (A3) is independent of kz and ρ, indicating that the
contributions of the bare term and counterterm cancel out
after RI/MOM renormalization.
As for the box diagram in Fig. 1(d), the result for the bare

quasidistribution amplitude reads

φþðdÞ
B;bareðξ;μÞ¼

αsCF

2π

�
−

ξ

k̃ðk̃−ξÞ ln
ξ

ξ− k̃
θðξ− k̃Þ

þ ξ

k̃ðk̃−ξÞ ln
−k2

k̃2
θð0< ξ< k̃Þþð0Þθðξ< 0Þ

�

þOð1=vz2Þ: ðA4Þ

It is worth noting that the contribution to the bare
quasidistribution amplitude in the box diagram in the
physical region [θðξ − k̃Þ and θð0 < ξ < k̃Þ] is exactly
the same as the corresponding box diagram for the B-
meson LCDA, and the contribution in the unphysical
region (ξ < 0) is suppressed by 1=v2z (the contribution of
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the B-meson LCDA in the unphysical region is 0). Besides,
the box diagram does not introduce any UV divergence and
therefore, despite of its intricate form, the corresponding
counterterm for the quasidistribution amplitude provides
only finite terms of Oð1=vz2Þ. To summarize the above, the
box diagram does not contribute to the matching coefficient

within Oð1=vz0Þ accuracy. In fact, it was already shown in
Refs. [64,66] that the box diagram does not contribute in
either the LaMET or pseudodistribution approach.
Finally, we consider the light-quark sail diagram in

Fig. 1(a). The expression for the bare quasidistribution
amplitude is

φþðaÞ
B;bareðξ; μÞ ¼ −ig2sCFðμ̃Þ2ϵ

Z
ddq
ð2πÞd

1

qz
1

q2
1

ðqþ kÞ2 ðk
zðρ − 2Þ − qz − qt

ffiffiffiffiffiffiffiffiffiffiffi
1 − ρ

p
Þðδðξ − k̃ − qzÞ − δðξ − k̃ÞÞ: ðA5Þ

We have utilized a projection operator to deal with the Dirac matrix v̄ðkÞΓuvðpbÞ → Tr½1þ=v
2
Mb=vγ5=kΓ�. In addition to the

delta function, the other part of the integrand in Eq. (A5) has a k dependence. The result for the bare amplitude was already
calculated in Ref. [64].
As for the counterterm in the RI/MOM scheme, it is determined by setting k2 ¼ −μ2R and kz ¼ kzR,

φþðaÞ
B;CTðξþ k̃R − k̃; rRÞ ¼ −ig2sCFðμ̃Þ2ϵ

Z
ddq
ð2πÞd

1

qz
1

q2
1

ðqþ kRÞ2
ðkzRðrR − 2Þ − qz − qt

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − rR

p
Þðδðξ − k̃ − qzÞ − δðξ − k̃ÞÞ:

ðA6Þ

The rR is not necessarily small, which makes a Taylor expansion in rR unfeasible in our calculations. After introducing the
Feynman parameter α and integrating the d − 1 dimensions of the integral momentum q, we have

φþðaÞ
B;CTðξþ k̃R − k̃; rRÞ ¼ −

2αsCF

8π
3
2

Z
1

0

dα
Z þ∞

−∞
dqz

eγEϵμ2ϵðqz þ kzRð2þ αðrR − 1Þ − rRÞÞΓð12 þ ϵÞ
qzðqz2 þ 2kzRq

zαþ kz2R αðαþ rR − αrRÞÞ12þϵ

× ðδðξ − k̃ − qzÞ − δðξ − k̃ÞÞ: ðA7Þ

Subsequently, we integrate out α and qz and get the result for this counterterm, which will be incorporated into the final
result for the renormalized quasidistribution amplitude in Eq. (A8) below.
With all of the results shown above at one loop, the renormalized quasidistribution amplitude can be written as

φþ
B ðξ; μ̃Þ ¼ δðξ − k̃Þ þ h1ðξ; k̃Þ − h2ðξ; fμ̃gÞ þ

αsCF

4π
ln vz

�
3þ 4 ln

a − 1

a

�
δðξ − k̃Þ; ðA8Þ

where

h1ðξ; k̃Þ ¼
αsCF

4π

8>>>>>>>><
>>>>>>>>:

1
k̃ðξ−k̃Þ

�
−k̃þ 2ξ ln −ξ

k̃−ξ

�
ðξ < 0Þ

�
1

k̃ðξ−k̃Þ

�
2ξ − k̃ − 2ξ ln 4k̃2vz2

−k2

��
⊕

ð0 < ξ < k̃Þ
�

1
k̃ðξ−k̃Þ

�
k̃ − 2ξ ln ξ

ξ−k̃

��
⊕

ðξ > k̃Þ

ðA9Þ

and
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h2ðξ; fμ̃gÞ ¼
αsCF

4π

8>>>>>>>>>>><
>>>>>>>>>>>:

1
ξ−k̃ ðξ < k̃ − k̃RÞ�

1
2kzR

ffiffiffiffiffiffiffiffi
1−rR

p ðk̃−ξÞ

�
−2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − rR

p ðkzR þ 2vzðξ − k̃ÞÞ

þðkzRðrR − 4Þ þ 4vzðk̃ − ξÞÞ ln 2−2
ffiffiffiffiffiffiffiffi
1−rR

p
−rR

rR

��
⊕

ðk̃ − k̃R < ξ < k̃Þ
�
− 1

ξ−k̃

�
⊕

ðξ > k̃Þ:

ðA10Þ

Inserting the renormalized quasidistribution amplitude φþ
B ðξ; μ̃Þ in Eq. (A8) and the renormalized LCDA ϕþ

B ðω; μÞ in
Eq. (20) into Eq. (22), we get the expected matching coefficient in Eq. (23).
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