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We investigate the B® — 7~ K*X(3872) decay via the Dy, (2536)DD* rescattering diagram. The line
shape of the K*X(3872) distribution curve around Dy, (2536)D threshold is very sensitive to the X(3872)
mass because the triangle singularity (TS) can be generated from the loop. By means of this characteristic,
we can determine whether the X(3872) mass is below or above the D**D° threshold with high precision.
The narrowness of Dy (2536) in the loop is one of the key reasons why the TS mechanism of measuring the
X(3872) mass may work. The X(3872) width impact on the KX (3872) line shape is also crucial in the TS
mechanism. If the width is as large as 1 MeV, the proposed method of measuring the X(3872) mass would

be ruined.

DOI: 10.1103/PhysRevD.106.114002

I. INTRODUCTION

The threshold cusp and triangle singularity (TS) have
been known for many years. They are kinematic singular-
ities of the S matrix and their locations are determined by
kinematic variables instead of the interaction strength,
which are different from the pole singularities correspond-
ing to hadrons whose origin is dynamical. The square-root
branch point of the amplitude at the normal two-body
threshold can produce cusp in the energy distribution. The
more complicated TS is a logarithmic Landau singularity of
the amplitude, which can appear in the physical region due
to three on-shell intermediate particles in the loop diagram.
Observable effects produced from the threshold cusp and
TS, especially the latter, have received more and more
attention in recent years. Although some observable effects
induced by the TS have been noticed as early as the 1960s,
there were limited processes that were accessible in experi-
ments at that time. With the development of experiments,
there have been quite a few exotic phenomena that are
suggested to result from the TS. We refer to Ref. [1] for a
recent review about the threshold cusp and TS in hadronic
reactions.
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One of the significant high-energy experimental achieve-
ments in recent years is the discovery of dozens of exotic
hadrons, many of which are also named as XYZ particles
(see Refs. [2—11] for a review). An intriguing feature of
these exotic states is that many of them are located close to
two-hadron thresholds. This is the reason why many of
them are regarded as hadronic molecules in numerous
papers. Among those candidates of hadronic molecules, the
X (3872) [also known as y.;(3872) in Ref. [2] ] could be the
most famous one. It is the first unconventional charmo-
niumlike state observed in the experiment [12]. Its JF€
quantum numbers are determined to be 17" which thus
could be the candidate for the quark model state y.;(2P).
Its preferred decay mode of yy(2S) over yJ /y also favors
the y.;(2P) assignment. Furthermore, its large production
rate at LHC [13-15] and Tevatron [16] implies that it may
contain a compact component. However, its mass is just in
the vicinity of the D**D° (D°D*?) threshold, which is far
from the quark model prediction. The 2022 Particle Data
Group (PDG) world-average value is my = 3871.65 +
0.06 MeV [2]. The D**D° (D°D*0) threshold is
mpo + mpo = 3871.69 £ 0.07 MeV. Then the difference
is

Sx = mpo + mpo —my = 0.04 £0.09 MeV. (1)

The incredible closeness of the my to the D**D° (D°D*?)
threshold together with the large branching ratio of the
X(3872) into D*°D° + c.c. suggest that the natural explan-
ation of X(3872) could be a hadronic molecule. In this
case, the dy can be understood as the binding energy. One
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FIG. 1. B’ — 7z~ K*X(3872) via the D,,(2536)*D°D*" tri-
angle rescattering diagram. We define the invariant M%, = P?>=
(Ps = P2)™

can find experimental evidence for both the compact state
and hadronic molecule interpretations of the X(3872).
Although the X(3872) has been well experimentally
established by now, its intrinsic structure is still quite
puzzling.

From the above 6y value, one can see the my is still
indistinguishable from the D*°D° (D°D*°) threshold at
current levels of precision, i.e., whether the X(3872) mass
is above or below D*D® (D°D*0) threshold is still
unknown, while a high accuracy mass determination of
the X(3872) is very important in understanding its under-
lying structure. In a recent paper [17] a novel method was
proposed to measure the X(3872) mass precisely by
measuring the yX(3872) line shape. In the rescattering
process D*°D* — yX(3872), where D**D*0 would be
produced by a short-distance source, the line shape of
the yX(3872) invariant mass spectrum is very sensitive to
the my or the binding energy 6y defined above. This is
because the TS location of the rescattering diagram is rather
sensitive to the particle masses involved. For 6y > 0 and
Oy <0, the corresponding line shapes show a significant
discrepancy.

In Refs. [17,18], the D**D*° pair produced from the
short-distance source is set to be in the § wave. In
Refs. [19,20], the authors implement this TS mechanism
and give a possible reaction ete™ — yX(3872) via the
D*°D*0 rescattering in the P wave. Although the P-wave
scattering may smooth the TS peak to some extent, this
kind of measurement may be available at current electron-
positron colliders. Another similar method, which mea-
sures the 7#X(3872) invariant mass spectrum in the B —
7KX(3872) process, is also suggested in Refs. [21,22].
Besides, the production of the double-charm tetraquark
candidate 7.(3875) via a similar D*D*D triangle rescat-
tering diagram was also studied in Ref. [23].

The TSs in the above studies concerning the X(3872)
production are all developed from the D*D*D triangle
loops, where D*D* scatter into yX(3872) or zX(3872) via
exchanging the D meson. One important reason why this
novel method of measuring the X(3872) mass may work is
that the D* (D*) meson in the triangle diagram is quite
narrow, which leads to the line shape of the yX(3872) or
7X(3872) spectrum being sensitive to the mass of X(3872).

Besides the D*D*D triangle loops, a similar scenario may
also appear in other processes. In this work, we suggest
measuring the KX (3872) distribution in B — 7KX(3872)
via the D, DD* loop, which possesses some special
advantages for the determination of my.

II. THE MODEL

A. TS mechanism

The B® — 7~ K"X(3872) is one of the reactions where
the X(3872) is discovered, of which the branching fraction
is around (2.1 4 0.8) x 107* [24,25]. We notice that this
process may receive contributions from the triangle
diagram displayed in Fig. 1. In this rescattering process,
the B® - 727 D,;(2536)D° is a Cabibbo-favored decay,
and the D;(2536) mainly decays into D*K. Therefore
we can expect this rescattering may play a role in
B® — 7~ K*X(3872). Furthermore, the intriguing feature
of this rescattering process is that the three intermediate
particles can be (nearly) on shell simultaneously in some
kinematic regions, and a TS located close to the physical
boundary in the complex energy plane of the amplitude can
develop from this D, DD* loop. As a result, the transition
amplitude of B® — 7~K"X(3872) will be enhanced in
some areas and a TS peak can be expected to arise in the
K"X(3872) invariant mass spectrum.

Assuming the X (3872) mass my is not fixed, the location
of the TS in the my or Mgy complex plane can be
determined by solving the Landau equation [26,27]. In
terms of Eqgs. (3) and (4) of Ref. [28], derived from the
Landau equation and a dispersion analysis, we can obtain
the TS window corresponding to Fig. 1:

my € [3871.69,3875.24] MeV, (2)
My € [4399.93,4403.66] MeV, (3)

where the central mass values of relevant mesons from
Ref. [2] are adopted. The meaning of the above window is
as follows: When my increases from 3871.69 MeV, i.e., the
D*ODO threshold, to 3875.24 MeV, the TS in My moves
from 4403.66 to 4399.93 MeV; vice versa, when Mgy
increase from 4399.93 MeV, i.e., the D (2536)D° thresh-
old, to 4403.66 MeV, the TS in my moves from 3875.24 to
3871.69 MeV. We also refer to Refs. [26-30] for a more
detailed discussion on the locations of the TS in various
kinematic configurations.

For the D*D*D loop mentioned in the Introduction,
ignoring the D* width, when oy = 0, the TS position of
Myx is about 2.7 MeV larger than the D*D* _threshold,
while that of M,y is 0.3 MeV. For the D, DD* loop,
ignoring the Dy;(2536) width, when &y =0, the TS
position of Mgy is 3.7 MeV larger than the D, D°
threshold. The larger gap between the TS position and
pertinent threshold indicates that the line shape could be
more sensitive to the X(3872) mass compared with the
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D*D* D loop. Besides, the charm-strange meson D (2536)
is also very narrow. The PDG average value is
[(D,;(2536)*) = 0.92 £ 0.05 MeV [2]. The narrowness
of intermediate particles in the triangle diagram is one of
the key reasons why the TS mechanism of measuring the
X(3872) mass may work.

B. Amplitude of B — n~K* X(3872)

When employing the TS mechanism to determine the
X(3872) mass, we are interested in the line shape of My
distributions in the vicinity of the D,;(2536)D° threshold;
therefore, we only take into account the amplitude involv-
ing the lowest angular momentum between D (2536) and
DP. The nonrelativistic amplitude of B® — 7z~ D, D° reads

[BO—)JL"D“DO = Clg* (DS]) : ﬁn’ (4)

with P = —p, + pg = 0 in the D,;(2536)D° c.m. frame.
The coupling constant C; can be determined from the
experimental data. However, the branching fraction of
B’ —» 77 D,;(2536)D" is not known yet. The experi-
ments give B(B® — D,,(2536)" D*~) x B(D,;(2536)" —
(DK* + D*K?) = (5.0 + 1.4) x 10™* and B(D*~ —
7~D%) = (67.7£0.5)% [2]. Assuming the z~D° states
in B® —» 77D,;(2536)D° are fully from the D*~ — z~D°
decays, we estimate the coupling constant C; = 7.0 X
107% GeV~! using the experimental central values.

The Dy;(2536) mainly decays into D*K in the relative S
wave, and the amplitude for Dy, (2536)* — D*OK* reads

tp,~pk+ = 9,0 k€(Dy1) - € (D). (5)

To estimate the coupling constant gp  p+g, we assume that
the total decay width of D;(2536)" is saturated by the
DOKt and D*TKY channels, which share the same
coupling constant gp px by taking into account the
isospin symmetry. The Belle Collaboration studied the
angular distributions in the D;;(2536) — D*K decays and
reported the S-wave partial width g/ = 0.72 +
0.05 £0.01 [31]. Using the central values of the exper-
imental results, we obtain gp pgx ~0.58 GeV. Actually,
this S-wave decay mode is supposed to be suppressed by
the heavy quark spin symmetry. On the other hand, the
heavy quark spin symmetry is preserved for the D*K
D-wave decay mode, but this mode is highly suppressed by
the limited phase space, since the D*K threshold is rather
close to the D,;(2536) mass. These reasons indicate that
the D;(2536) is so narrow, and we can take advantage of
this characteristic to make the TS mechanism work. For
another charmed-strange meson D, (2573), which can also
decay into D*K and whose mass is just a little larger than
that of D,;(2536), its width is about 16.9 MeV, which is
much larger than I'p (2535 We therefore do not take
into account the contribution from the Dy, DD* loop in
this work.

For the fusion of D° and D* into the X(3872), the
amplitude can be written as

g =/ Ty* =%
tXDOD*O = TXG(D 0) - € (X). (6)

Supposing the X(3872) is a pure hadronic molecule, the
coupling gy can be estimated by using the Weinberg
compositeness condition [32-34], which gives

167m>
g% = P X/ 2usy, (7)

where Jy is the binding energy, and  is the reduced mass of
the DY and D*O, ie., u= mDomD*o/(mDo +mD*0). The
above equation is valid for the bound state (5y > 0). For
the resonant case, the coupling can be evaluated as the
residue of the DD* scattering 7 matrix [35]. The coupling
gx only affects the strength of the rescattering amplitude
but will not change the line shape of the distribution curve.
We therefore take a moderate value gy =3 GeV which
corresponds to the oy is at the order of magnitude of
100 keV, as did in Ref. [22]. We should also mention that,
although the gy does not affect the line shape behavior, it
intrinsically depends on the nature of X(3872).

The decay amplitude of B® — 7~ K*X(3872) via the
D,;DD* triangle loop figured in Fig. 1 reads

M= [0 (B ) (52200
1
((P=q)* =mp, )(g* = mp)((px = q)* = mp.)

(8)

For the spin-1 state, the sum over polarization takes the
form 3 €;€; = 6;;. It should be mentioned that we adopt
the nonrelativistic amplitudes in Egs. (4)—(6), but we do
not take the nonrelativistic approximations for the denom-
inators of the three propagators in the loop integral as
shown in Eq. (8), since the formalism of these vertexes
does not affect the line shape behavior around the thresh-
old we are interested in. The line shape of the distribution
curve mainly depends the loop integral, which is numeri-
cally evaluated by employing the program package
LoopTools [36].

The partial decay width of B® — 7z~ K*X(3872) reads

X

dl'g_ xx PkP
= = | M2, 9
dMKX (271')34711% | ( )
where
1 1/2( Ag2 2 2
Pk :mi (Myx, mg, my), (10)
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B 1
Pr :%ﬂl/Q(M%vm?z’Mﬁx% (11)

with A(x,y,z) = x* + y* + 722 — 2xy — 2yz — 2zx.

The TS is a logarithmic singularity. To avoid the infinity
of the loop integral in the physical region, one can replace
the Feynman’s ie for the propagator by imI” with I the total
decay width, or equivalently replace the real mass m by the
complex mass m — iI'/2, which will remove the TS from
the physical boundary by a small distance [37-39]. The
physical meaning of this complex mass prescription for
avoiding the infinity is obvious. As long as the kinematic
conditions for the TS being present on the physical
boundary are fulfilled, it implies that the intermediate state
[here Dy, (2536)] is unstable, and it is necessary to take the
finite width effect into account. Correspondingly, we
replace the mass mp  in Eq. (8) by mp —il'p /2. The
central values mp =2535.11 MeV and TI)p =
0.92 MeV from Ref. [2] are adopted in the numerical
calculations.

The invariant mass distributions of K*X(3872) via the
triangle diagram in Fig. 1 are displayed in Fig. 2. The
X(3872) mass is varied in a window &y € [—150, 150]
keV. One can see that for different my or dy, the line shapes
are also quite different. For every distribution curve in
Fig. 2, there is a cusp just at the D, (2536) D threshold. But
these threshold cusps are smeared to some extent by the
width effect of D (2536). The peak looks more clear and
narrower for the negative oy compared with that for the
positive 8x. Supposing the masses of intermediate states are
real, if my is larger than or equal to the D**D° threshold
(0x £0), the TS in Mgy can be present on the physical
boundary, and the corresponding TS peak in the distribution
curve can be very sharp and the peak position is a little bit
higher than the Dy, (2536) D threshold, but if my is smaller
than the D*°DO threshold (§y > 0), the conditions of TS in
M kx being present on the physical boundary can never be

n
[

----- 0x=—150 keV
2.0F-- 6x=-50keV

(—— 0x=0 keV
1.5¢

-=-= 0x=50 keV

----- 0x=150 keV

d'/T gdMkx [1078 GeV ]
>

5
Ot
4.390

o O

4400 4405  4.410

Mkx [GeV]

4395

FIG.2. The KX (3872) invariant mass distributions around the
D,;(2536) D threshold (vertical dashed line) via the rescattering
process in Fig. 1. Different curves correspond to different
X(3872) masses.

fulfilled, and one does not expect a sharp peak to appear in
the distribution curve. Just because of this special character,
the line shapes of Mgy spectrum are very sensitive to the
my. Especially, one can easily distinguish whether the dy is
positive or negative by measuring the K'X(3872)
spectrum.

For the peaks shown in Fig. 2, if we define a “width” at
half maximum of the line shape, we can see the width can
be as large as 3 to 5 MeV. Although this width is not a well-
defined quantity because of the asymmetric line shape, we
can still see an advantage for experiment: the larger width
of the TS peak may reduce the requirement for the energy
resolution in measuring the line shape. The larger width is
related to the larger TS window as shown in Eq. (3).

Besides the D,;(2536)*D°D*" rescattering diagram
shown in Fig. 1, the B® —» z7K"X(3872) process may
receive other contributions, such as the cascade decay
process BY - K*0X(3872) — z~K*X(3872). The experi-
ment gives the branching fraction B(B° — K*X(3872)) =
(1.0£0.5)x10™* [2]; we then have B(B°—
K*X(3872)) x B(K*® —» 7= K*) ~0.67 x 10~*. One may
notice that the contribution of this cascade decay process is
sizeable and much larger than that of the D, (2536) " D°D*?
rescattering diagram. However, in the KX (3872) invariant
mass spectrum, especially around the vicinity of
D, (2536) D" threshold we are interested in, the contribution
of the cascade process to B’ — 7~ KX (3872) only serves
as a smooth background. The D*D*D triangle rescattering
diagram as studied in Refs. [21,22] can also contribute to the
BY - 77 K"X(3872) decay. Using the similar model and the
same coupling constants adopted in Ref. [22], we estimate
the contribution of the D*D*D rescattering diagram to the
K*"X(3872) spectrum. The numerical results are shown in
Fig. 3. One may notice that the contribution of the D*D*D
diagram is relatively larger than that of the D
(2536)* D°D*® diagram. However, the distribution is very
flat around the D,;(2536)D° threshold. For the D*D*D

-

8 Sx=—150 keV ]

dI/T5dMkx [1078 GeV ]
\‘

e —-- 6x=—50 keV
— (5)(:0 keV
6 -=-= 0x=50 keV
A 5x=150 keV |
5 s s L s s
4.390 4.395 4.400 4.405 4.410
Mkx [GeV]
FIG.3. The K"X(3872) invariant mass distributions around the

D,;(2536)D° threshold (vertical dashed line) via the D*D*D
triangle rescattering diagram. Different curves correspond to
different X(3872) masses.
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diagram, although in the 7z~ X (3872) spectrum, the TS peak
around D*D* threshold may arise as illustrated in Ref. [22];
in the KX (3872) spectrum this rescattering contribution
also only serves as a relatively smooth background. The
interference between the D,;(2536)"D°D* rescattering
diagram and the above backgrounds is therefore not included
in the current analysis.

C. Width impact of the X(3872)

The X(3872) is not a stable particle, and we need to take
into account its width impact on the KX (3872) line shape
we are interested in. The Belle Collaboration reports the
branching fraction B(X(3872) — D°D*?) is about 37%
[40], and the B(X(3872) — D°Dz%) is about 40% with
large uncertainties [41]. The partial decay width
[(X(3872) — D°D°2%) is expected to be about 40 keV
in Refs. [42-44]. Then the total width of X(3872) can
be estimated at around 100 keV. On the other hand, in
Ref. [45], the LHCb Collaboration reports the Breit-Wigner
(BW) width of X(3872) is 'z =1.39+£0.24+0.10MeV.
But considering that the proximity of X(3872) mass to the
D°D*0 threshold may distort the line shape from the simple
BW form, the LHCb also reports the full width at half
maximum (FWHM) of the line shape is ['pypyy =
0.22f8.'8gf8'1131 MeV by using a Flatté-inspired model [45].
One can see that the width value is subtle and highly
depends on the fitting methods for the near threshold state
X(3872). The PDG 2022 gives the averaged BW width
I'y =1.19£0.21 MeV [2]. We take into account the
X(3872) width impact on the KX line shape by introducing
a new invariant mass distribution function

(my+2Tx)?
dFB—szX
9

dFB—>iz'KX _

— 2 2 12
dM gy dm’py(m?) (12)

(mx—2Tx)?

where the spectral function py is defined to be

1 1 1
= — - I ’ 13
Px J\f( 7[) m[mz —m§+imXFX] (13)

with
(mx+2Ty)?
1 1
N = / an? (= 1)1 .
"\T) N = ME + M Ty
(my—2Iy)?

(14)

The same functions are adopted in Ref. [22]. Another
spectral function with Flatté parametrization is adopted in
Ref. [18]. The corresponding new distribution curves are
displayed in Fig. 4. Compared with Fig. 2, we can see that
the strengths are weakened and the curves are smoothed to

L 20! (@) i ]
E we- 8y=—150 keV 7% I'x=100 keV
© 15F-- 0x=—50keV '
2 b 5x=0keV
g 1.0k - 5y=50kev
S ---- 5x=150 keV _#+
= o5) ot Sy
=
© ' ' N N N
00350 4395 4400 4405 4410
Mkx [GeV]
> 20 (b) I'x=220 keV]
5}
?
o
B
=
pe)
4]
=
I
S 0.0L. . . . ]
4390 4.395 4400 4.405 4.410
Mkx [GeV]
150 ' ' ]
> ©) . Tx=1.19 MeV
0} 73
T 1.0
B
= 0.5}
51}
[—
=
© ' ' N N N
00390 4395 4400 4405  4.410
Mkx [GeV]

FIG. 4. The X(3872) width dependent K*X(3872) invariant
mass distributions as defined in Eq. (12) via the rescattering
process in Fig. 1. The width of X (3872) is fixed to be (a) 100 keV,
(b) 220 keV, and (c) 1.19 MeV, respectively. The dotted, dashed,
solid, dot-dashed, and dot-dot-dashed curves corresponds to
oy = —150, =50, 0, 50 and 150 keV, respectively. The bands
in panel (b) are obtained by assuming the width I'y has an
uncertainty of 15%.

some extent. When I'y is set to be 100 and 220 keV, one can
still see relatively larger discrepancy between the curves
corresponding to negative and positive dy. To see the
sensitivity of the line shape on the narrow width, in
Fig. 4(b) the error bands are also plotted by assuming the
width I'y has an uncertainty of around 15%. One may notice
that these error bands are relatively narrower. However,
when I'y is set to be 1.19 MeV, the discrepancy between
different curves is tiny and those curves nearly overlap with
each other, which implies the sensitiveness of the line shape
on dy is reduced when I'y is larger. From this point of view,
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we comment that if the width of X(3872) is as large as
1 MeV, the TS mechanism of measuring its mass may be
ruined.

If we use the TS mechanism to measure the discrepancy
between my and D* DO threshold, the X (3872) needs to be
reconstructed in decay modes other than the D°D°z°,
which can be J/wntzn~, J/wa*z 7’ and so on.
Otherwise one has to take into account the interference
term between the rescattering triangle diagram and the
cascade decay process B — 727D, (2536)"D° —
a~K*D°DPz°. This interference is subtle and the tree level
cascade decay process cannot be treated as a smooth
background near the TS regions because of the so-called
Schmid theorem [46-50]. This point has even been pointed
out in Ref. [17].

III. SUMMARY

In summary, we investigate the B’ — 7z~ K*X(3872)
decay via a triangle rescattering diagram, where the B® —
7~ Dy, (2536)" D° decay followed by Dy, (2536)" decaying
into D*K* and D*°D° fusing into X(3872). The TS of the
rescattering amplitude can be generated from the
Dy, (2536)DD* loop, and the line shape of K*X(3872)
distribution curve is very sensitive to the X(3872) mass. By
means of this characteristic, we can determine whether the
X(3872) mass is below or above the D*°D° threshold,

which is crucial in understanding the nature of X(3872).
The narrowness of Dy;(2536) in this D,; DD* loop is one
of the key reasons why the TS mechanism of measuring the
X(3872) mass may work. The relatively larger TS kin-
ematic window may also reduce the experimental require-
ment for energy resolution. This indirect method of
measuring the X(3872) mass in the B® - 7~ K"X(3872)
decay via the D,; DD* loop may be feasible in the LHCb
and updated Belle II experiments.

We also take into account the X(3872) width impact on
the KX line shape by introducing a distribution function
convoluted with the X(3872) spectral function. It is shown
that for the X(3872) width to be at the order of 100 keV, the
influence of the width is small. But if the X(3872) width is
as large as 1 MeV, the method of using the TS mechanism
to precisely measure its mass would be ruined.
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