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The decay amplitude analyses of B� → πþπ−π� decays in the Dalitz plot performed by LHCb indicate
that CP asymmetry for the dominant quasi-two-body decay B� → ρð770Þ0π� was found to be consistent
with zero in all three approaches for the S-wave component and that CP-violation effects related to
the interference between the ρð770Þ0 resonance and the S-wave were clearly observed. We show that the
nearly vanishing CP violation in B� → ρ0π� is understandable within the framework of QCD factorization.
There are two 1=mb power corrections, one from penguin annihilation and the other from hard spectator
interactions. They contribute destructively toACPðB� → ρ0π�Þ to render it compatible with zero, in contrast
to the sizable negative CP asymmetry predicted in most of the existing models. We next show that the
measured interference pattern between the ρ and S-wave contributions in the low mπþπ− region separated by
the sign of value of cos θ with θ being the angle between the two same charged pions measured in the rest
frame of the ρ resonance can be explained in terms of the smallness ofACPðBþ → ρ0πþÞ and the interference
between ρð770Þ and σ=f0ð500Þ. If CP asymmetry in B� → ρ0π� is not negligible as predicted in many
existing models, the observed interference pattern will be destroyed. We conclude that the experimental
observation of the interference pattern between P- and S-waves in the low-mπþπ− region between 0.5 and
1.0 GeV is consistent with a nearly vanishing CP violation in B� → ρ0π�.

DOI: 10.1103/PhysRevD.106.113004

I. INTRODUCTION

Recently, the full amplitude analysis of B� → πþπ−π�
in the Dalitz plot has been performed by LHCb [1,2]. In this
analysis, the S-wave component of B� → πþπ−π� was
studied using three different approaches: the isobar model,
the K-matrix model, and a quasi-model-independent
binned approach. In the isobar model, the S-wave ampli-
tude was presented by LHCb as a coherent sum of the σ [or
f0ð500Þ] meson contribution and a ππ ↔ KK̄ rescattering
amplitude in the mass range 1.0 < mπþπ− < 1.5 GeV. The
fit fraction of the S-wave is about 25% and predominated
by the σ resonance.
In the low invariant-mass mðπþπ−Þlow region, CP

asymmetries were clearly seen in B� → πþπ−π� decays
in the following places: (i) a significant CP violation of
15% in B� → σπ� implied in the isobar model, (ii) a large
CP asymmetry of order 45% in the rescattering amplitude,

(iii) a CP violation of 40% in the mode with the tensor
resonance f2ð1270Þ, and (iv) large CP-violating effects
related to the interference between the P- and S-wave
contributions with the significance exceeding 25σ in all the
S-wave models. More precisely, the interference between
S- and P-waves is clearly visible in Fig. 1, where the data
are separated by the sign of the value of cos θhel with θhel
being the helicity angle, evaluated in the πþπ− rest frame,
between the pion with opposite charge to theB and the third
pion from the B decay (see Fig. 2).1 In contrast, CP
asymmetry for the dominant quasi-two-body decay mode
B� → ρð770Þ0π� was found by LHCb to be compatible
with zero in all three S-wave approaches.
We notice two salient features in Fig. 1: (i) CP violation

in the ρð770Þ region is proportional to ðm2
low −m2

ρÞ cos θhel
as the sign ofCP asymmetry is flipped below and above the
ρð770Þ peak and from negative cos θhel to positive cos θhel.
Hence, CP asymmetry in this region arises from the
interference between the ρð770Þ and S-wave contributions
because the angular distribution of ρ → πþπ− is propor-
tional to cos θhel, while it is a constant for S → πþπ−.
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1The same effect also can be seen in Fig. 3 of Ref. [1], where
CP asymmetries are plotted as a function of cos θhel in regions
below and above the ρð770Þ resonance pole.
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The change of asymmetry below and above the ρð770Þ
peak implies a strong phase arising from the ρ line shape.
(ii) The height of the peak and the depth of the valley near
the ρ mass region are similar though the former is slightly
larger than the latter.
To describe the observed interference pattern, we con-

sider the interference between ρð770Þ and σð500Þ as the
S-wave is predominated by the σ resonance in the isobar
model. Writing

A� ≡ Aρ
� þ Aσ

� ¼ cρ�F
BW
ρ cos θ þ cσ�F

BW
σ ð1:1Þ

for the Bþ and B− decays, where AρðσÞ
� ≡ AðB� →

ρ0ðσÞπ� → π−ðp1Þπþðp2Þπ�ðp3ÞÞ, FBW
ρ and FBW

σ are
the Breit-Wigner propagators of the ρð770Þ and σ, respec-
tively, for example,

FBW
ρ ðs12Þ ¼

1

s12 −m2
ρ þ imρΓρ

: ð1:2Þ

We use the Breit-Wigner line shape for the purpose of
illustration. In realistic calculations given in Sec. IV below,
we shall utilize the Gounaris-Sakurai model to describe the
line shape of the ρð770Þmeson and the pole model for the σ
resonance. In Eq. (1.1), we have followed Ref. [3] to define
the quantity θ being the angle between the two same
charged pions measured in the rest frame of the dipion
system (i.e., the resonance). This angle is related to the
helicity angle θhel defined by LHCb [2] through the relation
θhel þ θ ¼ π (see Fig. 2). Hence, cos θhel ¼ − cos θ.
It follows that CP asymmetry has the expression,

ACP ∝ jA−j2 − jAþj2
¼ ðjcρ−j2 − jcρþj2ÞjFBW

ρ ðs12Þj2 cos θ2 þ ðjcσ−j2 − jcσþj2ÞjFBW
σ ðs12Þj2

þ 2jFBW
ρ ðs12Þj2jFBW

σ ðs12Þj2 cos θfReðc�ρ− cσ− − cρþc�σþ Þ½ðs12 −m2
ρÞðs12 −m2

σÞ
þ ðmρΓρÞðmσΓσÞ� þ Imðc�ρ− cσ− þ cρþc�σþ Þ½mρΓρðs12 −m2

σÞ −mσΓσðs12 −m2
ρÞ�g: ð1:3Þ

The terms ðs −m2
ρðσÞÞ andmρðσÞΓρðσÞ arise from the real and

imaginary parts, respectively, of the Breit-Wigner propa-
gator FBW

ρðσÞðsÞ. The observed interference pattern shown in

Fig. 1 in the ρ mass region indicates that it is mainly

governed by the ðs12 −m2
ρÞ cos θ term. This requires that

CP violation induced by the ρ meson is negligible; that is
jcρ−j2 ≈ jcρþj2, and that the pattern is not significantly
affected by the CP asymmetry induced by σ in the region

FIG. 2. The angle θ between the momenta of the two π− pions
measured in the rest frame of the dipion system in the decay
B− → π−ðp1Þπþðp2Þπ−ðp3Þ. It is related to the helicity angle θhel
defined by the LHCb through the relation θ þ θhel ¼ π.

FIG. 1. The difference of NB− and NBþ , the number of B− and Bþ events, respectively, for B� → πþπ−π� measured in the low-mπþπ−

region for (a) cos θhel > 0 and (b) cos θhel < 0 with the helicity angle θhel being defined in Fig. 2. This plot is taken from Ref. [2].
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of interest. A nearly vanishing CP violation originating
from ρ is consistent with the fact that the CP-violating
effect cancels when integrating over the angle. In other
words, the observed interference pattern between ρ and
S-wave is consistent with the smallness of CP violation
in B� → ρ0π�.
It is a long-standing puzzle in regard to the CP

asymmetry in B� → ρ0π�. The existing theoretical pre-
dictions based on QCD factorization (QCDF) [4,5], per-
turbative QCD (pQCD) [6,7], soft-collinear effective theory
(SCET) [8], topological diagram approach (TDA) [9,10] all
lead to a negative CP asymmetry for B� → ρ0π� except
the pQCD calculation in [7], ranging from −7% to −45%
[see Eq. (2.3) below].
The purpose of this work is twofold. First, we would

like to point out that the nearly vanishing CP violation in
B� → ρ0π� is understandable in the framework of QCDF.
Second, we will present a study of CP asymmetries in the
low-mππ region between 0.5 and 1.0 GeVand show that the
interference pattern depicted in Fig. 1 can be explained
provided that CP violation in B� → ρ0π� is negligible.
This paper is organized as follows. In Sec. II, we study

CP violation in B� → ρ0π� decays in the framework of

QCDF. We then proceed to the B� → σπ� decays in
Sec. III. In Sec. IV, we consider the three-body decays
B� → π−πþπ� mediated by the ρð770Þ and σð500Þ reso-
nances and study their interference. We summarize our
results in Sec. V.

II. B� → ρ0π� DECAYS

CP asymmetry in the quasi-two-body decay B� → ρ0π�
was found by LHCb to be consistent with zero in all three
S-wave approaches [1,2]. In the isobar model,

ACPðBþ→ρ0πþÞ¼ð0.7�1.1�0.6�1.5Þ%; LHCb 2020:

ð2:1Þ

Recently, this asymmetry was measured by LHCb based on
a method that does not require full amplitude analysis [11].
The result is

ACPðBþ → ρ0πþÞ ¼ ð−0.4� 1.7Þ%; LHCb 2022: ð2:2Þ

Predictions of CP violation (in %) in various approaches
are summarized as follows:

ACPðBþ → ρ0πþÞ ¼

8>>>>><
>>>>>:

QCDF∶ −9.8þ3.4þ11.4
−2.6−10.2 ½4�; −6.7þ0.2þ3.2

−0.2−3.7 ½5�
pQCD∶ −27.5þ2.5

−3.3 � 1.7 ½6�; þ14.9þ0.4þ0.5
−0.4−0.6 ½7�

SCET∶ −19.2þ15.5þ1.7
−13.4−1.9 ½8�; −10.8þ13.1þ0.9

−12.7−0.7 ½8�
TDA∶ −23.9� 8.4 ½9�; −45� 4 ½10�

ð2:3Þ

Hence, except the pQCD calculation in [7] all the existing
models predict a negative CP asymmetry ranging from
−7% to −45%.
It has been claimed in [12] that in B → PV decays with

mV < 1 GeV, CP asymmetry induced from a short-
distance mechanism is suppressed by the CPT constraint.
CPT theorem generally implies the same lifetimes for both
particle and antiparticle. When partial widths are summed
over, the total width of the particle and its antiparticle
should be the same. Final-state interactions are responsible

for distributing the CP asymmetry among the different
conjugate decay channels. In the three-body B decays, the
“2þ 1” approximation is usually assumed so that the
resonances produced in heavy meson decays do not interact
with the third particle. Within the “2þ 1” approximation,
the observation of a large negative CP asymmetry of order
−27% for the B0 → K�ð892Þþπ− decay with K�ð892Þþ →
K0πþ [13] is compensated by a similarly large positive CP
asymmetry in the channel B0 → K�ð892Þþπ− followed by
K�ð892Þþ → Kþπ0; that is [14],

ACPðB0 → K�ð892Þþπ− → Kþπ0π−Þ ≈ −ACPðB0 → K�ð892Þþπ− → K0πþπ−Þ ð2:4Þ

This can be tested once CP asymmetry in B0 → K0πþπ− is
measured in the future. Likewise, ACPðBþ → ρ0πþ →
πþπ−πþÞ is expected to vanish as the ρ0 cannot decay
into two neutral pions. By the same token, one will also
expect a vanishing ACPðBþ → ρ0Kþ → πþπ−KþÞ. How-
ever, this is in contradiction to the experimental observation

of ACPðBþ → ρ0KþÞ ¼ 0.150� 0.019 by LHCb recently
[11]. In this case, one may argue that there are other
possibilities that can produce CP violation, for example, a
three-body rescattering including the third particle [12].
In QCDF, the decay amplitude of B− → ρ0π− is given

by [15]
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AðB− → ρ0π−Þ ¼ GF

2

X
p¼u;c

λðdÞp

��
δpuða2 − β2Þ − ap4 − rρχa

p
6 þ

3

2
ðap7 þ ap9 Þ þ

1

2
ðap10 þ rρχa

p
8 Þ − βp3 − βp3;EW

�
πρ

XðB−π;ρÞ

þ ½δpuða1 þ β2Þ þ ap4 − rπχa
p
6 þ ap10 − rπχa

p
8 þ βp3 þ βp3;EW�ρπXðB−ρ;πÞ; ð2:5Þ

where λðdÞp ¼ VpbV�
pd, the chiral factors rπ;ρχ are given by

rπχðμÞ ¼
2m2

π

mbðμÞðmu þmdÞðμÞ
; rρχðμÞ ¼ 2mρ

mbðμÞ
f⊥ρ ðμÞ
fρ

;

ð2:6Þ

and the factorizable matrix elements read

XðB−π;ρÞ ¼ 2fρmBpcFBπ
1 ðm2

ρÞ;
XðB−ρ;πÞ ¼ 2fπmBpcA

Bρ
0 ðm2

πÞ; ð2:7Þ

with pc being the c.m. momentum. Here, we have followed
[16] for the definition of form factors. In Eq. (2.5), the
flavor operators api have the expressions [15,17],

api ðM1M2Þ

¼ ci þ
ci�1

Nc
þ ci�1

Nc

CFαs
4π

�
ViðM2Þ þ

4π2

Nc
HiðM1M2Þ

�

þ Pp
i ðM2Þ; ð2:8Þ

where i ¼ 1;…; 10, the upper (lower) signs apply when i
is odd (even), ci are the Wilson coefficients, CF ¼
ðN2

c − 1Þ=ð2NcÞ with Nc ¼ 3. The quantities ViðM2Þ
account for vertex corrections, HiðM1M2Þ for hard spec-
tator interactions with a hard gluon exchange between the
emitted meson and the spectator quark of the B meson and
PiðM2Þ for penguin contractions. The order of the argu-
ments of the api ðM1M2Þ and βiðM1M2Þ coefficients to be
mentioned below is dictated by the subscript M1M2.
It is known that the leading-order 1=mb predictions

of QCDF encounter several major difficulties: (i) the
predicted branching fractions for penguin-dominated
B → PP; VP; VV decays are systematically below the
measurements, (ii) the predicted rates for color-suppressed
tree-dominated decays B0 → π0π0; ρ0π0 are too small, and
(iii) direct CP asymmetries for B̄0 → K−πþ; K�−πþ; πþπ−,
B− → K−ρ0 and B̄s → Kþπ−;… etc., disagree with experi-
ment in signs [4,18]. Hence, it is necessary to introduce
1=mb power corrections to resolve above-mentioned diffi-
culties. To solve the problems with (i) and (iii) in QCDF,
power corrections to the penguin amplitudes are described
by the penguin annihilation characterized by the parameters
βpi [see Eq. (19) of Ref. [15] for the definition], for
example, βp2;3 and βp3;EW given in Eq. (2.5). Take the decay
B̄0 → K−πþ as an example. In the heavy quark limit, the

calculated branching fraction is too small by around 35%
and the predicted CP violation is positive in sign (see, e.g.,
Table IV of Ref. [4]). However, the first evidence of direct
CP asymmetry in B decays, namely, ACPðB̄0 → K−πþÞ ¼
−0.133� 0.031 observed in 2004 [19] is negative. Power
corrections from penguin annihilation solve the rate deficit
and the sign problems at one stroke; see again Table IV
of Ref. [4].
As pointed out in Refs. [4,18], sign flip of CP

asymmetries in penguin-dominated due to the presence
of power corrections from penguin annihilation will
cause another CP puzzle: (iv) signs of ACP in B− →
K−π0; K−η; π−η;… will also get reversed in such a way
that they disagree with experiment. It turns out that the
difficulties with (ii) and (iv) can be resolved by invoking
power corrections to hard spectator interactions. To see
this, hard spectator interactions for i ¼ 1–4, 9, 10 have
the expression [15],

HiðM1M2Þ

¼ ifBfM1
fM2

XðB̄M1;M2Þ
mB

λB

Z
1

0

dx

×
Z

1

0

dy

�
ΦM2

ðxÞΦM1
ðyÞ

x̄ ȳ
þ rM1

χ
ΦM2

ðxÞΦm1
ðyÞ

x̄y

�
;

ð2:9Þ

with x̄ ¼ 1 − x and ȳ ¼ 1 − y. Subleading 1=mb power
corrections stem from the twist-3 amplitude Φm. Hard
spectator contributions to ai are most prominent for a2 as
the Wilson coefficient c1 is of order unity,

a2ðM1M2Þ ¼ c2 þ
c1
Nc

þ c1
Nc

CFαs
4π

�
V2ðM2Þ þ

4π2

Nc
H2ðM1M2Þ

�
:

ð2:10Þ

This explains why hard spectator interactions are
helpful to account for the observed rates of B0 → π0π0

and ρ0π0.
In the QCD factorization approach, power corrections

often involve end point divergences, for example, the
second term in Eq. (2.9) is proportional to the end point
divergence X ≡ R

1
0 dy=y. We shall follow [17] to model the

end point divergence in the penguin annihilation and hard
spectator scattering diagrams as
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XA ¼ ln

�
mB

Λh

�
ð1þ ρAeiϕAÞ; XH ¼ ln

�
mB

Λh

�
ð1þ ρHeiϕHÞ; ð2:11Þ

with Λh being a typical hadronic scale of 0.5 GeV. We add the superscripts “VP” and “PV” to distinguish penguin
annihilation effects in B → VP and B → PV decays [15],

Ai
1 ≈ −Ai

2 ≈ 6παs

�
3

�
XVP
A − 4þ π2

3

�
þ rVχ rPχ ððXVP

A Þ2 − 2XVP
A Þ

�
;

Ai
3 ≈ 6παs

�
−3rVχ

��
XVP
A Þ2 − 2XVP

A þ 4 −
π2

3

�
þ rPχ

��
XVP
A Þ2 − 2XVP

A þ π2

3

��
;

Af
3 ≈ 6παs½3rVχ ð2XVP

A − 1Þð2 − XVP
A Þ − rPχ ð2ðXVP

A Þ2 − XVP
A Þ�; ð2:12Þ

for M1M2 ¼ VP and

Ai
1 ≈ −Ai

2 ≈ 6παs

�
3

�
XPV
A − 4þ π2

3

�
þ rVχ rPχ ððXPV

A Þ2 − 2XPV
A Þ

�
;

Ai
3 ≈ 6παs

�
−3rPχ

��
XPV
A Þ2 − 2XPV

A þ 4 −
π2

3

�
þ rVχ

��
XPV
A Þ2 − 2XPV

A þ π2

3

��
;

Af
3 ≈ 6παs½−3rPχ ð2XPV

A − 1Þð2 − XPV
A Þ þ rVχ ð2ðXPV

A Þ2 − XPV
A Þ�; ð2:13Þ

for M1M2 ¼ PV, where the superscripts “i” and “f” refer
to gluon emission from the initial and final-state quarks,
respectively, the subscripts 1 for the Dirac structure
ðV − AÞ ⊗ ðV − AÞ, 2 for ðV − AÞ ⊗ ðV þ AÞ and 3
for −2ðS − PÞ ⊗ ðSþ PÞ.
The two unknown parameters ρA and ϕA were fitted to

the data of B → PP;VP and PV decays. The values of ρA
and ϕA are given, for example, in Table III of Ref. [4],
where the results are very similar to the so-called “S4
scenario” presented in [15]. However, the measurement
of the pure annihilation process B0

s → πþπ− by CDF [20]

and LHCb [21] with the world average BðBs → πþπ−Þ ¼
ð0.70� 0.10Þ × 10−6 [22] is much higher than the QCDF
prediction of ð0.26þ0.00þ0.10

−0.00−0.09 Þ × 10−6 [23]. Since this mode
proceeds through the penguin-annihilation amplitudes Ai

1

and Ai
2, it has been advocated that ρA’s associated with the

gluon emission from the initial and final-state quarks are
different; that is, ρiA ≠ ρfA and that a much large ρiA of
order 3 can accommodate the data of B0

s → πþπ− [24,25].
Nevertheless, a recent study of B0

s → πþπ− in QCDF up
to the NLL order given by [26]

AðB0
s → πþπ−Þ ¼ GFffiffiffi

2
p

X
p¼u;c

λðsÞp ðifBf2πÞ4παs
CF

N2
c

�
Tp;ð0Þ þ αs

4π
Tp;ð1Þ þ � � �

�
ð2:14Þ

shows that the real part of Tc;ð0Þ is enhanced
significantly, while the imaginary part gets considerable
cancellation. More precisely, Tc;ð0Þ ¼−0.25þ2.16i while
αs=ð4πÞTc;ð1Þ ¼ −1.82 − 2.40i at μ ¼ mb. Indeed, the
weak annihilation diagram with the gluon emission from
the initial-state quark is calculable to the leading power in
1=mb expansion. It yields ðρiA;ϕi

AÞPP ¼ fð0.97;−97°Þ;
ð1.17;−97°Þ; ð1.34;−97°Þg for λB¼f200;350;500gMeV,
respectively [26]. This implies that ðρiAÞPP is of order unity
rather than 3. Moreover, the new measurement of another
pure annihilation process BðB0 → KþK−Þ ¼ ð7.80�
1.27� 0.84Þ × 10−8 by LHCb [27] is strongly disfavored
with a large ðρiAÞPP as the predicted BðB0 → KþK−Þ will

be too large by a factor of 3 ∼ 4. Therefore, we will not
distinguish between ρiA and ρfA.
For B → PV decays, ðρH;ϕHÞ, ðρA;ϕAÞVP and

ðρA;ϕAÞPV are treated as free parameters. In this work,
we shall take

ðρA;ϕAÞPV ¼ð0.82;−37°Þ; ðρA;ϕAÞVP¼ð0.68;−52°Þ;
ð2:15Þ

for calculations, where only the central values are listed
here. The parameters ðρA;ϕAÞPV are inferred from B →
πK� decays, while ðρA;ϕAÞVP from B → ρK ones. In the
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PP sector, we have ðρA;ϕAÞPP ¼ ð1.05;−40°Þ. For CP
violation in the VP sector, we find

ACPðB̄0 → K�−πþÞ ¼ −ð17.3þ0.9þ3.7
−1.3þ3.2Þ%;

ACPðB− → ρ0K−Þ ¼ ð28.7þ21.5þ2.5
−20.5−3.3 Þ%; ð2:16Þ

while the experimental measurements are −0.271� 0.044
[13] and 0.150� 0.019 [11], respectively.
As noticed in passing, it is necessary to introduce the

power corrections from hard spectator interactions charac-
terized by ρH and ϕH to not only account for the rate deficit
of the color-suppressed tree-dominated modes B0 → π0π0

and ρ0π0 but also resolve the CP puzzles with some of the
penguin-dominated modes such as B− → K−η, B0 → K�0η
and B− → K−π0, where the last one is related to the so-
called ΔAKπ puzzle with ΔAKπ ≡ACPðB− → K−π0Þ−
ACPðB̄0 → K−πþÞ. In the absence of hard spectator inter-
actions, CP asymmetries of B− → K−η, B0 → K�0η, B− →
K−π0 and ΔAKπ are calculated to be 0.045, 0.010, −0.035
and 0.022, respectively, while the corresponding measured
values are −0.37� 0.08, 0.19� 0.05, 0.030� 0.013 and
0.115� 0.014 [22]. One needs hard spectator interactions
to flip the signs of ACPðB− → K−ηÞ, ACPðB− → K−π0Þ
and enhance ACPðB0 → K�0ηÞ. Specifically, we shall use

ðρH;ϕHÞPV;VP ¼ ð3.15;−113°Þ;
ðρH;ϕHÞPP ¼ ð4.0;−70°Þ: ð2:17Þ

to accommodate the above-mentioned data. Notice that ρH
is much larger than ρA.
We are now ready to compute the branching fraction and

CP asymmetry for B− → ρ0π−; see Table I. In the heavy
quark limit, its CP asymmetry is positive with a magnitude
of order 0.07 . We then turn on power corrections induced
from penguin annihilation. It is clear that the sign of
ACPðρ0π−Þ is flipped, and in the meantime, its magnitude is
enhanced. We next switch on 1=mb corrections from hard
spectator interactions and turn off ρA and ϕA. It is evident
thatACPðρ0π−Þ will be enhanced fromOð0.07Þ toOð0.16Þ
in the presence of hard spectator effects alone. If the heavy

quark limit of ACPðρ0π−Þ is considered as a benchmark,
hard spectator interactions will push it up further, whereas
penguin annihilation will pull it to the opposite direction.
Therefore, the nearly vanishingACPðρ0π−Þ arises from two
1=mb power corrections which contribute destructively.
At the first sight, it appears from Table I that the

calculated branching fraction of order 7.7 × 10−6 is slightly
smaller than the experimental value of ð8.3� 1.2Þ × 10−6

[22]. In the particle data group (PDG) [22], the branching
fraction ofB− → ρ0π− is extracted from the measurement of
B− → ρ0π− → πþπ−π− through the factorization relation,

BðB− → ρ0π− → πþπ−π−Þ
¼ BðB− → ρ0π−ÞBðρ0 → πþπ−Þ
¼ BðB− → ρ0π−Þ; ð2:18Þ

which is valid only in the narrow width approximation
(NWA). Since ρð770Þ is broad with a width of 149 MeV,
it is necessary to consider the finite-width effect. The ηR
parameters for various resonances produced in three-body B
decays have been evaluated in [28,29],

BðB → RPÞ ¼ ηRBðB → RPÞNWA

¼ ηR
BðB → RP3 → P1P2P3Þexpt

BðR → P1P2Þexpt
: ð2:19Þ

The parameter ηρ depends on the line shape of the ρð770Þ
meson, and it has been calculated in QCDF [28,29]. It
was found ηGSρ ¼ 0.93 in the Gounaris-Sakurai (GS) model
[30] to be discussed below for the ρ line shape adapted
by both LHCb [1,2] and BABAR [31] in the analysis of
B� → πþπ−π� decays. It follows that the PDG value of
BðB− → ρπ−Þ ¼ ð8.3� 1.2Þ × 10−6 should be corrected to
ð7.7� 1.1Þ × 10−6 after including finite-width effects.

III. B� → σπ� DECAYS

The decay B− → σ=f0ð500Þπ− has been studied in
Ref. [32]. Its decay amplitude has a similar expression
as B− → f0ð980Þπ− and reads

TABLE I. The branching fraction and CP asymmetry of B− → ρ0π− within the QCDF approach. Experimental
data are taken from [22]. The theoretical errors correspond to the uncertainties due to the variation of (i) Gegenbauer
moments, decay constants, form factors, the strange quark mass, and (ii) ρA;H, ϕA;H, respectively. In (ii), we assign
an error of �0.4 to ρ and �4° to ϕ.

Bð10−6Þ ACPð%Þ Comments

8.3� 1.2 0.7� 1.9 Experiment
8.3þ1.9þ0.0

−0.9−0.0 6.6þ0.5þ0.0
−0.8−0.0 (1) Heavy quark limit

8.5þ1.9þ0.2
−0.9−0.2 −11.8þ0.9þ3.6

−0.7−3.9 (2) ρH ¼ 0 and ϕH ¼ 0 with ρA and ϕA given by Eq. (2.15)

7.5þ1.5þ0.1
−0.7−0.2 15.6þ1.3þ1.2

−1.1−1.5 (3) ρH ¼ 3.15;ϕH ¼ −113°, ρA ¼ 0, ϕA ¼ 0

7.7þ1.5þ0.2
−0.7−0.2 −0.5þ3.9þ3.5

−2.6−3.8 (4) ρH ¼ 3.15, ϕH ¼ −113°, ρA and ϕA given by Eq. (2.15)
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AðB− → σπ−Þ ¼ GFffiffiffi
2

p
X
p¼u;c

λðdÞp

�
½a1δpu þ ap4 þ ap10 − ðap6 þ ap8 Þrπχ �σπXðBσ;πÞ

þ
�
a2δpu þ 2ðap3 þ ap5 Þ þ

1

2
ðap7 þ ap9 Þ þ ap4 −

1

2
ap10 −

�
ap6 −

1

2
ap8

�
r̄σχ

�
πσ

X̄ðBπ;σÞ

− fBfπf̄uσ ½δpub2ðπσÞ þ b3ðπσÞ þ b3;EWðπσÞ þ ðπσ → σπÞ�
�
; ð3:1Þ

where the factorizable matrix elements are given by

XðBσ;πÞ ¼ −fπFBσu
0 ðm2

πÞðm2
B −m2

σÞ;
X̄ðBπ;σÞ ¼ f̄uσFBπ

0 ðm2
σÞðm2

B −m2
πÞ; ð3:2Þ

with r̄σχðμÞ ¼ 2mσ=mbðμÞ. The superscript u in the scalar
decay constant f̄uσ and the form factor FBσu refers to the u
quark component of the σ. The scale-dependent scalar
decay constant is defined by hσjūuj0i ¼ mσf̄uσ [33]. We
follow [32] to take f̄uσ ¼ 350 MeV at μ ¼ 1 GeV and
FBσu
0 ð0Þ ¼ 0.25.
Numerical values of the flavor operators api ðσπÞ and

api ðπσÞ at the scale μ ¼ mbðmbÞ and penguin annihilation
characterized by the parameter βp are shown in Table IVof
Ref. [32]. It follows that the flavor operators api ðσπÞ and
api ðπσÞ are very different except for ap6;8 as the former
do not receive factorizable contributions. As a conse-
quence, a1ðσπÞ ≈ 1 ≫ a1ðπσÞ.
Numerically, we obtain

BðB− → σπ−Þ ¼ ð5.15þ1.31þ0.86
−1.16−1.29 Þ × 10−6;

ACPðB− → σπ−Þ ¼ ð15.10þ0.31þ8.36
−0.30−11.38Þ%; ð3:3Þ

where use of the Wolfenstein parameters updated with
A ¼ 0.8132, λ ¼ 0.22500, ρ̄ ¼ 0.1566, and η̄ ¼ 0.3475
[34] has been made. Theoretical uncertainties come from
(i) the Gegenbauer moments B1;3, the scalar meson decay
constants, the heavy-to-light form factors, and the strange
quark mass, and (ii) the power corrections due to weak
annihilation and hard spectator interactions, respectively.
The calculated CP asymmetry agrees well with the LHCb
measurement analyzed in the isobar model [1,2],

ACPðB− → σπ−Þ ¼ ð16.0� 1.7� 2.2Þ%: ð3:4Þ

IV. INTERFERENCE BETWEEN ρð770Þ
AND σð500Þ RESONANCES

In this section, we consider the three-body B− → π−πþπ−
decays mediated by the ρð770Þ and σð500Þ resonances and
study their interference. For the three-body decay amplitude
Aρ
− ≡ AðB− → ρ0ð770Þπ− → π−ðp1Þπþðp2Þπ−ðp3ÞÞ, fac-

torization leads to the expression [35],

Aρ
− ¼ −gρ→πþπ−Fðs12; mρÞTGS

ρ ðs12Þ2q cos θÃðB− → ρπ−Þ
þ ðs12 ↔ s23Þ; ð4:1Þ

where q given by

q ¼ jp⃗1j ¼ jp⃗2j ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s12 − 4m2

π

q
; ð4:2Þ

is the momenta of π−ðp1Þ and πþðp2Þ in the rest frame of the
ρ with the invariant mass m12 ¼ ffiffiffiffiffiffi

s12
p

, ÃðB− → ρπ−Þ has
the same expression as AðB− → ρπ−Þ given in Eq. (2.5)
except for the replacement of XðB−π;ρÞ and XðB−ρ;πÞ by

X̃ðB−π;ρÞ ¼ 2fρmBp̃cFBπ
1 ðs12Þ;

X̃ðB−ρ;πÞ ¼ 2fπmBp̃c

�
ABρ
0 ðm2

πÞ

þ 1

2mρ

�
mB −mρ −

m2
B − s12

mB þmρ

�
ABρ
2 ðm2

πÞ
�
;

ð4:3Þ

respectively, with2

p̃c ¼
�ðm2

B −m2
π − s12Þ2 − 4s12m2

π

4m2
B

�
1=2

; ð4:4Þ

being the c.m. momentum of π−ðp3Þ and the ρðm12Þ in theB
rest frame. It is easily seen that when s12 → m2

ρ, ÃðB− →
ρπ−Þ is reduced to the QCDF amplitude AðB− → ρπ−Þ
given by Eq. (2.5).
When ρ is off the mass shell, especially when s12 is

approaching the upper bound of ðmB −mπÞ2, it is necessary
to account for the off shell effect. For this purpose, we
shall follow [36] to introduce a form factor Fðs;mRÞ
parametrized as

Fðs;mRÞ ¼
�
Λ2 þm2

R

Λ2 þ s

�
n

; ð4:5Þ

with the cutoff Λ not far from the resonance,

2The momentum jp⃗3j is related to p̃c by the relation
jp⃗3j ¼ ðmB=m12Þp̃c.
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Λ ¼ mR þ βΛQCD; ð4:6Þ

where the parameter β is expected to be of order unity. We
shall use n ¼ 1, ΛQCD ¼ 250 MeV and β ¼ 1.0� 0.2 in
subsequent calculations.
In Eq. (4.1), TGS

ρ is a description of the broad ρð770Þ
resonance in the Gounaris-Sakurai (GS) model [30]. It was
employed by both BABAR [31] and LHCb [1,2]
Collaborations in their analyses of the ρð770Þ resonance
in the B− → π−πþπ− decay. The GS line shape for ρð770Þ
is given by

TGS
ρ ðsÞ ¼ 1þDΓ0

ρ=mρ

s −m2
ρ − fðsÞ þ imρΓρðsÞ

; ð4:7Þ

where

ΓρðsÞ ¼ Γ0
ρ

�
q
q0

�
3 mρffiffiffi

s
p X2

1ðqÞ
X2
1ðq0Þ

; ð4:8Þ

with Γ0
ρ being the nominal total ρ width with Γ0

ρ ¼ Γρðm2
ρÞ

and the Blatt-Weisskopf barrier factor given by X2
1ðzÞ ¼

1=½ðzrBWÞ2 þ 1� and rBW ≈ 4.0 GeV−1. The quantity q0 is
the value of qwhenm12 is equal to the pole massmρ. In this
model, the real part of the pion-pion scattering amplitude
with an intermediate ρ exchange calculated from the
dispersion relation is taken into account by the fðsÞ term
in the propagator of TGS

ρ ðsÞ. Explicitly,

fðsÞ ¼ Γ0
ρ
m2

ρ

q30

�
q2½hð ffiffiffi

s
p Þ − hðmρÞ� þ ðm2

ρ − sÞq20
dh
ds

				
mρ

�
;

ð4:9Þ

and

hðsÞ ¼ 2

π

qffiffiffi
s

p ln

� ffiffiffi
s

p þ 2q
2mπ

�
;

dh
ds

				
mρ

¼ hðmρÞ
�
1

8q20
−

1

2m2
ρ

�
þ 1

2πm2
ρ
: ð4:10Þ

The constant parameter D is given by

D ¼ 3

π

m2
π

q20
ln

�
mρ þ 2q0

2mπ

�
þ mρ

2πq0
−
m2

πmρ

πq30
: ð4:11Þ

Likewise, for the decay amplitude Aσ
− ≡ AðB− → σπ− →

πþπ−π−Þ, factorization leads to [35]

Aσ
− ¼ gσ→πþπ−Fðs12; mσÞTσðs12ÞÃðB− → σπ−Þ

þ ðs12 ↔ s23Þ; ð4:12Þ

where ÃðB− → σπ−Þ has the same expression as AðB− →
σπ−Þ given in Eq. (3.1) with the replacement,

XðBσ;πÞ → X̃ðBσ;πÞ ¼ −fπðm2
B − s12ÞFBσu

0 ðm2
πÞ;

XðBπ;σÞ → X̃ðBπ;σÞ ¼ f̄uσðm2
B −m2

πÞFBπ
0 ðs12Þ: ð4:13Þ

For the σ line shape, we follow the LHCb Collaboration [2]
to use the simple pole description,

TσðsÞ ¼
1

s − sσ
¼ 1

s −m2
σ þ Γ2

σðsÞ=4þ imσΓσðsÞ
; ð4:14Þ

with

ΓσðsÞ ¼ Γ0
σ

�
q
q0

�
mσffiffiffi
s

p ; ð4:15Þ

and

ffiffiffiffiffi
sσ

p ¼ mσ − iΓσ=2 ¼ ð563� 10Þ − ið350� 13Þ MeV;

ð4:16Þ

obtained from the isobar description of the πþπ− S-wave to
fit the B− → π−πþπ− decay data [2].
Strong coupling constants gρ→πþπþ in Eq. (4.1) and

gσ→πþπ− in Eq. (4.12) are determined from the measured
widths through the relations,

ΓS→P1P2
¼ pc

8πm2
S
g2S→P1P2

; ΓV→P1P2
¼ p3

c

6πm2
V
g2V→P1P2

:

ð4:17Þ

Numerically,

jgρ→πþπþj ¼ 6.00; jgσ→πþπ− j ¼ 3.90 GeV: ð4:18Þ

In the LHCb experiment, CP violation induced by the
interference between P- and S-waves is measured in the
low-mπþπ− region, where the data are separated by the sign
of cos θ or cos θhel; see Fig. 1. The cos θ term can be
expressed as a function of s12 and s23,

cos θ ¼ aðs12Þs23 þ bðs12Þ; ð4:19Þ

with [3]

aðsÞ ¼ 1

ðs − 4m2
πÞ1=2


ðm2
B−m

2
π−sÞ2

4s −m2
π

�
1=2 ;

bðsÞ ¼ −
m2

B þ 3m2
π − s

2ðs − 4m2
πÞ1=2


ðm2
B−m

2
π−sÞ2

4s −m2
π

�
1=2 : ð4:20Þ
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Note that the cosine of the angle θ with the values −1, 0, and 1 corresponds to ðs23Þmin ¼ −ð1þ bÞ=a, s23 ¼ −b=a,
and ðs23Þmax ¼ ð1 − bÞ=a, respectively.
The three-body decay rates involving ρ, σ and their interference in the negative and positive cos θ regions are given by

Γρ−σ
� ðs12Þðcosθ<0Þ ¼

1

ð2πÞ332m3
B

G2
F

2

1

2

Z
−b=a

ðs23Þmin

ðjAρ
�j2 þ jAσ

�j2 þ 2½ReðAρ
�ÞReðAσ

�Þþ ImðAρ
�ÞImðAσ

�Þ�Þds23 for cosθ < 0;

Γρ−σ
� ðs12Þðcosθ>0Þ ¼

1

ð2πÞ332m3
B

G2
F

2

1

2

Z ðs23Þmax

−b=a
ðjAρ

�j2 þ jAσ
�j2 þ 2½ReðAρ

�ÞReðAσ
�Þþ ImðAρ

�ÞImðAσ
�Þ�Þds23 for cosθ > 0;

ð4:21Þ

where the identical particle effect has been taken care of by
the factor of 1=2, and the amplitudes Aρ

− and Aσ
− are given

by Eqs. (4.1) and (4.12), respectively. In the above
equation, the ρð770Þ and σ interference is depicted by
the terms ½ReðAρ

�ÞReðAσ
�Þ þ ImðAρ

�ÞImðAσ
�Þ�. The rate

difference ΔΓρ−σ ≡ Γρ−σ
− − Γρ−σ

þ due to the ρð770Þ and σ
interference is shown in Figs. 3(a) and 3(b) for cos θ < 0
(or cos θhel > 0) and cos θ > 0 (or cos θhel < 0), respec-
tively. It is obvious that they do not resemble the data
displayed in Fig. 1 at all. For example, the shapes are quite
different from that of the data and the characteristic feature
of ðs12 −m2

ρÞ cos θ is absent.3

This above-mentioned difficulty is resolved by noticing a
nontrivial global phase difference between ρ and σ. Indeed,
the phase ϕ− (ϕþ) of the Aσ∓ relative to Aρ∓ in B− (Bþ)
decays has been measured by LHCb to be

ϕexpt
− ¼ 115� 2� 14; ϕexpt

þ ¼ 179� 1� 95; ð4:22Þ

in units of degrees (see Table I of [1]). Assigning the phases
ϕ− and ϕþ to the amplitudes Aσ

− and Aσþ, respectively, we

find the observed interference pattern in Figs. 1(a) and 1(b)
for cos θ < 0 and cos θ > 0, respectively, can be properly
reproduced in Figs. 4(a) and 4(b), respectively, with

ϕ− ¼ 115°; ϕþ ¼ 127°: ð4:23Þ

Since the measured phase ϕþ has a large uncertainty, we
have fixed ϕ− to its central value 115° and varied ϕþ within
the experimental allowed region. We find that the phase ϕþ
is in the vicinity of 127°. However, it is not clear to us what
the dynamical origin of the phase difference is.
Thus far, we have neglected CP-violating contributions

from ρ and σ to rate asymmetries, namely, the first two
terms in Eq. (1.3). Figures 5(a) and 5(b) show the rate
asymmetries of B� → σπ� → πþπ−π� and B� → ρ0π� →
πþπ−π�, respectively, as a function of low-mπþπ− between
0.5 and 1.0 GeV for either cos θ < 0 or cos θ > 0,4

corresponding to ACPðB� → σπ�Þ ¼ 0.15 [see Eq. (3.3)]
and ACPðB� → ρ0π�Þ ¼ −0.005 (see Table I). After add-
ing the rate asymmetries from ρ and σ from Figs. 5(a)
and 5(b), respectively, to both Figs. 4(a) and 4(b), we
finally get Figs. 4(c) and 4(d) for cos θ < 0 and cos θ > 0,

(a) (b)

FIG. 3. Rate asymmetries ΔΓ in units of Γ ¼ 1=τðB�Þ for B� → π�πþπ− in the low-mπþπ− region induced by the ρð770Þ and σ
interference for (a) cos θ < 0 (cos θhel > 0) and (b) cos θ > 0 (cos θhel < 0). The relative phases between Aσ

� and Aρ
� are set to zero.

3In our previous work [35], Figs. 5(a) and 5(b) were obtained
by setting β’s, the parameters describing weak annihilation, to be
zero. The relative phases between Aσ

� and Aρ
� were also not taken

into account.

4They do not change sign when the cosine varies from −1 to
þ1 as jAρ

�j2 are proportional to cos θ2, while jAσ
�j2 are θ

independent.
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respectively. By comparing them with Fig. 1, we see that
the resultant rate asymmetries agree well with the exper-
imental observation, namely the peak height and the bottom
depth are similar in magnitude with the former slightly
larger. The curve below mπþπ− ∼ 700 MeV in Fig. 4(d)
becomes flat owing to the contribution from the σ reso-
nance at lower mπþπ−.
Two remarks are in order. (i) The real part of the GS line

shape is proportional to s −m2
ρ − fðsÞ rather than s −m2

ρ.
Nevertheless, we find that the contribution from fðsÞ is
numerically small and can be neglected. (ii) Rate asymmetries
do not vanish exactly at mπþπ− ¼ mρ due to other contribu-
tions such as the real part of the line shape; see Eq. (1.3).

If the CP asymmetry of the quasi-two-body decay
B� → ρ0π� is not neligible, what will the rate asymmetry
look like? For an illustration, we shall take the case (ii) in
Table I as an example, namely,ACPðB� → ρ0π�Þ ¼ −0.12
obtained in QCDF by setting both ρH and ϕH to zero.ΔΓ=Γ
due to the ρ resonance is now shown in Fig. 5(c). The rate
asymmetries due to the ρ − σ interference are very similar
to that of Figs. 4(a) and 4(b) for cos θ < 0 and cos θ > 0,
respectively. Adding contributions from Figs. 5(a) and 5(c)
to Figs. 4(a) and 4(b) yield the final rate asymmetries in
Figs. 4(e) and 4(f) for cos θ < 0 and cos θ > 0, respec-
tively. It is obvious that CP asymmetries are pushed
downward owing to the negative CP violation in

(a) (b)

(c) (d)

(e) (f)

FIG. 4. The rate asymmetry ΔΓ in units of Γ ¼ 1=τðB�Þ for B� → π�πþπ− in the low-mπþπ− region induced by the interference
between ρð770Þ and the σ meson for (a) cos θ < 0 or cos θhel > 0 and (b) cos θ > 0 or cos θhel < 0. Rate asymmetries of ρð770Þ and σ
are added to (a) and (b) and shown in (c) and (d), respectively. The phases of Aσ

� relative to Aρ
� are given by Eq. (4.23).
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B� → ρ0π�. Evidently, the patterns exhibited in Figs. 4(e)
and 4(f) are not consistent with the data. Indeed, rate
asymmetries do not cancel when integrating over the angle.
We thus conclude that the experimental observation of the
interference pattern between P- and S-waves in the low-
mπþπ− region between 0.5 and 1.0 GeV is consistent with a
nearly vanishing CP violation in B� → ρ0π�.
For the interference between P- and S-waves, we have

thus far focused on the S-wave contribution from the σ
resonance. In principle, the interference of ρð770Þ with
f0ð980Þ and the nonresonant component as considered
in [3] is also allowed. Since the quasi-two-body decay
Bþ → f0ð980Þπþ is quite suppressed [37], the f0ð980Þ
fraction should be less than 1% (see, e.g., Table VI of
Ref. [35]), much smaller than the σ fraction of 25% in
the isobar model. The nonresonant contribution was not
specified in the LHCb analysis, though it has been studied
in the earlier BABAR measurement [31]. Therefore, in this
work, we will not consider the interference of ρð770Þ with
f0ð980Þ and the nonresonant background.

V. CONCLUSIONS

The decay amplitudes of B� → πþπ−π� in the Dalitz
plot analyzed by the LHCb indicate that CP asymmetry for
the dominant quasi-two-body decay B� → ρð770Þ0π� was
found to be consistent with zero in all three approaches for
the S-wave component and thatCP-violation effects related
to the interference between the ρð770Þ0 resonance and the
S-wave were clearly observed. We show that the nearly
vanishing CP violation in B� → ρ0π� is understandable in
the framework of QCD factorization. There exist two 1=mb
power corrections, one from penguin annihilations and the
other from hard spectator interactions. In the heavy quark

limit, ACPðB� → ρ0π�Þ turns out to be positive. Hard
spectator interactions will push it up further, whereas
penguin annihilation will pull it to the opposite direction.
These two power corrections contribute destructively to
ACPðB� → ρ0π�Þ to render it consistent with zero, in
contrast to the non-negligible CP asymmetry predicted in
most of the existing models.
We next show that the measured interference pattern

between the ρ and S-wave contributions in the low mπþπ−

region separated by the sign of value of cos θ can be
explained in terms of the smallness of ACPðBþ → ρ0πþÞ
and the interference between ρð770Þ and σ=f0ð500Þ. There
are two key ingredients needed for producing the observed
interference curve: one is the global phase difference
between ρð770Þ and σ contributions in B− and Bþ decays,
which has been measured by LHCb. The other is the long-
distance strong phase arising from the line shape of the
intermediate resonance. In particular, the real and imagi-
nary parts of the Breit-Wigner propagator with the ρ
resonance are proportional to s −m2

ρ and mρΓρ, respec-
tively. The characteristic feature of the interference pattern,
namely, CP asymmetry is proportional to ðs −m2

ρÞ cos θ, is
thus accounted for, as shown in Figs. 4(c) and 4(d). If CP
asymmetry in B� → ρ0π� is not negligible as predicted in
many existing models, the observed interference pattern
will be destroyed; see, e.g., Figs. 4(e) and 4(f). This again
implies a nearly vanishing CP violation in B� → ρ0π�.
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(a) (b) (c)

FIG. 5. Rate asymmetries ΔΓ in units of Γ ¼ 1=τðB�Þ for B� → π�πþπ− in the low-mπþπ− region induced by the σ meson (a) and the
ρð770Þ [(b) and (c)] for either cos θ < 0 or cos θ > 0. (a) corresponds to ACPðB� → σπ�Þ ¼ 0.15, (b) to ACPðB� → ρ0π�Þ ¼ −0.005,
and (c) to ACPðB� → ρ0π�Þ ¼ −0.12.

CP VIOLATION IN THE INTERFERENCE BETWEEN … PHYS. REV. D 106, 113004 (2022)

113004-11



[1] R. Aaij et al. (LHCb Collaboration), Observation of Several
Sources of CP Violation in Bþ → πþπþπ− Decays, Phys.
Rev. Lett. 124, 031801 (2020).

[2] R. Aaij et al. (LHCb Collaboration), Amplitude analysis of
the Bþ → πþπþπ− decay, Phys. Rev. D 101, 012006 (2020).

[3] J. H. Alvarenga Nogueira, I. Bediaga, A. B. R. Cavalcante,
T. Frederico, and O. Lourenmo, CP violation: Dalitz
interference, CPT, and final state interactions, Phys. Rev.
D 92, 054010 (2015).

[4] H. Y. Cheng and C. K. Chua, Revisiting charmless hadronic
Bu;d decays in QCD factorization, Phys. Rev. D 80, 114008
(2009).

[5] J. Sun, Q. Chang, X. Hu, and Y. Yang, Constraints on
hard spectator scattering and annihilation corrections in
Bu;d → PV decays within QCD factorization, Phys. Lett. B
743, 444 (2015).

[6] Y. Li, A. Ma, W. Wang, and Z. Xiao, Quasi-two-body
decays BðsÞ → Pρ → Pππ in perturbative QCD approach,
Phys. Rev. D 95, 056008 (2017).

[7] J. Chai, S. Cheng, Y. h. Ju, D. C. Yan, C. D. Lü, and Z. J.
Xiao, Charmless two-body B meson decays in perturbative
QCD factorization approach, arXiv:2207.04190.

[8] W. Wang, Y. M. Wang, D. S. Yang, and C. D. Lu, Charmless
two-body BðsÞ → VP decays in soft-collinear-effective-
theory, Phys. Rev. D 78, 034011 (2008).

[9] H. Y. Cheng, C. W. Chiang, and A. Kuo, Updating
B → PP; VP decays in the framework of flavor symmetry,
Phys. Rev. D 91, 014011 (2015).

[10] S. Zhou, Q. Zhang,W. Lyu, and C. Lü, Analysis of charmless
two-body B decays in factorization assisted topological
amplitude approach, Eur. Phys. J. C 77, 125 (2017).

[11] LHCb Collaboration, Search for direct CP violation in
charged charmless B → PV decays, arXiv:2206.02038.

[12] J. H. Alvarenga Nogueira, I. Bediaga, T. Frederico, P. C.
Magalhães, and J. Molina Rodriguez, Suppressed B → PV
CP asymmetry: CPT constraint, Phys. Rev. D 94, 054028
(2016).

[13] R. Aaij et al. (LHCb Collaboration), Amplitude Analysis of
the Decay B̄0 → K0

Sπ
þπ− and First Observation of the CP

Asymmetry in B̄0 → K�ð892Þ−πþ, Phys. Rev. Lett. 120,
261801 (2018).

[14] I. Bediaga and C. Göbel, Direct CP violation in beauty and
charm hadron decays, Prog. Part. Nucl. Phys. 114, 103808
(2020).

[15] M. Beneke and M. Neubert, QCD factorization for B → PP
and B → PV decays, Nucl. Phys. B675, 333 (2003).

[16] M. Wirbel, B. Stech, and M. Bauer, Exclusive semileptonic
decays of heavy mesons, Z. Phys. C 29, 637 (1985); M.
Bauer, B. Stech, and M. Wirbel, Exclusive nonleptonic
decays of D, Ds, and B mesons, Z. Phys. C 34, 103 (1987);
34, 103 (1987).

[17] M. Beneke, G. Buchalla, M. Neubert, and C. T. Sachrajda,
QCD Factorization for B → PP Decays: Strong Phases and
CPViolation in the Heavy Quark Limit, Phys. Rev. Lett. 83,
1914 (1999); QCD factorization for exclusive, nonleptonic
B meson decays: General arguments and the case of heavy
light final states, Nucl. Phys. B591, 313 (2000).

[18] H. Y. Cheng and C. K. Chua, Resolving B-CP puzzles in
QCD factorization, Phys. Rev. D 80, 074031 (2009).

[19] B. Aubert et al. (BABAR Collaboration), Observation of
Direct CP Violation in B0 → Kþπ− Decays, Phys. Rev.
Lett. 93, 131801 (2004).

[20] T. Aaltonen et al. (CDF Collaboration), Evidence for the
Charmless Annihilation Decay Mode B0

s → πþπ−, Phys.
Rev. Lett. 108, 211803 (2012).

[21] R. Aaij et al. (LHCb Collaboration), Observation of the
Annihilation Decay Mode B0 → KþK−, Phys. Rev. Lett.
118, 081801 (2017).

[22] R. L. Workman et al. (Particle Data Group), Review of
particle physics, Prog. Theor. Exp. Phys. 2022, 083C01
(2022).

[23] H. Y. Cheng and C. K. Chua, QCD factorization for charm-
less hadronic Bs decays revisited, Phys. Rev. D 80, 114026
(2009).

[24] G. Zhu, Implications of the recent measurement of pure
annihilation Bs → πþπ− decays in QCD factorization, Phys.
Lett. B 702, 408 (2011).

[25] K. Wang and G. Zhu, Flavor dependence of annihilation
parameters in QCD factorization, Phys. Rev. D 88, 014043
(2013).

[26] C. D. Lü, Y. L. Shen, C. Wang, and Y. M. Wang, Enhanced
next-to-leading-order corrections to weak annihilation
B-meson decays, arXiv:2202.08073.

[27] R. Aaij et al. (LHCb Collaboration), Observation of the
Annihilation Decay Mode B0 → KþK−, Phys. Rev. Lett.
118, 081801 (2017).

[28] H. Y. Cheng, C. W. Chiang, and C. K. Chua, Width effects
in resonant three-body decays: B decay as an example,
Phys. Lett. B 813, 136058 (2021).

[29] H. Y. Cheng, C. W. Chiang, and C. K. Chua, Finite-width
effects in three-body B decays, Phys. Rev. D 103, 036017
(2021).

[30] G. J. Gounaris and J. J. Sakurai, Finite-Width Corrections to
the Vector Meson Dominance Prediction for ρ → eþe−,
Phys. Rev. Lett. 21, 244 (1968).

[31] B. Aubert et al. (BABAR Collaboration), Dalitz plot analysis
of Bþ → πþπþπ− decays, Phys. Rev. D 79, 072006 (2009).

[32] H. Y. Cheng, CP violation in B� → ρ0π� and B� → σπ�
decays, arXiv:2005.06080.

[33] H. Y. Cheng, C. K. Chua, and K. C. Yang, Charmless
hadronic B decays involving scalar mesons: Implications
to the nature of light scalar mesons, Phys. Rev. D 73,
014017 (2006).

[34] J. Charles, A. Höcker, H. Lacker, S. Laplace, F. R. Le
Diberder, J. Malclés, J. Ocariz, M. Pivk, and L. Roos
(CKMfitter Group), CP violation and the CKM matrix:
assessing the impact of the asymmetric B factories, Eur.
Phys. J. C 41, 1 (2005), updated results and plots available
at: http://ckmfitter.in2p3.fr.

[35] H. Y. Cheng and C. K. Chua, Branching fractions and CP
violation in B− → KþK−π− and B− → πþπ−π− decays,
Phys. Rev. D 102, 053006 (2020).

[36] H. Y. Cheng, C. K. Chua, and A. Soni, Final state inter-
actions in hadronic B decays, Phys. Rev. D 71, 014030
(2005).

[37] H. Y. Cheng, C. K. Chua, K. C. Yang, and Z. Q. Zhang,
Revisiting charmless hadronic B decays to scalar mesons,
Phys. Rev. D 87, 114001 (2013).

HAI-YANG CHENG PHYS. REV. D 106, 113004 (2022)

113004-12

https://doi.org/10.1103/PhysRevLett.124.031801
https://doi.org/10.1103/PhysRevLett.124.031801
https://doi.org/10.1103/PhysRevD.101.012006
https://doi.org/10.1103/PhysRevD.92.054010
https://doi.org/10.1103/PhysRevD.92.054010
https://doi.org/10.1103/PhysRevD.80.114008
https://doi.org/10.1103/PhysRevD.80.114008
https://doi.org/10.1016/j.physletb.2015.03.001
https://doi.org/10.1016/j.physletb.2015.03.001
https://doi.org/10.1103/PhysRevD.95.056008
https://arXiv.org/abs/2207.04190
https://doi.org/10.1103/PhysRevD.78.034011
https://doi.org/10.1103/PhysRevD.91.014011
https://doi.org/10.1140/epjc/s10052-017-4685-0
https://arXiv.org/abs/2206.02038
https://doi.org/10.1103/PhysRevD.94.054028
https://doi.org/10.1103/PhysRevD.94.054028
https://doi.org/10.1103/PhysRevLett.120.261801
https://doi.org/10.1103/PhysRevLett.120.261801
https://doi.org/10.1016/j.ppnp.2020.103808
https://doi.org/10.1016/j.ppnp.2020.103808
https://doi.org/10.1016/j.nuclphysb.2003.09.026
https://doi.org/10.1007/BF01560299
https://doi.org/10.1007/BF01561122
https://doi.org/10.1007/BF01561122
https://doi.org/10.1103/PhysRevLett.83.1914
https://doi.org/10.1103/PhysRevLett.83.1914
https://doi.org/10.1016/S0550-3213(00)00559-9
https://doi.org/10.1103/PhysRevD.80.074031
https://doi.org/10.1103/PhysRevLett.93.131801
https://doi.org/10.1103/PhysRevLett.93.131801
https://doi.org/10.1103/PhysRevLett.108.211803
https://doi.org/10.1103/PhysRevLett.108.211803
https://doi.org/10.1103/PhysRevLett.118.081801
https://doi.org/10.1103/PhysRevLett.118.081801
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1103/PhysRevD.80.114026
https://doi.org/10.1103/PhysRevD.80.114026
https://doi.org/10.1016/j.physletb.2011.07.045
https://doi.org/10.1016/j.physletb.2011.07.045
https://doi.org/10.1103/PhysRevD.88.014043
https://doi.org/10.1103/PhysRevD.88.014043
https://arXiv.org/abs/2202.08073
https://doi.org/10.1103/PhysRevLett.118.081801
https://doi.org/10.1103/PhysRevLett.118.081801
https://doi.org/10.1016/j.physletb.2020.136058
https://doi.org/10.1103/PhysRevD.103.036017
https://doi.org/10.1103/PhysRevD.103.036017
https://doi.org/10.1103/PhysRevLett.21.244
https://doi.org/10.1103/PhysRevD.79.072006
https://arXiv.org/abs/2005.06080
https://doi.org/10.1103/PhysRevD.73.014017
https://doi.org/10.1103/PhysRevD.73.014017
https://doi.org/10.1140/epjc/s2005-02169-1
https://doi.org/10.1140/epjc/s2005-02169-1
http://ckmfitter.in2p3.fr
http://ckmfitter.in2p3.fr
http://ckmfitter.in2p3.fr
https://doi.org/10.1103/PhysRevD.102.053006
https://doi.org/10.1103/PhysRevD.71.014030
https://doi.org/10.1103/PhysRevD.71.014030
https://doi.org/10.1103/PhysRevD.87.114001

