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We derive new functional renormalization group flows for quantum gravity, in any dimension. The key
new achievement is that the equations apply for any theory of gravity whose underlying Lagrangian ~
f(R,u,5) is afunction of the Riemann tensor and the inverse metric. The results centrally exploit the benefits
of maximally symmetric spaces for the evaluation of operator traces. The framework is highly versatile and
offers a wide range of new applications to study quantum gravitational effects in extensions of Einstein
gravity, many of which have hitherto been out of reach. The phase diagram and sample flows for Einstein-
Hilbert gravity, Gauss-Bonnet, and selected higher-order theories of gravity are given. We also provide an
algorithm to find the flow for general polynomial Riemann curvature interactions. The setup vastly enhances
the reach of fixed point searches, enabling novel types of search strategies including across the operator
space spanned by polynomial curvature invariants, and in extensions of general relativity relevant for
cosmology. Further implications and links with unimodular versions of gravity are indicated.
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I. INTRODUCTION

An appealing scenario for the quantum nature of gravity
is that general relativity emerges as a relevant perturbation
from an interacting UV conformal fixed point [1]. If so, a
finite number of independent parameters would ensure
predictivity and characterize the renormalization group
trajectories which connect the fixed point of quantum
gravity in the UV with classical gravity in the IR.
However, what complicates matters at this point is that
the fundamental gravitational Lagrangian is not known. In
principle, it should consist of an infinite tower of inter-
actions formed out of the Riemann tensor and covariant
derivatives thereof, where, unlike in model building beyond
the Standard Model, higher-dimensional interactions cannot
be omitted. Hence, identifying fixed points and relevant
perturbations in quantum gravity would seem like an
impossible task.

Progress has been made in studying subsets of curvature
invariants. In Einstein-Hilbert gravity, asymptotically safe
fixed points and relevant perturbations have by now been
identified [2—-32]. Next natural steps have been the inclu-
sion of higher-order interactions such as fourth-order
interactions, nonlocal interactions, powers of the Ricci
scalar R, or functions of curvature invariants such as f(R)
and similar [33-71]. An important tool in the search for
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fixed points is the bootstrap search strategy [47], where the
canonical mass dimension of invariants is used as an
ordering principle. High-order bootstrap studies have
shown that quantum gravity becomes “as Gaussian as it
gets” and largely dominated by a few dominant interactions
[47,51,64,65,69].

More concretely, fixed point searches have addressed
fourth-order interactions [39,41-43,68] and a selection of
sixth-order interactions including R3? [35-37,47,51], the
Goroff-Sagnotti term C,,”°C,,*C* [60], R-R,,R"
[64], and R - (R, ,,R*"*7) [69]. Dedicated high-order stud-
ies have retained selected types of curvature interactions
such as R*™ [47,51,65], (R, R")" [64], R- (R, R")"
[64], (R,,,-R*"?°)" [69], and R - (R,,,,R*""7)" [69], often
up to including very high orders n. By and large, fixed
points and relevant perturbations with viable scaling
dimensions are found. Results converge well with an
increasing number of interaction monomials. Higher cur-
vature interactions are important quantitatively even if they
relate, ultimately, to irrelevant perturbations. More recently,
it was noted that more complex Ricci and Riemann tensor
interactions may shift fixed points more strongly away
from their Einstein-Hilbert counterpart [64,69] and that
Riemann tensor interactions may lead to new relevant
perturbations in the UV [69].

These findings encourage broader, systematic investiga-
tions. In this work, we provide new functional flow
equations for f(R,,,,) quantum gravity. Crucially, to enable
the study of general curvature invariants we take full
advantage of maximally symmetric backgrounds which
are used for the evaluation of operator traces. The setup
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encompasses essentially all gravitational flows investigated
thus far within the asymptotic safety program, with the
exception of flows which adopt, e.g., less symmetric
background geometries. We discuss the pros and cons of
our approach and explain in detail why it leads to important
simplifications. Most notably, we find that a general flow for
f(Ryups) quantum gravity can be determined without
specifying the underlying Lagrangian, other than being of
the f(R,.,,) type. This underlying structure allows for new
types of systematic fixed point searches in the space of
polynomial curvature invariants and opens the door for
much farther-reaching fixed points searches beyond.

The remainder of this work is organized as follows. In
Sec. II, we recall the formalism of functional renormaliza-
tion for gravity within the single-field or background field
formalism, discuss salient technical aspects, and detail the
choices adopted in this work. In Sec. III, we derive the
renormalization group flows for f(R,,,) theories of
gravity, providing all steps of the derivation. We explain
why the flows on maximally symmetric backgrounds can
be parametrized by a small set of scalar functions. Further
aspects of the methodology, the Hessians, the flows, and
their key new features are also discussed. In Sec. IV, we
illustrate the methodology with several applications,
including a general algorithm to find flows for polynomial
curvature invariants, new flows and analytical phase
diagrams for Einstein-Hilbert gravity, and sample flows
for Gauss-Bonnet and various higher-curvature gravities.
In Sec. V, we conclude with a brief outlook. Three
appendixes summarize technicalities such as metric deriv-
atives of the Lagrangian (Appendix A), Hessians obtained
without the York decomposition (Appendix B), and
explicit expressions for the gravitational renormalization
group equations (Appendix C).

II. RENORMALIZATION GROUP FOR GRAVITY

In this work, we employ renormalization group methods
to find flow equations of quantum gravitational systems. In
general, we are interested in nonperturbative effects of
quantum gravity for which the functional renormalization
group serves as a useful semianalytical tool. In this section,
we give a brief introduction to the functional renormaliza-
tion group and explain the technical setup and key choices
made in this work.

A. Functional renormalization

Our starting point is the partition function of a quantum
field theory containing quantum fields ¢;, where the index i
labels different fields as well as Lorentz indices. For the
particular case of pure quantum gravity, ¢b; might contain the
metric field g,, as well as ghost fields arising from the
gauge-fixing procedure or the measure of the path integral.
We denote the classical action of this theory by S[¢;]. To give

the partition function a renormalization scale dependence, an
infrared regulator AS; can be included:

211 = [ oo, exp{Ask[cb,-J - st - | ddxﬁr/),-j"},
(1)

with

AS (] = / S /ib RN @)

and j' the source terms for the fields ¢;. The infrared

regulator Rf”ﬁj (A) is chosen such that it suppresses modes
with Ag; < K¢ ;> where A is a Laplacian for the field ¢; and
k denotes the renormalization group (RG) scale. Starting
from these definitions, the effective average action I'; is
related to the Legendre transformation of the partition
function, defined by

Tilpi] = fk[‘ﬁi] — ASi[oil, (3)
with

‘ : or
) = to(liy ) + [ axvaiyhi ot

5 :jf/),- (4)

In the infrared limit where the cutoff is removed, AS; — 0
for k — 0, the effective action I'; reduces to the quantum
effective action I'. The scale dependence of 'y, can be shown
to be given by an exact functional identity, the flow equation,
which derives from the path integral representation of the
theory [72]:

a,Fk = %Tr{(za)ti}, (5)
I+ Ry

where the only objects entering the right-hand side are the

infrared regulator R, and the Hessians of the effective

average action F}({z)_ The trace on the right-hand side of

Eq. (5) is a functional trace including a sum over all field

indices as well as an integration over spacetime.

At weak coupling, iterative solutions of the flow generate
the conventional perturbative loop expansion [73,74]. In the
limit where the momentum cutoff becomes a momentum-
independent mass term, the flow reduces to a Callan-
Symanzik equation [75], which may require an additional
renormalization of the flow itself [76]. The usefulness of
Eq. (5) stems from the fact that it is an exact equation and
that it can be applied in situations where perturbative
treatments are no longer applicable. Furthermore, it can
be solved exactly in special limits such as large N, e.g.,
Refs. [77-81]. Elsewise practical solutions often involve
systematic approximations such as the derivative expansion,
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vertex expansion, or combinations thereof, giving access to
nonperturbative effects. Furthermore, optimized choices for
the regulator [82,83] allow for analytic flows and enhanced
convergence [84,85]. The stability of approximations can be
probed through the variation of technical parameters such as
the cutoff function R, [8,84,86-88] or the projection
method [89].

In gravity, the functional renormalization group has
been introduced originally in Ref. [90], with many
subsequent studies testing the asymptotic safety scenario.
Analytical flows for gravity have first been provided in
Ref. [6] and used in many studies of gravity. Furthermore,
maximally symmetric backgrounds have been used promi-
nently to evaluate operator traces for gravitational flows
[37,51,64,65]. In the following, we explain some of the
technical choices used there and generalize gravitational
flows for general actions.

B. Splitting the metric

In quantum gravity, the introduction of an IR regulator
requires the usage of the background field method due to
the necessity of a scale separating IR from UV modes [91].
Hence, in this case the full metric needs to be split into a
background metric g,, and a fluctuation part 8g,,[h,,],
yielding

9w = S_]/w + ag;w [hpﬂ]' (6)

The path integral then integrates only over the fluctuation
field h,,. Note that the fluctuation part can, in general,
depend nonlinearly on the fluctuation field. Two natural
choices arise, the linear split

Guv = g,uu + h/u/ (7)

and the exponential split, originally introduced for the
study of quantum gravity in 2 4 & dimensions [92-95] (see
also [96]),

_ _ 1
G = gﬂp(eh)py = 9w + h/w + Ehyphpv + O(h3) (8)

Using the linear split (7) corresponds to an integration over
all possible metric fields in the path integral, including
degenerate metrics and metrics with different signature than
the background metric g,,. In contrast to that, the expo-
nential split formally restricts the integration to be carried
out over those metrics g, which have the same signature as
g,w.l To be able to study both of these choices simulta-
neously, we introduce a parameter 7 interpolating between
them [25]:

'For other variants of an exponential split, see [22,23].

G = (1= DG + hu] + 75, (e")7,
T
= g;w + h;w + Eh;lphplz + 0(h3) (9)

Clearly, for r =0 we get Eq. (7) and for 7 = 1 we have
Eq. (8). We will, however, not limit ourselves to such
choices and implement 7 as a free parameter in our setup.

As a last remark, we note that details of the metric split
(6) beyond quadratic order (9) will not be needed in the
present work. This implies that Eq. (9) with a free
parameter 7 captures already the most general case. In this
light, it should also be kept in mind that the value 7 = 1 (to
which we will refer as the exponential split) can be
achieved by many other nonlinear splits (6) different from
Eq. (8), some of which may formally correspond to metrics
9w Which have a different signature from g,, .

C. Background field approximation

Using the background field method with a metric split as
in Eq. (6), the classical action S[¢;] depends on only the full
metric g,,, and, therefore, its dependence on g, and h,,, is
related by Eq. (6). This is, however, not true for the
regulator term AS;[¢;], since

Ry =RV (5,) (10)

is allowed to depend only on the background metric g, but
not on the quantum fields, or else the flow equation is no
longer exact in its present form. Hence, the regulator
required to obtain Eq. (5) generally breaks the split
symmetry induced by the metric split (6) in the path
integral. Therefore, even though the dependence of the
classical action S|g,,| on g,, and h,, is directly given by
Eq. (6), the resulting effective average action is a functional
whose dependence on g, and h,, breaks Eq. (6) and is not
known a priori. Thus, we might think of I'; as a functional
with an unrelated dependence on the quantum field ¢; and
the background metric g,,:

Iﬂlk = Fk[f_]qusi]' (11)

Here, ¢; includes the fluctuation metric £, as well as ghost
fields such as arising from gauge fixing or the measure of
the path integral. In principle, the relation between the
dependence on g,, and A, can be obtained using modified
split symmetries. For alternative strategies, see [97].

In our approach, we will follow the single-field or
background field approximation. The basic intuition for
this approximation lies in the idea that the flow remains to
be driven by objects not modifying the metric split which is
induced in Eq. (6). Doing so, we write the action as

l—‘k [gﬂlﬂ ¢l] = 1=‘k [g;w + 59/41/] + lﬁ‘k [gﬂlﬂ ¢i}’ (12)
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with
fk[guu’ 0] =0. (13)

In this notation, I';, depends on only the full metric G and
contains only operators not modifying the split of the
metric. The background field approximation then amounts
to taking fk to be given by the terms in the bare action
arising from the functional measure. Moreover, their k
dependence is neglected. Using Eq. (5), we then determine
the flow of ', by evaluating the right-hand side at vanishing
quantum fields, i.e.,

_ 1 o,R
0T k(9= jﬁ{ﬁ}‘ . (14)
k k2 g0

An advantage of the background field approximation is that
it allows the study of rather general types of gravitational
theories.

D. Maximally symmetric backgrounds

An important ingredient of the flow equation is the
operator trace in Eq. (14). In principle, curved or flat
background geometries can be used for its evaluation. The
use of general backgrounds, albeit desirable, is out of reach
presently for the types of theories considered here. Progress
can be made by using maximally symmetric background
geometries, whose simplifications make the evaluation of
operator traces tractable. Equally important, for maximally
symmetric backgrounds, all heat kernel coefficients for
scalar, vectors, and tensors are available in closed form
[98]. This ensures from the outset that polynomial expan-
sions of Lagrangians can always be performed.

On a maximally symmetric background, all curvature
invariants can be expressed in terms of the scalar Ricci
curvature which itself is related to the single dimensionful
parameter available on such backgrounds. For positive
curvature, the resulting geometry is a sphere and the
dimensionful parameter its radius. Irrespective of the sign
of the curvature, we have the following identities:

_ R o o
de/w = m (gpﬂgav - gpl/QO'[t)’
G- -
R,="GR  V,R=0. (15)

where we have indicated objects constructed from the
background metric by a bar. Because of Eq. (15), the only
remaining objects which can carry indices are the back-
ground metric, quantum fields in the path integral, and
covariant derivatives acting on them. In the next subsection,
we see that this combined with a useful field decomposition
leads to the absence of nonminimal differential operators in
functional traces, i.e., on the right-hand side of Eq. (14).

E. Field decomposition

Following Eq. (14), we require the Hessians of I’
evaluated on the background geometry to compute the
flow. The usage of a maximally symmetric background
gives the most general form of such Hessians as

ST,
506,

with u,(R) a scalar depending on only the background
scalar curvature and v,(g,,. v) a tensor carrying the
Lorentz indices of the fields ¢; and ¢;. At this point, v,
might include differential operators with indices of tensor
fields and is not a function of the Laplacian only. To ensure
that v, can be written as a function of the Laplacian, we
need to decompose all fields carrying indices into trans-
verse and traceless pieces. For a vector field T, this
decomposition is well known and given by

- ZM’T(R>vn(gywv)’ (16)
$e=0 n

T,=¢&+V,n with V*&, =0. (17)

Note that the scalar field # is fully determined up to a
constant shift which drops out due to the covariant deriva-
tive. Hessians between the fields £, and # can include the
Laplacian only after commuting covariant derivatives. The
reason for this is that a covariant derivative in »,, carrying an
open index would spoil the transverseness required after the
field decomposition (17). From this consideration, it also
follows that the Hessian between fields containing a differ-
ent number of indices must vanish.

There is an analogous decomposition for a general
symmetric tensor fields 4, given by the York decom-
position [99]:

hy = hl, + V&, +V,&, + <v,,vy _ %‘;W)a + ‘%”h,
(18)

with

hl,=hl,. VFRL,=0, @*nl,=0, V' =0. (19)

Note that the different York modes are given unambiguously
up to Killing vectors £, constant scalars ¢, and conformal
Killing vectors V,6 whose contributions drop out from
Eq. (18). By the same arguments as before, it follows that
Hessians between these York modes can include only
minimal differential operators. It also follows that
Hessians between fields containing a different number of
indices vanish.

Using the York decomposition, the Hessian of I';, with
respect to h,, becomes matrix valued; the components of
this matrix refer to the different York modes. Using the
simplifications just discussed, its most general form is
given by
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0 000

5 o I 0 o0

ry = ¢ N e
0 0 IY IY

0 0 T T

on a maximally symmetric background.2 This matrix is
diagonal apart from the 2 x 2 submatrix between ¢ and /.

The York decomposition (18) as well as the decom-
position for vector fields (17) are background-metric-
dependent redefinitions of fields integrated over in the
path integral. As such, they introduce nontrivial Jacobians
into the measure of the path integral. We take care of these
using the Faddeev-Popov trick and write them as contri-
butions to fk arising from ghost fields. For details of this
procedure, the reader is referred to Ref. [64].

F. Gauge fixing

Next, we need to gauge fix the gravitational action to
make the propagator invertible. We use a standard gauge-
fixing action given by

1
G=5 / dx\/gF ,F, (21)
with
-, 146~ -
Fu=V2x (v By — 4vﬂh>. (22)

The parameters a and ¢ are arbitrary gauge parameters and
are often chosen to help with computational simplicity.

A useful gauge choice is given by the Landau gauge
a— 0, as it was argued in Ref. [100] that it is a
renormalization group fixed point for the gauge parameters.
This also serves as a justification for neglecting the
renormalization group running of the gauge parameter.
While this restricts the parameter @, 6 is not fixed by a
similar argument. Technically, however, there are two
useful choices, namely, 6 = 0 and 6 — oo, the latter one
also known as the unimodular gauge. In the first case
(6 =0) and on maximally symmetric backgrounds, the
Hessian of the gauge-fixing action becomes

K'2

_ =1 (B A2
= T6a d4x\/§[§”(R +4V?)2em

— VAR + (d - 1)V?)%6]. (23)

G2

In the Landau gauge together with 6 = 0O, contributions
from I'; to the Hessians involving &, or o can be neglected,

*Note that here we consider only the part of the Hessian
describing contributions associated to the York modes.

simply because the contributions from G®) are dominant
due to a — 0. This even remains true for the off-diagonal
elements contained in Eq. (20) when using Eq. (14). For
generic 6, however, such a simplification does not occur,
and it is necessary to consider Hessians coming from I’
together with Hessians from the gauge-fixing action. The
only other choice for ¢ leading to simplifications is given by
the unimodular gauge. In this case, the Hessian of G
remains unchanged for G%; however, its dominant con-
tributions to the 2 x 2 submatrix in Eq. (20) are located in
the Hessian of G". It follows that contributions from I, to
Hessians of &, or h can be neglected in the unimodu-
lar gauge.

Even though either of these gauge choices lead to
welcome simplifications of the flow equation, we focus
below on the Landau gauge with § = 0. From a practical
point of view, this can, at least partly, be motivated by
invoking a principle of least variation, observed in the
Einstein-Hilbert theory [25], which also favors the expo-
nential split together with 6 = 0. Also, this choice together
with a linear split of the metric (z = 0) has been adopted by
many previous works in the literature, offering points of
contact for consistency checks of results.

Finally, just as the York decomposition, this gauge-fixing
procedure introduces a nontrivial determinant into the path
integral. This is taken care of using the Faddeev-Popov
trick in the same way as the Jacobian arising from the York
decomposition [64].

G. Flows for quantum gravity

Having specified the gauge fixing in the previous
section, we are now able to explicitly invert the matrix
in field space in Eq. (14). For this, let us remember that
there are four York modes entering the flow (hzy, &y» 0, and
h) as well as various ghost fields arising from the Faddeev-
Popov procedure and the Jacobians induced by the York
decomposition. Without going into details, we note that
these ghost fields include five transverse vectors and seven
scalars.” Under the assumption that the regulator terms take
the same form as the Hessian and, in particular, making use
of Eq. (20), (14), the flow equation boils down to

o1 ORI 1. oRY
atrk:ETrz{FZThT—f—RZThT _zTrl( ) —VZ—{—S—FR,Y
| 0,/R3 } 1 { o,/ Ruh }
——Tr, ———— +=-Trgs =——— ¢,
27 {—V2—£+Ri 270\ Ry
(24)

in Landau gauge with 6 =0. In accordance with the
background field approximation, it is implicitly understood

*We count GraBmann variables and their complex conjugate as
separate fields.
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that fluctuation fields are set to zero after computing the
Hessians. These traces are functional traces over fields of
different spin as indicated by their subscripts. Hence, the
traces Try, Try, and Tr, are understood as traces over
scalars, transverse vectors, and transverse traceless sym-
metric tensors, respectively. Moreover, primes denote the
exclusion of lowest modes which should be excluded if
they do not contribute to the field decomposition into
transverse and traceless pieces [5]. Note that these modes
should be excluded only on maximally symmetric back-
grounds with positive curvature. For this reason, we have
put the primes in brackets to indicate that an exclusion is
not necessary on a hyperbolic space [59].

The first and the last traces of Eq. (24) are directly related
to the fluctuations of the transverse mode h,f,, and the trace
mode /. As such, they receive contributions only from the
physical part T, of the effective average action. The
fluctuations with respect to &, as well as the five different
transverse vector ghosts are contained in the second trace.
To arrive at this compact result, we have regulated all these
contributions with the same regulator R,‘{/ Because of the
gauge-fixing contributions being dominant over I:i‘f in
Landau gauge, it follows that the second trace is completely
independent of T';. Similarly, all contributions from the ¢
mode and the seven remaining different scalar ghost
contributions are contained in the third trace. Again, for
the chosen gauge, all contributions from I'; to the Hessian of
o can be neglected as well as the off-diagonal elements in
Eq. (20). Using the same regulator Rf for these contribu-
tions, we arrive at Eq. (24); see [64,65] for more details.

H. Wilsonian cutoff

The next ingredient to the functional renormalization
group is the infrared regulator, which has to be introduced
for each field in the path integral. Thus far, we have not
made any assumptions about its explicit shape or whether it
depends on couplings in the effective action, simply
because the form of Eq. (24) does not depend on such
choices. In the following we aim at finding simple analytic
flows, also guided by stability considerations. Still, we
emphasize that our regulator choices are by no means
mandatory, and perfectly viable and tractable flows can be
found for other choices.

The first choice we make is defining the regulator (24) by
the replacement rule [37]

Y (V) + RV (VP 4 )
— PR (-V2 + E;) - V?), (25)

for physical contributions depending on I';. The shape
function R;(g?) obeys the limits R;(¢*) > 0 for g*>/k* — 0
and R;(q*) — 0 for k?/q> — 0 [82]. We use the optimized
cutoff [83]

R(2) = (& = 2)0(k* - 2). (26)

which leads to simple, analytical flows with enhanced
convergence properties [84,101,102], e.g., in the local
potential approximation (LPA) which is similar to the
approximations considered here for gravity. The parameters
E; in Eq. (25) are endomorphisms which can be chosen
freely, subject to positive definiteness of the resulting
Laplacian:

-V2 4+ E; > 0. (27)

In general, we might introduce different endomorphisms
for different contributions in Eq. (24). Doing so, we denote
the endomorphism in the regulator for the transverse tensor
modes by E; and the endomorphism for the trace mode by
E,. For the remaining regulators, we choose

R} = Ri(-V* + E,), R = R(-V? + Ej3). (28)
The resulting bounds on the endomorphism parameters
from Eq. (27) can be read off from the eigenvalues of —V?
acting on fields of different spin and requiring that all
eigenvalues stay positive after adding the endomorphism.
Taking into account that some modes are excluded from the
functional traces, this yields

E1>—2(2+d_1)_2R, E2>—2(2+d_1)_1R,
dd—1) dd—1)
22+d-1)
Ey>—-———"—""R, Ey>0, 29
3> dd—-1) 4> (29)

for positive curvature backgrounds.

Note that the optimized cutoff (26) vanishes identically
whenever —V? + E; > k2 It follows that the propagators in
Eq. (24) are nonzero only when -2+ E; < k*. In this
regime, the Heaviside function in Eq. (26) is unity, and all
propagators are effectively rendered constant. All in all,
these simplifications lead to

o1 ORI (— V2+E1)
AVES ETrz{ rhrhr (e — }
1 0,R,(-V? + E;)
—Tr{ ( + Ly }
2 -E,-%
1 0,R;(-V?
Tr{ W(=V +E3)}
2 - Ey— A&
1 ORI (V2 + E,)
~Tr, : 30
R e

on spherical backgrounds. Hence, the only differential
operators we need to take care of in the functional traces
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are polynomials in —V? coming from ()tRfi(ﬁj multiplied by
Heaviside functions from the optimized cutoff (26). In
particular, no inverse of a differential operator or linear
combinations thereof is required.

I. Trace technology
Lastly, we need to consider the computation of the
functional traces in Eq. (30). As noted already, the only
differential operators we have to deal with are Laplacians to
non-negative powers multiplied by Heaviside theta functions
arising from the optimized cutoff, i.e., functions of the form

W, (=V?) = (=V2)"9(k> + V> —E).  (31)

Trspin{ W, (_@2

We compute these traces using the early time expansion of
the heat kernel. This is done by first using the anti-Laplace
transformation to write

Trgn{eV'}.  (32)

Try (W, (-92)) = / ® dsW, ()T

The general form of the heat kernel expansion on spheres is
given by [98]

Vol
(4s)4/?

[b(spln) n +c(5pm) d/2+n]. (33)
n=0

2
qpm{esv }

Therefore,

S Il — spin
onas 4 7o

2 p (spm) (spin)
Vol k c
— d 2m n+d/2—1—m d+2m _ p—1—-m
L / @ Z [ T(d/2 —m) T (=m) @
_ Vol & bg;[;m) (k2 )n+d/2—m CE;_E;‘% (kZ _ E)n—m (34)
(47)4/? = |(n+d/2—m)[(d/2 —m) (n—m)T(-m) |’

where we have used

1 /00
st = dww—l—ne—a).s"
I'(=n) Jo

Note that in obtaining Eq. (34) we have used analytical
continuation in d. The coefficients nglzm are nonvanishing
only for fields fulfilling differential constraints, i.e., in the
cases spin = 1 and spin = 2, and originate from excluded
modes.

For large m and even dimension, the I" functions in
Eq. (34) can become singular. Because of the presence of
these poles, we note that in even dimensions only a finite
number of heat kernel coefficients is required. This is due to
the fact that, for large enough m, the poles induced by the
Gamma functions in the denominators cannot be compen-
sated by anything else in these equations wherefore these
contributions vanish. The last nonvanishing contributions
are given by

(35)

n—i—%l—m:O, n—m=0, (36)
for the b and c coefficients, respectively. In these cases, the
poles are compensated by zeros in the denominators of
Eq. (34) and give a finite contribution. The fact that only a
finite number of terms contribute in Eq. (34) can be traced
back to the properties of the optimized cutoff and leads to

only a finite number of heat kernel coefficients contributing

|

to the flow equation. Even though this choice leads to a
somewhat simpler structure, it is not required to stick to it,
since all heat kernel coefficients on spheres are known [98].
For this reason, it is possible to obtain explicit flows for
generic cutoff functions other than Eq. (26).

This concludes our algorithm to compute flow equations
of the form (14). What is left is the form of the Hessians of
I, contributing to the flow. This is the subject of the next
section.

I1II. HIGHER-ORDER THEORIES OF GRAVITY

In this section, we derive functional renormalization
group flows for f(R,,,,) type of theories of gravity, whose
actions are general functions of the Riemann tensor and the
inverse metric. We also explain the role of maximally
symmetric backgrounds, which are used for the determi-
nation of operator traces.

A. Action

From now on, we assume that the Lagrangian £ is a
general function of the Riemann tensor and the inverse
metric, without any covariant derivatives acting on
Riemann tensors. The gravitational actions can, therefore,
be written as

1:‘k [g/w} = / ddx\/g‘c(Rpauw gaﬂ>. (37)
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This covers a rather wide range of models including the
Einstein-Hilbert theory, Stelle’s fourth-order theory for
gravity, f(R) models, and many more higher-order exten-
sions of gravity. We also note that the search for asymp-
totically safe fixed points of quantum gravity has almost
exclusively been focused on specific models of the
type (37).

Flow equations for actions (37) are particularly useful
when considering LPA-like approximations for gravity in the
spirit of Ref. [45]; see, e.g., [6,33,36-38,47,51,65,68,69,90].
Selecting one curvature invariant per mass dimension which
is nonvanishing on maximally symmetric backgrounds, we
may expand the action into a power series of curvature
invariants:

fo= > [ TX Ry ). (38)
n=0

Here, n > 0 sums over operators X, with canonical mass
dimension [X,] = 2n, constructed out of the Riemann tensor
and the inverse metric, and associated coupling constants 4,
with canonical mass dimension [1,] = d — 2n.

In the remainder, we derive general flow equations for
actions (37) or polynomial couplings as in Eq. (38). From a
practical point, we take the view that {R,,,,.g”} are the
fundamental variables of L. Alternative choices for the
fundamental variables such as {R}; } or {R},,, ¢} can be
taken as well and would, at best, change intermediate
algebraic expressions without affecting the final out-
come [103].

B. First and second variations

In order to study quantum effects for actions of the type
(37) with the help of functional renormalization (14) and
(30), we must provide the second variation of the action. In
general, it is given by

5Ty = [ (L8 5+ 20/GOL + VG (39)

Here and in the following, it is understood that the metric is
split into a background and a fluctuation field according to
Egq. (6), and the fluctuation field A, is set to zero after
computing the variations. Next, we account for the fact that
L is taken to be a function of the Riemann tensor and the
inverse metric. Introducing

oL

OR 5

Wrom = (40)

to denote the Riemann tensor derivative of the Lagrangian,
we write its first variation as

OUL a[: v
SL = WP SR 0, + 557 07" (41)

Similarly, the second variation reads

oWrom

52 L = YWrouv §2 R/)(mz/ + aR—ﬁR /,{m,,éR,lﬂy,;
apys
oo oL oL
e SR poyu 09 + a7”529"” oo gy 09"
(42)

Evidently, both Egs. (41) and (42) involve first and second
derivatives with respect to the Riemann tensor and the
inverse metric. However, it so turns out that all terms
involving first or second derivatives with respect to the
metric can be reexpressed in terms of Eq. (40) and its
Riemann tensor derivative. Specifically, the first metric
derivative is found to be proportional to W:

oL o
W = ng(ARn)a/pr . (43)

whereas the second derivatives

2
0°L _ g(p[”Wa)”]”” + g(ﬁwWa)zz]pa
aRpa;wagaﬂ

IWVekné
+ 29¢Rpyne 5 (44)

"> OR o

L *L
-2 WeBrS R 2——————gu,R

ageage I W13 FEGR o o0g T
(45)

are linear in YV and its first Riemann derivative. The
detailed derivation of Eqgs. (43)—(45) is relegated to
Appendix A. We therefore conclude that the first and
second variations require the knowledge of W and its
partial derivative 0WW/dR,,,,, for general background.

HUpo

C. Maximally symmetric backgrounds

In this section, we explain why W and its partial
derivative 0W/0R,,,, are uniquely determined in terms
of a few scalar functions without specifying the underlying
Lagrangian, provided maximally symmetric backgrounds
are used [104].

The basic observation is that tensors on maximally
symmetric backgrounds, characterized by Eq. (15), can
be constructed only from the metric tensor and functions of
the background scalar curvature R. Furthermore, deriva-
tives with respect to Riemann tensors inherit the sym-
metries of the Riemann tensor. With these requirements in
mind, we observe that the action, evaluated on a maximally

106022-8



FUNCTIONAL RENORMALIZATION FOR ...

PHYS. REV. D 106, 106022 (2022)

symmetric background, is characterized by a scalar func-
tion of the Ricci scalar curvature:

‘C(R/m;wv gaﬂ)|msb =L, (46)

where it is understood that L = L(R). The specific form of
L is unknown presently, as it evidently depends on the
choice for the action L.

By the same token, the first Riemann derivative of the
Lagrangian on maximally symmetric backgrounds takes
the form

oL

aRPGMU msb

= WPy = EPPR, (47

where E = E(R) a scalar function of the Ricci scalar
curvature.” Again, the specific form of the function E is
unknown presently but would be specified uniquely as soon
as the explicit form of the action £ is provided. The tensor

prow — il (48)

has the symmetries of the Riemann tensor and can also be
understood as dR/0R,,,,, .

Finally, the second Riemann tensor derivative of the
Lagrangian must contain tensor structures constructed from
the metric fulfilling all symmetries inherited from the
Riemann tensor, up to unknown scalar functions of the
Ricci scalar curvature. This can be written as

L
OR

popy oR apyd

=T R). (49)

msb n

with tensors T, constructed from the metric and n summing
over the independent tensors. Based on the properties of the
Riemann tensor, the tensors 7', are symmetric in

{p.o.pvy o {a.pr.6}.  {p.o} o {urv}

{a.p} < {r.8} (50a)
and antisymmetric in

p < o, U<, a < p, y< &  (50b)

and should fulfil the algebraic Bianchi identity. There are
exactly n =3 different nonvanishing tensor structures
fulfilling all of these symmetry properties. We write
them as

Apzwyaﬂy& — 'Ppo'ﬂypaﬂyé , ( 51 )

*Here and in the following, we omit the argument of E. Its
dependence on the Ricci scalar curvature is understood implicitly.

Bpomapss % [g/ﬂ Il gt gple - gpla bl o plo

+ Pl golr gl 4 gunagﬁnyga]pgaw}, (52)

1
C/)(mml[)’yﬁ — 6 |:2ga[pg(r]/3gy[ygy]5 + 29(1[/4911]/}97[/)96}5
— gl gplb grle gold _ galv golf grlp gl
_ gl b grlo o _ ga[ogu]ﬂgmng] _ (53)

Notice that the tensor A can be viewed as the square
of 0R/0R,,,,, while the tensor C is equivalent to
OR?* [ OR y3,5.

To check that no further independent tensor structures
exist besides A, 3, and C, we observe that there are in total
60 different tensors containing eight indices which can be
constructed from the metric in such a way that they remain
nonvanishing under the antisymmetrization, as required by
Eq. (50). The tensors given in Eqgs. (51)—(53) contain all
60 of these structures, thus indicating that the basis is
complete.5

We conclude that the most general form for the second
Riemann tensor derivative of £ on a maximally symmetric
background is given by a linear combination of the three
tensors (51), (52), or (53), and we can write Eq. (49) as

0*L

= A ( R) Apcmua/iy& +B ( R) Bpa;waﬂyé
aR/m;w OR apfyd

msb

+ C(R)Cromar (54)

with background-curvature-dependent coefficients A, B,
and C.° On the whole, we are left with five undetermined
functions of the Ricci scalar curvature given by L
(46), E (47), and A, B, and C (54), which together
uniquely characterize any Lagrangian of the form £ =
L(R - g*) and its first and second Riemann derivatives
on maximally symmetric backgrounds. Interestingly, only
three of these five functions are independent of each other.
To see this, we use the chain rule to find

OL 0L OR,y,

= oR

OR OR

pouy msb

where we used (47) together with P, Pro =

d(d—1)/2, also noting that the partial derivative

>The tensor C differs from the corresponding one used in
Refs. [104,105] by a further symmetrization. This ensures that the
algebraic Bianchi identity is satisfied.

*The parameters A, B, C, and E are related to the parameters a,
b, ¢, and e in Refs. [104,105] as (A, B,C,E) = (4b,4c,2a, 2e).
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OR,5,,/0R is defined via the Ricci decomposition of the
Riemann tensor. We conclude that the functions L and E
are not independent in that we can always replace E by L'.
Since L already appears in the second variation, this
effectively removes one unknown parameter. Another
identity arises from the second derivative where the chain
rule implies

@ _ 0*L aRp(,W 0Ra,3y5
OR? 0RPGWOR0,/;},5 OR OR
— ( A - Apouvaprs B . Bpowvabys 4 . Cﬂrwvaﬁrﬁ)
% 4Pp6uupaﬁy§ )
d*(d—1)?

msb

(56)

Using Egs. (48) and (51)—(53) and contracting all indices,

A-PP = d*(d-1)/4,
B-PP =d(d—-1)/4,

C-PP=d(d-1)/2, (57)
we find
o4 2 1
—=A+————B+-C.
OR? + dld-1) + dC (58)

Hence, the four functions L”, A, B, and C are linearly
dependent, and we can eliminate, say, A in favor of L, B,
and C. We conclude that out of the five functions L, E, A,
B, and C, only three are required to characterize the
Lagrangian and its first and second Riemann tensor
derivatives unambiguously on maximally symmetric
backgrounds. In particular, this provides us with general
closed expressions for the Hessians without specifying the
Lagrangian. Below, we pick the three functions

C(R) (59)

as independent functions to characterize the action and its
second variations on maximally symmetric backgrounds.

D. Equations of motion

Using the results from the previous sections, we can now
provide the equations of motion, which take the form

_ 1
g;w = 5Fk/5g;w|msb = E T;w’ (60)

where we have also written down the energy momentum
tensor due to matter fields:

_ _i5(\/§£matter) ] (61)

TﬂV v
V9 og

The left-hand side of the equation of motion is determined
by the function L:

1 OR R
gm/ = E\/égﬂylz + \/gpaﬁy&#ﬂ)’&ll/ - 2\/§EQMUL/

17

- %\/g‘g"” (g L- RL’) : (62)

In particular, in the absence of matter, the equations of
motion take the form

oL
2R— =dL.
R d (63)

It dictates nontrivial relations among the various couplings
characterizing any given higher-order theory of gravity.
Interestingly, the relation (63) has a simple interpretation in
terms of scaling dimensions. We recall that the canonical
mass dimension of the Ricci scalar is [R] =2 in any
dimension. Then, Eq. (63) states that the scaling dimension
of L, determined by 2R0dg, exactly matches its canonical
mass dimension [L] = d if, and only if, the equation of
motion is satisfied. We rush to add that Eq. (63) should not
be viewed as a differential equation for L. Rather, for any
given Lagrangian, the isolated solutions R = Ryg of
Eq. (63) determine the availability of de Sitter or anti—de
Sitter solutions after analytical continuation to Minkowski
signature.

Despite the rather general form of the Lagrangian, the
equations of motion take a very simple form on maximally
symmetric spacetimes. Furthermore, taking into account
perturbations on a maximally symmetric background, it is
possible to determine the particle content for general
Lagrangians £ [104-108]. Some of this can already be
read off from the Hessians, to which we turn next.

E. Hessians of higher-order gravity

We are now in a position to provide the Hessians (39) for
higher-order theories of gravity in explicit terms. We
exploit the findings for the first and second variations of
the Lagrangian on maximally symmetric backgrounds of
the previous sections and take L, B, and C as the
unspecified scalar functions (59). Moreover, we employ
the 7-dependent metric split (9) and the York decomposi-
tion (18) and (19) for the fluctuation field. The result reads
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52fk:/ddx\/§{hgy{(d_]?i)dz (727 +2¢) gyt + -0 (552
+ <% (%+C> +%>v2 + <§+C>v4}hﬁ,—2§ﬂ(r— 1) g—gu) [§+?2}§ﬂ
+6|:(T—1)<%—§L/> <§—(1;d)v2>+E?Z]?26—2h3vza+h{3+(T_;+[21) %—Syﬂh}, (64)
where the auxiliary function Z is given by
% <d24—;83 +éc+ (d— 1)L”) V4 (65)

We report the expressions for the Hessian without using the
York decomposition in Appendix B, for completeness.
Several comments are in order.

(1) Equations of motion.—A number of terms in the
Hessians are proportional to the equations of motion
(63). We have written Eq. (64) such that L appears
only in these terms. Essentially, all of them drop out
automatically for the exponential split (8), the sole
exception being the trace modes /.

(i) Hessians in the scalar sector.—The contributions in
the oo, oh, and hh sectors are very similar and differ
only by terms proportional to the equations of
motion, with the remaining universal piece E as
given in Eq. (65). This is, however, not equivalent to
using the exponential split instead, due to a remain-
ing extra term in the hh sector.

(i) Decoupling of auxiliary fields.—Furthermore, we
observe that the £,&, sector is proportional to the
equations of motion and that it vanishes identically
for the exponential split. For an f(R) model of
gravity, this has previously been noted in Ref. [56].
Our result establishes that this is valid much more
generally and independently of the form of the
underlying action.

(iv) Massive spin-2 degrees of freedom.—We can also
infer information about the propagating degrees of
freedom directly from the Hessians (64). Besides the
usual massless spin-2 mode of Einsteinian gravity,
higher-order extensions of general relativity generi-
cally feature a ghostlike massive spin-2 degree of
freedom and an additional scalar [105]. In Eq. (64), a
ghostlike massive degree of freedom makes its
appearance due to the V* contribution in the trans-
verse traceless modes. However, they will be absent
provided that

—
=
—_

B+4C =0, (66)
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(vi)

(vii)

as can be seen from Eq. (64). Trivial examples for
this are f(R) gravities where B=0=C; see
Sec. IV E. For nontrivial examples, see Sec. IV
H below.

(V) Massive spin-0 degrees of freedom.—The propagat-
ing scalar is related to the V* term in the auxiliary
function Z; see Eq. (65). As can be seen from the
explicit expression, the scalar does not appear in the
spectrum provided that

(d* - 8)B+4C+4d(d-1)L" =0. (67)

Note that the conditions (66) and (67) are indepen-
dent of each other in any dimension. Hence, de-
manding the manifest absence of ghosts and the
absence of the additional scalar imposes additional
constraints, each reducing the number of indepen-
dent functions by one. Einstein-like gravities with
only a massless spin-2 degree of freedom are
obtained if both Egs. (66) and (67) are satisfied.

Cosmological constant.—We now turn to the role of

the cosmological constant, which, by definition, is

encoded in the curvature-independent part of L.

Consequently, it can contribute to the Hessians only

via the function L, but not via B, nor C, nor via

derivatives of L. If the exponential split (8) is used, L

drops out from the Hessian (64), and only its

derivatives contribute, with the sole exception of
the trace-mode sector hh. It then follows that the
cosmological constant can make an appearance only

on the right-hand side of the flow equation (14)

through the trace-mode fluctuations A.

Decoupling and links with unimodular gravity.—For

particular gauge choices (such as the unimodular

gauge discussed in Sec. I F), the hh contributions
from I, are suppressed compared to those arising

from the gauge fixing. In this case, the use of Eq. (8)
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ensures that the cosmological constant drops out
entirely from the right-hand side of the flow. This
implies that the cosmological constant decouples
and no longer influences the running of any other
gravitational coupling, akin to unimodular versions
of gravity where the cosmological constant becomes
nondynamical and appears only as an integration
constant [109]. Moreover, its own running will be
informed entirely by other couplings. Also, provided
they achieve an interacting fixed point under the
renormalization group, it follows that the scaling
dimension associated to the cosmological constant
term is invariably set to

9=—d. (68)

The scaling dimension agrees exactly with minus the
canonical mass dimension of the cosmological
constant term in d-dimensional spacetime. The
feature (68) has been observed already in some
f(R) works using these choices. Here, the result (68)
is established for general higher-order theories of
gravity of the form (37).

(viii) General backgrounds.—We close with a remark on
the decoupling of the cosmological constant for
general backgrounds beyond the maximally sym-
metric ones used here. Using once more the inter-
polating metric split (9) and taking the second
variation of the cosmological constant term ~A,

we find
2 d d 1 1
1) d“/gly | = [ d°x\/yg Zhh _Eh"”hm
7 v
+ 3 h B | Ap. (69)

It states that for any 7 # 1 a nonvanishing cosmo-
logical constant triggers fluctuations in both the
trace and the tensor modes, thereby leaving a trace in
the beta functions for all gravitational couplings, and
irrespective of the chosen background geometry. For
7 = 1, however, fluctuations are generated only in
the trace mode, again irrespective of the chosen
background geometry. This can be seen as a hint for
the irrelevancy of the cosmological constant and for
a potential equivalence between unimodular gravity
and the unimodular gauge of standard gravity in
nonlinear splits of the metric field (zr =1), as
conjectured in Ref. [110].

F. Mapping actions to characteristic functions

Thus far, it has been established that the Hessians of a
general higher-order theory of gravity with action (37) are
fully determined by three scalar functions, say, L, B, and C.

The latter depend on the form of the Lagrangian £ and need
to be determined separately for any given action. Here, we
present a highly efficient algorithm to determine the
functions L, A, B, C, or E.

Starting with a Lagrangian £(R,,,. ¢*), the main idea
of the algorithm put forward by Bueno and Cano [104]
consists of introducing a modified Riemann tensor char-
acterized by a free parameter a. Concretely, it is given by

2a

Rpo‘;w = Rpa/w + d(d — 1))(,0[/4){1/]0’ (70)

with a tensor y,, fulfilling

Mo

Xu =X )(;m)(ay:)(uw Xuw = Xvp- (71)

Substituting R, — Rpa/w in the original Lagrangian £
leads to the modified Lagrangian

L= ‘C(Rpown gaﬂ), (72)

which is exploited to find the characteristic functions for L.
Indeed, using the chain rule together with Egs. (47) and
(54) and evaluating Eq. (72) and its first two a-derivatives
on a maximally symmetric background and then setting «
to zero, we find

Z‘(l:O = L(R)’ (73)
oLl xx-1)

%azoid(d—l)E(R)’ (74)
2~ —-—

2| R R ) BRI 1) 2R

(75)

We observe that for any given L the characteristic functions
are now unambiguously determined and can be read off
conveniently from Eqgs. (73)—(75). In doing so, it can also
be checked that the derivative relations (55) and (58) are
indeed satisfied. As such, the algorithm is highly efficient
in that it circumnavigates the more tedious computation of
the derivatives (47) and (49) for any given £. We defer the
sample derivation of characteristic functions for specific
models of higher-order gravity to Sec. I'V.

It is worth noting that different curvature invariants in £
do not necessarily result in different values for the
parameters L, B, and C beyond quadratic order in curva-
ture. This is due to the fact that starting from cubic order
onward there exist many more curvature invariants than
independent functions characterizing the Lagrangian and
its Hessian on a maximally symmetric background. Among
others, this implies the existence of curvature invariants
generating zeros for all three characteristic functions, i.e.,
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curvature invariants which vanish on maximally symmetric
backgrounds as well as their second variation. An example
for the latter is given by the seminal Goroff-Sagnotti term
~C,,"*C,,"C;?° [111,112], where C denotes the Weyl
tensor.

G. Flows for higher-order gravity

After finding the Hessians in Eq. (64), we can now use
Eq. (30) to derive the flow of actions of the form (37).
Generally, and even without adapting the technical choices
discussed in Sec. II, the result takes the form

o,L =1I[L,B,C], (76)

where the right-hand side I[L, B, C] = I[L, B, C](R) arises
entirely due to quantum fluctuations, and we sometimes
refer to it as the fluctuation integrals. As such, I[L, B, C] is
the result of performing the functional traces of Eq. (30) and
a function of the background curvature. This form of the
flow as a functional of L, B, and C is independent of any
technical choices explained in Sec. II or the form of the
regulator. It solely arises from the form of the Hessian in
Eq. (64). For the technical choices made in Sec. II, in
particular, (25) and the shape function (26), I[L,B,C]
depends on curvature derivatives of L as well as the flow
of L, B, and C due to the term d,R; on the right-hand side
of Eq. (30).

For the purpose of analyzing the renormalization group
flow and finding fixed points, it is convenient to transition
from Eq. (76) to expressions in terms of dimensionless
quantities. We rescale the background curvature in units of
the RG scale r = R/ k2, and likewise the functions L, B,
and C, by writing

£(r) = L(R)/K, (77)
b(r) = B(R)/k*, (78)
c(r) = C(R) /K. (79)

Furthermore, the operator traces also depend on dimen-
sionful technical parameters, i.e., the endomorphism param-
eters E; (27). Since these are linear in the Ricci curvature,
we introduce their dimensionless counterparts e; as

€; :E, (80)

which therefore are numbers bounded by the constraints
(29). In these conventions, the flow equation takes the form

0 +df —2rt =1[£.b, c] (81)

in general dimensions d, with the dependence on e; being
implicit. The new terms on the left-hand side of Eq. (81)
arise from the transition to dimensionless variables and
account for the canonical mass dimension of the Lagrangian
[£] = d and the mass dimension of Ricci scalar [R] = 2.
The fluctuation integral I relates to I in Eq. (76) as

1[£.b,c)(r) = kT[k4¢, ka=*b, k®*c](K2r).  (82)

The explicit expressions for / are rather lengthy and

delegated to Appendix C. The flow equation (81) is one

of the central new results of this work. We therefore briefly

discuss its general structure and some of its basic features.

(a) Structure of the flow.—The flow equation (81) takes
the form of a nonlinear partial differential equation
for the three functions ¢, b, and c¢. The left-hand
side shows the flow 0, and canonical terms. The
right-hand side, due to quantum fluctuations, can be
written as

I[¢,b,c]=1y[¢,b,c]+ 1,[¢,b,clo; ¢ + L,|¢, b, clo, "
+ L3(¢,b,clo,b+ 1,]Z, b, c|o,c. (83)

The terms « 0,¢', 9,”, 9,b, and 0,c are a consequence
of the regulator function R, whose dependence on 7,
b, and ¢ induces their flow via 9,R; in Eq. (30). The
component functions /; in Eq. (83) still depend on 7,
b, and c and their field derivatives (see Appendix C
for explicit expressions) but no longer on flow terms.
Depending on the choice for the action £, the flow
equation can be converted into a partial differential
equation for a single or two coupled functions of
background curvature (explicit examples will be
given in Sec. IV). Once the action contains several
curvature invariants of the same mass dimension,
additional flow equations using other background
geometries can be invoked to close the system.

(b) Expansions in powers of curvature—A useful
approximation scheme consists in expanding the
action £ in powers of curvature invariants X,,. Taking
these as in Eq. (38) with invariants of mass dimension
[X,] =2n and dimensionless scale-dependent cou-
plings 4, = 4,(t), we find

£ = io:/lnf,,r",
n=0

b= io:/lnbnr"_z,
n=2

c= Eoo:i”cnr”_z, (84)
n=2

where the series expansions for » and ¢ follow from
the results in Sec. III F. The numerical coefficients 2,
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b,, and ¢, are unknown a priori but determined for
any given ansatz (38). Hence, the flow (81) is closed
and can be resolved to give d,4, for all couplings.
(c) Fixed points and quantum scale invariance.—
Fixed points are the scale-independent solutions
0,(¢,,b,,c,) =0, implying quantum scale invari-
ance. Nontrivial UV fixed points are of particular
interest as candidates for an asymptotically safe
version of quantum gravity [1]. At a fixed point,
Eq. (81) turns into an ordinary differential equation:

de =2rt = 1y|¢, b, c]. (85)

Fixed points then correspond to the well-defined,
finite solutions for the functions #.(r), b,(r), and
c.(r) or, alternatively, for the couplings 4, ..

(d) Limit of classical gravity.—In the absence of quantum
fluctuations, the fluctuation integrals I vanish. This
leaves us with the classical flow (9, + d — 2rd,)¢ = 0,
which integrates to £(r,t) = r¥/?>-H(re*) with
H(x) determined by initial values of couplings and
no dependence on b and c¢. We observe a Gaussian
(¢, =0) and an infinite Gaussian (1/¢, = 0) fixed
point and a line of classical fixed points £, ~ r%/? (for
H = const) reflecting the classically marginal curvature
invariants in d dimensions. Classical general relativity
with action £ o« R/Gy and Newton’s coupling Gy =
g/k* then arises through the infinite Gaussian fixed
point in the infrared limit, where k - 0 and g — 0
while Gy is held fixed at its observed value and
irrespective of the sign of the cosmological constant
[51]. In the presence of quantum fluctuations, we have
I # 0. However, quantum effects become parametri-
cally suppressed for

I/¢ -0 with 1/¢ - 0. (86)

We conclude that the limit of classical general relativity
or classical higher-order gravity arises from the quan-
tum theory through the infinite Gaussian fixed point in
the deep infrared [51,64,69].

(e) Hyperbolic backgrounds.—In the above, we have
derived the flow for actions of the form (37) on
spherical backgrounds, i.e., maximally symmetric
backgrounds with positive curvature. The very same
procedure can be carried out on backgrounds with
negative curvature with the only difference that the
functional traces need to be evaluated accordingly. This
can be implemented straightforwardly, leading to mod-
ifications of the corresponding heat kernel coefficients
or, alternatively, spectral sums. In the context of f(R)
gravity, this has been carried out in Ref. [59].

(f) Including matter fields.—The flow equation can
straightforwardly be extended to include matter fields.

We now turn to a discussion of some more technical
aspects of the flow equation and to new features of the flow
(81) due to the wider range of admissible actions L. To that
end, we recall that the functions /; are rational functions of
the form

Pr¢,b,c] P§[¢,b,c] (PY PS
L£.b.c] ot i T 1T ) 5o (87
b gz bt osizpe T \or T os )% 87

which originate from the fluctuations of the various fields
contributing to Eq. (30). The superscripts 7" and S denote
the contributions from the tensor modes h,fy and the scalar
trace mode h, respectively. Superscripts V and S with an
additional subscript ¢ denote contributions from the aux-
iliary vector and scalar modes from ghosts and Jacobians.
These latter terms are independent of 7, b, and ¢ and
contribute only to /. The numerators P and the denom-
inators D are polynomials in the curvature and linear in
their arguments #, b, and c or derivatives thereof. Also, the
denominators in Eq. (87) are universal and differ only
between the different York modes (explicit expressions for
any P, D, and I; are summarized in Appendix C). For the
remainder, we focus on special points related to zeros of the

denominators D or zeros of certain numerators P.

(g) Movable poles.—We begin with the denominators due
to transverse traceless modes D7 and trace modes DS.
These are linear functions in #, ', b and ¢, with DS
additionally depending on #”, with coefficients poly-
nomial in curvature. As such, either of these may
vanish for some ry. We refer to these as movable poles
to reflect that their location depends on the form of £
and its couplings. Also, these zeros cannot be avoided
in general by suitable choices of technical parameters
and must be taken as part of the setup. Therefore,
unless otherwise stated, we set the endomorphism
parameters to their natural values

e = 0, €y = 0. (88)
Explicit studies have shown that if zeros of the
denominators arise, they are innocuous and always
accompanied by zeros of the corresponding numer-
ators, leading to finite and well-defined solutions £(r)
for all fields.

(h) Avoiding spurious poles.—The fluctuations of the
auxiliary fields contribute to /, and have an impact
on the location of fixed point solutions (85). Their
denominators DY and D? are given by

1 1
DX:1—<€2+Z>}’, Df.:l—(e3+§>r. (89)

Once more, we observe that Eq. (89) can vanish for
finite curvature. Also, the corresponding numerators
P! and PY cannot be made to vanish simultaneously
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for any finite e; or e4. This implies that finite and well-
defined fixed point solutions of Eq. (85) require that
these spurious poles are compensated by other terms in
Eq. (87), as has been confirmed in explicit studies
[51,64]. However, since the zeros of Eq. (89) depend
on only the technical parameters e, and e; and are
otherwise independent of £, b, or ¢, they can be
removed from the outset by a suitable choice of
parameters

1 1
62:—1, 632—5. (90)

It has been noted that the technical simplifications
achieved by the choices (90) lead to improved re-
sults [45,65].

Fixed singularities.—The zeros of certain numerators
P in Eq. (87) have a significance for fixed point
solutions (85). The reason for this is that /, is linear in
¢, b, and ¢ and their derivatives ', #”, ", b’, and ¢’
with polynomial coefficients in curvature. To illustrate
our points, we first consider theories with b = ¢ =0,
relevant for f(R)-type models of quantum gravity. In
this case, the trace modes /1 generate a term ~£", with

P3[£.0.0] = P§73 " + - -, (91)

and dots indicating further terms with lower derivatives
of ¢; see Eq. (C6b). The coefficient P33 (r, e4), given
in Eq. (C7i), is a quintic polynomial in » without a
constant term which further depends on e4. The fixed
point condition (85) then becomes a third-order differ-
ential equation for the fixed point function #. Expressed
in normal form, it becomes an ordinary third-order
nonlinear differential equation:

" =J(t. . )P (r) (92)

for some function J and provided that P57 # 0.
Background curvatures r = r, where P3’ vanishes
are referred to as singularities and take a special role in
that they change the order of the differential equation.
In general, one zero of P73 is always located at ry = 0.
In addition, we always find two real and a complex
conjugate pair of solutions r for any value of e,4. For
example, for vanishing endomorphism parameter ey,
the fixed singularities are located at

Also, in contrast to the spurious poles from the
auxiliary sector it is not possible to remove these zeros
by an appropriate choice for e4. Hence, for solutions of
Eq. (85) to remain well defined even across r,, a
compensating zero of J is required for any zeros of
P33 along the real axis in field space. This transforms
the search for global fixed points into a boundary value
problem for Eq. (92): Each possible singularity re-
quires the fine-tuning of one open parameter of the
general solution to ensure that # remains well defined
for all real r. In particular, if the number of zeros of
P53 is equal to the order of the differential equation,
only a countable number of well-behaved solutions
may exist.” For models of quantum gravity with
b = ¢ = 0, we conclude that the trace-mode-induced
coefficient P§’® has a direct impact on the possible
space of fixed point solutions.

(G) Avoiding fixed singularities.—New features arise if

actions (37) are permitted with either b or ¢ or both
different from zero. We illustrate our point, exempla-
rily, for models where b is proportional to ¢’ and
¢ = 0. Owing to Eqgs. (66) and (67), these higher-order
models of gravity display additional propagating spin-
2 degrees of freedom and, possibly, additional massive
spin-0 degrees of freedom. Once more, interacting
fixed point solutions of (85) arise as a third-order
differential equation for #. Terms proportional to £
continue to be generated by the fluctuations of the &
modes. In contrast to the previous example, however,
additional contributions arise through the transverse
traceless modes hZ,,. This is so because

PI¢,b,0] = PYP'D + - - (94)

[see (C6a)] with b’ « £” and dots indicating terms
involving lower # derivatives. The coefficient P7"! is
an e,-dependent quintic polynomial in curvature with-
out a constant term; see (C7i). Bringing Eq. (85) with
(91) and (94) into normal form, we find

K., r)

f/// —
D™[¢,b,0]P§" + D3[¢, b, 0P

(95)

for some function K and with P5?! as in Eq. (92). The
fact that the transverse traceless modes also generate a
term o £ changes the nature of the fixed point
differential equation. Comparing Eq. (92) with (95),
we observe that the denominator of Eq. (95) now
additionally depends on D7 and DS and, hence, on the

~ —9.9986, . .
0 couplings of the theory through ¢ and b « £”. Ulti-
ro =0, mately, this is due to the trace and transverse modes
ro ~ 2.0065, -
7 . . .
- . Examples where this has been carried out for f(R) gravity
ro~ —4.9763 £+ 0.468511. (93) include Refs. [46,53,57]
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carrying different denominators (87). Most notably,
unlike in Eq. (92) where the singularities are fixed, the
singularities of Eq. (95) have been rendered movable
owing to the higher-order nature of the underlying
models. Hence, in these more general setups, the
quantum dynamics of the theory itself determines
whether and where singularities due to vanishing
denominators in Eq. (95) arise, if at all. A more
detailed quantitative analysis of this aspect in higher-
order theories of quantum gravity is deferred to a
forthcoming publication [113].
This concludes the discussion of general features of the
flow equation (81) for higher-order theories of gravity with
fundamental actions (37) and the condition for interacting
fixed points (85).

IV. APPLICATIONS

In this section, we explain how our setup can be used
to study the effects of different higher-order curvature
invariants. We show how operator traces on maximally
symmetric backgrounds can be used to project the flow
onto specific curvature monomials. We also revisit flow
equations for template models of quantum gravity studied
in the literature and derive their characteristic functions
L, E, A, B, and C.

A. General projections

Flow equations on maximally symmetric backgrounds
are particularly useful when considering (derivative) expan-
sions of the quantum effective action I, which contain a
single operator for each mass dimension; see Eq. (38). Let
us now discuss how the functional renormalization group
generates the flow for actions of the form (38) using a
general background geometry before specializing to a
maximally symmetric background and discussing which
approximations are implied by that. In the present setup
(14), the flow equation for actions (38) generates a sum of
operators { X, } on the left-hand side. On the right-hand side,
the operator trace generates all possible curvature mono-
mials, including some which are not part of the set {X,,}
retained in the initial action. To make this more explicit, we
introduce a complete basis of curvature invariants {Y,;}
with n labeling the mass dimension, as before, and i labeling
the different operators of equal mass dimension. Without
loss of generality, we can choose this new basis such that
Y, 1 = X,,. After computing the functional traces, Eq. (14)
can be written into the form

> [ateyapx, =YY [ @it 96
n=0 n=0 i

where f3,, are the dimensionful / functions of the couplings
A, and {,; are functions depending on the couplings and
potentially their # functions.

Since we are interested in only the flow of ,, associated
to the operators X,,, we require a procedure to project the
right-hand side onto the operators X,,. It is important to note
that this projection is generally ambiguous due to the
absence of a natural scalar product between different
curvature invariants. Hence, the projection will depend
on the chosen basis for the curvature monomials. After
constructing a complete basis {Y,,}, the canonical pro-
jection is given by demanding that all Y, ;. in Eq. (96)
vanish. Following this projection procedure, the use of
maximally symmetric backgrounds is equivalent to con-
sidering a canonical operator basis {Y,;} in which all
operators except Y, ; = X, vanish on the chosen back-
ground, Y, ;~1|ne = 0. Then, our projection procedure of
setting Y, ;~; = 0 is equivalent to evaluating all operators
on the background geometry.

More generally, starting from an arbitrary operator basis
{Z,;}, a canonical basis {Y,,;} can always be constructed
provided the curvature monomials X,, are nonvanishing on
the background. That this is always possible can be
appreciated by expressing all curvature invariants using
the Ricci decomposition, whereby the Ricci scalar curva-
ture R, the traceless Ricci tensor S,,, and the Weyl tensor
Cpa/u/

{R. Sy Cpo} (97)
are used as building blocks to construct any curvature
invariant of mass dimension 2n for any positive integer n.
Then, any operator in the basis {Z, ;} takes the form

Z,i =2z, R"+ O(Syw Cpo‘ﬂlz)’ (98)
with z,; a possibly dimension-dependent constant and
O(S,,,C,pyy) a sum of terms vanishing on a maximally
symmetric background, i.e., terms containing at least one
power of S, or C,,,,. Assuming without loss of generality
that X, = Z, ; =Y, 1, the canonical basis {Y,,;} is explic-
itly given by

Zn,i
Yn,i = Zn.i -
Z

n,l1

X}’IEY}’[,I :Zn,l» Zn,l \4 l#l (99)

By construction, all Y,;.; vanish on the background
geometry as required. Note that the only requirement on
X, is that it is nonvanishing on a maximally symmetric
background:

X, = Zn,l = Zn,an + O(S;tw Cpn;w)’ (IOO)
with z,, | # 0. An example where the X,, do not receive any
contributions from S, and C,,,,, is given by powers of the
Ricci scalar X, ~ R" and corresponds to a projection onto
the curvature monomials contained in f(R) models of
gravity. However, we are not limited to this case and may
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also project onto curvature invariants containing §,, and
C o as long as z,, | does not vanish. Examples for the latter
have been studied in Refs. [64,69].

Finally, our discussion also highlights well-known
limitations of maximally symmetric backgrounds. As
soon as the decomposition of a curvature monomial
X, as in Eq. (100) has no term ~R", its flow on maxi-
mally symmetric backgrounds cannot be determined.
Furthermore, as indicated above, maximally symmetric
backgrounds constrain the types of curvature bases that can
be used for the projection. In particular, noncanonical
curvature bases {Y,;} where some Y, ;.| # 0 neces-
sitate additional input, e.g., less symmetric background
geometries, to disentangle the flow of couplings. The latter
equally applies if several field monomials of the same
canonical mass dimension are retained. In the remainder of
this section, we discuss various examples of increasing
complexity and explain how the flow for general curvature
invariants of the form (100) can be analyzed within our
framework.

B. Einstein-Hilbert

As a first example, we discuss the renormalization group
flow for the Einstein-Hilbert action which has been studied
in many incarnations of the functional RG, e.g., Refs. [2—
6,90]. Here, we have

L =2+ MR, (101)

with 4, the dimensionful couplings. Since this Lagrangian
does not include any operators quadratic in curvature, it
follows straightforwardly that

L=Jy+ MR,

E = zl 5

A=B=C=0. (102)
We introduce dimensionless couplings

/10 = 1677:}.0/](4,

A = 16z, /K%, (103)

where the factor of 167 is purely conventional and chosen
such that Newton coupling in units of the RG scale g =
G,/K? is given by minus the inverse of 4,. Also using the
dimensionless Ricci curvature r = R/k?, we obtain the beta
functions f; from Eq. (81) with Eq. (102). Neglecting all
terms quadratic or higher in r, we find

Bo + 4Ao + r(B1 + 24))
1 [30(8,(6e,r + r—2) + 24,(18¢,r + 3r — 8))
T 2| N(6eir+ (Br—4)r—6) +6(r— )i
3B, (6e4r —r —2) + 64, (18e4r — 3r — 8)
 2(14+ 1)+ B+ rt—3esr)A

+ 36e,r + 12e3r — 23r — 48], (104)

which can be resolved for ;. To make a link with the
notation of Ref. [90], we express the action in terms of the
cosmological constant A and Newton’s coupling g, which
are related to 4y and 4; by

A= =20/ (20),

g=—1/4. (105)

Then, expanding the denominators in small curvature,
exemplarily for vanishing endomorphisms and 7 = 0, we
find

242 = 961 + 135) = 9(n - 2)
27224 —1)(42—-3) 7

04 =Ai(n—-2)+

0,9 = (2+n)g,
237 — 6802 + 7564 — 36823
I700(1 = 22)2 (44— 3) + 29(48 — 974 + 422%)"
(106)

n=3

where # is the anomalous dimension of the graviton. The
flow (106) features the well-known Reuter fixed point [90]
located at

A =0.12926,
g =0.98416, (107)
with critical exponents
Ooy1 = —2.3824 +2.1682i, (108)

in agreement with the results in Refs. [51,64]. For a
nontrivial choice of the endomorphism parameters e,
and e3, we also recover [65,69] with small changes in
the numerical values for the couplings and the eigenvalues
compared to Egs. (107) and (108).

In Fig. 1, we show the dependence of the Reuter fixed
point on e; over the whole range of parameters in
accordance with Eq. (29) while the remaining endomor-
phisms and 7 are fixed to 0. Both eigenvalues are relevant
throughout. We find complex conjugate pairs for small
(e; < 10) and real eigenvalues for large endomorphism. In
the latter, couplings A and g scale as 1/e;.
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FIG. 1. Shown is the dependence of the eigenvalues of the
Reuter fixed point on the endomorphism parameter e;. In line
with the bounds given in Eq. (29), we present the whole range of
allowed values for e; while all other parameters have been set to
zero, i.e., T = e, = e3 = ¢4, = (. The red line indicates the real
part of the eigenvalues which are complex conjugated until
e; ~ 10. The absolute value of the imaginary part for both
eigenvalues is displayed by the blue line.

In Fig. 2, we show the eigenvalues of the fixed point and
Ag in an interpolation between the linear and the exponen-
tial split while keeping all endomorphism parameters
vanishing. While the eigenvalues never become real, we
observe that they stay relevant in the whole range, giving
qualitatively the same result in the linear and the expo-
nential split. Note that this correspondence between the
linear and the exponential split seems to hold in the
Einstein-Hilbert approximation, while it has been observed
that higher curvature invariants such as in an f(R)
expansion modify this result [66].

uF
3 F
2F
1
— R (6o/1)
P 3 (6o/1)
) S 18
0.0 0.2 0.4 06 08 1.0

T

FIG. 2. Shown are the scaling exponents and the product of
couplings Ag at the Reuter fixed point and their dependence on the
metric split parameter z [Eq. (9)], also using ¢; = 0. Interpolating
between linear (z = 0) and exponential split (z = 1), the 7
dependence of eigenvalues is mild.

C. Phase diagram

The phase diagram of Einstein-Hilbert gravity has been
studied in many works, e.g., Refs. [2,6,8,16,17,25]. Here,
we exploit the flow equation (104) to find the phase
diagram of Einstein-Hilbert gravity and general analytical
solutions for the running of couplings. This benefits from
the limit of large endomorphism 1/e; — 0, also using
suitably rescaled couplings 4 — ei] and g — ei] In this limit,
the 7 dependence drops out. Another feature is that the flow
for the cosmological constant decouples naturally (Fig. 1).
The resulting f functions take simple analytical expressions
given by

Oy —0,(1 -
()M:<,1_'1_*g> 0 : i g*/g),
1+§91(1_g*/g)

*

91 g — 9«
1+1(1-9./9)6,

0,9 = (109)

Notice that Eq. (109) depends on only the fixed point
coordinates and eigenvalues, which in our setup are
given by

90:—4, 91:—?, (110)

in accord with Fig. 1. We observe that A no longer couples
into the flow of g, giving rise to the eigenvalue (68). The
flow for g can also be written in terms of the graviton
anomalous dimension #:

2

0,9=(24+n)g, wheren=— (111)

The explicit expressions make it evident that the anoma-
lous dimension 7 approaches —2 at the UV fixed point.
Also, the couplings approach the UV with scaling expo-
nents 6, and 6, respectively. Notice that the anomalous
dimension diverges for ¢ = gyound = %‘91 Gs» With gyoung >
g, for 0, < =2

The flow 9,9 in Eq. (109) can be integrated in closed
form, since it is independent of the cosmological constant
[6,114,115]. Then, for g away from its fixed point and
Jbound> We find that the running is monotonic:

<g>%<g* —g>ﬁ ok

9%/ \9-— 9o ko’
with g, and 6, as defined in Eq. (110). The powers of the
first and second factors of Eq. (112) relate to the inverse
scaling exponent of g at the infrared fixed point (O)r = 2)
and the ultraviolet fixed point (fyy = ), respectively.

From these expressions, we can easily read off the Gaussian
and the Reuter fixed point.

(112)

106022-18



FUNCTIONAL RENORMALIZATION FOR ...

PHYS. REV. D 106, 106022 (2022)

For g # g., we also find the analytical solution of 4 as a
function of the running Newton’s coupling (112):

%
=a(g) + o (@) 5 G550
9« 9+ g \9x — 90

where we have introduced the auxiliary function

(113)

Ay
00— 20,

606,
0o — 0,

1 (6,
+x90_91}. (114)

In the high-energy limit g — g, we observe A — A, = 4,(1),
in agreement with Eq. (110). For g = g,, the running of 4 is
independent of g and reads 1 = 4, — (4, — 4g)e'®. Simple
analytical expressions for the running of couplings such as
Egs. (112)—(114) are useful for many farther-reaching
applications in particle physics, cosmology, or black holes
[114-119].

Figure 3 shows the phase diagram for Einstein-Hilbert
gravity in terms of A and g. The resulting plot shows
trajectories connecting the Reuter fixed point in the ultra-
violet with the fixed point g — 0 in the infrared.® As such,
we observe that low-energy regimes with a positive, neg-
ative, or vanishing cosmological constant can be achieved.
The phase diagram also displays a boundary in the strong
coupling domain at gyoung = %” ~3.77 > g, where the
anomalous dimension in Eq. (109) becomes singular, with
n <0 (n>0) below (above) the boundary. Trajectories
running into the boundary terminate. Along the boundary,
the resulting f functions are ill defined, and we find that g
becomes complex by using the full analytic solution in
Eq. (112). Also, above the boundary, RG flows are once
more well defined. In this regime, we find a strongly
interacting fixed point at 1/g, =0 and 1/(g4), = 0 with
n, = 3. This strong coupling fixed point is ultraviolet with
two relevant eigendirections. However, all emanating tra-
jectories terminate at gy,,,q and cannot reach the low-energy
regime where classical general relativity becomes valid.

An(x) =

[x(@o —0)) -

D. Gauss-Bonnet

Next, we consider Gauss-Bonnet gravity which we take
to be Einstein-Hilbert gravity amended by the Gauss-
Bonnet term

E - /_10 + /_11R + ZGBGB,

GB =R? - 4R, R" + R, RFOM. (115)
The Gauss-Bonnet term fulfills
/d4x\/§GB = 32712)((M) (116)

The fixed point g = 0 corresponds to the infinite Gaussian
fixed point 1/¢ — 0 discussed in Sec. III G.

10 3

0.5} .

S R T
Ag

FIG. 3. The phase diagram of Einstein-Hilbert gravity in terms
of 1 and g with arrows on trajectories pointing toward the
infrared. The gray dashed line indicates a singularity of the
anomalous dimension and separates regimes of weak and strong
coupling. The lower panel shows the Reuter fixed point (central
red dot) and trajectories connecting it with classical general
relativity in the infrared (red horizontal axis, g = 0). The upper
panel shows a strongly coupled UV fixed point 1/g=0=
1/(g4) (red dot). Trajectories emanating from the latter terminate
at the singularity of the anomalous dimension and cannot reach
classical general relativity.

in four-dimensional spacetime with y(M) the Euler char-
acteristic. On a spherical background, we find GB = R?/6,
leading to the familiar result
x(M) =2. (117)
Since the Gauss-Bonnet term is a topological invariant in
four-dimensional spacetime, its first variation is a total
derivative, and, therefore, it cannot contribute to Hessians

of the action. Still, the parameters L, E, A, B, and C are
nonvanishing:

- - 1-
L = ﬂo + ﬂlR + EAGBRZ’

1-
E = IR,
3 GB
A:2/_1GB,
B: _SZGBi
C = 2lgg. (118)

Despite this, all terms in the Hessians originating
from the Gauss-Bonnet term vanish due to cancellations.
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This identifies the Gauss-Bonnet coupling as an inessential one and guarantees that the flow of A, and 4, is identical to their
flow in the Einstein-Hilbert theory without a Gauss-Bonnet term. The flow of the Gauss-Bonnet coupling (using

Ags = 167lgp) is given by

9(4821604* — 11550044% + 5290364 + 3585871 — 231912)

aM’GB =

7207(42 — 3) (24 — 1)[g(A(424 — 97) + 48) + 36z(4A — 3)(1 — 24)?]

135042* — 3069243 + 305724% — 203054 + 6702

T S22 1)[g((a22—97) 1 48) + 362(41 = 3)(1 = 22)]

with 1 and g defined as in Eq. (105). Because of the absence
of gg in all g functions, a fixed point for Agg can be found
only if the fixed point of the other f functions induces a
vanishing d,Agg by chance. Otherwise, this coupling grows
to plus or minus infinity. Redefining the coupling according
to p = 1/Agg, the only fixed point for p is the asymptoti-
cally free one at p = 0. Finally, it is worth pointing out that
the independence of all other f functions on Agg is not a
result of our approximation or the choice of background
geometry. Rather, this is entirely due to the topological
nature of the Gauss-Bonnet term, which, in turn, makes the
coupling an inessential one. A similar observation has been
made based on studies up to quadratic order in curvature
[67,68].

E. f(R) gravity

A well-known example for a gravitational action con-
taining arbitrary high curvature invariants is given by f(R)

gravity with actions of the form
L = f(R). (120)
These types of theories have extensively been analyzed in
the asymptotic safety literature (see, e.g., [36,37,46,47,49—
51,55,57-59,64,65]). These types of theories are also
contained in the general setup (81). To obtain the corre-
sponding parameters, we use the results of Sec. III F and

start by noting that the form of the modified Ricci scalar
curvature (70) is given by

xx—1

. 121
dd—-1 (121)

R:gpﬂggyk/)nﬂy:R+a

Hence, substituting the Lagrangian (120) by £ = f(R),
we find

a o )(()(_1)
aar‘c|oz=0 *f (R>m,

» 2 -1 2
RE|, o = fr(RZUL

(d-1)?2 (122)

and comparison of Eq. (122) with Egs. (74) and (75) gives

(119)
[

L = f(R),

E = f(R),

A= f"(R),

B =0,

C=0, (123)

confirming that f(R) gravities have vanishing B and C.
As discussed in Sec. IITE, this has the effect that the V*
term in the Hessian for the transverse traceless tensor
modes is absent. Combining Eq. (123) into Eq. (81), we
find a general flow equation for f(R) gravity with open
endomorphisms and unspecified z. The choice for
these parameters can have crucial effects on the type
of fixed point solutions. In particular, it has been noted
that solutions to the equations of motion are absent for
the linear split with trivial endomorphisms parameters
e; =0 [46,50,58]. In Ref. [50], it was argued that
eigenperturbations of such fixed points not admitting
solutions to the equations of motion are redundant by
nontrivial field redefinitions. However, it turns out that
solutions to the equations of motion do exist for the
linear split with endomorphism parameters (88) and (90)
[65]. The latter choice also removes technical poles in
the flow equation obtained from the denominators DY
and D3 in Eq. (C10).

While the flow equation (81) agrees using Eq. (123)
with some results in the literature [37,46,51,65], flow
equations using other technical choices as explained in
Sec. II cannot or can only partly be obtained from our
result. In particular, note that Eq. (81) is subject to the
Landau gauge with 6 = 0, which makes it different from
flows using the unimodular gauge [55,56,120]. As
explained above, in this gauge the physical fluctuations
['7° enter the flow (14) rather than ['". Because of
this, only the transverse tensor sector of our flow
equation, i.e., PT and DT given in Appendix C, agree
with those works. Moreover, literature results can differ
due to different techniques in evaluating functional
traces, in particular, by using smoothed spectral sums
[45,56,57,120] or by evaluating the flow on maximally
symmetric backgrounds with negative curvature, i.e.,
hyperbolic spaces [59].
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F. f(R Ric?) gravity

We now turn to models which additionally allow for
Ricci tensor interactions [64] and consider gravitational
Lagrangians of the form £ = f(R, Ric?), where
f(R,Ric?) = F(Ric?) + R - Z(Ric?). (124)
The functions F and Z are unspecified a priori and
characterize the even ~F(R) and odd ~R - Z(R) parts of
the action under reflection in field space R <> —R. In a
polynomial expansion in the fields, the action contains the
Einstein-Hilbert action to the lowest orders. The character-

istic functions derived from this action are

L = F(x) + RZ(x),

E— % (F/(x) + RZ (x)|R + Z(x),

A= % [F"(x) + RZ"(x)]R* + RZ'(x),
B =2F'(x) +2RZ(x),

C =0, (125)
where x = R?. Clearly, Ricci tensor interactions now
contribute to the coefficients L and B, while the coefficient
C remains trivial. Within the asymptotic safety scenario, the
functions F' and Z have been determined self-consistently
by the requirement that an interacting fixed point is reached
in the ultraviolet [64].

G. f(R Riem?) gravity
In the same spirit, we consider gravitational actions
which depend on Ricci scalar and Riemann tensor inter-
actions [69], but not on Ricci tensor ones, with a gravi-
tational Lagrangian of the form £ = f(R, Riem?), where

f(R,Riem?) = F(Riem?) + R - Z(Riem?). (126)

L = F(x) + RZ(x).

Once more, the functions F and Z are unspecified a priori,
and the action (126) contains the Einstein-Hilbert action to
the lowest orders in a polynomial expansion. The functions
F and Z have been determined self-consistently by the
requirement that an interacting UV fixed point arises in the
UV [69]. The characteristic functions are found to be

L = F(x)+ RZ(x),

E— % [F/(x) + RZ (0)]R + Z(x),

1 2
A= 5 F"(x) + ng” (x)|R* + RZ'(x),

B=0,

C =2F'(x) + 2RZ (x), (127)
where x = {1 R?. Notice that the absence of Ricci tensor
interactions entails B = 0. Using Eq. (127) together with
the linear split (z = 0) and specific endomorphism param-
eters (88) and (90), the flow equation (81) reduces to
expressions given earlier in Ref. [69].

H. f(R,Ric?, Riem?) gravity

The models of the two preceding sections can be
combined by considering general Lagrangian of the form
L = f(R,Ric?, Riem?) [64,69], where

f(R,Ric?,Riem?) = F(aR? + fRic? + yRiem?)
+R-Z(aR? + pRic? + yRiem?). (128)

Besides the two free functions F and Z, we have also
introduced three free parameters «, f, and y which
characterize their argument. In practice, only two of the
three parameters are independent, but for the derivation of
expressions it is convenient to keep all three of them. The
characteristic functions are then found to be

E= <za + %ﬂ + %y) [F'(x) + RZ'(x)]R + Z(x),

p

A =2a[F'(x) + RZ'(x)] + <2a +Z 4+ 7) ’ {F”(x) + <4a +h+ 237) RZ”(x)] R% + RZ!(x).

2 3
B = 26[F/(x) + RZ(x)],
C =2y[F'(x) + RZ (x)],

where x = (a+ 38+ t7)R*. For this class of models,
we note that the coefficients B and C are proportional to
each other, B/C = f#/y, and nonzero in general, which
permits settings where spin-2 ghosts are absent from the

(129)

|
outset (B/C = —1); see Eq. (66). Using a linear split
(r =0) and endomorphism parameters (88) and (90),

we reproduce the flow equation derived previously in
Ref. [69].
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TABLE 1.

Shown are the parameters L, E, A, B, and C corresponding to curvature invariants up to quartic order, not containing

covariant derivatives. In the main text we mostly take L, B, and C as the three independent parameters, with £ and A determined through

Egs. (55) and (58).

Curvature invariants L E A B C

R (d—1)dA 1 0 0 0

R? (d—1)*d*N? 2(d - 1)dA 2 0 0
R*™R,, (d—1)*dN? 2(d - 1)A 0 2 0
R¥POR 1y 2(d — 1)dA? 4A 0 0 2

R’ (d-13dN 3(d —1)2d*A? 6(d —1)dA 0 0
RR™R,, (d—13dPA3 3(d—1)*dA? 4(d-1)A 2(d —1)dA 0
R”R,,R*, (d—1)3dA° 3(d—1)2A2 0 6(d—1)A 0
RR™R,, 2(d - 1)2d*A? 6(d —1)dA? 8A 0 2(d - 1)dA
R,,R,, R (d—1)3dA? 3(d—1)2A% 2A 2(2d - 3)A 0

Rveo ﬂRM,,R 5 (d=2)(d=1)dA\> 3(d —2)A? 0 6A -3A
RPR,,, R, 4(d - 1)dA? 12A? 0 0 12A
R R, R o 2(d —1)2dA3 6(d — 1)A? 0 8A 2(d - 1)A
R* (d—1)*a*A* 4(d - 1PN 12(d — 1)2d>A? 0 0
R?R*R,, (d=1)*dA* 4(d—1)3d*A3 10(d — 1)%dA? 2(d = 1)2d*N? 0
R°R,,R"R,, (d—1)*d>A* 4(d —1)3dN3 8(d —1)*A? 4(d - 1)2dN? 0
RR¥R,,R*, (d—1)*d>A* 4(d —1)%dA3 6(d —1)2A2 6(d —1)2dA? 0
R”(,RP”RMR",, (d—1)*an* 4(d—1)3A3 0 12(d — 1)2A2 0
R2RMPOR,, 00 2(d = 1)3d>A* 8(d —1)2d*A? 20(d — 1)dA? 0 2(d —1)2d*A?
RR s R R, 2(d —1)3d*A* 8(d — 1)%dA3 16(d —1)A? 4(d—1)dN? 2(d — 1)%dA?
RPIOR 15 sR*PR 0 4(d—1)2d*A* 16(d — 1)dA3 3272 0 8(d — 1)dA?
RR,,R,, R (d—1)*d>A* 4d-1)%dN> 2(d—1)(4d - 3)A* 2(d - 1)d(2d — 3)A\? 0

R, R" R#DR"/’”" (d—1)*an* 4(d—-1)3A3 4(d - 1)A? 4(d—1)(2d - 3)A? 0
RR”“ PRupo R o 5 (d=2)(d—=1)2d?A*  4(d-2)(d-1)dA? 6(d —2)A? 6(d — 1)dA? —3(d - 1)dA?
RR"PR,,,-R* o 4(d - 1)2d*A* 16(d — 1)dA? 24A? 0 12(d — 1)dA?
RR"°*R,,R"°,, 2(d — 1)3d*A* 8(d —1)%dn> 12(d = 1)A? 8(d —1)dA? 2(d —1)%dN?
R”"“’/jRp,,RmR/‘a/’/j 2(d —1)3dA* 8(d —1)2A3 2A? 2(9d — 10)A? 2(d —1)2A2
RY%PR,,R,,R" 4 2(d - 1)3an* 8(d —1)2A3 4A? 4(4d — 5)N\? 2(d—1)>A2
Ree, R”/’V R,WRﬂ 4(d - 1)dA* 16A3 0 0 242

R, RmﬂR R (d—1)*an* 4(d—1)3A3 2(3d — 4)A? 2(d(3d —8) 4+ 6)A2 0

R” o Rorb R,WRﬂ ’ (d—1)d(3d — 5)A* 4(3d - 5)A3 0 28A? (4d — 15)A?
Rﬂ « R"Vﬁ R,,0R",, 2(d—2)(d - 1)dA* 8(d —2)A3 0 20A? 2(d—T)A?
R”,fyRﬂﬂ 'R, Rﬂp,,a (d—2)(d—1)*dA\* 4(d-2)(d-1)A3 2A? 2(5d — 9)A? =3(d—1)A?
R sRPIOR,, . R™ o 8(d —1)dA* 32A3 0 0 48A2

RY 5 ROP'R,,R" 4(d - 1)*dA* 16(d — 1)A3 0 24A? 12(d = 1)A?
RY s R"PR,R¥, 2(d = 1)%dA* 8(d —1)2A3 0 20(d — 1)A? 2(d - 1)2A?
R%4,;RPIR,,, o R*?,, 4(d — 1)%dA* 16(d — 1)A3 0 32A2 8(d—1)A?
R’ 3, R%PIR, R* ¥ 2(d — 1)%dA* 8(d —1)*A° 8A? 4(3d - 5)\? 2(d — 1)2A?
R” A R“V/’ RW,,,R/‘ - 1)d((d=3)d+4)A* 4((d—-3)d + 4N 4N? 8(d —3)A? 10A?

I. Higher-order invariants

Finally, we point out how our setup based on the action-
independent form for the Hessians can be exploited for
investigations of quantum gravity, particularly clarifying
the role of higher-order curvature invariants without nec-

essarily starting from an explicit action.

First, the flows of gravitational actions which include
different curvature invariants can be analyzed by substituting

appropriate values for the characteristic functions B, C, and

L. Therefore, for each curvature invariant which does not
contain covariant derivatives, it is possible to identify the
corresponding values for the parameters A, B, C, E, and L
[105]. For convenience, we tabulate in Table I the parameters

for the first 38 curvature monomials not containing covariant
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R

A=da-n

(130)

and recall that parameters are functions of R. With these
values at hand, a practical recipe consists in studying the
effects of the corresponding curvature invariants (or linear
combinations thereof) by inserting the corresponding values
(or linear combinations thereof) into the flow (81).

Second, one may also start directly from the character-
istic functions L, B, and C without referring to any
particular action £(Riem) polynomial in curvature. To that
end, consider a general Lagrangian of the form

L(Riem) =

ZA X,,

(131)

containing arbitrary operators X, of the order of n in
curvature constructed from the Riemann tensor and the
inverse metric. On a maximally symmetric background,
any operator X, acquires the form

Xn|msb = Lan’ (132)

with some spacetime dimension-dependent constant L,,.
Therefore, evaluating the Lagrangian on a maximally
symmetric background, the corresponding scalar functions
L, B, and C have the following expansions in terms of the
Ricci scalar curvature:

(133)

Note that the sums for B and C start at n = 2, which can be
understood following Eq. (75), in particular, noticing that
the Einstein-Hilbert terms cannot contribute to B or C.

So far, we have three functions L, B, and C depending on
four sets of parameters {4,,L,.B,.C,}, one of which is
redundant. In fact, the numbers L, are redundant in that
they correspond to the normalization of operators and can
always be absorbed into a rescaling of coupling constants.’
Therefore, we may introduce

This is possible for L, #0, which we require anyway
following the arguments given in Sec. [VA.

(134)

such that

(135)

Thus, on a maximally symmetric background we can map
any action £(Riem) to characteristic functions of the form
(135). Consequently, we can study the effects of all
possible higher curvature invariants (those which do not
vanish on maximally symmetric backgrounds) by keeping
the form of L(R) fixed according to Eq. (135), while
varying the parameters {B,, C,}. In general, these param-
eters can take arbitrary values along the real axis, and, in
particular, they are not bounded.

As an example for this idea, consider the class of actions
introduced in Sec. IV H at quadratic level in curvature. In
this case, the Lagrangian takes the form

L(Riem) = Zo + 4R + D (aR? + PR, R* + YR R,
(136)
On a maximally symmetric background, we find
= = s 1 1
L =2 +M4R+ 4R (1+Zﬂ+6}’ .
B =21,
C = 2]//_12. (137)

Apart from coupling constants, this model depends on three
parameters a, f, and y. Following Egs. (133)—(135), an
overall normalization factor can be rescaled into 4, without
changing the physical content of the model. Taking

= 1 1

A = <0€+Zﬂ+g}’>/12,
br=p/(atp+
2T\ TP T )

1 1
c2:y/<a+zﬂ+6y> (138)

leads to
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L - AO + AlR + ;12R2,
B = 2by,,

C =2cyky. (139)
The rescaling (138) has eliminated one parameter from the
three-parameter family of actions we started with, and we
have ended up with a two-parameter family of RG flows
with (b,, ¢,) characterizing general fourth-order flows with
quantum fluctuations evaluated on spheres.

This idea can naturally be carried over for actions
containing arbitrary higher curvature invariants (135),
leaving us with at most two free parameters {B,.,C,} for
every order n > 2 in curvature monomials. It will be
interesting to apply these setups for systematic fixed point
searches in higher-order theories of gravity, which is left for
future work.

V. DISCUSSION AND OUTLOOK

We have put forward new functional renormalization
group flows for f(R,,,,) quantum gravity, in any dimen-
sion. The most important novelty is that the underlying
Lagrangian for these types of theories can be taken to be
any function of the Riemann tensor and the inverse metric.
As such, our setup offers a change of perspective in that
functional flows can now be determined without the need to
specify the underlying Lagrangian beyond the particular
form Nf(R;w/)o-)'

To achieve the result, crucially, full advantage has been
taken of maximally symmetric backgrounds, conveniently
employed for the evaluation of operator traces. In conse-
quence, the functional flows (76) and (81) are characterized
by three independent scalar functions [Eq. (54)], which we
have taken to be the Lagrangian evaluated on the back-
ground, L, and two quantities B and C, which, respectively,
account for effects due to Ricci and Riemann tensor
fluctuations. On the technical side, we mostly followed
standard choices in the literature to achieve the explicit flow
(76) and (81), We also implemented an interpolation
between the popular linear and exponential metric splits
(9). Our setup is highly flexible and allows the full range of
choices for, e.g., cutoff types and shape functions, gauge
fixings, endomorphism parameters, and more, and all of
this in combination with heat kernel expansions [98] or
spectral sum techniques.

Overall, the new flow equation encompasses all models
on maximally symmetric backgrounds investigated previ-
ously within the asymptotic safety program, to which it
reduces for the corresponding parameter choices. What is
more, the generality and structure of the setup opens up a
wide range of new applicabilities. First and foremost, it
allows the study of quantum gravitational effects in a
plethora of new extensions beyond Einstein gravity, poly-
nomial or otherwise, many of which have hitherto been out
of reach. Furthermore, it enables qualitatively new types of

fixed point search strategies within the operator space
spanned by polynomial curvature invariants (Table I),
including horizontal (or vertical) searches across curvature
invariants with the same (or different) canonical mass
dimensions. Finally, we emphasize that the setup permits
the study of quantum effects in extensions of general
relativity relevant for cosmology and the physics of black
holes. We thus look forward to detailed explorations of the

landscape for asymptotically safe f(R,,,,) theories.
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APPENDIX A: METRIC DERIVATIVES

In this appendix, we take care of the metric derivatives
required for the evaluation of Eq. (42). Following a line of
reasoning put forward in Refs. [103,105], we start by
considering an infinitesimal coordinate transformation
x, = x, + &,(x). Since the Lagrangian is a scalar, the
variation under this coordinate transformation can be
written as a Lie derivative:

6L = &'V, L(Riem)

o OL(Riem) ,
=& (Wﬂ WN R poy + vangﬂ >
= f"WF’""”V”RMW, (A1)
where we recall that
0L (Riem)
PO = — =, A2
4% R (A2)

pouy

On the other hand, the change in £ can also be expressed in
terms of the changes in the Riemann tensor and the metric:

O0L(Ri
oL = Wrwsg,,,, + FLRIEm) 5
og
With the change of the inverse metric and the Riemann
tensor given by

(A3)

Sg = —VHE =V, (A4)
5Rpam/ = éﬂvﬂRpa/w + (vpgn)Rna/w + (vaén)Rpmw
+ (vﬂgn)Rpam/ + (vu€}7>Rp6/u1’ (AS)

and also using the symmetries of W’ we can recast
Eq. (A3) into the form
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SL = Wror (BN, R 0, + 4(V,ENR, )

oL(Riem)
-2———=Vre, A6
g Ve (46)
Equating Eq. (A3) with Eq. (A6), we arrive at
o JL(Riem)]
0 - 2W/) H R"IO'IW - 7 V’ 5”. (A7)

As this must hold true for any &, we conclude that the first
derivative of the Lagrangian with respect to the metric, and
written in terms of W’°*  is given by

oL (Riem)

o (A8)

= 29/)(/1Rq)6;w Wrery,

While the derivation of Eq. (43) has made use of the
Lagrangian £ being solely a function of the Riemann tensor
and the metric field, we have not made any choice for the
background metric. Therefore, the result (43) is valid for
general geometries.

To obtain higher derivatives, we first take a derivative of
Eq. (43) with respect to the Riemann tensor:

0*L(Riem) OWWEKIE
=2 my/jc popy 2 R
aRpo_Wagaﬂ (a Bkné + 29¢(aRp)ne aRpG’w
= g<ﬂ[/’]/\}a>5]ﬂ’/ + g(ﬂ[ﬂwa)’/]ﬂo’
oWVeKkné
+ 29¢@Rppne 3 (A9)

pPOUY

_ R (d*—4d+2 1
AT = [ d? h|l—|———B—--C+1L"
R (d*+3d-16 2
d 4d(d—1)

R? 1 R

+ <—d(dR_])(B+(d+ 1)C) +;L’>V2+ <

Here, we used

(A10)

with C,,,,*"° defined in Eq. (53). Taking a further metric
derivative of Eq. (43) gives

0*L(Riem) N
“ogage — 20undp WV Ry

o

+ 2Tglwga(pRo.)ﬂy§. (All)

This concludes the derivation of Egs. (43)—(45) given in the
main text. It allows us to eliminate all derivatives with
respect to the metric in Eq. (42) in favor of Riemann
derivatives. The latter can be parametrized in terms of four
scalar functions on maximally symmetric backgrounds as
seen in Sec. III C.

APPENDIX B: HESSIANS WITHOUT YORK
DECOMPOSITION

Here, we present the Hessian of the form (37) without
making use of the York decomposition. Using the metric
split (9), we arrive at

+ C+2L" Y V2 4 MB lC+L" V4| h
d(d—1) 2 4d(d-1)" d

0(e-2)

i C> V‘ﬂ v + S <1B + 4C> + L’] (V,h#)(Vh,,)

2 d—1

R( 4 2(3d-1) , / .
’ ﬁ((d—l)d T a-1d €-2L ) *L}}Wuvvh )

(@ -d-4), (d-1) . y .
T 2@-1na B+——C+L ](Vﬂvyh )(V, V)

+ |5+ zc} (Vih,,) (V2V, ) + [_ (

&2 —d—3)
2(d—1)d

2
B+=C- 2L”] hvzvﬂvyhﬂv}.

g (B1)
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APPENDIX C: FLUCTUATION INTEGRALS

Here, we give the coefficient functions P and D for the flow equation derived in Sec. III G. In dimensionless quantities,
the flow equation is given by

0, +d¢ =2rt' =I[¢,b,c], (C1)
with
I, b,c| =1)[¢,b,c| + L[¢,b,c|o,f + L€, b, clo, " + I5]€, b, c|o,;b + 14]€, b, c]o,c. (C2)

Since we are using the York decomposition throughout the whole computation, we keep track of terms originating from the
different York modes. This allows us to write the I;[Z, b, c| as

e ek bbb =
e = o ol o
L[£.b.c] = é%, (C3c)
Lt b.c] = Kld [Dr[fb, 7 + Ds[fb’ C]] , (C3d)
Lit.b.c] = Kld [DT;:‘; S+ Ds[g‘fb, C]] , (C3e)

where 7, V, and S denote contributions from tensorial, vectorial, and scalar origin, respectively. The subscript c¢ refers to
contributions from ghosts and Jacobians, and

kg = RY?Vol, 2338472 (C4)

originates from the volume integral on the left-hand side of Eq. (14). The denominators D are directly related to the
denominators in Eq. (30), while the numerators P originate from numerators in Eq. (30) which have been split up to collect
renormalization scale derivatives according to Eq. (83). The explicit coefficients P and D are rather lengthy, and we give
them only for four-dimensional spacetime, d = 4.

The denominators in Eq. (C3a) are defined as

T r et eir? P or 1
DT[f,b,C]—(T—l)f—<—€]r+§r—§+l)f/+(—IT+IT—€1r+ﬁ+g+§)b

5e,r? 25
+(— e61r +2€%r2—4elr+lr—2+€r+2>c, (C5a)

3 3 9e2r? 2 9
DS[¢,b,c] = (r+ 1) — < e4r+zr+r——>ﬂ+ (3e4r2+ =l —9e4r+r——3r—|——>z,””

2 2 2 2 2 2
2 2.2
eqr-  3egr _3e4r_£ § é
+ ( 1 + 4 2 4—|-4 2+C . (C5b)

The numerators P, appearing in Eq. (C3a) can be written as

PT[£.b.c] = PICV¢ + PI?2¢" 4 pIOO, 4 IV 4 IO 4 pTelel, (C6a)
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b b
Pg[f,b,c] — nglf/ +P§f2f// +P8f3f,// +P(.S)‘0 <§+ C) +P8‘1 (E_i_ C/>,

with coefficient functions

PO — _E17 10623  40¢,2 + 2063 — 12063 + 180e,r — S L7 L 30,80
18 : ! ! 2268 9 ’
prea_ — 10€2r* + 20,1 — 203 * + 60e3r — 60e, 1% + SLLLANRANTE I 20r,
0 18 ! 2268 18
6le,r? P 612
pIoo — 1—§ — 10€3r3 4 20e,r> — 60e3r° + 1802 7> — 180e,r — T8 18 107 + 60,
b1 elr5 61 2.5 6lelr4 10 I 24 4.5 .3 5 1135/
0 =73 364" T I3 Fear +10e3r* — 10e,r° — 15¢1r° 4 60e3r* — 90e3r® + 60¢, r ~ Sz
r 61r 1072 s
108 36 ' 3 "
70 152e1r3 9.3 ’ 3.3 2. 57 15242
POC :T—?)Oelr +60€1r —240€ir +720€1r —72061"—@—T—30r+240,
5e,r° 76 152e,7*
Bl = =2+ et =t = 10617 4 3063 — 30e 1 - 60¢{r° 4 240e}r* — 360e + 240¢,
2417 5/ 7687
Sl T | —
es t1s T ot 0r% — 60r,
29¢,1° 377 2972
Py =~ 68 +3efr’ = 12e4r% = 6€3r° + 36€3r” — Sdeyr + oo + -+ 9r + 24,
py2 = 241 g LG Gt 1802 4 186, - 10861 + 32462r° — Bdegr — o 20
frd — bl T —_ - r —
60 4 10 4 4 4 4 Y1512 20
12172
- 10r —6r + 108,
pyrs = 26 O s 91 g4 1086kt — 162621 4 108e,? 4+ 510 L 200 O,
30 20 “ 10 4 4 4 4 3360 30 @ 20 ’
o Z 31T 5as 602 1863 4 5402 — Steyr — b 3 L5,
0T g 74 4 4 4 Y360 60 ’
29¢,r° 31 3leyrt 9¢lr’ 1271
1= — 360 meirs e +e3r’ —=3e3r* + 3eyrd — 32— 4 18eir* — 27e2r + 18e4r% + 55920
2974 n 3153 ) Or
360 120 2

The numerators P, 34 appearing in Eq. (C3a) take the form
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T eir ) 33 ) 31172 72
P :—¥+56 r —10e,r? + 10e3r® — 30e3r —|—30€1r—4536 T +5r-10, (C8a)
29e,r  3e2r? 377 2977 3r
S =— 0 3 —3e4r? = 3e3r’ +9e3r? —9ear+ 35 Tt T (C8b)
29e,r* 91 Oleyr*  27e4r* 18174 297 9172 27
pPS = — e 4 5463 81 —54 - - —, c9
2T 60 “a0 TT20 T2 i 8ler = Sher = o5 =60 " a0 2 (Ca)
e rt 61 6le,r’  5e3r 15¢}r 113574 #°
pr—ar O, ole 1" _ 56213 4 50,12 — 30637 +45¢217 — 30
T2 T TR T T Tar T eir +45e] 1" * 108864 216
6172 5r 15
S AL A C9b
72 3 * 2’ (COb)
ps 29e,r* 31 24 3leyr’ eir4+3eir3 3eyrr 9eirt 9eir’  27e3r? 9e4r 12774 2973
= ——eir - - - - -
3 1440 480 ¢ 240 4 4 4 8 2 4 2 103680 1440
317 r 9
- T2, 9
280 473 (C9¢)
5e;r* 38 76 24174
Py = D+ 69” +Selrt = 1561 + 15, + 30efrt = 1206117 + 18063% — 120e; 7+
5r° 3872
-—————-5 30 Cad
26 o A (C9d)
ps = 29e4r* ieﬁr“ 3legr eirt N 3eirt  3eyr’ N 9eqrt 963 + 27e3r* 9eur— 127/% 291
720 240 120 2 2 2 4 2 51840 720
3177 r 9
LA 9
240 274 (C)
Finally, we give the universal contributions coming from the auxiliary part. The denominators are given by
pY=1- ezr—::, (C10a)
r
DS=1- esr =3 (C10b)
and the numerators by
607>
PY = 6eyr® — 36631 + T2e,r + 60r —6r— 36, (Cl1a)
s 2 2.2 1
P2 =4e3r — 12e5r° + 24e3r + —4r—12. (Cl1b)
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