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The Chern-Simons-Kodama (CSK) state is an exact, nonperturbative wave function in the Ashtekar
formulation of classical general relativity. In this work, we find a generalized fermionic CSK state by
solving the extended gravitational and fermionic Hamiltonian constraints of the Wheeler-DeWitt equation
exactly. We show that this new state reduces to the original Kodama state upon symmetry reduction to
Friedmann-Lematre-Robertson-Walker (FLRW) coordinates with perturbative fermionic corrections,
making contact with the Hartle-Hawking and Vilenkin wave functions of the universe in cosmology.
We also find that when both torsion and fermions are nonvanishing, the wave function possesses a finite

amplitude to evade the big bang curvature singularity.
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I. INTRODUCTION

In various attempts to quantize gravity, the question of
background independence (active diffeomorphisms) is a key
guiding principle. In nonperturbative quantizations such as
loop quantum gravity, causal dynamical triangulations, spin
foams, and group field theory, only the gravitational degrees
of freedom, such as the connection, are elevated to quan-
tization. A criticism of these approaches is that they lack a
principle that links the rest of the matter fields in nature to the
quantization of gravity.1 Supergravity is an approach that
was able to link gravity to matter via supersymmetry [3].
Quantum gravitational approaches, such as string/M-theory,
place the graviton and matter fields on the same footing since
both arise from excitations from the string vacua.

Another approach in the canonical quantization route is
the procedure laid out by Dirac, which quantizes a con-
strained Hamiltonian system. In the case of general relativity
(GR), this invariably leads to the Arnowitt-Deser-Misner
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'"The geometrization of matter, which posits that matter fields
emerge from conical defects of geometry, has been pursued by
Crane, and cosmological applications have been explored [1,2].
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formalism [4], where the spacetime manifold M, is decom-
posed into a family of spacelike three-dimensional hyper-
surfaces X, which are parametrized by a time coordinate r2

This approach is also not without its problems. The
Hamiltonian and momentum conjugate enter the action as
constrained quantities. The resulting quantization of the
Hamiltonian constraint gives the Wheeler-DeWitt equation,
which is a second-order hyperbolic functional differential
equation, corresponding to an infinite number of degrees of
freedom at each spatial point. This makes any calculation
cumbersome at best and ill-defined at worst. The Ashtekar
formulation of GR [5] provides one way to tame some of the
issues pertaining to this naive canonical quantization picture.

The Ashtekar formalism (for which we will delve into
more detail in the next section) recasts the dynamical
variables in GR from the metric to a Yang-Mills gauge field
over the SU(2) gauge group. This reduces the Hamiltonian
to a much simpler and far more manageable form where
one is dealing with a polynomial in the gauge field and its

“This approach introduces a set of functions made from the
time-time and time-space components of the 4-metric g,,: the
lapse function N(x,7) and the shift function N(x, ). The lapse
function relates variations in coordinate time ¢ to those of the
proper time as one follows a curve that lies normal to ;. The shift
vector, on the other hand, describes the variations in a spatial
point as one moves along a curve that lies tangential to X,.

© 2022 American Physical Society
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canonical partner. This allows the Wheeler-DeWitt equa-
tion to be solved exactly, amounting to finding the ground
state of the quantized theory; with the inclusion of a
cosmological constant, the solution is known as the
Chern-Simons-Kodama (CSK) state. The fact that the
CSK state is an exact, nonperturbative solution makes it
a promising candidate for describing quantum gravity with
a cosmological constant. More broadly, the Ashtekar
variables also provide a natural way to incorporate cou-
plings to matter fields. This leads to a potentially auspicious
avenue of working within a universal, nonperturbative
framework for treating both the geometry and matter
sectors on equal footing, as the general theory of relativity
would have us do.

Since all of the known matter in the Standard Model are
fermions, we seek to find a new CSK state that includes
fermionic matter on the same footing as gravity (for
inclusions of bosonic matter see [6]). In this work, we
explore a quantization of gravity with the inclusion of
fermionic matter by solving both the gravitational and
fermionic Hamiltonian constraint. We find an exact wave
function that has interesting connections to the CSK state
with the inclusion of torsion. We then seek to make contact
with the Hartle-Hawking/Vilenkin wave functions of quan-
tum cosmology from this exact wave function.

This paper is organized as follows: in Sec. II, we provide
a brief overview of the Ashtekar formalism and derive the
Kodama state from the quantum Hamiltonian constraint. In
Sec. III, we add fermions and find we can still solve the
modified Hamiltonian constraint exactly. In Sec. IV, we add
torsion into the picture and find that the original Hartle-
Hawking (or Vilenkin) state is the leading term to the
resulting wave function when we expand around the
fermion fields. We conclude with some remarks and
directions for future work.

II. THE ASHTEKAR FORMALISM
AND KODAMA STATE

In pursuit of a Wheeler-DeWitt quantization of gravity, it
is instructive to understand how the Ashtekar connection
and the resulting Hamiltonian, diffeomorphism, and gauge
constraints emerge from a manifestly covariant 4D theory
of gravity. In the Ashtekar formalism [5], gravitational
dynamics on a four-dimensional (4D) manifold M, is
not described by a metric g, but,’ rather, a real-valued

gravitational field e} (x), mapping a vector v* in the tangent

3We use the mostly plus metric signature, i.e., Ny = (—+,+.+)
in units of ¢ = 1. We use boldface letters x to indicate 3-vectors,
and we use x to denote 4-vectors. Conventions for curvature
tensors, covariant and Lie derivatives are all taken from Carroll [7].
Greek indices (u, v, ...) denote spacetime indices, Latin indices
(a, b, ...) denote spatial indices, and Latin indices (i, j, ...) denote
indices for the internal space ranging from 0,...3 for the former and
1,...3 for the latter.

space of M, at the point x into Minkowski spacetime M,
[with metric #;; = diag(—1,1, 1,1),,]. Locally, the metric
on My is g,, = nele].

The Lorentz connection w,;’ is w;” = w,// dx*, dw,’ =
d/,wyﬂ dx* A dx? is the exterior derivative, and the curva-

ture of @ is R,’ = dw,;” + 0,X A wg’. The action of self-
dual gravity is (up to the gravitational constant G)

1
S p—
327G

/ {*(el/\ej)/\R”—l-iel/\ej/\R”

My

—ée e’/\ej/\eK/\eL] (1)
6 ClUKL ,

where * is the Hodge dual, the first term is the Hilbert-
Palatini action, and the second is the Holst term (propor-
tional to the first Bianchi identities in the absence of
torsion).

Here we are interested in the Hamiltonian formulation in
Ashtekar variables [5,8]. In the gauge choice eg =0, itis
convenient to define the densitized triad E¢ = €% e; ek,
which is conjugate to the self-dual connection

. 1 .. ,
AZ(X) = _Eel]kwajk - ia)aOI- (2)

As the Lorentz connection (and, in particular, the spin
connection I';, = — 1 e, w, ;%) is real, A is complex valued
and obeys the reality conditions (for a discussion, see

e.g. [9D)
Au+ A7 =21 E], (3)

where * denotes complex conjugation and the spin con-
nection solves the equation de + I'[E] A e = 0.
The Poisson bracket of the elementary variables A and E is

{AL(x, )Eb(y. 1)} = i87G8,5:5(x —y). (4)

Introducing the “magnetic” field and the gauge field strength

Bai = eachZC’ (5)

1
2
F*, = 0,Af — 0,A% + (87G)e, *ALA], (6)

one can show that the Hamiltonian scalar constraint follow-
ing from Eq. (1) is

H = e EYEY <F’;b + %eabcEck> =0, (7)
where A is a cosmological constant (of any sign) and X is the
vector spatial product defined as (u x v)¢ = €4, .ubv¢. In
exterior algebra notation, the gauge field is A = A, dx‘=
Alz; dx® [z; being an su(2) generator], the covariant deriva-
tive is D = d + (87zG)A A, and Eq. (6) can be compactly
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recast as F =dA + (82G)A A A. Under a local gauge
transformation, the Ashtekar connection transforms as

A— A =gAg' — gl dg, (8)

where g(x) is an element of the gauge group of gravity
G = SU(2). Let G, be the subgroup of small gauge trans-
formations, i.e., local transformations continuously con-
nected to the identity. Its elements are of the form
go = exp[—i6'(x);], where §(x) are some functions on a
spatial slice of M,. Pure gauge configurations g~! dg are
equivalent to the flat gauge A = 0.

The full invariance group of the theory is the semi-
direct product of the diffeomorphism and gauge groups.
Invariance under small gauge transformations is guaranteed
by the Gauss constraint

G, = DE¢ = 0,E¢ + (82G)e 4 AUE™ =0, (9)

while spatial diffeomorphism invariance is imposed by the
vector constraint

V,=(E;xB"),=EF, =0. (10)

The total Hamiltonian is a linear combination of the
constraints; up to constants, H = (8zG)™" [, d*x(NH +
N*V, + XG;), where M3 is the spatial submanifold and N,
A/, and N“ are Lagrange multipliers [in particular, A/ is a
generator of su(2)].

Now, let us construct the CSK state by following the
example of [10] to solve the Wheeler-DeWitt equation. We
have the Hamiltonian

N A
Hwpw = € EYEP <F§b +§€abcECk>7 (11)

which acts on some wave function w[A], and we want to
find the form of y[A] that is annihilated by (11). Applying
the regular canonical quantization procedure, i.e.,

£ — —87Gh——, 12
T (12)
the annihilation of the quantum state becomes
. o o
A] = (82Gh)*e; jp————
Hwpwy[A] = (82Gh) eljk&AaiéAbj
8xGhA 0
X (Fﬁb _T%bcéA—Ck)W[A] =0. (13)

If we assume that the field strength is self-dual, then
Ft, = =2 € E™ so

oy 3
= F* wlA]. 14
€abc 5Ack 87GhA ahl//[ ] ( )
Contracting both sides with e4*? gives us
1 3 O 3 .
25¢ Y- e FLwA] e e FLplAlL
Ay AN A, 20%A
(15)

where 51231 = 82Gh is the Planck length. Recognizing the
term multiplying the wave function to be the Chern-Simons
functional, we can write down the exact solution to the
Wheeler-DeWitt equation as being

wildl = N p(—ﬁ [rei). o

where A is some normalization constant independent of
the gauge field and

YCS [A] =Tr

2
A/\dA+§A/\A/\A]

1 A | o
= —5 (Al dAl + geijkAlAJAk> (17)

is the Chern-Simons functional, with the trace taken in the
Lie algebra. It can be said that the WKB semiclassical limit
of the CSK state is de Sitter spacetime [11],4 with

. AN & A
A;:i\/;e\/;éﬁ,, Ee=Vise,  (18)

Now that we have the CSK state solely in terms of the
gravitational connection and the cosmological constant, we
would like to explore a full nonperturbative state that also
includes the fermionic Hamiltonian.

III. THE FERMIONIC CSK SOLUTION

To find the Hamiltonian constraint associated with
fermions covariantly coupled to gravity we start with the
covariant fermionic Lagrangian [13,14]

L = ee“CePB F o\ p —2e + V2ee™BE,D &y, (19)
where e%48 is the spinorial representation of the tetrads,
A,ap 1s the 4D gauge field with curvature tensor F 4, € 18
a 2-component Weyl spinor, and the covariant derivative
acting on spinors is

Dyép = 0,84 + (872G) Aun®Ep. (20)

*See [12] for criticisms of this view.
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Next, we employ the Arnowitt-Deser-Misner variables by
first decomposing the full 4D manifold M, = R x X. We
define a scalar function ¢ (that acts as our time coordinate)
and vector field 7* such that

“V,t =1, (21)

where V is the torsion free e**-compatible connection.
We also pick ¢ under the constraint that hypersurfaces of
constant X, are spacelike and ¢ is timelike. We define a
new timelike unit vector n“ such that n“n, = —1 at each
point on X,. We can define a unit spinor by

n8 = n,e™B, (22)
The induced metric on X, is then given by
Yab = Yap + Nallp, (23)

and so every tensor field can be decomposed into a part that
is orthogonal to X, and a component that is parallel to it. In
particular, we have

1 = Nn* + N4, (24)
where N and N¢ are the previously mentioned lapse and
shift vector respectively, and n*N, = 0. Now, the object

—iv/2n*8 defines a Hermitian metric with the property

1
S04, (25)

nPncy =

which has the action of mapping spinors to their Hermitian
conjugate, i.e. &, = —iv/2n,8&,. Next, we can extract the
spatial part of e?? by defining

FoAB = j\/2¢0C(AyB) . (26)

and we then have the identity
e™B = panAB 4 i\ 2EMACKB (27)
From these definitions, we get n,E*? = 0 and E444 = 0,

where we raise and lower the spinorial indices using the
|

/ dt/ d3x {—Tr (AJEY) +TIAE, + Aup (lzx

+N (— 5 (Tr(E“E*F ) 4 2EA) + iv2E“B11,D, §A> + N@ <——Tr(E”Fab) + l:IADafA)] ,

2D Levi-Civita symbol €45, which acts as a metric on the
vector space of spinors. Now we need only to plug these
definitions into the action to get

1
Sgn = ﬂ/ dt[z &x NE[ivV2n" EPP F 05

— E“ACEPPC F ppp — 24, (28)
where we have introduced the notation x = 8zG, E“B
projects out the timelike component of F 45, leaving
only the spatial components F,;,45. Next, we write n¢ =
(1 = N%)/N and replug it into the action to find

1 - -
SEH = ﬂ/ d4x [i\/ETr[Ebt“Fab] - l.\/ENa Tr[EbFab]

— NTr[E°E"F,,) + 2NEA], (29)
where overhead tildes denote densitized quantities, the
trace is taken in the su(2), and the t“F ;4 term is found
to be

1“F ypap = LiApap — DypAsap. (30)
where A, p = 1*Aup, L, is the Lie derivative along #“
(which we will henceforth denote as overhead dots), and

D, is the covariant derivative with connection A 5. We are
then left with

1 F— ~
Sen = 5. / dr / &Bx[iv2(TrA,E* + Tr A,D,E*
K =,

— N*TrE°F,,) — N(Tr E°E’F,, — 2EA)],  (31)
where we integrated by parts on the covariant derivative
term. For a discussion on the neglected boundary terms,
see 4.4 in [15]. Next, we focus on the matter sector for

which (after some tedious algebra) the action is

Sp= /d4x[ﬁA§A + AP Ep — NI D&y

+ iV2NE“BIID &, (32)
This brings the total action to the form
LZD“EuAB _"_g(BﬁA))
2 )

where N = N/E. We shall henceforth drop all overhead tildes with the understanding that all quantities are densitized.
Finally, the symplectic structure for the spinor field and its conjugate partner is
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{&(x. O)p(y. 1)} = 538°(x — ). (34)

The introduction of the fermionic fields has resulted in
modifications to the scalar, vector, and Gauss constraints
that we saw earlier. Given the fact that N (or in this case
N/E), N%, and A, all enter into the action as Lagrange
multipliers, we are again inspired to find quantum states
that can be simultaneously annihilated by all three new
constraints. First we start off with the scalar constraint but
with the addition of a new Hamiltonian

Hy = iV2(D)AE T, (35)
with
EAB(x :—LE‘”'onB, A B(x) = AL(x)7:42,
(x) 7 (x)o] A (x) (*)7ia
(36)
where o; are the Pauli matrices and 7; = —ic;/2 are the

su(2) generators. We are interested in finding a state vector
WA, ] such that

(Fwow + ) W[A, & = 0; (37)

i.e., it is simultaneously annihilated by the Wheeler-DeWitt
and fermionic Hamiltonian constraints. Next we write

1 nnpf a A .
|:Z< eijkEmEb] <Flc€zb + geabcELk)

n 2<Fx>AE“fa?BﬁB]w[A,é] —0. (3®)

where we used E =4 €16, EEYE* and we have
suppressed the Dirac indices. Assuming nondegeneracy
of the triads, we can factor out a triad, which leads to a
Hamiltonian that is a little simpler:

1 af s A .
{ﬂ ek <F§b + ggathCk>
AT Y =0 (9
We then apply the usual canonical quantization scheme

Eai —f2 ,
- Pl 6Aai

R )

I, » —ih—. 40
A ! S 5,4 ( )

Taking our ansatz for the wave function to be P[A, &| =

Q[Alyk[A]e™<", as well as neglecting higher-order deriva-

tive terms because the wave function is occupying its

ground state, reduces us to the following constraint:

1
2

1)
€ijiFly —— 1 2i(Deé) 0" apQlA] = 0,  (41)

where a, is a constant spinor. Next, we employ symmetry
reduction arguments; i.e., we restrict our solution space
to only include gauge fields that are homogeneous and
isotropic, i.e.,

Ay = iA(0)8, = F, = —kA%el . (42)
This brings our constraint equation to the form

1 0Q 1

2—— P —
Q[A} SA 5at - ( af)AO_?Ban (43)

drG
where we used the fact that

Q80
sa— 0 (44)

From here, we can solve the constraint equation exactly by
simply integrating our result. Doing so after taking the trace
on both sides, we get

! / * (Dub)woi oy dA’) (45)

Q[A] = Qg exp (127;G A”

where the £ in the exponential is said to be fixed and we use
the notational index A’ to communicate that we are using
the A’ gauge field. The exact wave function solution for the
combined gravity and fermion system is’

P[A. & = QAly (Al
= Q, exp< 1 /A (Daf)A’GZVBaB dA’)

4zG 3A”
X yy|A]ens, (46)

We see that our wave function (46) has the structure
of a product wave function of the pure CSK state and an
integral part Q[A], which is suppressed for large values of
the gravitational connection. To make a connection with
cosmology, we will pursue studying this exact state in a
mini-superspace  Friedmann-Lematre-Robertson-Walker
background, assuming nonvanishing torsion.

>We can replug this term into the (symmetry-reduced) con-
straint in order to see if our original justification to ignore the
third derivative term was valid. Doing so yields

Qo
SA3 T T AT

meaning for a fixed value for &, in the limit of small 7 and large A,
this term is indeed negligible.
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FIG. 1.
¢ = 0, while on the right ¢ = 0.05.

IV. MINI-SUPERSPACE REDUCTION OF THE
FERMIONIC STATE WITH TORSION

It is well known [13] that in the first-order and Ashtekar
formalism, fermions source torsion. We are interested
in exploring the relationship between fermions and a
symmetry-reduced torsion at the level of our full wave
function, similar to what was considered in [16]
(see [17-19] for other treatments of torsion and fermions).
We relax the torsion-free condition on the spin connection
while keeping the metric compatibility constraint (thus the
spin connection is still antisymmetric in its internal
indices). Recall the definition of the torsion

T'=de! + o'y A€, (47)
where we have suppressed the spacetime index for the time

being. On a homogeneous and isotropic spacetime, the
vierbein, torsion, and spin connection become

¥ = dr, el = a dx', (48)

T°=0, T'=-T(1)e% + P(r)e'ele*,  (49)

'y = (ﬁ + T> e=g(t)e!, o' =-Pekek,  (50)
a

where we have defined g(1) = (¢+T). We note here
that ¢(7) is a real-valued function that plays the role of
the Hubble parameter. Upon plugging the spin connection
to (2), we get the particularly simple form for the gauge
field

Al = a(P —ig)d, = (ib + ¢)&', (51)

where —b = a + aT and ¢ = aP. Now we can just plug
this into (43):

The real (solid blue) and imaginary (dashed orange) parts of the full wave function (54) for a4&4 = 1. The plot on the left is for

1 @_ 1 Déy0.ap
Q(b)db 122G (ib+c)?*

(52)

Now we take the spinor field to be homogeneous,6
& = &(1), which enables us to solve for the exact form of
the wave function,

Q(b) = Qy(ib + ) =", (53)

where we used & = e48&, = —¢£, and Q) is a normaliza-
tion constant. The full wave function is then

W, (b, c. &) = Qo(ib + ¢) ™y (b)es',  (54)

where the symmetry-reduced Kodama State becomes

vi(b) = ——exp (—% (ib + c>3), (55)

where we have chosen the normalization constant /27 =
N~ because we require the wave function to be delta-
function normalizable and V. is the volume of the 3D
hypersurface. The fact that we have obtained an exact
solution for the full wave function in the form of (54) is
intriguing, and it is plotted in Figs. 1 and 2.

Recently, Magueijo discovered [23] that with different
choices of contours, the Kodama state is the Fourier dual to
the Hartle-Hawking wave function and Vilenkin (or tun-
neling) states. In [24], this analysis was extended to include
both torsion and beyond mini-superspace solutions to the
Wheeler-DeWitt equation. We would like see if our full
fermionic wave function can make contact with these
previous results in order to better interpret the solution
we have. Reducing our full wave function (54) to

bSee [20-22] for further exploration of spinor fields on a
cosmological background.
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(a)

(b)

FIG. 2. The real (solid blue) and imaginary (dashed orange) parts of the full wave function (54) for a4 &4 = 2. The plot on the left is for
¢ = 0, while on the right ¢ = 0.05. For even values of the spinor product a,&* and when ¢ = 0, the real part of the wave function
diverges as —b — 0 while the imaginary part remains finite; this phenomenon is switched for odd values (see Fig. 1).

mini-superspace, we are able to read off the commutation
relations between the connection and its electric field:

)
i

b,a?] =1
647 =33~

(56)

In the numerical plots of the wave function (54) above,
we see an interesting generic behavior due to the presence
of fermions and torsion. First, we find that, in general, the
wave function has divergences as we approach the vanish-
ing scale factor, signaling that this form of the wave
function is ill-defined at the classical big bang singularity.
These divergences occur when torsion is vanishing and the
fermion amplitude is nonvanishing. However, this diver-
gence in the wave function is dynamically regulated when
we have both nonvanishing torsion and fermion ampli-
tudes. This is suggestive of a quantum version of the
classical statement that fermion currents source torsion
[13,25]. The fact that the wave function has nonvanishing
probability at the classical big bang suggests that it can
realize a quantum bounce, which was explored by Gielen
and Magueijo [26]. We now study the wave function
analytically.

Because the action is manifestly real-valued, we can
replace [Ycg — iIm [ Ycg, which brings the Kodama
state to the form

<>.Nem<3v

i Lﬂ%l(b — 3bc )) (57)

Moving into the a® representation and taking our contour
to be the real number line, the Fourier transform of our
fermionic wave function (54) becomes

V3V, < 3iV
£p @; 5

ol@ed)= ‘ﬁ%>TAha®
(58)

%VC 2b
/

\/—ca,f/

=0y 0+ )+ Jpel) (59

=N"Ai(~z)es"

Ve (13 _3pc?)2Xeq2p

—N//[ﬂ/ dbe A[l;l KPI
R
+oo (60)

In(ib+c)

where we expanded W, (b, ¢, ) about the spinor product
a, & using the fact that x™7 = Z;’f’:o% with

2/3 2
z:<i;§) (c2+AT“>, (61)
Pl
2\ 1/3
S
N
Nl = 5 e e, (63)

Evaluation of the corrections to the zeroth order term in
(60) shows that all higher terms are much smaller than the
previous one if a4 &4 < 1. We find this also holds when we
instead select our contour of integration to be the negative
imaginary number line and the positive real number line; in
this case, the zeroth order term of (60) is the Vilenkin wave
function instead of the Hartle-Hawking wave function [23].
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The convergence of (60) using this complex contour is in
line with what is argued in [27-29], where the functional
integral over the matter fields describing the wave function
of the universe is closely related to describing quantum
field theory in curved spacetime.

Equation (60) shows that the inclusion of fermions can
be interpreted as corrections to the Hartle-Hawking (or
Vilenkin) wave function, at least when restricting to
homogeneous and isotropic metrics, provided the scalar
product a, & is sufficiently small.

V. DISCUSSION

We have found an exact solution to the quantized Wheeler-
DeWitt equation when one introduces matter fields by
working in the Ashtekar formalism. This approach replaces
the traditional second-order hyperbolic functional differ-
ential equation with a cubic polynomial equation. Our wave
function can be generalized to include all fermionic species
of the Standard Model by replacing 8D &4 — 37 . E8D, &}
in the action, where f labels the fermionic species.

A striking feature of this new wave function (46) is that it
cannot be written solely as a product of gravity and fermion
wave functions, even though the Hamiltonian is a sum of
the gravity and fermion sectors. Instead, the wave function
requires an integration of the fermionic configuration
convolved with the connection. It will be interesting to
numerically simulate this state in the presence of a
propagating fermion field. To make progress and make
contact with cosmology, we find that the mini-superspace
approximation of our fermionic wave function gives back
the Hartle-Hawking and Vilenkin wave functions of the
universe of quantum cosmology, with perturbative correc-
tions that depend on the spinor and torsion.

The cosmological realization of our wave function
provides new solutions that has no divergences at what
would be a classical big bang curvature singularity,7
suggesting a quantum gravitational resolution to that
singularity. It has been expected for some time that
fermions sourced by torsion can semiclassically resolve
the big bang singularity, and we plan to explore how our
wave function might be related to these results [30,31].

"Provided that the parity-even or -odd component of the
torsion has a dependence on the scale factor that is «x a™”
for p > 1.

These new cosmological solutions are reminiscent of
quantizing fermions in a Bunch-Davies vacuum during
inflation. It would be interesting to see how this exact
solution we have obtained above compares to quantum
field theory results of fermions in curved backgrounds.
Such a comparison may demonstrate that fermions enjoy a
preferential status in any background independent formu-
lation of quantum gravity.

ACKNOWLEDGMENTS

We would like to thank Gabriel Herczeg for fruitful
conversations early on in the project. We especially thank
Jodo Magueijo for enlightening discussions and for sug-
gesting the inclusion of torsion in the mini-superspace
limit of the full fermionic wave function. S. A. thanks the
Simons Foundation Targeted Grants for funding this
project. This project has been partially completed at the
Laboratory for Nuclear Science and the Center for
Theoretical Physics at the Massachusetts Institute of
Technology (MIT-CTP/5492).

APPENDIX: VECTOR AND DIFFEOMORPHISM
CONSTRAINTS

Here we apply the (symmetry-reduced) constraints to act
on the new state we have derived. Recall the vector and
diffeomorphism constraints in the presence of fermionic
matter:

i

D,E“6}? + £51Y = 0.
2k

EPFh, 4 TAD &, = 0,
(A1)

When we plug our state in these constraints, we find

|:2_ZKEZF(I§17 + ﬁADagA:| lP[Aa 5] = lhaADagAQ[A]WK [A} eaAﬁA £

(A2)
[D.E o + £ PTIYV]P(A, ¢
_inlott (a0, DyécosPap  9iV A
o\ 247GA> A,
D, DyécoSPa
o AL AU

where V. is the volume of the 3D hypersurface.
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