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We examine the structure of higher-derivative string corrections under a cosmological reduction and
make connection to generalized geometry and T duality. We observe that the natural T duality quantities are
a linear combination of the B field and graviton, which readily appears in the torsionful connection,
Ω� ¼ Ω� 1

2
H. We revisit the tree-level α0R2 corrections to the bosonic and heterotic string using the Ω�

framework. We then turn to the structure of the T duality completion of tree-level α03R4 in the type II string
and validate results in literature obtained for the tree-level five-point contact terms of the form H2R3.
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I. INTRODUCTION

As a natural candidate for a UV complete theory of
quantum gravity, string theory allows us to go beyond its
low-energy supergravity limit. Perturbative stringy correc-
tions to supergravity can be organized through both the α0
expansion and the string loop (genus) expansion. From an
effective field theory point of view, the α0 expansion
corresponds to higher-derivative corrections, and such
corrections can show up at any order in the genus
expansion.
In a covariant theory of gravity, the higher-derivative

corrections take the form of an expansion in curvature, with
couplings of the form ðα0Þmþn−1D2mRn. For the bosonic
and heterotic string, this expansion starts at order α0R2,
while maximal supersymmetry of the type II string requires
the expansion to start at order α03R4. Such couplings can be
probed starting from four-point string amplitudes and
have been extensively studied since the pioneering work

of [1–4]. For the type II string, amplitudes involving NSNS
sector fields can be specified by an arbitrary closed string
polarization tensor θμν with symmetric trace-free, antisym-
metric, and trace components corresponding to the indi-
vidual fields gμν, Bμν, and ϕ, respectively. As a result, the
four-point function results can be compactly written using
the linearized Riemann tensor with torsion [2,4],

R̄μν
ρσðΩ�Þ ¼ Rμν

ρσðΩÞ �∇½μHν�ρσ; ð1Þ

where

Ω�μ
ρσ ¼ Ωμ

ρσ � 1

2
Hμ

ρσ: ð2Þ

The type II string receives perturbative eight-derivative
corrections at both tree level and one loop, and the quartic
effective action takes the form

e−1L¼ e−2ϕ
�
Rþ 4∂μϕ

2−
1

12
H2

μνρþ
ζð3Þ
3 · 211

�
t8t8 −

1

4
ϵ8ϵ8

�
R̄ðΩþÞ4þ� � �

�
þ
�

π2

9 · 211

�
t8t8�

1

4
ϵ8ϵ8

�
R̄ðΩþÞ4þ �� �

�
; ð3Þ

in the NSNS sector. In the second line, the top (bottom)
sign corresponds to type IIA (IIB) string theory.
From a stringy perspective, the connections Ωþ and Ω−

are related by world-sheet parity, and neither is preferred. In
particular, in the type II string with dH ¼ 0, the torsionful
Riemann tensor satisfies RμνρσðΩþÞ ¼ RρσμνðΩ−Þ even at
the full nonlinear level. This allows us to use a convention
where torsionful expressions are written using only the Ωþ
connection, as for example we have done in (3). However,
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it should be understood, at least for type II strings, that Ωþ
and Ω− enter on an equal footing.1

The use of the connection with torsion, (2), was
emphasized in the heterotic framework in [6], and fur-
thermore, the parametrization of NSNS amplitudes in terms
of θμν is suggestive of double field theory [7,8] and
generalized geometry [9]. This connection is perhaps
even stronger when the action is compactified on a
d-dimensional torus, as the T duality group Oðd; dÞ is
naturally identified as the structure group of the generalized
tangent bundle. Hence, T duality acts naturally on the
generalized metric on Td.
There is a remarkable amount of structure in the quartic

effective action (3). However, it is far from complete. In
particular, four-point string scattering only probes the
linearized Riemann tensor with torsion, while general
eight-derivative contact terms will extend to the level of
eight-point functions, such as ∂ϕ8 and H8. Furthermore, at
the four-point level, there will also be couplings involving
RR fields [10,11]. Even without a detailed computation, the
RR contributions must be present because of supersym-
metry, as the entire massless sector of type II theory resides
in a single multiplet.
While the full structure of the eight derivative couplings

in type II theory in the form of a completion of (3) is still
unknown, progress has been made along multiple direc-
tions. Perhaps the most straightforward way to proceed is to
compute higher-point string amplitudes. Note, however,
that while such amplitudes are generally under good control
at the tree and one-loop level, recreating an effective action
from them requires additional work. The one-loop five-
point effective action involving gravitons and the H field
was investigated in [12–15], and the tree-level H2R3

couplings were obtained in [16]. In principle, it would
be a straightforward exercise to complete the quintic
effective action by including dilaton couplings. However,
working to six points and higher will remain a challenge as
extracting the contact interactions from the amplitude will
require numerous subtractions.
Because of the difficulties of the direct approach to

recreating the eight-derivative effective action, complemen-
tary ways have been developed at arriving at the couplings.
One natural idea is to make use of supersymmetry in the
sense that there ought to be a natural supersymmetric
completion of the α03R4 coupling that makes use of the full
type II supergravity multiplet. In this case, we would expect
different supersymmetric completions depending on
whether we consider type IIA or type IIB theory.
Nevertheless, at tree level, the NSNS sector is universal
and can be organized into N ¼ 1 superinvariants.

Formally, writing the higher curvature couplings in terms
of superinvariants is perhaps the most elegant formulation.
However, working with 10-dimensional supersymmetry
can be a challenge, and only partial results have been
obtained along these lines (see, e.g., [17–26]).
Another fruitful approach to elucidating the structure of

the higher-derivative action is to make use of stringy
symmetries including T duality and, for the type IIB string,
S duality. In fact, S duality is highly constraining as it
groups together tree level, one-loop and nonperturbative
α03R4 terms in order to form an SLð2;ZÞ invariant action
[27–29]. When rewritten in the Einstein frame, the higher-
derivative type IIB graviton couplings in (3) take the form

e−1L∂
8

II ∼ α03f0ðτ; τ̄Þ
�
t8t8 −

1

4
ϵ8ϵ8

�
R4 þ � � � ; ð4Þ

where f0ðτ; τ̄Þ is a nonholomorphic Eisenstein series of
weight 3=2. The full set of quartic couplings preserve the
Uð1Þ R symmetry of type IIB supergravity, while higher-
point couplings can break it. However, at each order in the
number of fields, there is a maximum bound on the amount
of Uð1Þ violation. Maximal Uð1Þ violating couplings have
a relatively simpler structure than those that do not saturate
the bound [29,30] and can, in principle, be worked out
without too much difficulty. However, getting a handle on
nonmaximal Uð1Þ violating couplings still remains some-
what of a challenge.
In addition to S duality, we can consider the constraints

on the effective action imposed by T duality invariance. At
a superficial level, T duality interchanges “momentum”
with “winding” modes, which corresponds, in an effective
supergravity point of view, to the interchange of gμ9 ↔ bμ9.
While T duality maps between type IIA and type IIB
theories, this distinction is unimportant when restricted to
the NSNS sector. Of course, T duality investigations of the
effective supergravity action are generally restricted to the
tree-level couplings, as both Kaluza-Klein and string
winding modes will be important at the loop level and
will lead to additional complications when transforming the
one-loop couplings. Since tree-level NSNS couplings do
not distinguish between type IIA and type IIB theory, T
duality invariance in this sector is universal in the type II
string.
The Oðα0Þ corrections to the T duality transformation

rules were investigated in [31,32], and a two-parameter
family of T duality invariant completions of α0R2 was
constructed in [33,34]. An appropriate choice of parameters
then interpolates between corrections to the bosonic string
and to the heterotic string. T duality invariance of Oðα0Þ
corrected black holes as well as the action have been
investigated in [35–40]. T duality of the Oðα03Þ corrections
to type II theory was explored in [15,16,41–43] and has
been used to put constraints on additional couplings with
the H field.

1The heterotic string case is a bit different, as world-sheet
parity is no longer applicable. Here, there is an intricate interplay
between Ωþ an Ω− in the bosonic effective action and the
supersymmetry variations [5,6] as required by supersymmetry.
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While [33,34] presents a two-parameter family of T
duality invariant Oðα0Þ actions, only specific choices of the
parameters correspond to the heterotic and bosonic strings.
Thus, T duality invariance uniquely determines the com-
pletion of the α0R2 coupling in the respective string
theories. It was further shown in [44,45] that this extends
to the uniqueness of α02R3 couplings in the bosonic string.
Recently, this has been extended to the type II context
where once again, T duality invariance on a circle fixes the
entire sector of eight-derivative NSNS couplings up to an
overall coefficient [46,47].
In principle, the full NSNS completion of the effective

action (3) is now known from T duality. However, the
construction of [46] makes use of the minimal basis devel-
oped in [48], which is not readily comparablewith the formof
the effective action given in (3). Both forms of the action have
been shown to be equivalent at the level of four-point NSNS
interactions [46,47]. One of our goals in thiswork is to extend
this matching of the level of the five-pointH2R3 interactions
given in [16]. Since the eight-derivative action is fully
constrained by T duality, an appropriate field redefinition
can bemade to put the action of [46,47] in the formof (3), but,
in practice, this is not an easy task. Moreover, the structure of
the basis used in either [46,48] or [47] is not particularly
illuminating from a string geometry point of view. Thus,
another goal is to better understanding T duality and the
higher-derivative corrections from a generalized geometry
point of view and to take a closer look the completion ofα03R4

to see if it is possible to interpret the result of [46,47] more
directly from a world-sheet perspective.
While T duality in the effective action is perhaps most

closely associated with the interchange of momentum and
winding gauge fields,Oðd; dÞ invariance also applies to the
scalars gij and bij where i and j are Td indices. This
invariance was used successfully to test and constrain the
higher-derivative corrections to the bosonic string in
[49,50]. Subsequently, a systematic approach to T duality
invariance in the scalar sector was developed in [51]. The
general idea is to perform a “cosmological” reduction by
compactifying all spatial directions so that the only
remaining fields are the time-dependent scalars gijðtÞ
and bijðtÞ. T duality invariance then imposes strong
conditions on the possible couplings of the reduced scalars.
The cosmological reduction idea of [49–51] provides a

systematic method of testing T duality invariance of higher-
derivative couplings. Recently, it was shown in [52] that the
tree-level eight-derivative graviton couplings in (3), which
can be expressed as

e−1LR4 ∼
�
t8t8 −

1

4
ϵ8ϵ8

�
R4

¼ −192ðRμν
ρσRμνληRλρ

ζξRησζξ

− 4RμνρσRμ
η
ρ
λRν

ζ
η
ξRσζλξÞ þ � � � ; ð5Þ

reduces to

e−1LR4 → −9TrðL8Þ þ 6ðTrðL4ÞÞ2; ð6Þ

with Li
j ¼ gik _gkj, where a dot denotes the time derivative

d=dt, and provided the Ricci terms in ellipses are discarded.
As noted in [51], this expression is compatible with T
duality as it does not contain any traces of odd powers of L
that would explicitly break T duality invariance.
While compatibility with T duality invariance can be

tested even without the antisymmetric tensor fields, a
stronger test of full Oð9; 9Þ invariance would necessarily
involve both gij and bij. Along these lines, it was shown in
[53] that the full set of eight-derivative couplings obtained
from T duality invariance on S1 obtained in [46,47] indeed
reduces to the complete T duality invariant expression

e−1L∂
8 → −

9

2
Trð _S8Þ þ 3

2
Trð _S4Þ2; ð7Þ

where S is defined in [51] and below in (19).
Since the eight-derivative effective action in [46,47] was

obtained by demanding invariance under T duality, its
cosmological reduction to (7) would necessarily have to be
invariant by construction. However, it remains instructive to
see how the different higher-derivative terms assemble
themselves to form supersymmetric and T duality invariant
combinations. Along the same lines, we may hope for a
deeper understanding of the structure of stringy higher-
derivative corrections and what role generalized geometry
may play in formulating T duality invariant couplings. With
this in mind, we revisit the cosmological reduction of [51]
making direct use of the connection with torsion (2).
We show that the cosmological reduction of [51] has an

elegant formulation when written in terms of the suggestive
combination Ni

j� ¼ gikð_gkj � _bkjÞ. By analyzing the
reduction of the torsionful Riemann tensor Rμν

ρσðΩ�Þ,
we see hints of generalized geometry in the higher-
derivative couplings. At the same time, we demonstrate
that complete tree-level invariants will involve the H field
and dilaton.
This paper is organized as follows. In the next section,

we review the cosmological reduction of [51] and present a
reformulation in terms of the metric and H field combi-
nation Ni

j�. We demonstrate that T duality invariant
expressions take the form of traces of an even number
of N ’s alternating between Nþ and N−. In Sec. III, we
reduce the torsionful Riemann tensor Rμν

ρσðΩ�Þ and show
that with additional couplings to the H field, the T duality
invariant quantities arise as linear combinations of the B
field and graviton. We then turn to eight-derivative cou-
plings in the type II string in Sec. IVand provide a check on
the five-point H2R3 contact terms obtained in [16]. Finally,
we make some concluding remarks in Sec. V. In the
Appendix, we give the basis used for the Oð9; 9Þ invariant

T DUALITY AND HINTS OF GENERALIZED GEOMETRY IN … PHYS. REV. D 106, 106008 (2022)

106008-3



completion of the eight-derivative couplings up to
order H2R3.

II. COSMOLOGICAL REDUCTION
AND T DUALITY

Before turning to a reexamination of the eight-derivative
couplings in the type II effective action, we review the
cosmological reduction of [49–51] and the investigation of
T duality invariance in the scalar sector of the reduced
theory. Here, the focus is on the tree-level effective action
so that we can avoid introducing Kaluza-Klein and winding
modes on the torus. We further restrict to the closed string
NSNS fields, in which case we need not make a distinction
between type IIA and type IIB theory.
The tree-level NSNS couplings are universal and

involve the massless fields ðGμν; Bμν;ϕÞ with leading
two-derivative low energy effective Lagrangian

e−1L10 ¼ e−2ϕ
�
Rþ 4∂μϕ∂

μϕ −
1

12
HμνρHμνρ

�
: ð8Þ

Reduction on Td proceeds by making the ansatz

ds210 ¼ gαβdxαdxβ þ gijðdyi þ Ai
αdxαÞðdyj þ Aj

βdx
βÞ;

B ¼ 1

2
B̂αβdxα ∧ dxβ þ Bαidxα ∧ ðdyi þ Ai

βdx
βÞ

þ 1

2
bijðdyi þ Ai

αdxαÞ ∧ ðdyj þ Aj
βdx

βÞ;

ϕ ¼ 1

2
Φþ 1

4
log det gij; ð9Þ

where α, β, γ denote lower-dimensional indices on the
(10 − d) space, and i, j denote indices on the Td. The
resulting torus-reduced two-derivative Lagrangian takes the
from

e−1L10−d ¼ e−Φ
�
Rþ ∂αΦ∂

αΦ −
1

12
ĤαβγĤ

αβγ

þ 1

8
Trð∂αHη∂αHηÞ − 1

4
F αβηHηF αβ

�
: ð10Þ

Here, H is the ð2dÞ × ð2dÞ scalar matrix

H ¼
�

g−1 −g−1b
bg−1 g − bg−1b

�
; ð11Þ

satisfying H−1 ¼ ηHη, where η is the Oðd; dÞ metric

η ¼
�
0 1

1 0

�
: ð12Þ

Note that g and b denote the scalars gij and bij, respectively.
From a geometrical point of view, H−1 is the generalized

metric on Td. In addition, the momentum and winding
gauge fields have been grouped together according to

Aα ¼
�

Ai
α

Bαi

�
; F αβ ¼ ∂½αAβ�: ð13Þ

The reduced two-derivative Lagrangian (10) is invariant
under Oðd; dÞ T duality transformations of the form

H → ΩHΩT; Aα → ΩAα; ð14Þ

where ΩTηΩ ¼ η. While we only consider the NSNS
sector, T duality continues to be a symmetry with the
addition of the RR sector and is in fact enhanced to a larger
U duality symmetry [54–56]. Although the fullU duality is
nonperturbative, T duality is perturbative and will persist at
higher orders in the derivative expansion.
Despite the fact that the full power of T duality involves

the combined transformation of scalars and vectors as
indicated in (14), a surprising amount of information can
already be obtained from the scalar sector alone, as
demonstrated in [49–53,57,58]. Focusing only on the scalar
sector, T duality invariant couplings can be constructed out
of the lower-dimensional dilaton Φ, the scalar matrix H,
and their derivatives. While Φ is invariant under Oðd; dÞ
transformations, the Oðd; dÞ scalars transform according to

ðHηÞ → ΩðHηÞΩ−1; ð15Þ

as can be deduced from (14). T duality invariant combi-
nations then take the form of traces

Trð∂n1ðHηÞ∂n2ðHηÞ � � �Þ; ð16Þ

where ∂n schematically denotes any number of derivatives
with appropriate contractions of their Lorentz indices. At
the two-derivative level, this is clearly seen in the scalar
kinetic term in (10).
While the scalar sector can be investigated in any

reduced dimension, perhaps the cleanest approach is that
of [49,51], which is to perform a cosmological reduction on
T9 to arrive at a one-dimensional theory with only time-
dependent scalars ðgij; bij;ΦÞ. In this case, the reduction
ansatz (9) takes the form

Gμν ¼
�−nðtÞ2 0

0 gijðtÞ

�
; Bμν ¼

�
0 0

0 bijðtÞ
�
;

ϕ ¼ 1

2
ΦðtÞ þ 1

4
log det gijðtÞ; ð17Þ

and all gauge fields including the antisymmetric tensor B̂αβ

are absent in the compactified theory. The reduced gravi-
tational sector is also trivial, with only the lapse function
nðtÞ remaining, and even that can be removed by time
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reparametrization. At the two-derivative level, the one-
dimensional Lagrangian (10) takes the simple form

L1 ¼
e−Φ

n

�
− _Φ2 −

1

8
Trð _S2Þ

�
; ð18Þ

where dots denote time derivatives d=dt, and we have
defined

S ¼ ηH; ð19Þ

following [51]. Note that the lapse function nðtÞ in the
denominator in (18) ensures the time-reparametrization
invariance of the action, S ¼ R

L1dt.
Higher-derivative invariants in the reduced theory can be

constructed out of powers of Φ and traces of Sn along with
their covariant time derivatives. Using reparametrization
invariance, we can set nðtÞ ¼ 1, which wewill do from now
on. Furthermore, as demonstrated in [51], use of field
redefinitions and on-shell equations of motion allow all
higher-derivative Oðd; dÞ invariants to be written in the
form of traces of even powers of _S

Trð _S2Þ; Trð _S4Þ; Trð _S6Þ; …: ð20Þ

At the four-derivative level, the T duality invariant cou-
plings can thus be written as

L∂
4 ¼ A1 Trð _S2Þ2 þ A2 Trð _S4Þ; ð21Þ

while at the eight-derivative level, they can be
parametrized as

L∂
8 ¼ A1 Trð _S4Þ2 þ A2 Trð _S8Þ þ A3 Trð _S2Þ4

þ A4 Trð _S2Þ2 Trð _S4Þ þ A5 Trð _S2ÞTrð _S6Þ: ð22Þ

As shown in [57], this basis of Oðd; dÞ invariants is
nonminimal as powers of Trð _S2Þ can be eliminated by a
further field redefinition. Nevertheless, they are allowed as
far as invariants are concerned.
Since the scalar matrix S is built out of gij and bij, its

time derivative _S will involve derivatives of these fields.
Following [51], we introduce the matrices

L ¼ g−1 _g; M ¼ g−1 _b; ð23Þ

which, in components, reads Li
j ¼ gik _gkj and

Mi
j ¼ gik _bkj. At the same time, however, from a stringy

point of view, the scalars gij and bij naturally enter in the
combination Θij ¼ gij þ bij. This feature of the closed
string NSNS sector leads us to define the linear combina-
tions

N� ¼ L�M or; in components Ni
�j ¼ gikð_gkj � _bkjÞ:

ð24Þ

Note that the matrices L, M, and N� are implicitly written
with first index raised and second index lowered, so
covariant expressions can be obtained by ordinary matrix
multiplication without use of the metric gij or its inverse.
Since gij is symmetric while bij is antisymmetric, N�
satisfies the transpose relation

NT
� ¼ gN∓g−1: ð25Þ

One advantage of introducing N� is that the T duality
invariant traces (20) can be compactly written as

Trð _S2nÞ ¼ 2ð−1Þn TrððNþN−ÞnÞ; ðn ≥ 0Þ: ð26Þ

It follows from (26) that the cosmological reduction
allows for a nontrivial test of T duality invariance. The
procedure begins by reducing the higher-derivative cou-
plings to scalar interactions according to (17). We can then
express the result in terms of the matrices N� according to
(24). Generally covariant expressions will always reduce to
products of traces, so verifying T duality invariance
becomes a matter of seeing whether these traces are all
of the form (26), where the string of matrices alternate
between Nþ and N−.
Note that there is a nontrivial step hidden in this

procedure, as a straightforward reduction will generically
lead to interaction terms involving time derivatives of the
dilaton as well as higher time derivatives of N�. To
facilitate comparison with (26), it is useful to make use
of on-shell field redefinitions and integration by parts in the
reduced action to convert such terms into a canonical form
that can be expressed entirely in terms of traces of N� with
no further time derivatives and with decoupled dilaton. We
now describe how this can be done in general.

A. Equations of motion and field redefinitions

When investigating higher-derivative couplings, it is
important to note that there is a lot of freedom in perform-
ing field redefinitions. Thus, it is often far from obvious
whether two expressions are physically equivalent or not.
One way to manage this freedom is to construct a
“minimal” basis up to field redefinitions. However, while
in some cases, there may be a preferred basis, usually such
a choice is somewhat arbitrary.
Focusing on the cosmological reduction on T9, gauge

invariant higher-derivative invariants can be constructed out
ofΦ and N� and their time derivatives. However, as shown
in [51,58], the use of field redefinitions and on-shell
equations of motion can eliminate all time derivatives of
Φ andN�, leading to a minimal basis consisting of traces of
strings ofNþ andN−. In this case, the derivative counting is
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straightforward, as each N� counts precisely one time
derivative. Note that this basis is more general than that
constructed out of the T duality invariants (20). The
cosmological reduction of any covariant higher-dimensional
action can be brought into theN� basis. Only if the original
action is T duality invariant can the resulting traces ofN� be
assembled into traces of _S according to (26).
To highlight the field redefinitions that can be used to

bring the higher-derivative action into a canonical form,
we start with the two-derivative equations of motion.
A straightforward variation of the one-dimensional
Lagrangian, (18), gives rise to the set of equations [after
setting nðtÞ ¼ 1]

_Φ2 ¼ 1

4
TrðNþN−Þ;

Φ̈ −
1

2
_Φ2 ¼ 1

8
TrðNþN−Þ;

_N� − _ΦN� ¼ �MN�: ð27Þ

Note that the first equation is obtained from varying (18)
with respect to the lapse function nðtÞ before restricting to
the nðtÞ ¼ 1 gauge. It is easily verified that these equations
are consistent with the reduction of the original 10-dimen-
sional NSNS equations

R − 4∂ϕ2 þ 4□ϕ −
1

12
H2

μνρ ¼ 0;

Rμν þ 2∇μ∇νϕ −
1

4
HμρσHν

ρσ ¼ 0;

dðe−2ϕ �HÞ ¼ 0: ð28Þ

We now outline the procedure that can be used to write
the higher-derivative terms in a canonical form using the
equations of motion and integration by parts.2 The first step
is to remove time derivatives of _Φ and N�. Removing time
derivatives of N� is straightforwardly done using the final
equation of (27)

_N� → ð _Φ�MÞN�; ð29Þ

along with additional time derivatives of this expression, if
necessary. After eliminating all time derivatives of N�, we
then remove second and higher time derivatives of Φ by
applying a combination of the first two equations of (27)

Φ̈ → _Φ2: ð30Þ

Note that both (29) and (30) increase the nonlinear order of
the fields in that they effectively replace one time derivative
d=dt by multiplication with either _Φ�M or _Φ.

After eliminating additional time derivatives, we would
be left with an expression given entirely in powers of _Φ
multiplied by traces of N�. At this stage, there are various
ways to proceed. One way is to eliminate even powers of _Φ
using the first equation in (27) until only a single power of
_Φ remains. The single power of _Φ can then be removed
using integration by parts on the equations of motion [51].
However, this procedure by itself does not remove all field
redefinition ambiguities, as terms involving TrðNþN−Þ ¼
TrðL2 −M2Þ can still be shifted around using the first two
equations of (27).
Note that two independent traces are possible at the

quadratic level

TrðNþN−Þ ¼ TrðL2 −M2Þ;
TrðN2þÞ ¼ TrðN2

−Þ ¼ TrðL2 þM2Þ: ð31Þ
Following [52,58], it is convenient to choose a canonical
basis that eliminates all powers of TrðL2Þ so that the basis
becomes minimal when the H field is truncated out (i.e.,
whenM → 0). Along these lines, we make the substitution3

TrðNþN−Þ → 4 _Φ2;

TrðN2þÞ → 4 _Φ2 þ 2TrðM2Þ;
TrðN2

−Þ → 4 _Φ2 þ 2TrðM2Þ: ð32Þ
At this point, all n-derivative terms have been reduced to
expressions of the form

_ΦkFn−kðNþ; N−Þ; ð33Þ

where Fn−kðNþ; N−Þ is homogeneous of degree n − k and
does not include any powers of TrðL2Þ. Note that
Fn−kðNþ; N−Þ can include the linear trace TrNþ ¼
TrN− ¼ TrL and the quadratic trace TrðM2Þ, which can
be expressed as the combination 1

2
ðTrðN2þÞ − TrðNþN−ÞÞ,

along with any combination of cubic and higher traces.
To remove powers of _Φ, we make use of integration by

parts, which amounts to adding a total derivative to the
Lagrangian of the form

d
dt

ðe−Φ _Φk−1Fn−kðNþ; N−ÞÞ

¼ e−Φ
�
ð− _Φk þ ðk − 1Þ _Φk−2Φ̈ÞFn−kðNþ; N−Þ

þ _Φk−1 d
dt

Fn−kðNþ; N−Þ
�
: ð34Þ

2A similar systematic procedure is given in [58] in the absence
of the H field.

3Alternatively, a more streamlined procedure would be to
make the first substitution for TrðNþN−Þ in (32) but to omit the
other two. However, this will leave TrðL2 þM2Þ in the canonical
basis. The choice made here is needed to remove all TrðL2Þ terms
from the basis.
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The Φ̈ term can be replaced using the equation of motion
substitution (30), while the total time derivative of
Fn−kðNþ; N−Þ can be evaluated using the chain rule along
with the substitution (29). Because Fn−kðNþ; N−Þ is
homogeneous of degree n − k, we have

d
dt
Fn−kðNþ;N−Þ¼ðn−kÞ _ΦFn−kðNþ;N−ÞþF̄n−kðNþ;N−Þ;

ð35Þ

where

F̄n−kðNþ; N−Þ ¼ _Fn−kðNþ; N−Þj _Nþ→MNþ; _N−→−MN−
: ð36Þ

As a result, (34) becomes

d
dt
ðe−Φ _Φk−1Fn−kðNþ;N−ÞÞ¼e−Φððn−2Þ _ΦkFn−kðNþ;N−Þ

þ _Φk−1F̄n−kðNþ;N−ÞÞ; ð37Þ

which allows us to make the integration by parts sub-
stitution

_ΦkFn−kðNþ; N−Þ → −
1

n − 2
_Φk−1 F̄n−kðNþ; N−Þ: ð38Þ

This can then be used recursively to eliminate all powers of
_Φ, leaving only canonical terms of the form FnðNþ; N−Þ.
We are thus left with a canonical basis consisting of

products of traces of Nþ and N− with the exception that
TrðL2Þ has been eliminated. As we have fully used the
complete set of equations of motion, no further simplifi-
cations can be obtained through on-shell field redefinitions.
One interesting observation is that, by eliminating all
higher derivatives, all n-derivative couplings written in
this manner are homogeneous of degree n in theNþ andN−
fields. In particular, while the reduction of linearized α03R4

leads to a quartic coupling of the form ð _N�Þ4, use of (29)
transforms this into an eight-point coupling of the form
ðN�Þ8, which can no longer be seen at the level of the four-
point function in the dimensionally reduced theory.
In a T duality invariant theory, the resulting terms

FnðNþ; N−Þ must be expressible in terms of traces of even
powers of _S as in (20). In order for this to happen, the
sequence of Nþ and N− in each trace must arrange
themselves in alternating order according to (26). This,
of course, provides a nontrivial test of T duality, as noted in
[49,51–53,57,59].

III. HIGHER CURVATURE INVARIANTS AND
THE TORSIONFUL CONNECTION

So far, we have outlined the general cosmological
reduction and described a canonical basis of one-dimen-
sional higher-derivative couplings. Of course, our aim is to

start with a higher-derivative action in 10 dimensions and
study its reduction. Focusing only on the NSNS sector,
gauge invariant higher-derivative couplings can be
expressed in terms of the Riemann tensor Rμν

ρσ, three-
form field strength Hμνρ, and the 10-dimensional dilaton ϕ,
along with their covariant derivatives.
From a stringy point of view, it is natural to introduce the

torsionful connection Ω� ¼ Ω� 1
2
H, given in components

in (2). The resulting Riemann tensor computed from Ω� is
then

Rμν
ρσðΩ�Þ ¼ Rμν

ρσðΩÞ �∇½μHν�ρσ þ
1

2
H½μργHν�γσ; ð39Þ

which generalizes the linearized expression (1). Tree-level
higher curvature invariants can then be written in the form

e−2ϕF ðRμν
ρσðΩ�Þ; Hμνρ; ∂μϕÞ: ð40Þ

The reduction of couplings not involving additional covar-
iant derivatives is straightforward and follows from the
reduction ansatz (17). For the antisymmetric tensor and
dilaton, we have

Hμνρ∶ Ht
i
j ¼ Mi

j;

∂μϕ∶ ∂tϕ ¼ 1

2
_Φþ 1

4
TrNþ ¼ 1

2
_Φþ 1

4
TrN−; ð41Þ

while reduction of the torsionful Riemann tensor takes the
elegant form

Rij
klðΩ�Þ ¼

1

4
ðNi

k�Nj
l� − Ni

l�Nj
k�Þ; ð42aÞ

Rti
tjðΩ�Þ ¼

1

4
ð2 _Ni

j� þ Ni
k∓Nk

j�Þ: ð42bÞ

Since we will ultimately make use of on-shell field
redefinitions, we allow ourselves to immediately simplify
the mixed time-space Riemann expression using (29) to
eliminate _N�, with the result

Rti
tjðΩ�Þ ¼

1

4
ð2 _ΦNi

j� þ Ni
k�Nk

j�Þ: ð43Þ

Note, in particular, that this pushes the linearized Riemann
expression R̄ti

tjðΩ�Þ ¼ 1
2
_Ni

j� to nonlinear order.
The combination (41), (42a), and (43), which we

summarize as
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Ht
i
j ¼

1

2
ðNi

þj − Ni
−jÞ;

∂tϕ ¼ 1

2
_Φþ 1

4
TrNþ;

Rkl
ijðΩ−Þ ¼ Rij

klðΩþÞ ¼
1

4
ðNi

kþNj
lþ − Ni

lþNj
kþÞ;

Rtj
tiðΩ−Þ ¼ Rti

tjðΩþÞ ¼
1

4
ð2 _ΦNi

jþ þ ðNþNþÞijÞ; ð44Þ

provides a consistent assignment of nonlinear order of
fields with derivative order. In particular, n-derivative terms
in 10 dimensions will reduce to n-point contact interactions
between the fields _Φ, Nþ, and N−. An important impli-
cation of this feature is that this cosmological reduction
provides a test of T duality invariance of n-derivative terms
only at the level of n-point functions in the string effective
action. In particular, while eight-derivative couplings in the
type II string can first be seen at the level of the four-point
function (i.e., α03R4), a complete test of T duality using this
approach can only be done with knowledge of the nonlinear
terms up to, e.g., α03H8 order. The reason α03R4 is sufficient
to provide a test of T duality in [52] is because general
covariance requires use of the nonlinear Riemann tensor so

that α03R4 provides full knowledge of eight-graviton
scattering at the eight-derivative level. A complete test
involving the H field, as in [53], requires the full set of
couplings up to eight-point contact terms as determined
in [46,47].

A. The curvature with torsion and hints
of generalized geometry

Higher-derivative terms of the form (40) can now be
reduced according to (44). This does not by itself incor-
porate all gauge invariant couplings, as we could also
introduce additional covariant derivatives. However, as
outlined in the previous section, on-shell field redefinitions
can be used to bring such terms to canonical form.
By themselves, the individual components in (40) are

clearly not T duality invariant. However, the reduced
Riemann with torsion has several noteworthy features.
Recall that one of the motivations for introducing the
torsionful connection comes from the closed-string world
sheet. Along these lines, we can associate the first (μν) and
last (ρσ) index pairs onRμν

ρσðΩþÞwith left and rightmovers
on the world sheet.4 So, for example, the contraction

t8t8R4 ≡ tμ1μ2���μ8t
ν1ν2���ν8Rμ1μ2

ν1ν2ðΩþÞRμ3μ4
ν3ν4ðΩþÞRμ5μ6

ν5ν6ðΩþÞRμ7μ8
ν7ν8ðΩþÞ; ð45Þ

only has μi indices contracted with μi indices and νi indices contracted with νi indices, as can be seen from the definition of
the t8 tensor

tμ1μ2μ3μ4μ5μ6μ7μ88 ¼ −2ðημ1μ4ημ2μ3ημ5μ8ημ6μ7 þ ημ3μ6ημ4μ5ημ1μ8ημ2μ7 þ ημ1μ6ημ2μ5ημ3μ8ημ4μ7Þ
þ 8ðημ1μ8ημ2μ3ημ4μ5ημ6μ7 þ ημ1μ8ημ2μ5ημ6μ3ημ4μ7 þ ημ1μ4ημ2μ5ημ6μ7ημ8μ3Þ
þ antisymmetrization of each index pair; with total weight one: ð46Þ

If we only considered the spatial components Rij
klðΩþÞ in

(44), then the row indices of Nþ will contract with other
row indices, and likewise, column indices of Nþ will
contract with other column indices. The transpose relation,
(25), will then automatically yield traces of alternating Nþ
and N−, which are T duality invariant according to (26).
The outcome is that contractions of the spatial components
Rij

klðΩþÞ where left-moving indices do not talk with right-
moving indices are T duality invariant by construction.
There are several complications that destroy this simple

picture of T duality invariance, however. The first is that

covariant 10-dimensional expressions built out of Riemann
reduce not just on the space components but on the mixed
time and space components as well. A quick look at
Rti

tjðΩþÞ in (44) indicates that such terms will always
break T duality invariance by themselves because of the
presence of the ðNþÞ2 term. Therefore, any term built out of
only the torsional Riemann tensor can never be T duality
invariant without the inclusion of additional H field and/or
dilaton dependent terms as well. Another issue is that
matching with string amplitudes does not give just the
t8t8R4 term but also terms such as

ϵ8ϵ8R4≡−
1

2
ϵρσμ1μ2���μ8ϵ

ρσν1ν2���ν8Rμ1μ2
ν1ν2ðΩþÞ

×Rμ3μ4
ν3ν4ðΩþÞRμ5μ6

ν5ν6ðΩþÞRμ7μ8
ν7ν8ðΩþÞ: ð47Þ

The two ϵ tensors are equivalent to an antisymmetric δ
function, which then contracts left- and right-moving

4Here, we have chosen a convention where the NSNS
polarization tensor is expanded as θμν ¼ hμν þ Bμνþ
ðημν − kμk̄ν − k̄μkνÞϕ, with the first index corresponding to the
left side of the string. This convention singles out the use of the
Ωþ connection in the following expressions. Equivalent expres-
sions can of be given using Ω− along with N− if desired.
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indices together. Such contractions, when applied to the
spatial components Rij

klðΩþÞ, then naturally give rise to
terms of the form ðNþÞk that are by their nature non-
invariant under T duality.
Note that the ϵ8ϵ8R4 contraction also gives rise to Ricci

terms, which have the reduction

Ri
jðΩþÞ ¼

1

4
ð2 _Φþ TrNþÞNi

jþ;

Rt
tðΩþÞ ¼

1

4
ð2 _ΦTrNþ þ TrðN2þÞÞ;

RðΩþÞ ¼
1

4
ð4 _ΦTrNþ þ ðTrNþÞ2 þ TrðN2þÞÞ: ð48Þ

None of these expressions can be made T duality invariant
on their own. In particular, all Ricci components, as well as
the Ricci scalar, include the linear trace, TrNþ ¼ TrL,
which explicitly breaks T duality invariance. The only
additional place where TrL enters is through the reduction
of the 10-dimensional dilaton, as evident in (44). This
demonstrates that higher-derivative Ricci terms must nec-
essarily be paired together with dilaton terms in order to
form T duality invariant couplings.
The torsionful Ricci scalar term in (48) can be field

redefined away using the two-derivative equations of
motion (28). To see this, we can take the trace of the
10-dimensional Einstein equation, rewrite it in terms of the
torsionful RðΩþÞ, and then combine it with the dilaton
equation. The result is

RðΩþÞ ¼ −4∂μϕ∂μϕþ 1

6
HμνρHμνρ; ð49Þ

which reduces to

RðΩþÞ ¼ 4 _ϕ2 þ 1

2
TrM2: ð50Þ

Use of the dilaton reduction in (44) along with the first
substitution in (32) then demonstrates that this is on-shell
equivalent to the torsionful Ricci scalar expression in (48).
Similarly, the torsionful Ricci tensor term can be field

redefined away through the torsionful Einstein equation

RμνðΩþÞ ¼ −2∇μ∇νϕ − ∂
λϕHλμν; ð51Þ

which gives

Rt
tðΩþÞ ¼ 2ϕ̈; Ri

jðΩþÞ ¼ _ϕNi
jþ; ð52Þ

when reduced. These expressions are on-shell equivalent to
those in (48) as can be verified through use of the one-
dimensional equations (27).
We now reconsider the nature of higher-derivative T

duality invariants of the form (40). By use of the torsionful
equations of motion, (49) and (51), we can write all such

invariants without use of the Ricci tensor or Ricci scalar. In
this case, the only source of linear TrL terms is the 10-
dimensional dilaton. Since all terms of this form break T
duality invariance, as they cannot be arranged as alternating
traces of Nþ and N−, we see that higher-derivative dilaton
couplings, if any, are highly constrained.

B. Curvature-squared corrections

Before considering eight-derivative couplings in type II
theory, it is instructive to see how the torsionful Riemann
tensor can be assembled to form T duality invariants.
Consider, for example, the reduction of the Riemann-squared
combination RμνρσðΩþÞ2. Using the reduction (44), we find

RμνρσðΩþÞ2 ¼ Rij
klðΩþÞRij

klðΩþÞ þ 4Rti
tjðΩþÞRti

tjðΩþÞ

¼ 1

8
ððTrðNþN−ÞÞ2 − TrðNþN−NþN−ÞÞ

þ _Φ2TrðNþN−Þ þ _ΦTrðN2þN−Þ

þ 1

4
TrðN2þN2

−Þ: ð53Þ

The last line in this expression comes from RtitjðΩþÞ2 and
contains the traces TrðNþNþN−Þ and TrðN2þN2

−Þ that
explicitly break T duality invariance. Note that the first
substitution in (32) allows us to rewrite this expression as

RμνρσðΩþÞ2 ¼ 6 _Φ4 −
1

8
TrðNþN−NþN−Þ

þ _ΦTrðN2þN−Þ þ
1

4
TrðN2þN2

−Þ: ð54Þ

If desired, the terms with _Φ can be put into canonical form
using the integration by parts relation (38). Nevertheless,
since the one-dimensional dilaton Φ and its time derivatives
are invariant under T duality, it is easy to see what terms are
invariant and noninvariant even without eliminating _Φ’s.
Of course, the heterotic string as well as the bosonic

string has T duality invariant α0R2 couplings. Thus, the
noninvariant terms in (54) must combine with other non-
invariant terms to form a complete T duality invariant
higher-derivative coupling in the form of alternating traces
of Nþ and N−. The mechanism for how this works is
somewhat different between the heterotic and bosonic
cases, so we will consider them separately.

C. The heterotic string

The higher-curvature corrections to the bosonic heterotic
string action start at the four-derivative level. Ignoring the
heterotic gauge fields, the gravitational sector action up to
Oðα0Þ takes the form [5,6,60,61]
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SH ¼
Z

d10x
ffiffiffiffiffiffi
−g

p
e−2ϕ

�
Rþ 4ð∂ϕÞ2 − 1

12
Ĥ2

þ 1

8
α0RμνρσðΩþÞRμνρσðΩþÞ

�
; ð55Þ

where the three-form has a nontrivial Bianchi identity

dĤ ¼ −
1

4
α0 TrRðΩþÞ ∧ RðΩþÞ: ð56Þ

This form of the Oðα0Þ correction has a natural description
in the language of generalized geometry [9].
As noted in (54), the Riemann-squared term in the action

is not T duality invariant by itself. The way invariance is
restored is hiding in the modified Bianchi identity, or more
specifically, in the addition of the Lorentz-Chern-Simons
term in Ĥ

Ĥ ¼ dB −
1

4
α0ω3LðΩþÞ; ð57Þ

where

ω3LðΩþÞ ¼ Tr

�
Ωþ ∧ dΩþ þ 2

3
Ωþ ∧ Ωþ ∧ Ωþ

�
: ð58Þ

Note that the torsionful connection Ωþ is itself defined in
terms of Ĥ. Hence, the α0 modifications to Ĥ enter
nonlinearly but can be expanded perturbatively.
Since we are only interested in the Oðα0Þ contributions,

we can use the closed H ¼ dB in the definition of
Ωþ ¼ Ωþ 1

2
H. In this case, the expansion of SH to

Oðα0Þ gives the effective four-derivative Lagrangian

e−1L∂
4

H ¼ 1

8
α0e−2ϕ

�
RμνρσðΩþÞRμνρσðΩþÞ

þ 1

3
Hμνρω

μνρ
3L ðΩþÞ

�
: ð59Þ

Using the cosmological reduction of the torsionful spin
connection

Ω0aþ ¼ 1

2
Nj

i−eajdx
i;

Ωabþ ¼ 1

2
ðeia _ebi − eia _eai þ eiaejb _bijÞdt; ð60Þ

we can obtain the reduction of the Lorentz Chern-Simons
term

ω3LðΩþÞ ¼
1

2
gik

�
−Nk

lþ _Nl
j− þ 1

2
Nk

lþNl
m−Nm

j−

�
dt

∧ dxi ∧ dxj: ð61Þ

As a result, we find

Hμνρω
μνρ
3L ¼ 3

4
TrðN3þN−Þ −

3

4
TrðN2þN2

−Þ: ð62Þ

Both of these terms break T duality invariance. However,
when combined with (54), we find

e−1L∂
4

H ¼ 1

8
α0e−Φ

�
6 _Φ4 −

1

8
TrðNþN−NþN−Þ

þ _ΦTrðN2þN−Þ þ
1

4
TrðN3þN−Þ

�
: ð63Þ

Since L∂
4 is an effective Lagrangian, we can apply the

integration by parts substitution, (38), to reduce it to
canonical form. Using the relevant four-derivative substi-
tutions

_Φ4 → 0;

_ΦTrðN2þN−Þ →
1

4
TrðNþN−NþN−Þ −

1

4
TrðN3þN−Þ; ð64Þ

we finally obtain, for the heterotic four-derivative correc-
tion,

e−1L∂
4

H ¼ 1

64
α0e−Φ TrðNþN−NþN−Þ ¼

1

128
α0e−Φ Trð _S4Þ:

ð65Þ

This expression is now manifestly Oð9; 9Þ invariant.

D. The bosonic string

Just like in the heterotic string, the bosonic string also
acquires a curvature-squared correction. However, in
this case, H ¼ dB remains closed, but instead, there are
additional nonlinear couplings with H in the effective
action [60]

SB¼
Z

d10x
ffiffiffiffiffiffi
−g

p
e−2ϕ

�
Rþ4ð∂ϕÞ2− 1

12
H2

þ1

4
α0
�
R2
μνρσ−

1

2
RμνρσHμνλHρσ

λþ
1

24
H4−

1

8
ðH2

μνÞ2
��

;

ð66Þ

where H2
μν ≡Hμ

ρσHνρσ and H4 ≡HμνρHμ
λ
σHν

σ
ηHρ

η
λ.

As written here, the curvatures are given without torsion.
To highlight the generalized geometry picture and to
connect with the torsionful R2 reduction, (54), we first
rewrite the Riemann terms using (39). Substituting the
Riemann-squared expression
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RμνρσðΩþÞ2 ¼ R2
μνρσ þ∇μHνρσ∇νHμ

ρσ − RμνλσHμλρHνσ
ρ

þ 1

8
ðH2

μνÞ2 −
1

8
H4; ð67Þ

into (66), and noting that R½μνρ�σ ¼ 0 for torsion-free
Riemann, the four-derivative Lagrangian becomes

e−1L∂
4

B ¼ 1

4
α0e−2ϕ

�
RμνρσðΩþÞ2 −∇μHνρσ∇νHμ

ρσ

þ 1

6
H4 −

1

4
ðH2

μνÞ2
�
: ð68Þ

The ð∇HÞ2 term can be rewritten on shell using integration
by parts and the equations of motion (28) with the result

∇μHνρσ∇νHμ
ρσ → RμνρσHμναHρσ

α −
1

4
ðH2

ρνÞ2: ð69Þ

Making this substitution, and then once again rewriting
Rμνρσ using the torsionful connection finally gives5

e−1L∂
4

B ¼ 1

4
α0e−2ϕ

�
RμνρσðΩþÞ2 − RμνρσðΩþÞHμναHρσ

α

−
1

3
H4

�
: ð70Þ

This will be the starting point for the cosmological
reduction.
In contrast with the heterotic four-derivative Lagrangian

(59), the Lorentz Chern-Simons form does not appear,
and it is straightforward to reduce using (44). The
result is

RμνρσðΩþÞHμναHρσ
α ¼

1

2
TrðMNþMN−Þ þ 2 _ΦTrðM2NþÞ þ TrðM2N2þÞ

¼ 1

2
_ΦTrðN3þÞ −

1

2
_ΦTrðN2þN−Þ þ

1

4
TrðN4þÞ −

1

4
TrðN3þN−Þ; ð71Þ

and

H4 ¼ 3TrðM4Þ

¼ 3

8
TrðN4þÞ −

3

2
TrðN3þN−Þ þ

3

4
TrðN2þN2

−Þ

þ 3

8
TrðNþN−NþN−Þ: ð72Þ

Combining these reductions with (54) then gives

e−1L∂
4

B ¼1

4
α0e−Φ

�
6 _Φ4þ3

2
_ΦTrðN2þN−Þ−

1

2
_ΦTrðN3þÞ

−
1

4
TrðNþN−NþN−Þ−

3

8
TrðN4þÞþ

3

4
TrðN3þN−Þ

�
:

ð73Þ

Finally, the _Φ terms can be canonicalized using (64), along
with

_ΦTrðN3þÞ → −
3

4
TrðN4þÞ þ

3

4
TrðN3þN−Þ: ð74Þ

The result is now explicitly T duality invariant

e−1L∂
4

B ¼ 1

32
α0e−Φ TrðNþN−NþN−Þ ¼

1

64
α0e−Φ Trð _S4Þ;

ð75Þ

and it is in fact identical to the heterotic string result in (65)
up to an overall factor of 2.
The equivalence of the cosmologically reduced heterotic

and bosonic four-derivative couplings is actually not a
surprise. Although the original unreduced actions are
distinct, T duality invariance demands that the reduced
four-derivative action takes the form (21). Moreover, the
a1 Trð _S2Þ2 term in (21) can be removed by a field
redefinition, so we are left with only a single invariant,
namely Trð _S4Þ. This brings up an important point in that
the cosmologically reduced action may not necessarily
retain the complete information of the unreduced theory.
Hence, while T duality invariance of the one-dimensional
theory can be used as a consistency check of the higher-
derivative couplings, it is in itself insufficient to guarantee
uniqueness of the unreduced higher-derivative action. This
matches the observation of [33,34,38] that there is a two-
parameter family of T-dual invariant Oðα0Þ actions that
interpolate between the heterotic and bosonic cases.
To make the connection to the two-parameter family of

[33,34] more direct, note that the combined two and four
derivative Lagrangian from (66) and (70) can be written as

5The bosonic string is invariant under world-sheet parity, so
the effective Lagrangian is even in H. In particular, the Lagran-
gian is symmetric under the interchange Ωþ ↔ Ω−, and it is only
by convention that we have chosen to write it using Ωþ.

T DUALITY AND HINTS OF GENERALIZED GEOMETRY IN … PHYS. REV. D 106, 106008 (2022)

106008-11



e−1LB¼e−2ϕ
�
Rþ4ð∂ϕÞ2− 1

12
H2þ1

4
α0Hμνρ

�
Rμν

αβHρ
βα

þ1

6
Hμ

αβHν
βγHρ

γα

�
þ1

4
α0RμνρσðΩþÞ2

�
: ð76Þ

This suggests that we could define a shifted H field

H̃μνρ ≡Hμνρ −
3

2
α0
�
Rμν

αβHβα
λ þ 1

6
Hμ

αβHν
βγHρ

γα

�
: ð77Þ

Working only to Oðα0Þ, the effective Lagrangian then takes
the compact form [33,34]

e−1LB ¼ e−2ϕ
�
Rþ 4ð∂ϕÞ2 − 1

12
H̃2 þ 1

4
α0RμνρσðΩþÞ2

�
:

ð78Þ

This expression is similar to that of the heterotic string,
namely (55), although here the Bianchi identity for H̃
involves both of the torsionful connections [33,34]

H̃ ¼ dB −
1

4
α0 ðω3LðΩþÞ − ω3LðΩ−ÞÞ

dH̃ ¼ −
1

4
α0ðTrRðΩþÞ ∧ RðΩþÞ − TrRðΩ−Þ ∧ RðΩ−ÞÞ:

ð79Þ

This “antiaveraging” ensures the preservation of world-
sheet parity.
What is special about this antiaveraging procedure is that

the right-hand side of the Bianchi identity is cohomolog-
ically trivial as it is the difference of two representatives of
the same characteristic class. In other words, we can write

H̃ ¼ dB −
1

2
α0X3; dH̃ ¼ −

1

2
α0X4; ð80Þ

where

X3 ¼ Tr

�
R ∧ Hþ 1

12
H ∧ H ∧ H

�
; ð81Þ

and

X4 ¼ Tr
�
R ∧ DHþ 1

4
H ∧ H ∧ DH

�
: ð82Þ

Here, we have used a shorthand notation, where Hαβ ≡
Hμ

αβdxμ is written as a one-form and ðDHÞαβ ¼
∇μHν

αβdxμ ∧ dxν. Since X3 is globally well defined and
gauge invariant, X4 ¼ dX3 is an exact four-form. We are
thus free to choose either the closed H or the nonclosed H̃
when considering the bosonic string. Finally, note that the
use of an antiaveraged Lorentz Chern-Simons term, (79),

for the type II string was considered in Appendix A of [62],
where it was shown that such a generalized connection
cannot be consistently defined in the context of generalized
geometry.

IV. ON THE T DUALITY COMPLETION OF THE
TYPE II α03 CORRECTION

We now proceed to reexamine the tree-level eight-deriva-
tive terms in the type II effective action. While a complete T
duality invariant was presented in [46,47], and shown to
reduce to (7) in [53], our aim is to reformulate the invariant in a
more natural stringy framework. One of the complications of
working with higher-derivative effective actions is that field
redefinitions can often be used to transform the action into
different but physically equivalent forms.For the case at hand,
the couplings in [46] were obtained in a particular basis given
in [48] and then reformulated using field redefinitions into a
new basis given in [47] that avoids explicit derivatives of the
10-dimensional dilaton.
We approach T duality invariance of the action by

focusing at each order of H separately starting at
OðH0Þ. This is because higher-derivative terms of order
H2n do not affect the counterterms introduced atOðH2n−2Þ.
Note, however, that the converse is not true as field
redefinitions explicitly raise but do not reduce the order
of H as can be seen from (29) and (36). For this reason, we
can study each order ofH separately but can only comment
on the T duality invariance up to that order.
Our first goal is to verify T duality at order OðH0Þ in

which a similar approach was taken in [52] by focusing on
only the OðH0Þ order in the cosmologoical reduction. We
then verify the H2R3 couplings found via string amplitudes
in [16]. For this purpose, we can truncate to OðH2Þ and
make comments about the T duality of the string action
only up to that order.
As discussed in Sec. III A, dilaton and Ricci terms must

be partnered together in order to maintain T duality
invariance. It is easy to check that the basis in [47] avoids
both Ricci and dilaton couplings, so there is no conflict
with T duality. However, from direct string computations, it
is well known that the pure gravity sector gives rise to a
correction of the form

e−1LR4 ∼ t8t8R4 −
1

4
ϵ8ϵ8R4; ð83Þ

where the couplings are defined in (45) and (47) in the limit
of vanishing torsion. Since the ϵ8ϵ8R4 contains Ricci terms
when expanded, we see that the basis used in [47] (which
omits Ricci terms) differs from the one implicit in (83). As a
result, making a direct comparison between the T duality
invariant of [47] and various direct string computations
may be somewhat challenging.
In principle, there ought to exist a set of field redefi-

nitions that maps between the basis in [47] and the basis
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extending (83). While we have yet to construct this map, it
is possible to make a few general observations. Starting
directly from the quartic effective action of the string, (3),
we first promote the torsion-free Riemann tensors in (83),
to the nonlinear Riemann with torsion, (39). We then take

e−1LRðΩþÞ4 ∼ t8t8RðΩþÞ4 −
1

4
ϵ8ϵ8RðΩþÞ4; ð84Þ

and make use of the explicit expressions

t8t8RðΩþÞ4 ¼ 24Rμ6μ5
ν8ν7ðΩþÞRμ8μ7

ν6ν5ðΩþÞRμ5μ6
ν5ν6ðΩþÞRμ7μ8

ν7ν8ðΩþÞ
þ 12Rμ6μ5

ν6ν5ðΩþÞRμ8μ7
ν8ν7ðΩþÞRμ5μ6

ν5ν6ðΩþÞRμ7μ8
ν7ν8ðΩþÞ

þ 192Rμ4μ5
ν4ν5ðΩþÞRμ3μ4

ν3ν4ðΩþÞRμ5μ6
ν5ν6ðΩþÞRμ6μ3

ν6ν3ðΩþÞ
þ 384Rμ8μ3

ν8ν5ðΩþÞRμ3μ5ν6ν7ðΩþÞRμ5μ7ν5ν6ðΩþÞRμ7μ8
ν7ν8ðΩþÞ

− 48Rμ6μ5
ν8ν3ðΩþÞRμ8μ7ν3ν4ðΩþÞRμ5μ6ν4ν7ðΩþÞRμ7μ8

ν7ν8ðΩþÞ
− 32Rμ6μ5

ν8ν5ðΩþÞRμ8μ7
ν6ν7ðΩþÞRμ5μ6

ν5ν6ðΩþÞRμ7μ8
ν7ν8ðΩþÞ

− 48Rμ8μ3
ν6ν5ðΩþÞRμ3μ4ν8ν7ðΩþÞRμ4μ7ν5ν6ðΩþÞRν7ν8

μ7μ8ðΩþÞ
− 96Rμ8μ5

ν6ν5ðΩþÞRμ6μ7
ν8ν7ðΩþÞRμ5μ6

ν5ν6ðΩþÞRμ7μ8
ν7ν8ðΩþÞ; ð85Þ

and

ϵ8ϵ8RðΩþÞ4 ¼ −1536Rμ1μ2μ3μ4ðΩþÞRμ3
μ5

μ1
μ6ðΩþÞRμ4

μ7
μ5

μ8ðΩþÞRμ6μ8μ2μ7ðΩþÞ
− 1536Rμ1μ2μ3μ4ðΩþÞRμ3μ4

μ5μ6ðΩþÞRμ5
μ7

μ1
μ8ðΩþÞRμ6μ8μ2μ7ðΩþÞ

þ 768Rμ1μ2μ3μ4ðΩþÞRμ3
μ5

μ1
μ6ðΩþÞRμ4

μ7
μ2

μ8ðΩþÞRμ6μ8μ5μ7ðΩþÞ
þ 96Rμ1μ2μ3μ4ðΩþÞRμ3μ4

μ5μ6ðΩþÞRμ5μ6
μ7μ8ðΩþÞRμ7μ8μ1μ2ðΩþÞ

− 768Rμ1μ2μ3μ4ðΩþÞRμ3μ4μ1
μ5ðΩþÞRμ5

μ6μ7μ8ðΩþÞRμ7μ8μ2μ6ðΩþÞ
þ 48Rμ1μ2μ3μ4ðΩþÞRμ3μ4μ1μ2ðΩþÞRμ5μ6μ7μ8ðΩþÞRμ7μ8μ5μ6ðΩþÞ þ � � � : ð86Þ

Note that the ellipses denote Ricci terms that we do not
present explicitly due to their length but are included in the
computation.

A. T duality at OðH0Þ
Following the procedure highlighted in Sec. II A, we

cosmologically reduce (84) into a canonical basis given in
terms of traces of combinations of Nþ and N−. We use the
Mathematica package xAct to facilitate manipulations of
these lengthy expressions [63]. As already noted, the
t8t8RðΩþÞ4 expression does not include any Ricci terms
and hence, does not give rise to any terms proportional to
TrðNþÞ. Nevertheless, it is not by itself T duality invariant.
In particular, in the limit of vanishing H field, we find

t8t8R4→
9

4
TrðL8Þ−6TrðL3ÞTrðL5Þþ51

16
ðTrðL4ÞÞ2; ð87Þ

in agreement with the results of [52]. The middle term
involving traces of odd powers of L explicitly breaks T
duality invariance.
The ϵ8ϵ9RðΩþÞ4 term is composed of invariants involv-

ing both the Riemann tensor and the Ricci tensor. With the
cosmological reduction, the Ricci tensor as defined in (48)

contains TrðNþÞ and, as a consequence, gives terms in the
action proportional to the one-dimensional time derivative
of the dilaton Φ. Since we follow a procedure to remove
powers of _Φ and TrðL2Þ, the terms proportional to TrðNþÞ
give rise to both terms proportional to TrðNþÞ and terms
that are affiliated to those that appear in the contractions
involving the Riemann tensor. In a sense, the Ricci terms
spill over and contribute additional terms that are reminis-
cent of the Riemann contractions. On the other hand, the
converse is not true and the contributions coming from
contractions involving the Riemann tensor do not involve
terms that are proportional to TrðNþÞ. In the limit of
vanishing H field, we find

ϵ8ϵ8R4 → 45TrðL8Þ − 24TrðL3ÞTrðL5Þ − 45

4
ðTrðL4ÞÞ2

− 30ðTrLÞ2TrðL6Þ þ 10ðTrLÞ2ðTrðL3ÞÞ2

þ 24ðTrLÞ3TrðL5Þ − 45

4
ðTrLÞ4TrðL4Þ

þ 4ðTrLÞ5TrðL3Þ þ 1

16
ðTrLÞ8: ð88Þ

The first line arises from the Riemann only terms in the
expansion (86) and agrees with the expression found earlier
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in [52], while the remaining lines have various powers of
TrðLÞ and arise from Ricci terms.
Combining (87) and (88), we obtain

e−1LR4 →6ðTrðL4ÞÞ2−9TrðL8Þ− 1

64
ðTrLÞ8−TrðL3ÞðTrLÞ5

þ45

16
TrðL4ÞðTrLÞ4−6TrðL5ÞðTrLÞ3

−
5

2
ððTrðL3ÞÞ2−3TrðL6ÞÞðTrLÞ2; ð89Þ

where the first two terms have a natural T duality invariant
formulation in terms of Trð _S4Þ and Trð _S8Þ, as given in (7)
and obtained first in [52]. The remaining terms are propor-
tional to TrðLÞ and arise from the Ricci contributions in
(86). Since they break T duality invariance, they must be
removed by introducing additional couplings involving the
dilaton. This is a clear demonstration that the full eight-
derivative invariant must necessarily include tree-level
dilaton couplings, provided we work in the field redefini-
tion frame corresponding to (84). This issue did not arise in
the investigations of [52,53] as they worked in a field
redefinition frame where the Ricci tensor is absent.

B. T duality at OðH2Þ
In addition to dilaton couplings, T duality necessarily

involves the H field. At OðH0Þ, the purely gravitational
couplings take the form of (83), while at OðH2Þ, two types
of couplings are present. The first is of the form R2ð∇HÞ2,
which arises from the expansion of the torsional Riemann
tensor in (84), while the second is of the form H2R3. The
latter terms were obtained in [16] by matching with the
tree-level string five-point amplitude and take the form

LH2RðΩþÞ3 ∼ −2t8t8H2RðΩþÞ3 −
1

6
ϵ9ϵ9H2RðΩþÞ3

þ8 · 4!
X
i

di Hμνλ HρσζQ̃i
μνλρσζ þ � � � ; ð90Þ

to be added to (84). Here, the tensors Q are defined by

Q̃1
μνλαβγ ¼ Rμαa

bRνβb
cRλcγ

a; Q̃5
μνλαβγ ¼ RμabcRνα

bcRλβγ
a;

Q̃2
μνλαβγ ¼ Rμνa

bRαβb
cRλcγ

a; Q̃6
μνλαβγ ¼ RμabcRαβ

bcRνλγ
a;

Q̃3
μνλαβγ ¼ Rμνa

bRλαb
cRβcγ

a; Q̃7
μνλαβγ ¼ RμabcRν

a
α
cRλβγ

b;

Q̃4
μνλαβγ ¼ Rμaα

bRνbβ
cRλcγ

a; Q̃8
μνλαβγ ¼ RμναβRλabcRγ

abc:

ð91Þ

It was found in [16] that the coefficients di are given by

fdig ¼ k

�
1;−

1

4
; 0;

1

3
; 1;

1

4
;−2;

1

8

�
; ð92Þ

with the factor k ¼ 1.

We can now check if these tree-level H2R3 couplings are
compatible with T duality at order OðH2Þ following a
cosmological reduction and utilizing the N� matrices.
Since terms with higher powers of H are undetermined,
we introduce a complete basis up to order H2R3 and leave
the rest undetermined. To be specific, we consider a basis
with terms up to two powers of H, as explicitly written in
the Appendix. The only part of the basis that is fixed are the
terms in (91) as demanded by the five-point scattering
amplitudes. The complete basis for the Lagrangian up to
H2R3 is then given by (91), (A1), and (A2). Note that,
while (91) is written with torsion-free Riemann, one could
equally well use the torsionful Riemann there, as it only
modifies terms beyond OðH2Þ.
By demanding that the final action is only given by traces

of alternating Nþ and N− as this describes the Oðd; dÞ
invariant matrices, the di coefficients in (90) are found to be

d3 ¼
1

2
ð4 − d1Þ; d4 ¼

4

3
;

d6 ¼
1

8
ð−2d1 − 4d2 − 2d5 þ 20Þ;

d7 ¼ −8; d8 ¼
1

2
: ð93Þ

As shown, T duality in the cosmological reduction does not
uniquely fix all eight coefficients di, and hence, it is not
sufficient in completely determining the couplings for the
five-point function. However, the three coefficients d4, d7,
and d8 are uniquely determined and match with (92) only
for k ¼ 4. The remaining coefficients also agree with (92),
provided k ¼ 4. This validates the results found in [16],
however, with k ¼ 4, which corrects a normalization error
in that reference.6

C. T duality beyond OðH2Þ
Ideally, one could extend the T duality results beyond

order H2R3, potentially going all the way to order H8.
However, terms beyond those that can be probed by the
tree-level five-point amplitude have yet to be fully explored
from a stringy point of view. The work of [48] demonstrates
that it is possible to form a complete gauge invariant basis
of eight-derivative couplings of NSNS fields consisting of
872 terms. Curiously, imposing T duality invariance for the
circle compactification (i.e., under gμ9 ↔ bμ9 interchange)
is sufficient to fix all 872 terms up to one overall coefficient
[46]. However, it turns out thatOð9; 9Þ invariance under the
cosmological reduction is not nearly as rigid. In particular,
the only quantities that show up in the canonical basis for
the one-dimensional theory are combinations of traces of
Nþ and N−.

6This correction factor k ¼ 4 was also noted in [64].
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At the eight-derivative level, there are 58 independent
terms not containing TrðLÞ originating from invariants
involving the Riemann tensor and 51 additional terms
involving at least one TrðLÞ factor originating from
invariants involving the Ricci tensor and/or the dilaton.
In this count, we have also included terms with an odd
number of M matrices that do not vanish from the trace
properties. There are seven of these types of terms:

fTrðL2ÞTrðM2LML2Þ;TrðLÞTrðM2LML3Þ;
TrðM2L2ML3Þ;TrðM2LML4Þ;TrðM2ÞTrðM2LML2Þ;
TrðM4L2MLÞ;TrðM3LM2L2Þg: ð94Þ

As there are only 109 independent terms in the reduced
theory, the lift of the one-dimensional T duality invariant
(7) is hardly unique. Nevertheless, one may expect to find
constraints of the form (93) that can provide a window on
the nature of T duality invariants at higher order.

V. CONCLUSION

We have shown that Oð9; 9Þ invariance of the cosmo-
logically reduced type II theory can be repackaged via
traces of alternating matrices Nþ and N−. This gives us a
particular advantage as it can be manifest which terms
appear to be T duality invariant after the torus reduction.
For example, one important observation is that, while use

of a torsionful Riemann tensor (39) goes a long way
towards preserving T duality, it cannot be the full story, as
the mixed component Rti

tjðΩþÞ in the reduction explicitly
breaks T duality invariance. This can also be seen in the
gauge field sector where the lower-dimensional Riemann
tensor Rαβ

γδðΩþÞ for a circle reduction has indefinite Z2

parity under the interchange of the momentum and winding
Uð1Þ fields [15]. The implication is that any higher
curvature invariant will necessarily include couplings to
the H field beyond those given implicitly in the torsionful
connection.
Furthermore, whenever the torsionful Ricci tensor or

Ricci scalar is involved, theOð9; 9Þ reduction will give rise
to noninvariant terms proportional to TrL. As these terms
can only be canceled against dilaton terms, there is a close
connection between Ricci and dilaton couplings. Since
Ricci-like terms can be removed or shifted around by field
redefinitions, several possibilities can arise. The first is that
neither Ricci nor dilaton terms show up, as in the case of
[47]. Another possibility is where Ricci and dilaton terms
both showup.However, it is curious that the original basis of
[46,48] involves dilaton couplings with no Ricci couplings.
The only way this can be T duality invariant is if the TrL
terms arising from the dilaton couplings conspire to cancel
among themselves. In fact, this is what happens, as a field
redefinition can be performed to remove the dilaton cou-
plings without introducing any Ricci couplings [47].

Since the effective action (3) is most directly tied to string
four-point and five-point functions containingRicci terms in
the expansion of ϵ8ϵ8RðΩþÞ4, its natural completion will
include dilaton couplings at tree level. This has potentially
interesting implications for S duality invariance of the type
IIB string. The natural framework for discussing SLð2;ZÞ is
in the Einstein frame and with the dilaton combined with the
RR axion. The complexified axi-dilaton transforms with
U(1) R-charge �2, so terms with an odd number of ∂μϕ
couplings will necessarily break U(1). Such U(1) violating
terms are highly constrained and could provide further input
in obtaining the T duality invariant completion of α03R4.
Of course, the full T duality invariant eight-derivative

coupling has already been obtained in [46,47], albeit in a
different field redefinition frame. Thus, it would be fruitful
to explicitly work out the field redefinition required to bring
the result of [46,47] into the form of a completion of (3). In
principle, this can be done by transforming the torsion-free
Riemanns into the torsionful Riemann. However, a variety
of integration by parts will be required to rearrange ∇H-
type terms. One would also have to resolve ambiguities in
the map RμνρσðΩÞ to either RμνρσðΩþÞ or RμνρσðΩ−Þ and to
reintroduce Ricci terms using the on-shell equations of
motion.
Instead of directly addressing the issue of finding the

appropriate field redefinition, it may be more fruitful to
consider the nature of the redundancies that arise after
compactification on T9. While the basis of gauge-invariant
10-dimensional couplings is highly redundant, we may
wonder if there are any properties regarding the structure of
these redundancies and how to organize these bases.
Moreover, the couplings of the form H2R3 have been
obtained in [16], and we find that using a basis that
incorporates these given H2R3 terms is consistent in the
full eight-derivative action. Using this basis, we are able to
study T duality invariance of the action up to OðH2Þ. In
principle, we can extend this to higher orders in H.
However, that would require additional invariants involving
H4, H6, and H8 to ensure T duality at every order of H. A
combination of working with the known H2R3 couplings,
including a basis of undetermined terms and matching with
[46,47] could lead to a more complete picture of the hidden
structure of the higher-derivative action.
Finally, we promote the use of the cosmological reduc-

tion on T9 as a means of studying the generalized geometry
of string higher-derivative corrections. While generalized
geometry and double field theory do not require compac-
tification, many key features are made explicit in the torus
reduction. As noted in the introduction, by reducing on Td,
we make explicit the connection of Oðd; dÞ to both the T
duality group and the generalized structure group of the
torus. This can be seen explicitly in the generalized metric
(11), which is the natural T duality covariant combination
of scalars from the reduction. Curiously, there does not
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appear to be a natural Oðα03Þ invariant in uncompactified
double field theory [65]. However, this obstruction dis-
appears when compactified on a torus.
After compactification to one dimension, we have shown

that invariants built out of the generalized metric take the
form (26), which features a trace of alternating Nþ and N−

where N� ¼ g−1ð_g� _bÞ. This strongly hints at a geomet-
rical structure to higher-derivative actions, and it would be
interesting to see if a similar structure persists in the scalar
sector of general reductions on Td retaining more non-
compact dimensions. T duality invariants would presum-
ably still be constructed out of derivatives of the
generalized metric (11). However, many more possibilities
arise in taking derivatives in the (10 − d)-dimensional
spacetime. Such connections between T duality and the
generalized geometry of string corrections are worth

exploring in more detail and may ultimately shed light
on the hidden symmetries of string theory.
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APPENDIX: T DUALITY BASIS UP TO H2R3

As we are interested in verifying T duality for the five-
point contact terms of the form H2R3, we consider a basis
of higher-derivative counterterms that are only complete up
to two powers of H, which include

ð∇ϕÞ8∶ y1ð∇αϕ∇αϕÞ4;
H2ð∇ϕÞ6∶ x2Hγ

ϵηHδϵηð∇ϕÞαð∇αϕÞð∇βϕÞð∇βϕÞð∇γϕÞð∇δϕÞ;
ð∇ϕÞ4R2∶ h̄8RðΩþÞβδγϵRðΩþÞϵηδηð∇ϕÞαð∇αϕÞð∇βϕÞð∇γϕÞ;

h11RðΩþÞαϵβηRðΩþÞγηδϵð∇αϕÞð∇βϕÞð∇γϕÞð∇δϕÞ;
ð∇ϕÞ2R3∶ ā82RðΩþÞαγδϵRðΩþÞγηβδRðΩþÞϵηð∇αϕÞð∇βϕÞ;

a39RðΩþÞγηβθRðΩþÞγδαϵRðΩþÞϵθδηð∇αϕÞð∇βϕÞ;
a56RðΩþÞαγδϵRðΩþÞηθγϵRðΩþÞηθβδð∇αϕÞð∇βϕÞ: ðA1Þ

Moreover, at the H2 order, we have two types of terms: (91) and those involving Ricci

H2R3∶ w̄198Hη
ιλHθιλRðΩþÞRðΩþÞδϵRðΩþÞϵηδθ; w̄217Hδ

ιλHθιλRðΩþÞβγRðΩþÞβδϵηRðΩþÞϵθγη;
w̄219Hδ

ιλHηιλRðΩþÞβγRðΩþÞβδϵηRðΩþÞϵγ; w̄273Hη
ιλHθιλðRðΩþÞÞ2RðΩþÞϵηϵθ;

w̄312Hβϵ
λHγιλRðΩþÞβγRðΩþÞδϵηθRðΩþÞηιδθ; w̄347Hδ

ιλHθιλRðΩþÞRðΩþÞδϵRðΩþÞηθϵη;
w̄351Hδη

λHθιλRðΩþÞβγRðΩþÞγδβϵRðΩþÞηθϵι; w̄363Hδθ
λHϵιλRðΩþÞβγRðΩþÞγδβϵRðΩþÞθι;

w̄369Hδθ
λHϵιλRðΩþÞRðΩþÞδϵRðΩþÞθι; w̄373Hβθ

λHϵιλRðΩþÞβγRðΩþÞδϵγδRðΩþÞθι;
w̄386HδηθHϵιλRðΩþÞβγRðΩþÞγδβϵRðΩþÞηθιλ; w̄478Hβδ

λHθιλRðΩþÞβγRðΩþÞγδϵηRðΩþÞθιϵη;
w̄499HβδθHηιλRðΩþÞβγRðΩþÞγδϵηRðΩþÞθιϵλ; w̄503HγδθHηιλRðΩþÞRðΩþÞγδϵηRðΩþÞθιϵλ;
w̄508Hβδ

λHϵιλRðΩþÞβγRðΩþÞδϵγηRðΩþÞιη; w̄544HβδιHϵηλRðΩþÞβγRðΩþÞδϵγηRðΩþÞιλ;
w̄548HβϵιHγηλRðΩþÞβγRðΩþÞδϵδηRðΩþÞιλ; w̄551HβδϵHγιλRðΩþÞβγRðΩþÞδϵηθRðΩþÞιληθ: ðA2Þ

The bars on the coefficients of the counterterms denote the expressions that involve the Ricci scalar, while the coefficients
not containing the bar denote the expressions involving either Riemann or the dilaton. The subscript is an artifact of the total
number of invariants for each type of term as computed in xAct but are otherwise arbitrary.

MARINA DAVID and JAMES T. LIU PHYS. REV. D 106, 106008 (2022)

106008-16



By demanding T duality, the coefficients in (A1) and (A2) are given by

a39 ¼ 2560; a56 ¼ −2560; ā82 ¼ 6144; h11 ¼ 11520; h̄8 ¼ −4096;

w̄198 ¼ 1120; w̄217 ¼
4864

3
; w̄219 ¼ −1344; w̄273 ¼ −16; w̄312 ¼ 3584;

w̄347 ¼ −270; w̄351 ¼ −
6272

3
; w̄363 ¼

1408

3
; w̄369 ¼ 180; w̄373 ¼ −2496;

w̄386 ¼
5120

3
; w̄478 ¼ −

7744

3
; w̄499 ¼ −2048; w̄503 ¼

80192

27
; w̄508 ¼ −

62336

9
;

w̄544 ¼
371584

27
; w̄548 ¼

6464

3
; w̄551 ¼ −

20288

9
; x2 ¼ −2048; y1 ¼ −1024: ðA3Þ
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