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We investigate the Unruh-Fulling effect in a class of nonlocal field theories by examining both the
number operator and Unruh-DeWitt detector methods. Unlike in previous literature, we use Unruh
quantization to quantize the matter field. Such choice, as oppose to standard Minkowski decomposition,
naturally incorporates the time translational invariance in the positive frequency Wightman function and
thus captures the thermal equilibrium of the system. We analyze the Unruh-Fulling effect for a massless real
scalar field in both the Lorentz noninvariant and Lorentz invariant nonlocal theories. In Lorentz
noninvariant nonlocal theory, the expectation value of number operator and the response function of
the detector are modified by an overall multiplicative factor. Whereas in Lorentz invariant nonlocal theory
these quantities remain identical to those of the standard Unruh-Fulling effect. The temperature of the
thermal bath remains unaltered for both the Lorentz noninvariant and Lorentz invariant nonlocal theories.
Therefore, in terms of temperature, the nonlocal Unruh-Fulling effect is universal while it is derived via
Unruh quantization, whereas the transition rate may be modified.
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I. INTRODUCTION

Observer dependent results of fundamental physics have
always fascinated us in their own right. Among many such
theories, the idea of the Unruh-Fulling (UF) effect has
unveiled one of the interesting features of quantum field
theory (QFT). It says that in Minkowski spacetime a
uniformly accelerating observer (called Rindler observer)
perceives the vacuum state of a field as a thermal bath in
equilibrium with temperature T ¼ a=2π, where a symbol-
izes the acceleration of the observer [1–3]. The UF effect is
an important tool to explore the Hawking radiation in black
hole spacetime [4,5], particle emission by cosmological
horizon [6], and particle creation in curved spacetime [7].
The phenomenology of the UF effect can be explored by a
uniformly accelerated two level atomic detector (UD
detector) and its transition rate/power spectrum [8,9]. We

have ample literature in the context of a UD detector and its
implications in gravitational physics, cosmology, con-
densed matter physics, quantum optics, quantum entangle-
ment, and entanglement harvesting (see [10–23] and the
references therein). In the experimental ventures of the UF
effect, the temperature of the thermal bath plays the key
role. Any deviation in the temperature of the bath from the
standard Unruh temperature could possibly be the signature
of modified QFT. In this regard, there is a long-standing
debate about whether the Unruh temperature gets any
modification in a nonlocal field theory. Nonlocal field
theories were initially introduced to remove the ultraviolet
divergences as they appear in a local theory of quantized
fields [24]. Nonlocality may emerge as a low energy
phenomena in the effective interaction. It can also be
originated from the fundamental theories such as loop
quantum gravity [25,26] and string theory [27,28].
Nonlocal theories have significant impacts in gravitational
physics, cosmology, quantum theory of gravity (QG),
standard model of particle physics, and QFT (see [29–31]
for detailed discussion). There are two popular versions of
nonlocal field theories. In one kind the nonlocality is
represented by a length scale which is not required to be
a minimal length [Lorentz invariant nonlocal theory (LI-
NLT)]. Whereas, the other version contains a minimal
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length scale [Lorentz noninvariant nonlocal theory (LNI-
NLT)]. LI-NLT has an advantage due to its Lorentz invariant
character; however, it eludes us from the origin of such
arbitrary length scale in the theory [29–31]. LNI-NLT
destroys the Lorentz invariance, although it intuitively
develops how the inclusion of QG effects lead to a minimal
length scale of the order of the Planck length ðlPlÞ [32,33].
The LNI-NLTs must be accommodated within a modified
version of Einstein’s special relativity, which is popularly
known as doubly special relativity (DSR) [34,35]. It postu-
lates that along with the speed of light the minimal length
scale (i.e. lPl) also remain as an observer (inertial) indepen-
dent quantity. Several thought experiments and fundamental
theories of QG support the existence of a minimal length
scale (please see [36] and the references therein).
What are the debates regarding the UF effect in nonlocal

theories? In [37], Nicoloni et al. have shown that in a
nonlocal theory with a minimal length scale, the transition
rate of the UD detector and the Unruh bath temperature get
significantly enhanced. The authors have considered a
Lorentz invariant length scale (l) in the theory without
assuming any particular value for it [37]. l may be deter-
mined from a fundamental theory of QG where in all
probability it can be chosen as lPl ∼ 10−35 m [37]. Later,
it was revealed in [38] that for a wide class of nonlocal
theories, the UF effect remains unchanged when derived via
the Bogoliubov transformation method (the same conclu-
sion was drawn for Hawking effect as well [39]). This is in
contradiction to the outcome of [37]. The author also argued
that in a nonlocal theory the Bogoliubov coefficient method
and UD detector method produce inequivalent results as the
detector method assumes a pointlike interaction despite the
nonlocality of the theory [38]. Thus two following conflict-
ing aspects arose: (i) in a nonlocal theory, does the UF effect
remains unchanged or not? (ii) If it remains intact why do the
two standard methods which otherwise produce similar
outcomes yield two different results? In [40], the authors
have agreed upon the consistency of the nonlocal UF effect
as reported in [38]. They have also pointed out a misap-
prehension in defining theWightman function in [37],which
caused the “misleading enhancement” in the transition rate
of the detector. In addition, the authors have opposed the
argument for the inequivalent outcome of the two methods
[38] and shown that for a general class of weekly nonlocal
theory, the UD detector method produces the same result as
the Bogoliubov coefficient one [40]. Note that in [38,40], a
class of LI-NLT have been considered.
In succession to [40], Kim et al. have studied the UF

effect in a class of LNI-NLT, where their results suggest
that the UF effect and the bath temperature acquire
modifications due to the nonlocality [41]. The response
function of the detector explicitly depends on the proper
time of the detector which ruins the global thermal
equilibrium of the Minkowski vacuum as perceived by
the Rindler observer [41]. In other words the nonlocal

Wightman function gives up its time translational sym-
metry with respect to the Rindler proper time. Therefore
this nonlocal Wightman function does not satisfy the Kubo-
Martin-Schwinger (KMS) condition [42,43] which guar-
antees that the detector and the quantum field are not in
thermal equilibrium. This finding has triggered another
debate about whether the consistency of the UF effect
depends on the nature of the nonlocal theories.
Our motivation and further proceedings: We enlist the

accepted results in the context of nonlocal UF effect
[38,40,41] as follows:

(i) The LI-NLT preserves the time translational invari-
ance of the Wightman function (and so preserves the
thermal equilibrium of the system) in terms of the
Rindler proper time. This has been calculated by
using the usual Minkowski mode decomposition in
[40]. Furthermore the equivalence between the two
standard methods of studying the UF effect was
established [40].

(ii) The LNI-NLT case is discussed in [41] by following
only the detector’s response method. The Wightman
function as derived via Minkowski quantization,
turns out to be time translationally noninvariant
along the Rindler trajectory. This destroys the
thermal equilibrium of the system.

There is evidence [44,45] that even in the local field theory,
under certain conditions (e.g., thermal field Wightman
function in a uniformly accelerated frame or in a uniformly
rotating frame), the Minkowski quantization yields a non-
equilibrium condition while breaking the time translational
invariance in Wightman function.
A thermodynamic definition of temperature is well

defined in an equilibrium condition. Although there have
been a few attempts (see [46]) to define an effective
temperature in a nonequilibrium system, they lack a
concrete theoretical framework. Therefore the identifica-
tion of thermodynamic quantities as obtained in [41] are not
free of ambiguity.
Unruh showed in [3] that a particular combination of

right and left Rindler modes gives rise to a well-behaved,
i.e. analytic and bounded, solution to the field. These are
known as Unruh modes in literature. Unruh modes share
the same vacuum as the Minkowski modes and thus the
Unruh annihilation operator annihilates the Minkowski
states [3,47]. Similarly, the Rindler creation and annihila-
tion operators can be written in terms of the Unruh creation
and annihilation operators [3,47]. In various instances (e.g.,
thermal Wightman function in Rindler frame [20,44,48]), it
has been observed that the Wightman functions have a
natural time translational invariance with respect to the
Rindler proper time when derived using the Unruh mode
decomposition. This makes the Unruh quantization a useful
tool to maintain the thermal equilibrium in an accelerated
frame. This thermal equilibrium aids in determining the
thermodynamical entities (temperature, entropy, etc.) with-
out any ambiguity. As in LNI-NLT, the Minkowski
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quantization destroys the thermal equillibrium [41]; there-
fore we expect that the same can be restored by implement-
ing the Unruh quantization.
Therefore in the present manuscript we aim to explore

how the choice of the mode solutions and quantization rules
govern the UF effect. The same classes of LNI-NLT as in
[41] and LI-NLT in [38,40] have been considered in our
work. We examine the nonlocal UF effect via the UD
detector and number operator methods. Unlike [38,40,41],
we use Unruh quantization and show that the nonlocal
Wightman function becomes time translationally invariant
with respect to the Rindler proper time. Therefore the
required thermal equilibrium is achieved in LNI-NLT. We
also briefly discuss LI-NLT in this context. To determine
the temperature of the thermal bath we show that the
nonlocal Wightman function and the ratio of the excitation
and deexcitation probabilities of the detector satisfy the
detailed balance form of the KMS condition (see [49,50]
and the relevant references therein). This implies that
irrespective of the LI-NLT or LNI-NLT the temperature
of the thermal bath stands unaltered from that of the
standard Unruh temperature (a=2π). These outcomes are
in sharp contrast from the results in [41]. Although the
temperature of the thermal bath remains unchanged, the
nonlocal Wightman function, transition rate of the detector,
and the expectation value of the number operator acquire a
modification by the form factor of the LNI-NLT. For LI-
NLT the results are exactly matched with [40]. We feel that
our work has brought another angle to this ongoing debate:
how does the UF effect depend on the choice of mode
solutions and quantization rules in a nonlocal theory?
We present our work in the following order. In Sec. II, we

describe the nonlocal theory as considered in the present
manuscript. We obtain the nonlocal Unruh mode solutions
and Wightman function in the accelerated frame in Sec. III.
The next section contains the nonlocal UF effect via the two
standard methods. Section V depicts the analysis of
thermality and temperature of thermal bath. A discussion
related to LI-NLT is presented in Sec. VI. In Sec. VII we
discuss our findings. Appendices are provided at the end to
be self-sufficient.

A. Summary of symbols

Before proceeding further, we introduce the relevant
local and nonlocal parameters as follows:

Parameters/Operators
Local
version

Nonlocal
version

Vacuum
states

Minkowski annihilation
operator

ak gk j0iM
Rindler annihilation
operator

bk ck j0iR
Unruh annihilation
operator

dk pk j0iM

II. MODEL DESCRIPTION: LNI-NLT

We consider a class of nonlocal theories which involve a
minimal length scale (l) and higher order derivative terms.
These theories violate Lorentz invariance (i.e. LNI-NLT)
and can be accommodated within the DSR. In this back-
ground we write the action for a nonlocal massless scalar
field as follows [41,51]:

SNL¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
−
1

2

�
ϕNLðxÞ½−□fððil∂0Þ2;ðil∂iÞ2Þ�ϕNL;

ð1Þ

where f is an analytic and nonzero function at every point
of the spacetime and ϕNL is a massless scalar field in the
nonlocal theory. From the above action the field equation
becomes

□fððil∂0Þ2; ðil∂iÞ2ÞϕNL ¼ 0: ð2Þ

The solution for ϕNL can be obtained from those of local
field ϕ as below,

ϕNL ¼ f−1ððil∂0Þ2; ðil∂iÞ2Þϕ; ð3Þ

which satisfies Eq. (2) and the local field ϕ obeys □ϕ ¼ 0.
The appearance of the ghost fields in these kinds of
nonlocal theories has been tackled by examining the pole
structure [41]. It can be seen that as long as f is analytic and
nonzero at every point of spacetime, the pole structure is
not altered from that of the local massless scalar field
theory. This ensures the nonappearance of the ghostlike
excitations in the present nonlocal model. The canonical
momentum as defined in the local field theory suggests that
the same can be written for the LNI-NLT as ΠNL ¼ δSNL

δ _ϕNL
.

Nevertheless the nonlocality of the model restricts one to
write the ΠNL solely in terms of _ϕNL [41]. Thus the
Hamiltonian corresponding to the LNI-NLT cannot be
obtained from the Lagrangian by following the standard
approaches. In addition the stabilization issue of the
quantum description of LNI-NLT is a subject of in depth
examination and should be addressed by following the
prescriptions as developed in [52–54]. Nonetheless we will
follow here the existing progress of this theory in studying
the UF effect (see [38–41]) where the field Hamiltonian has
no such role.
It is discussed in literature [41,55] that the number of

independent solutions for an infinite order differential
equation [e.g., Eq. (2)] depend on the number of poles
that appear in its propagator. Currently discussed nonlocal
models possess the same number of poles in the propagator
as the local quantum field equation. Therefore the nonlocal
field solutions turn out to be the same as corresponding to
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□ϕ ¼ 0. Therefore the plane wave solutions viz. ∼e�ikμxμ

can be considered as the solutions for the nonlocal field
equation [Eq. (2)]. The notation kμ in the Minkowski
spacetime is kμ ¼ ðω; kiÞ where i ¼ 1, 2, 3 in (1þ 3)
dimensions. Note that the Lorentz violating effects of these
nonlocal theories make an appearance through the creation
and the annihilation operators which leads to the modifi-
cations in the operator sector instead affecting the mode
solutions. As a consequence the commutation relations
between the operators get altered from the local one [41].
As the mode solutions of ϕNLðxÞ do not get any mod-
ifications due to the nonlocality, thus plugging the plane
wave solutions in Eq. (2), one obtains the dispersion
relation as fðl2ω2; l2k2i Þkμkμ ¼ 0. Below we give a brief
discussion on the detector’s response function which is well
reviewed in literature [47,56]. We consider a uniformly
accelerated two level atomic detector in the right Rindler
wedge (RRW) interacting with a massless scalar field in the
background of a LNI-NLT, where the detector is repre-
sented by a monopole. We also take the adiabatic switching
function for the detector to be of the form ∼esjτj, where τ
represents the proper time of the detector. We eventually
take s → 0 which leads to an infinite interaction time
between the field and the detector. Using the Unruh
quantization the response function per unit time of the
detector comes out to be as follows [47,56]:

IRðΔEÞ ¼
Z

∞

−∞
dðΔτÞe−iΔEΔτRGWðΔτÞ: ð4Þ

Here, ΔE and Δτ denote the energy difference between two
states of the detector and difference in proper time (τ) of the
same, respectively. RGWðΔτÞ is the positive frequency
Wightman function in the RRW. In Eq. (4), the Wightman
function depends on the duration of the interaction ðΔτÞ but
not the explicit values of the initial and final times. Therefore
the rate of transition probability remains constant for a fixed
time interval irrespective of the value of the initial or final
time τ0. This leads to the condition of thermal equilibrium
between the detector and the field. In [41] the nonlocal
Wightman function depends explicitly on initial and final
times and thus becomes time translationally noninvariant.
Therefore the above definition of transition rate does
not provide the equilibrium situation and puts ambiguity
in the definition of temperature. We suspect that whenever
the Wightman function depends explicitly on time, defining
the transition rate as in Eq. (4) is not a robust one.
In the upcoming section we derive the nonlocal Unruh

mode solutions of the scalar field in (1þ 3) dimensions. For
(1þ 1) dimensional casewe refer toAppendicesB,C, andD.

III. NONLOCAL FIELD IN TERMSOFTHEUNRUH
OPERATORS AND UNRUH MODES

The local Rindler mode solutions, as depicted in the
Eqs. (B7) and (B8), are individually nonanalytic in the

whole Minkowski spacetime. Whereas, the Unruh modes
which are formed by combining both the Rindler modes
such as Ruk þ e−

πω̃
a Lu�−k and

Ru�−k þ e
πω̃
a Luk are analytic and

bounded in the whole Minkowski spacetime [3,47]. Our
readers may follow [47] for a discussion on the formation
of Unruh mode solutions and their properties. In (1þ 1)
and (1þ 3) dimensional Rindler quantization the (n − 1)
tuple coordinates are ω̃ ¼ jkj and ðω̃; kx; kyÞ ¼ ðω̃; k⊥Þ
respectively, where n represents the dimensions of space-
time. In (1þ 3) dimensions the Unruh mode solutions for a
nonlocal field equation can be found by using Eq. (3). The
field solutions corresponding to □ϕ ¼ 0 can be written in
terms of the Unruh modes (so in terms of Rindler mode)
and Unruh operators as follows [56]:

ϕðxÞ ¼ ϕR þ ϕL

¼
X∞
ω̃¼0

X∞
k⊥¼−∞

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sinhðπω̃a Þ

q

× ½fd1ke
πω̃
2aRuω̃k⊥ðη; ξ; x⊥Þ þ d2ke

−πω̃
2aRu�ω̃−k⊥ðη; ξ; x⊥Þg

þ fd1ke−
πω̃
2aLu�ω̃k⊥ðη; ξ; x⊥Þ þ d2ke

πω̃
2aLuω̃k⊥ðη; ξ; x⊥Þg�

þ H:c: ð5Þ
In the above H.c. refers to Hermitian conjugate. dð1;2Þ are
knownas theUnruhoperators inQFT. TheRindlermodes for
a massless scalar field in local theory can be written as [56]

R;Luω̃k⊥ðη; ξ; x⊥Þ ¼
�
Sinhðπω̃=aÞ

4π4a

�
1=2

Kiω̃
a

�jk⊥jeaξ
a

�

× eik⊥:x⊥∓iω̃η: ð6Þ

The Unruh mode solutions possess the positive frequency
analyticity properties corresponding to Minkowski time,
which ensures that the Unruh annihilation operators also
annihilate the Minkowski vacuum state such as d1kj0Mi ¼
d2kj0Mi ¼ 0. In general, the purpose of using the Unruh
quantization in studying the UF effect can be realized in the
following ways. The Unruh operators act in the samemanner
as the Minkowski operators. Also the Unruh mode solutions
are the specific combination of Rindler modes which corre-
spond to the accelerated observer. Therefore the construction
of Unruh quantization supports the feature of an accelerated
observer and an inertial (Minkowski) vacuum state as well.
TheUnruhoperators are related to theRindler creation (R;Lb†k)
and annihilation operators ðR;LbkÞ as below:

Lbk ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Sinhðπω̃a Þ
q ½eπω̃

2ad2k þ e−
πω̃
2ad1

†

−k�; ð7Þ

Rbk ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Sinhðπω̃a Þ
q ½eπω̃

2ad1k þ e−
πω̃
2ad2

†

−k�: ð8Þ
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It is worth recalling that Rindler annihilation operator
annihilates the Rindler vacuum state ðj0iRÞ, such as
R;Lbkj0iR ¼ 0. Using Eq. (3) we find the nonlocal field
solutions in terms of the Unruh modes as

ϕNL ¼ ϕR
NL þ ϕL

NL ð9Þ

where

ϕR
NL ¼

X∞
ω̃¼0

X∞
k⊥¼−∞

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sinhðπω̃a Þ

q
�

d1k
fðl2ω̃2=a2; l2ðω̃2 − e2aξk2⊥Þ; l2k2⊥Þ

e
πω̃
2aRuω̃k⊥ðη; ξ; x⊥Þ

þ d2k
fðl2ω̃2=a2; l2ðω̃2 − e2aξk2⊥Þ; l2k2⊥Þ

e−
πω̃
2aRu�ω̃−k⊥ðη; ξ; x⊥Þ

�
þ H:c:

¼
X∞
ω̃¼0

X∞
k⊥¼−∞

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sinhðπω̃a Þ

q ½p1
ke

πω̃
2aRuω̃k⊥ðη; ξ; x⊥Þ þ p2

ke
−πω̃

2aRu�ω̃−k⊥ðη; ξ; x⊥Þ� þ H:c: ; ð10Þ

and

ϕL
NL ¼

X∞
ω̃¼0

X∞
k⊥¼−∞

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sinhðπω̃a Þ

q
�

d1k
fðl2ω̃2=a2; l2ðω̃2 − e2aξk2⊥Þ; l2k2⊥Þ

e−
πω̃
2aLu�ω̃−k⊥ðη; ξ; x⊥Þ

þ d2k
fðl2ω̃2=a2; l2ðω̃2 − e2aξk2⊥Þ; l2k2⊥Þ

e
πω̃
2aLuω̃k⊥ðη; ξ; x⊥Þ

�
þ H:c:

¼
X∞
ω̃¼0

X∞
k⊥¼−∞

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sinhðπω̃a Þ

q ½p1
ke

−πω̃
2aLu�ω̃−k⊥ðη; ξ; x⊥Þ þ p2

ke
πω̃
2aLuω̃k⊥ðη; ξ; x⊥Þ� þ H:c: ð11Þ

Here ϕR
NL ðϕL

NLÞ depicts the field solutions with respect to
the Rindler observer who is moving only in the RRW
(LRW). One can check that ϕR

NL is exactly the field which is
decomposed with respect to right Rindler modes and
creation, annihilation operators. We also have

p1;2
k ¼ d1;2k

fðl2ω̃2=a2; l2ðω̃2 − e2aξk2⊥Þ; l2k2⊥Þ
; ð12Þ

where p1;2
k are interpreted as the nonlocal Unruh operator.

As the operator dð1;2Þ annihilates Minkowski vacuum thus
p1
kj0Mi ¼ p2

kj0Mi ¼ 0. Similarly the relations between the
local and nonlocal Rindler operators i.e. L;Rbk and L;Rck can
be found (see Appendix B). The relations between L;Rck

and p1;2
k can be obtained by using the relations between

d1;2k , p1;2
k and Eqs. (7), (8). Therefore one obtains

Lck ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Sinhðπω̃a Þ
q ½eπω̃

2ap2
k þ e−

πω̃
2ap1†

−k�; ð13Þ

Rck ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Sinhðπω̃a Þ
q ½eπω̃

2ap1
k þ e−

πω̃
2ap2†

−k�: ð14Þ

We write the commutation relations for the local operators
as follows (see Eq. (2.5.47a) of [57]):

½Rbk; Rb†k0 � ¼ ½Lbk; Lb†k0 � ¼ δðω̃ − ω̃0Þδ2ðk⊥ − k0⊥Þ ¼ ½d1k; d1
†

k0 � ¼ ½d2k; d2
†

k0 �; ð15Þ

while the others vanish. Equation (15) and the relations between the local and nonlocal operators govern the nonvanishing
commutation relations for the nonlocal Unruh and Rindler operators (i.e. p and c) as

½Rck; Rc†k0 � ¼ ½Lck; Lc†k0 � ¼
δðω̃k − ω̃0

kÞδ2ðk⊥ − k0⊥Þ
fðl2ω̃2=a2; l2ðω̃2 − e2aξk2⊥Þ; l2k2⊥Þfðl2ω̃2=a2; l2ðω̃2 − e2aξk02⊥Þ; l2k02⊥Þ

¼ ½p1
k; p

1†

k0 � ¼ ½p2
k; p

2†

k0 �: ð16Þ
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We close this section by mentioning the relevant nonlocal
forms of the positive frequency Wightman functions with
respect to the Rindler proper time in (1þ 3) dimensions.
The Wightman functions in the RRW and LRW can be
obtained by using Eqs. (10) and (11) respectively as

R;LGWðΔτÞ ¼
1

8π4a

Z
∞

0

dω̃

×
Z d2k⊥½Kiω̃

a
ðjk⊥ja Þ�2ðeπω̃

a e−iω̃Δτ þ e−
πω̃
a eiω̃ΔτÞ

f2½l2ω̃2

a2 ; l2ðω̃2 − k2⊥Þ; l2k2⊥�
:

ð17Þ

For detailed derivation see Appendix D 1 for (1þ 1)
dimensions and Appendix E for (1þ 3) dimensions (the
same can also be obtained through Rindler quantization,
see Appendix F). Note that R;LGW is only the function of
Δτ. Hence it preserves time translational invariance and
respects thermal equilibrium condition. However in LNI-
NLT this would not be the case if one uses the nonlocal
Minkowski quantization and puts Rindler trajectory to
obtain the Wightman function in the detector’s proper
frame [41].

IV. UNRUH EFFECT IN (1 + 3) DIMENSIONS

Having all the prerequisites we are now in a position to
investigate the UF effect in LNI-NLT. We concentrate on
two standard approaches: determining the expectation
value of Rindler number operator with respect to the
Minkowski vacuum and detector’s response function. In
these analyses we assume Unruh quantization of the field
belongs to a particular Rindler wedge.

A. The expectation value of Rindler number operator

In this section we analyze the expectation value of the
nonlocal Rindler number operator with respect to the
Minkowski vacuum state. Thus we write

Nk ¼
X
k0
h0MjRc†kRck0 j0Mi ¼

X
k0

e−
πðω̃þω̃0Þ

2a h0Mjp2
−kp

2†

−k0 j0Miffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4Sinhðπω̃a ÞSinhðπω̃

0
a Þ

q :

ð18Þ

Here we replace ck in terms of pk while using Eq. (14).
Using the commutation relation of the operator p’s from
Eq. (16) and taking k ¼ k0 in Eq. (18), we get Nk as
follows:

Nk ¼ h0MjRc†kRckj0Mi

¼ 1

f2½ðl2ω̃2

a2 Þ; l2ðω̃2 − e2aξk2⊥ÞÞ; l2k2⊥�
1

ðe2πω̃=a − 1Þ δð0Þ:

ð19Þ

This result exhibits the particle distribution in the
Minkowski vacuum as observed by the Rindler observer.
The appearance of δð0Þ is not new as the same also pops up
for local theory. This is merely an artifact of the use of plane
wave as basis modes which is nonsquare integrable [58].
Notably, the number operator in Eq. (19) is modified by an
overall multiplicative factor, which bears the nonlocality of
the theory. On the contrary, the temperature of the thermal
bath remains unaffected and is given by Unruh temper-
ature a=2π.
Before closing this section we make a couple of com-

ments as follows. Here we obtain the expectation value of
Rindler number operator by writing nonlocal Rindler
operators in terms of nonlocal Unruh operators. The same
can also be found by writing Rck in terms of nonlocal
Minkowski operators. This can be realized by expressing
Rck in terms of its local counter parts Rbk and then
transforming to the local Minkowski operator (ak) by using
the standard Bogoluibov transformation. It is well known
that use of the latter relations yields the following result
[56,57]:

h0MjRb†kRbkj0Mi ¼
1

ðe2πω̃=a − 1Þ δð0Þ: ð20Þ

Then use of it in

Nk ¼ h0MjRc†kRckj0Mi ¼
h0MjRb†kRbkj0Mi

f2½ðl2ω̃2

a2 Þ; l2ðω̃2 − e2aξk2⊥Þ; l2k2⊥�
ð21Þ

gives us the required result i.e. Eq. (19). The above
outcome is in contradiction with the response function
of the UD detector as reported in [41]. In [41], the response
function gets modified nontrivially and the temperature of
the thermal bath turns out to be different than a=2π. Below,
we show that such contradiction can be avoided when the
nonlocal Wightman function is derived using the Unruh
quantization.

B. Response function of the UD detector

In this subsection we study the response function of the
UD detector where the detector is interacting with a
massless scalar field in the background of LNI-NLT. We
put Eq. (17) for the RRW into Eq. (4) and obtain

IRðΔEÞ ¼ 1

8π4a

Z
∞

0

dω̃
Z d2k⊥½Kiω̃

a
ðjk⊥ja Þ�2

f2½l2ω̃2

a2 ; l2ðω̃2 − k2⊥Þ; l2k2⊥�

×
Z

∞

−∞
dðΔτÞðeπω̃

a e−iðΔEþω̃ÞΔτ þ e−
πω̃
a e−iðΔE−ω̃ÞΔτÞ:

ð22Þ

Performing the Δτ and ω̃ integrals respectively one gets,
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IRðΔEÞ ¼ 1

4π3a

Z
∞

0

dω̃
Z d2k⊥½Kiω̃

a
ðjk⊥ja Þ�2

f2½l2ω̃2

a2 ; l2ðω̃2 − k2⊥Þ; l2k2⊥�
× ½eπω̃

a δðΔEþ ω̃Þ þ e−
πω̃
a δðΔE − ω̃Þ�

¼ e−
πΔE
a

4π3a

Z
2π

0

dΦ
Z

∞

0

dk⊥

×
k⊥½KiΔE

a
ðjk⊥ja Þ�2

f2½l2ΔE2

a2 ; l2ðΔE2 − k2⊥Þ; l2k2⊥�

¼ e−
πΔE
a

2π2a

Z
∞

0

dk⊥
k⊥½KiΔE

a
ðjk⊥ja Þ�2

f2½l2ΔE2

a2 ; l2ðΔE2 − k2⊥Þ; l2k2⊥�
;

ð23Þ

where in the second equality only δðΔE − ω̃Þ has contrib-
uted as ΔE > 0. Also d2k⊥ ¼ k⊥dk⊥dΦ has been used in
the above integral. At this stage a couple of comments are
in order.

(i) To perform the integral over k⊥ in Eq. (23), the exact
form of the function f2½l2ΔE2

a2 ; l2ðΔE2 − k2⊥Þ; l2k2⊥�
need to be known.

(ii) For a local field theory f ¼ 1 and the integration
over k⊥ yields πaΔE=ð2 sinhðπΔE=aÞÞ. This even-
tually leads to the standard expression for the
response function of the detector.

Note that without choosing a specific form of f½l2ω̃2

a2 ;
l2ðω̃2 − k2⊥Þ; l2k2⊥�, the integration in Eq. (23) cannot be
obtained and therefore the structural similarity between
Eqs. (19) and (23) is not apparent. However like the local
theory, where these two methods yield similar results, the
(1þ 1) dimensional LNI-NLT produces identical results
out of these two methods [compare Eqs. (C6) and (D11)].
This cannot be achieved while using the Minkowski
quantization (e.g., see [41]). This solely happens due to
the use of Unruh quantization in the present analysis. In the
next section we explore the thermality of the Minkowski
vacuum state and find the temperature of the thermal bath
with respect to the Rindler observer in LNI-NLT.

V. DETAILED BALANCE FORM
OF KMS CONDITION: OBTAINING

THE BATH TEMPERATURE

It can be noted from Eqs. (D5), (D7), and (17), that
(1þ 1) and (1þ 3) dimensional nonlocal Wightman func-
tions exhibit time translational invariance with respect to
the Rindler proper time. This implies that the thermal
equilibrium remains intact in LNI-NLT. It is straightfor-
ward to show that like the thermal Wightman function at
the equilibrium condition, these Wightman functions [see
Eqs. (D4), (D6), (17)] satisfy the KMS condition as

GWðΔτ − iβÞ ¼ GWð−ΔτÞ; ð24Þ

where β ¼ 2π=a is the inverse temperature of the thermal
bath as perceived by the Rindler observer. This temperature
is in agreement with our findings in Sec. IVA.
In the standard notion of a UD detector the ratio of the

excitation to deexcitation transition probabilities of the
detector turns out to be e−ΔE=T , where T is the temperature
of the thermal bath. This relation is a manifestation of the
detailed balance form of the KMS condition [49,50], which
we mention next. It can be shown that the Fourier trans-
formed functions of Eq. (24) are connected by a relation
such as

G̃Wð−EÞ ¼ eβEGWðEÞ; ð25Þ

where

G̃WðEÞ ¼
Z

∞

−∞
dτe−iEτGWðτÞ: ð26Þ

The relation (25) is known as the detailed balance form
of the KMS condition [49,50]. In addition to the fulfilment
of the KMS condition, we show that the nonlocal
Wightman function and the ratio of the transition proba-
bilities of the detector satisfy the detailed balance form of
the KMS condition.
We restrict the following analysis in the RRW. It is

straightforward to obtain the same for LRW. Keeping the
symbols consistent, we replace E to be ΔE and τ ¼ Δτ in
Eq. (26), which yields

G̃WðΔEÞ ¼
Z

∞

−∞
dðΔτÞe−iΔEΔτGWðΔτÞ: ð27Þ

This equation is identical to Eq. (4). Therefore Eq. (27)
becomes

G̃WðΔEÞ ¼
e−

πΔE
a

4πa3

Z d2k⊥½KiΔE
a
ðjk⊥ja Þ�2

f2½l2ΔE2

a2 ; l2ðΔE2 − k2⊥Þ; l2k2⊥�
: ð28Þ

Replacing ΔE → −ΔE in the above equation we obtain

G̃Wð−ΔEÞ ¼
e
πΔE
a

2πa3

Z d2k⊥½KiΔE
a
ðjk⊥ja Þ�2

f2½l2ΔE2

a2 ; l2ðΔE2 − k2⊥Þ; l2k2⊥�
: ð29Þ

Thus the ratio of the Eqs. (28) and (29) turns out to be

G̃Wð−ΔEÞ ¼ eβΔEG̃WðΔEÞ; ð30Þ

where β ¼ 2π=a. Therefore the (1þ 3) dimensional non-
local Wightman function satisfies the detailed balance form
along with the KMS condition. Furthermore it is straight-
forward to show that the ratio (R) of the excitation to
deexcitation transition probabilities of the detector [calcu-
lated from Eq. (23)] reduces to
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RðΔE; sÞ⟶
s→0

IRðΔEÞ
IRð−ΔEÞ ¼ e−βΔE: ð31Þ

This implies that in LNI-NLT, the temperature of thermal
bath comes out to be TNL ¼ a

2π, which is the same as the
standard Unruh temperature. In contrast to [41], our results
suggest that the temperature of the thermal bath remains
unchanged even in the Lorentz violating nonlocal theory.
Proceeding similarly, one can show that the above result
holds in (1þ 1) dimensional LNI-NLT.

VI. LORENTZ INVARIANT MODEL USING
UNRUH MODE

In this section we discuss the use of Unruh quantization
in the LI-NLT. In particular we discuss the LI-NLT models
as considered in [38,40]. In this class of theories the
equation of motion for a quantum scalar field obeys
a homogeneous and infinite order differential equation
such as

□ðl2Fð□ÞÞϕ ¼ 0; ð32Þ

where F is an analytical function and possesses nonzero
value everywhere. The solution to the Eq. (32) is well
developed in [38,40,54]. Their results describe that the
number of solutions is equal to the number of poles present

in its propagator, which turns out to be Gðp2Þ ¼ Fð−l2p2Þ−1
p2

[38,54]. Thus Eq. (32) owns two independent solutions. It
can be intuitively perceived that the solutions to the
equation □ϕ ¼ 0 satisfy Eq. (32). Note that Eq. (32)
has only two solutions and therefore it implies that the
complete set of solutions to Eq. (32) is same as that of the
□ϕ ¼ 0. Therefore, like LNI-NLT, the modes in this case
are the same as local theory. Hence following the analysis
for LNI-NLT, the field solutions in LI-NLT can be written
in terms of the nonlocal Unruh operators [e.g., (10) and
(11)]. However now the nonlocal operators are related to
local counterparts by the following relation:

p1;2
k ¼ d1;2k

Fð−l2kμkμÞ
: ð33Þ

Since these calculations are done under the on-shell
condition for a massless scalar field i.e. kμkμ ¼ 0, the
denominator turns out to be Fð0Þ in the above equation.
Note that such is also true for l ¼ 0, which is recognized as
the local field limit. We already have Fð0Þ ¼ 1 for l ¼ 0;
therefore it suggests that in all situations (local and non-
local) one must have Fð0Þ ¼ 1. This implies that all the
nonlocal operators are identical to their local versions and
hence the UF effect via Bogoliubov coefficient method [38]
and UD detector method [40] (irrespective of the choice of
mode solutions) stands unaltered in LI-NLT. On the
contrary, LNI-NLT acquires modifications in the UF effect

due to the violation of Lorentz invariance, still the temper-
ature of the thermal bath remains unaltered.

VII. DISCUSSIONS

Studying UF effect in the context of nonlocal field
theories is an arguable and gray area of research
[37,38,40,41]. We do not have a clear perception of which
constituents control the outcome of the UF effect in
nonlocal theories. In this work we aim to examine the
UF effect in a class of nonlocal theories as considered in
[41]. Contrary to [41], we write the field solutions using
Unruh quantization and study its impacts in the UF effect.
We follow both the number operator and detector methods
in order to examine the nonlocal UF effect. We summarize
our findings in the following order: (i) In LNI-NLT, the
Wightman functions in both dimensions differ from the
local one by a form factor, which involves the minimal
length scale associated with the theory. As a consequence
the response function of the UD detector acquires mod-
ifications in the present work. This is a different outcome
than was predicted in [40] in the context of LI-NLT. We
also show that the expectation values of the Rindler number
operators get modified by an overall form factor. (ii) In our
work the nonlocal Wightman functions remain time trans-
lationally invariant with respect to the Rindler proper time.
This signifies that the detector remains in thermal equilib-
rium with the scalar field. Furthermore we show that the
temperature of the thermal bath retains its standard form as
a local UF effect. These results contradict the findings in
[41] which predict a time translationally noninvariant
Wightman function and modification in the temperature
of the thermal bath. (iii) In our case the nonlocal Wightman
functions and the ratio between the excitation to deexci-
taion probabilities of the UD detector satisfy the detailed
balance form of the KMS condition. These strengthens the
speculation that the detector detects the temperature of the
thermal bath as TNL ¼ a=2π. This differs from the temper-
ature as reported in [41]. In our analysis the use of Unruh
quantization plays the pivotal role which guarantees ther-
mal equilibrium and thereby provides an unambiguous
definition of temperature.
The present work can be categorized as a survey where

we review the controversies regarding the nonlocal UF
effect and bring in a new line of thought, whether the
nonlocal UF effect depends on the choice of a particular
quantization of the field. Our work demonstrates that
different quantization mechanisms yield nonidentical
results in the context of nonlocal field theories. It also
portrays that choice of field quantization plays a significant
role in determining the thermal nature of a system and the
outcome of nonlocal UF effect. We do not claim that our
findings may resolve the long-standing debate, rather we
comment that studies related to the nonlocal UF effect
cannot be fit under a single umbrella. In this regard,
recognizing the intriguing yet diverse results one should
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continue to investigate the effects of all the constituent
parameters of possible nonlocal models. It would be
important to investigate the nonlocal effects in the context
of quantum entanglement, entanglement harvesting
between the two uniformly accelerating detectors within
the present setup. The work is under progress.
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APPENDIX A: NONLOCAL SCALAR FIELD IN
(1 + 3) DIMENSIONAL MINKOWSKI SPACETIME

Following the discussion in the Sec. II we write the
nonlocal field solutions in terms of the Minkowski modes
as follows:

ϕNLðxÞ ¼
Z

d3k
ð2πÞ32ω ½gkeikμxμ þ g†ke

−ikμxμ �: ðA1Þ

Here ðgk; g†kÞ depict the nonlocal version of the local
Minkowski operators which we symbolize as (ak; a

†
k). It

is worth mentioning that the mode decomposition for the
local field, satisfying, equation □ϕ ¼ 0 is taken as below:

ϕðxÞ ¼
Z

d3k
ð2πÞ32ω ½akeikμxμ þ a†ke

−ikμxμ �; ðA2Þ

where the operators satisfy the commutation relations

½ak; a†k0 � ¼ ð2πÞ32ωδ3ðk⃗ − k⃗0Þ and ½ak; ak0 � ¼ ½a†k; a†k0 � ¼ 0.
Using Eqs. (3) and (A2) one can perceive the relation
between the local and the nonlocal Minkowski operators
as [41]

ϕNL ¼ f−1ððil∂0Þ2;ðil∂iÞ2Þϕ

¼
Z

d3k
ð2πÞ32ω

�
ak

fðl2ω2; l2k2Þe
ikμxμ

þ a†k
fðl2ω2; l2k2Þe

−ikμxμ
�
: ðA3Þ

Comparing Eqs. (A1) and (A3) one gets

gk ¼
ak

fðl2ω2; l2k2Þ ; g†k ¼
a†k

fðl2ω2; l2k2Þ : ðA4Þ

Furthermore from the standard commutation relation of
local Minkowski operators we find their nonlocal counter-
parts as

½gk; g†k0 � ¼
ð2πÞ2ωδ3ðk⃗ − k⃗0Þ

fðl2ω2; l2k2Þfðl2ω2; l2k02Þ ;

½gk; gk0 � ¼ ½g†k; g†k0 � ¼ 0: ðA5Þ

Equation (A4) dictates that the vacuum state corresponding
to the nonlocal field theory is the same as that of the local
Minkowski vacuum state and characterized by gkj0iM ¼ 0.

APPENDIX B: NONLOCAL SCALAR FIELD
IN (1 + 3) AND (1 + 1) DIMENSIONAL RINDLER
SPACETIME USING RINDLER QUANTIZATION

As mentioned above, in Rindler spacetime the mode
solutions of the local field will also be those for the
nonlocal ones. Therefore in (1þ 3) dimensions the non-
local scalar field in Rindler spacetime is decomposed as

ϕNLðxÞ ¼
Z

∞

0

dω̃
Z

d2k⊥½Rcω̃k⊥uω̃k⊥ðη; ξ; x⊥Þ

þ Rc†ω̃k⊥
Ru�ω̃k⊥ðη; ξ; x⊥Þ þ Lcω̃k⊥uω̃k⊥ðη; ξ; x⊥Þ

þ Lc†ω̃k⊥
Lu�ω̃k⊥ðη; ξ; x⊥Þ�≡ ϕR

NLðxÞ þ ϕL
NLðxÞ:

ðB1Þ

Here Rcω̃k⊥ and Rc†ω̃k⊥ symbolize the nonlocal counterpart

of local Rindler annihilation (Rbω̃k⊥) and creation (Lb†ω̃k⊥)
operators, and so on. The standard local Rindler field is
decomposed as follows:

ϕðxÞ ¼
Z

∞

0

dω̃
Z

d2k⊥½Rbω̃k⊥Ruω̃k⊥ðη; ξ; x⊥Þ

þ Rb†ω̃k⊥
Ru�ω̃k⊥ðη; ξ; x⊥Þ þ Lbω̃k⊥uω̃k⊥ðη; ξ; x⊥Þ

þ Lb†ω̃k⊥
Lu�ω̃k⊥ðη; ξ; x⊥Þ�≡ ϕRðxÞ þ ϕLðxÞ: ðB2Þ

In the above two equations we denote the Rindler mode
function for RRW and LRW as R;Luω̃k⊥ðτ; ξ; x⊥Þ, which is
depicted in Eq. (6). All the bk’s are Rindler creation and
annihilation operators hence, bkj0Ri ¼ 0 where j0Ri rep-
resents the Rindler vacuum. Let us now focus on the
nonlocal field solution in the RRW:

ϕR
NLðxÞ ¼ f−1ððil∂0Þ2; ðil∂iÞ2Þ

Z
∞

0

dω̃
Z

d2k⊥½Rbω̃k⊥Ruω̃k⊥ðη; ξ; x⊥Þ þ Rb†ω̃k⊥
Ru�ω̃k⊥ðη; ξ; x⊥Þ�

¼
Z

∞

0

dω̃
Z

d2k⊥
� Rbω̃k⊥

Ruω̃k⊥ðη; ξ; x⊥Þ
fððl2ω̃2

a2 Þ; ðl2ðω̃2 − e2aξk2⊥ÞÞ; l2k2⊥Þ
þ

Rb†ω̃k⊥
Ru�ω̃k⊥ðη; ξ; x⊥Þ

fððl2ω̃2

a2 Þ; ðl2ðω̃2 − e2aξk2⊥ÞÞ; l2k2⊥Þ

�
: ðB3Þ
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Therefore following the earlier argument we get

Rck ¼
Rbω̃k⊥

fððl2ω̃2

a2 Þ; ðl2ðω̃2 − e2aξk2⊥ÞÞ; l2k2⊥Þ
; Rc†k ¼

Rb†ω̃k⊥
fððl2ω̃2

a2 Þ; ðl2ðω̃2 − e2aξk2⊥ÞÞ; l2k2⊥Þ
: ðB4Þ

Using the standard commutation relation of Rbω̃k⊥ and Rb†ω̃k⊥ , the commutator of nonlocal Rindler operators becomes

½Rck; Rc†k0 � ¼
δðω̃ − ω̃0Þδ2ðk⊥ − k0⊥Þ

fððl2ω̃2

a2 Þ; ðl2ðω̃2 − e2aξk2⊥ÞÞ; l2k2⊥Þfððl
2ω̃02
a2 Þ; ðl2ðω̃02 − e2aξk02⊥ÞÞ; l2k02⊥Þ

: ðB5Þ

Proceeding similarly in case of (1þ 1) dimensional spacetime one can write

ϕR
NLðxÞ ¼ f−1ððil∂0Þ2; ðil∂iÞ2Þ

Z
∞

−∞
dk½RbkRukðη; ξÞ þ Rb†k

Ru�kðη; ξÞ�; ðB6Þ

where the local Rindler modes are given by [47]

Ruk ¼
1ffiffiffiffiffiffiffiffiffi
4πω̃

p eikξ−iω̃η ðin RRWÞ

¼ 0 ðin LRWÞ; ðB7Þ

and

Luk ¼
1ffiffiffiffiffiffiffiffiffi
4πω̃

p eikξþiω̃η ðin LRWÞ

¼ 0 ðin RRWÞ: ðB8Þ
We mention that in (1þ 1) dimensional massless case we have ω̃ ¼ jkj, ω̃ > 0. Therefore one finds

ϕR
NLðxÞ ¼

Z
∞

−∞
dk

� RbkRukðη; ξÞ
fðl2ω̃2; l2k2Þ þ

Rb†k
Ru�kðη; ξÞ

fðl2ω̃2; l2k2Þ
�
¼

Z
∞

−∞
dk½RckRukðη; ξÞ þ Rc†k

Ru�kðη; ξÞ� ðB9Þ

and thus we obtain the commutation relation between the nonlocal Rindler operators in 1þ 1 dimensions as follows:

½Rck; Rc†k0 � ¼
δðk − k0Þ

fðl2ω̃2; l2k2Þfðl2ω̃02; l2k02Þ : ðB10Þ

APPENDIX C: NONLOCAL UNRUH MODES AND NUMBER OPERATOR IN (1 + 1) DIMENSIONS

Proceeding similarly, as has been done for (1þ 3) dimensions in Sec. III, in the case of (1þ 1) dimensional spacetime
one can write the field in terms of Unruh mode as follows:

ϕðxÞ ¼
X∞
k¼−∞

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sinhðπω̃a Þ

q ½d1kðe
πω̃
2aRuk þ e−

πω̃
2aLu�−kÞ þ d2kðe−

πω̃
2aRu�−k þ e

πω̃
2aLukÞ� þ H:c: ðC1Þ

Subsequently using Eq. (3) one can write the nonlocal scalar field as

ϕNL ¼
X∞
k¼−∞

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sinhðπω̃a Þ

q ½f−1ðl2ω̃2; l2k2Þd1kðe
πω̃
2aRuk þ e−

πω̃
2aLu�−kÞ þ f−1ðl2ω̃2; l2k2Þd2kðe−

πω̃
2aRu�−k þ e

πω̃
2aLukÞ� þ H:c:

¼
X∞
k¼−∞

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sinhðπω̃a Þ

q ½p1
kðe

πω̃
2aRuk þ e−

πω̃
2aLu�−kÞ þ p2

kðe−
πω̃
2aRu�−k þ e

πω̃
2aLukÞ� þ H:c:; ðC2Þ
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where, p1
k ¼ f−1ðl2ω̃2; l2k2Þd1k. From Eq. (C2) we write the mode decomposition in separate wedges as

ϕR
NL ¼

X∞
k¼−∞

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sinhðπω̃a Þ

q ½p1
ke

πω̃
2aRuk þ p2

ke
−πω̃

2aRu�−k� þ H:c:; ðC3Þ

ϕL
NL ¼

X∞
k¼−∞

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sinhðπω̃a Þ

q ½p1
ke

−πω̃
2aLu�−k þ p2

ke
πω̃
2aLuk� þ H:c: ðC4Þ

Using the commutation relation between the d operators the commutation relation between p’s in (1þ 1) dimensions comes
out to be

½p1
k; p

1†

k0 � ¼
δðk − k0Þ

fðl2ω̃; l2k2Þfðl2ω̃2; l2k02Þ : ðC5Þ

The expectation value of the nonlocal Rindler number operator using the Unruh mode in (1þ 1) dimensions turns out to be
as follows. We proceed similarly as in the (1þ 3) dimensional case where we write the operators b in terms of p’s in (1þ 1)
dimensions and obtain the expectation value of the number operator as

Nk ¼ h0MjcR†

k cRk j0Mi ¼
1

f2ðl2ω̃2; l2k2Þ h0Mjb
R†

k bRk j0Mi ¼
1

f2ðl2ω̃2; l2k2Þ
δð0Þ

ðe2πω̃=a − 1Þ : ðC6Þ

APPENDIX D: RESPONSE FUNCTION OF THE UD DETECTOR
IN (1 + 1) DIMENSIONAL NONLOCAL THEORY

1. Nonlocal Wightman functions in (1 + 1) dimensions

The positive frequency Wightman function for the observer in the right Rindler wedge is given by

RGWðx1; x2Þ ¼ h0MjϕR
NLðx1ÞϕR

NLðx2Þj0Mi: ðD1Þ

Using Eq. (C3) the above becomes

RGWðx1; x2Þ ¼
Z

∞

−∞

Z
∞

−∞

dk1dk2

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sinhðπω̃1

a ÞSinhðπω̃2

a Þ
q ½h0Mjp1

k1
p1†

k2
j0Mie

πω̃1
2a e

πω̃2
2a Ruk1ðx1ÞRu�k2ðx2Þ

þ h0Mjp2
k1
p2†

k2
j0Mie−

πω̃1
2a e−

πω̃2
2a Ru�−k1ðx1ÞRu−k2ðx2Þ�

¼
Z

∞

−∞

Z
∞

−∞

dk1dk2

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sinhðπω̃1

a ÞSinhðπω̃2

a Þ
q δðk1 − k2Þ

fðl2ω̃2
1; l

2k21Þfðl2ω̃2
2; l

2k22Þ

× ðeπω̃1
2a e

πω̃2
2a Ruk1ðx1ÞRu�k2ðx2Þ þ e−

πω̃1
2a e−

πω̃2
2a Ru�−k1ðx1ÞRu−k2ðx2ÞÞ: ðD2Þ

Integrating over k2, we take k1 ¼ k2 ¼ k. Note that in the massless (1þ 1) dimensional case we also take ω̃ ¼ jkj, ω̃ > 0.
Therefore one finds

RGWðx1; x2Þ ¼
Z

∞

−∞

dk
2Sinhðπω̃a Þ

1

f2ðl2ω̃2; l2k2Þ ½e
πω̃
a Rukðξ1; η1ÞRu�kðξ2; η2Þ þ e−

πω̃
a Ru�−kðξ1; η1ÞRu−kðξ2; η2Þ�: ðD3Þ

Use of the explicit forms of the modes as stated in Eq. (B7) yields

RGWðx1; x2Þ ¼
Z

∞

−∞

dk
8πω̃Sinhðπω̃a Þ

1

f2ðl2ω̃2; l2k2Þ ½e
πω̃
a eikΔξ12−iω̃Δη12 þ e−

πω̃
a eikΔξ12þiω̃Δη12 �; ðD4Þ
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where Δξ12 ¼ ξ1 − ξ2, Δη12 ¼ η1 − η2. Imposing the proper frame condition for the Rindler observer such as ξ1 ¼ ξ2 ¼ 0
and η1;2 ¼ τ1;2, we obtain

RGWðΔτÞ ¼
Z

∞

−∞

dk
8πω̃Sinhðπω̃a Þ

1

f2ðl2ω̃2; l2k2Þ ½e
πω̃
a e−iω̃Δτ þ e−

πω̃
a eiω̃Δτ�: ðD5Þ

Here τ1;2 symbolizes the proper time of the accelerated observer and we take τ1 − τ2 ¼ Δτ.
Now replacing Δη12 → −Δη12 we get the positive frequency Wightman function for the detector in the LRWas follows:

LGWðx1; x2Þ ¼
Z

∞

−∞

dk
8πω̃Sinhðπω̃a Þ

1

f2ðl2ω̃2; l2k2Þ ½e
πω̃
a eikΔξ12þiω̃Δη12 þ e−

πω̃
a eikΔξ12−iω̃Δη12 �: ðD6Þ

We put the proper frame condition for the Rindler observer in the LRW as ξ1 ¼ ξ2 ¼ 0 and η1;2 ¼ −τ1;2 in the above
equation, which leads Δη12 ¼ −Δτ in the LRW. Thus one obtains

LGWðΔτÞ ¼
Z

∞

−∞

dk
8πω̃Sinhðπω̃a Þ

1

f2ðl2ω̃2; l2k2Þ ½e
πω̃
a e−iω̃Δτ þ e−

πω̃
a eiω̃Δτ�: ðD7Þ

2. Response function in (1 + 1) dimensions

Now we turn our focus to obtaining the response function per unit time of the detector in (1þ 1) dimensions where we
use Eq. (D5) in the Eq. (4) which leads us to the response function of the detector as

IRðΔEÞ ¼ 1

4

Z
∞

−∞
dk

ðeπω̃
a δðΔEþ ω̃Þ þ e−

πω̃
a δðΔE − ω̃ÞÞ

ω̃Sinhðπω̃a Þf2ðl2ω̃2; l2k2Þ : ðD8Þ

Now we know that ω̃ ¼ jkj, thus ω̃ ¼ k for k > 0 and ω̃ ¼ −k for k < 0. The first term will be zero as ΔE and ω̃ both are
positive quantities. Therefore the above integral over k can be written as

IRðΔEÞ ¼ 1

2

Z
∞

0

dω̃e−
πω̃
a δðΔE − ω̃Þ

ω̃Sinhðπω̃a Þf2ðl2ω̃2; l2k2Þ ¼
1

ΔEf2ðl2ΔE2Þðe2πΔE=a − 1Þ : ðD9Þ

We expand the f2ðl2ΔE2Þ as

1

f2ðl2ΔE2Þ ¼
X∞
n¼0

αnðl2ΔE2Þn ðD10Þ

where the coefficient α0 is fixed by α0 ¼ 1 to recover the local case. Using the series expansion of the function f, we get the
response function:

IRðΔEÞ ¼
X∞
n¼0

αnl2nΔE2n−1

ðe2πΔE=a − 1Þ : ðD11Þ

APPENDIX E: FINDING THE NONLOCAL WIGHTMAN FUNCTION
IN (1 + 3) DIMENSIONS USING UNRUH QUANTIZATION

From Eq. (10), we write

ϕR
NL ¼

Z
∞

0

dω̃
Z

∞

−∞

d2k⊥ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sinhðπω̃α Þ

q ½p1
ke

πω̃
2aRuω̃k⊥ðη; ξ; x⊥Þ þ p2

ke
−πω̃

2aRu�ω̃−k⊥ðη; ξ; x⊥Þ� þ H:c: ðE1Þ

Wightman function in (1þ 3) dimensional RRW can be written as
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RGWðx1; x2Þ ¼ h0MjϕR
NLðx1ÞϕR

NLðx2Þj0Mi: ðE2Þ

Using Eq. (E1) we obtain

RGWðx1; x2Þ ¼
Z

∞

0

dω̃1dω̃2

Z
d2k⊥1d2k⊥2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4Sinhðπω̃1

a ÞSinhðπω̃2

a Þ
q ½h0Mjp1

ω̃1k⊥1
p1†

ω̃2k⊥2
j0Mie

πω̃1
2a e

πω̃2
2a Ruω̃1k⊥1

Ru�ω̃2k⊥2

þ h0Mjp2
ω̃1k⊥1

p2†

ω̃2k⊥2
j0Mie−

πω̃1
2a e−

πω̃2
2a Ru�ω̃1−k⊥1

Ruω̃2−k⊥2
�: ðE3Þ

Further using Eq. (16) one gets

RGWðx1; x2Þ ¼
1

2

Z
∞

0

dω̃1dω̃2

Z
d2k⊥1d2k⊥2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Sinhðπω̃1

a ÞSinhðπω̃2

a Þ
q δðω̃1 − ω̃2Þδ2ðk⊥1 − k⊥2Þ

fðk1Þfðk2Þ

× ½eπω̃1
2a e

πω̃2
2a

R
uω̃1k⊥1

Ru�ω̃2k⊥2
þ e−

πω̃1
2a e−

πω̃2
2a

R
u�ω̃1−k⊥1

Ruω̃2−k⊥2
�: ðE4Þ

Here we write fðk1;2Þ ¼ f½l
2ω̃2

1;2

a2 ; l2ðω̃2
1;2 − e2aξ1;2k2⊥1;2Þ; l2k2⊥1;2�. Performing the integrations on ω̃2 and k⊥2 and then using

Eq. (6) we get

RGWðx1; x2Þ ¼
1

8π4a

Z
∞

0

dω̃
Z d2k⊥Kiω̃

a
ðjk⊥jeaξ1a ÞKiω̃

a
ðjk⊥jeaξ2a Þeik⊥ðx⊥1−x⊥2Þ

f½l2ω̃2

a2 ; l2ðω̃2 − e2aξ1k2⊥Þ; l2k2⊥�f½l
2ω̃2

a2 ; l2ðω̃2 − e2aξ2k2⊥Þ; l2k2⊥�
× ½eπω̃

a e−iω̃ðη1−η2Þ þ e−
πω̃
a eiω̃ðη1−η2Þ�: ðE5Þ

We take x⊥1 ¼ x⊥2 ¼ c1 where c1 is a constant and impose the proper frame condition as mentioned in Appendix D 1. This
parametrization leads us to the required form of theWightman function in (1þ 3) dimensional RRWas depicted in Eq. (17).
Furthermore following the discussion in Appendix D for the LRW, one obtains the positive frequencyWightman function in
the LRW as written in Eq. (17).

APPENDIX F: FINDING THE NONLOCAL WIGHTMAN FUNCTION
IN (1 + 3) DIMENSIONS USING RINDLER QUANTIZATION

We write the scalar field solution in RRW by using the Rindler quantization as below [see Eq. (B1)]:

ϕR
NLðxÞ ¼

Z
∞

0

dω̃
Z

d2k⊥½Rcω̃k⊥Ruω̃k⊥ðη; ξ; x⊥Þ þ Rc†ω̃k⊥
Ru�ω̃k⊥ðη; ξ; x⊥Þ�: ðF1Þ

Therefore using the Rindler quantization the nonlocal Wightman function becomes

RGWðx1; x2Þ ¼
Z

∞

0

dω̃1dω̃2

Z
d2k⊥1d2k⊥2

fðk1Þfðk2Þ
h0Mj½Rbω̃1k⊥1

Rbω̃2k⊥2

Ruω̃1k⊥1
ðη1; ξ1; x⊥1ÞRuω̃2k⊥2

ðη2; ξ2; x⊥2Þ

þ Rbω̃1k⊥1

Rb†ω̃2k⊥2

Ruω̃1k⊥1
ðη1; ξ1; x⊥1ÞRu�ω̃2k⊥2

ðη2; ξ2; x⊥2Þ
þ Rb†ω̃1k⊥1

Rbω̃2k⊥2

Ru�ω̃1k⊥1
ðη1; ξ1; x⊥1ÞRuω̃2k⊥2

ðη2; ξ2; x⊥2Þ
þ Rb†ω̃1k⊥1

Rb†ω̃2k⊥2

Ru�ω̃1k⊥1
ðη1; ξ1; x⊥1ÞRu�ω̃2k⊥2

ðη2; ξ2; x⊥2Þ�j0Mi: ðF2Þ

We write the Rindler operators in terms of the Minkowski operators by using the Bogoliubov transformation as follows:

Rbω̃k⊥ ¼
Z

∞

−∞
d3k⃗0½Rα

k⃗ k⃗0ak⃗0 þ Rβ
k⃗ k⃗0a

†
k⃗0
�: ðF3Þ

Here,
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Rα
k⃗ k⃗0 ¼ Rαω̃k0zk0⊥ ¼ eπω̃=2affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4πk00a sinhðπω̃=aÞ
p

�
k00 þ k0z
k00 − k0z

�
−iω̃=a

δ2ðk⊥ − k0⊥Þ;

Rβ
k⃗ k⃗0 ¼ Rβω̃k0zk0⊥ ¼ −eπω̃=2affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4πk00a sinhðπω̃=aÞ
p

�
k00 þ k0z
k00 − k0z

�
−iω̃=a

δ2ðk⊥ þ k0⊥Þ ðF4Þ

are known as the Bogoliubov coefficients. It can be shown that the sum of the first two terms in Eq. (F2) yield zero. Using
Eq. (F3), we examine the third term of (F2) as

h0Mj3rd termj0Mi ¼
Z

∞

0

dω̃1dω̃2

Z
d2k⊥1d2k⊥2

Z
d3k0d3k00

h0Mjak⃗0a†k⃗00 j0MiRβ�k⃗k⃗0Rβk⃗k⃗0Ru�ω̃1k⊥1

Ruω̃2k⊥2

fðk1Þfðk2Þ

¼
Z

∞

0

dω̃1dω̃2

Z
d2k⊥1d2k⊥2d3k0d3k00

ω
k⃗0δ

3ðk⃗0 − k⃗00ÞRβ�
k⃗ k⃗0

Rβ
k⃗ k⃗0

Ru�ω̃1k⊥1

Ruω̃2k⊥2ffiffiffiffiffiffiffiffiffiffiffiffiffi
ωk⃗0ωk⃗00

p fðk1Þfðk2Þ
: ðF5Þ

We perform the integral over k00, k⊥2, and k0⊥. Due to the delta functions in the integrals, we fix k⃗00 ¼ k⃗0, k⊥2 ¼ −k0⊥ and
k0⊥ ¼ k⊥1, which yields

h0Mj3rd termj0Mi ¼
1

8π4a

Z
∞

0

dω̃1dω̃2

Z
d2k⊥1

Z
dk0z

2πk00a

�
k00 þ k0z
k00 − k0z

� i
aðω̃1−ω̃2Þ e− π

2aðω̃1þω̃2Þeiðω̃1τ1−iω̃2τ2Þ

fðk1Þfðk2Þ

× K−iω̃1
a

�jk⊥1j
a

�
Kiω̃2

a

�jk⊥1j
a

�
: ðF6Þ

In the above equation we consider the proper frame of the Rindler observer and replace ξ1;2 ¼ x⊥1;2 ¼ 0 and η1;2 ¼ τ1;2.

Following Sec. E of [56] we take θðk0zÞ ¼ logðk00þk0z
k0
0
−k0z

Þ and use the result of the integral,
R
∞
−∞

dk0z
2πk0

0
a e

iθðk0zÞðω̃1−ω̃2Þ=a ¼
δðω̃1 − −ω̃2Þ in Eq. (F6). Subsequently the integration over ω̃2 yields

h0Mjthird termj0Mi ¼
1

8π4a

Z
∞

0

dω̃
Z

d2k⊥e−πω̃=a
����Kiω̃

a

�jk⊥j
a

�����
2 eiω̃Δτ

½fðkÞ�2 ; ðF7Þ

where we replace k⊥1 ¼ k⊥. Following the above analysis the fourth term of Eq. (F2) yields

h0Mj4th termj0Mi ¼
1

8π4a

Z
∞

0

dω̃
Z

d2k⊥eπω̃=a
����Kiω̃

a

�jk⊥j
a

�����
2 e−iω̃Δτ

½fðkÞ�2 : ðF8Þ

Summing up the Eqs. (F7) and (F8) we obtain

RGWðx1; x2Þ ¼
Z

∞

0

dω̃1

Z
d2k⊥
½fðkÞ�2

����Kiω̃
a

�jk⊥j
a

�����
2

½eπω̃=ae−iω̃Δτ þ e−πω̃=aeiω̃Δτ�: ðF9Þ

Note that Eqs. (F9) and (17) match each other. Thus Rindler quantization also produces the time translationally
invariant nonlocal Wightman function in the proper frame of the accelerated observer. In this approach one needs to know
the explicit forms of the Bogoliubov coefficients, whereas these are not explicitly required through the Unruh quantization
method.
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