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The relativistic spin-0 matter field is quantized in the background of a straight cosmic string with
nonvanishing transverse size. The most general boundary condition ensuring the impenetrability of the
matter field into the interior of the cosmic string is shown to be the Robin condition with a boundary
parameter varying arbitrarily from point to point of the boundary. The role of the bound states in the
spectrum of solutions to the Fock-Klein-Gordon equation is elucidated. We derive, in the general case, an
analytic expression for the total magnetic flux, which is induced in the vacuum in the cosmic string
background. Further numerical analysis and the requirement of physical plausibility are shown to restrict
ambiguity, which is due to the boundary condition. The dependence of the induced vacuum magnetic flux
on the string flux and tension, as well as on the transverse size of the string, is analyzed.
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I. INTRODUCTION

Considerable attention is always paid to the study of
nonperturbative effects in quantum systems, arising as a
consequence of the interaction of quantized fields with
various configurations of classical fields. Especially inter-
esting is the influence of configurations with nontrivial
topology (domain walls, vortices, monopoles, or, in gen-
eral, topological defects) on the properties of quantum
systems. In the course of spontaneous breaking of a
continuous symmetry, a confined region of the false
vacuum of the appropriate Higgs field forms a locus of
trapped energy, i.e., a topological defect, which can serve as
a background for quantum matter fields. There is a need,
in this regard, to take into account the finite size of a
topological defect and to set up a boundary condition on its
edge. An approach might be to employ a family of the most
general boundary conditions, ensuring the impenetrability
of quantum matter fields into the interior of a topological
defect; in mathematical parlance, this means the condition
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of self-adjointness for the appropriate quantum-mechanical
operator of one-particle energy. Then a task is to discover
effects that are induced by the topological defect in the
ground state of the quantum matter system in the general
case, while a further analysis with the requirement of
physical plausibility of obtained results is aimed to restrict
an arbitrariness in the choice of boundary conditions. In
this way, there is a possibility to achieve the unambiguous
determination of the influence of the topological defect on
quantum matter.

In the present paper, a topological defect in the form
of the Abrikosov-Nielsen-Olesen vortex [1,2] is consid-
ered. Such defects are known in cosmology and astrophys-
ics under the name of cosmic strings; they emerge in
the aftermath of phase transitions with spontaneous gauge
symmetry breaking during evolution of the early Universe
[3,4]. Cosmic strings, starting from a random tangle, evolve
into two different sets: the unstable one, which consists of a
variety of string loops decaying by gravitational radiation,
and the stable one, which consists of several long, approx-
imately straight strings spanning the horizon; see, e.g.,
reviews in [5,6]. Although observational bounds predict a
negligible contribution of cosmic strings to large scale
inhomogeneity, such as the angular distribution in the
cosmic microwave background radiation, their evolution
brings distinct astrophysical effects, in particular, they

Published by the American Physical Society


https://orcid.org/0000-0003-4366-3560
https://orcid.org/0000-0002-9468-5105
https://orcid.org/0000-0002-8645-7233
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.106.105010&domain=pdf&date_stamp=2022-11-14
https://doi.org/10.1103/PhysRevD.106.105010
https://doi.org/10.1103/PhysRevD.106.105010
https://doi.org/10.1103/PhysRevD.106.105010
https://doi.org/10.1103/PhysRevD.106.105010
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

SITENKO, GORKAVENKO, and TSARENKOVA

PHYS. REV. D 106, 105010 (2022)

produce detectable gravitational waves [7], gamma-ray
bursts [8], and high-energy cosmic rays [9]. The interest
in cosmic strings is augmented by theoretical findings that
they are demanded in the framework of the superstring
theory inspired cosmological models, i.e., the brane-world
models of inflation [10—12]. While the Universe undergoes
phase transitions at energy scales much higher than the
scale of grand unification, such supermassive cosmic
strings can be produced, opening new observational win-
dows; see [13,14].

Vortex-type defects are widely discussed in the context
of condensed matter physics as well; in particular, they
can be viewed as disclinations in nanoconical structures.
A development in material science of this century provides
a remarkable link between condensed matter and high-
energy physics, which is caused to a large extent by the
experimental discovery of graphene—a two-dimensional
crystalline allotrope formed by a monolayer of carbon
atoms [15,16]. It is well established by now that a sheet
of graphene is always corrugated and covered by ripples
that can be either intrinsic or induced by roughness of a
substrate [17]. A single topological defect (disclination)
warps a sheet of graphene, rolling it into a nanocone, which
is similar to the transverse section of a spatial region out of
a cosmic string; see, e.g., [18-21].

Spin-0 quantized fields in various aspects are a subject
of study in cosmology and astrophysics. They are present
in all unified field theory models, appearing as possible
types of matter, in particular, as dilatons and inflatons in
the early Universe, as candidates to describe dark matter,
and as possible Bose-Einstein condensates. Our purpose
is to study the influence of a vortex-type defect on the
ground state of the surrounding quantum relativistic
bosonic (scalar or pseudoscalar) matter. The induced
ground state magnetic flux will be found, and its
dependence on the gauge flux and the string tension,
as well as on the defect size and the choice of boundary
conditions, will be analyzed. We show that the boundary
conditions allowing for the existence of bound states are
incompatible with the physically plausible behavior of
the induced ground state magnetic flux.

In the next section, we define the current and the
magnetic field strength that are induced by a cosmic string
in the vacuum of quantum relativistic bosonic matter. In
Sec. III, we determine the most general boundary condition
ensuring the impossibility for matter to penetrate through
the edge of the string core and display an appearance of
bound states in addition to continuum ones. The analytic
expression for the induced vacuum magnetic flux in the
general case is derived in Sec. IV. In Sec. V, the numerical
study of the analytic expression is carried out, and we show
that the range of the boundary parameter values is restricted
by requiring the physically plausible behavior for the flux.
Finally, the results are summarized and discussed in
Sec. VI. The details of derivation of the asymptotics of

the flux at small values of the transverse size of the string
are given in the Appendix.

I1. DEFINITIONS AND PRELIMINARIES

The operator of the second-quantized relativistic spin-0
field in a static (ultrastatic) background is presented as

. 1 4 4 -
W(x, 1) = 2 [e™ Bty (x)a; + By (x)b;]. (1)
V2E
f A

where natural units 7 = c =1 are used, &X and a, (lB/T1

and B,l) are the spin-0 particle (antiparticle) creation and
destruction operators satisfying commutation relations

[ay, ) = (b b)) = (7). (2)

and 4 is the set of parameters (quantum numbers) speci-
fying the state; wave functions y;(x) form a complete set
of solutions to the stationary Fock-Klein-Gordon equation,

[=V2 + m? + ER(X) |y (x) = Ejw,(x), (3)

V is the covariant derivative involving the bundle con-

nection, R(x) is the curvature scalar, E; > 0 is the energy

of the state, and symbol I in (1) denotes summation over
A

discrete and integration (with a certain measure) over
continuous values of A. The current that is induced in
the vacuum is defined through the vacuum expectation
value of the anticommutator of the field operators,

() = 5 (vacl{ [ (x.). V¥(x. )]

— [V (x. 1), ¥(x, 1)), }|vac)

= —ii(2Ea)"{llfﬁ(X)[Vw(X)} = Yy ()] wa(x)},

A

4)
where the vacuum is conventionally defined by relation
a,|vac) = b,|vac) = 0. (5)

A straight, infinitely long cosmic string in its rest frame
is characterized by two parameters, the gauge flux

@:/wwnvg) (6)

core

and tension (or linear density of mass)

M:%E/wmn 7

core
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Here, V(x) is the vector potential of the gauge field
corresponding to the spontaneously broken gauge sym-
metry, G is the gravitational constant, and the integration is
over the transverse section of the string core. Without loss
of generality, the string core is assumed to have the form of
a tube of radius r. A tube in three-dimensional space can
be obviously generalized to a (d — 2) tube in d-dimensional
space by adding extra d — 3 dimensions as longitudinal
ones. Space outside the string core is locally flat (R = 0)
but non-Euclidean, with squared length element

ds® = dr’ + (1 -4GM)*r’dp + dzg . (8)

where r and ¢ are the polar coordinates on a surface that is
transverse to the string, and z,_, are the Cartesian coor-
dinates in the longitudinal directions. Such a space can be
denoted as a conical one, since its transverse section is
isometric to the surface of a cone with the deficit angle equal
to 8zGM. In general, the values of the deficit angle are
bounded from above by 2z, whereas they are unbounded
from below (surplus angle can be arbitrarily large),

—o0 < 87GM < 27. 9)

If we return to real cosmic strings in three-dimensional
space, then the tension (and, consequently, the deficit angle)
surely has to be non-negative; moreover, the observation of
discontinuities in the cosmic microwave background radi-
ation imposes the stringent upper bound M < 107/G™! (see
[22]). However, negative values of M and corresponding

Wknp (X)

saddlelike conical spaces, as well as positive values of M up
to (4G)~!, can be of some physical interest. Various nano-
conical structures arise in a diverse set of condensed
matter systems known as the Dirac materials, ranging from
honeycomb crystalline allotropes (graphene [16], silicene,
germanene [23], and phosphorene [24]) to high-temperature
cuprate superconductors [25] and topological insulators [26];
in particular, a saddlelike conical space effectively emerges
due to a radial disgyration in the A phase of superfluid He3;
see [27].

Matter is assumed to interact with a cosmic string in
the minimal way; i.e., the covariant derivative takes form
V=0- iéV+%a), where é is the appropriate coupling
constant and @ is the affine connection. In the gauge with
the only one nonvanishing component,

o
V,=— 1
@ 2”’ ( 0)

the Laplace-Beltrami operator takes the form
0 0 0 ied
V2= 1 L L (1 - 4GM) 2 e
or or 0(p 2
0 \2
; 11
" (azd—Z) an

and we obtain the following expression for a general
solution to (3), describing a state belonging to the con-
tinuous spectrum:

= (27) =D/ 2P 22 i (] — 4GM) ™!/

X (80t )z (2) ) (1=4Gna) (KT) €08 (1) Y |00 (2 (1—4Gr) (KT)] (12)

where 0 < k < o00,—c0o < p;<oo(j=1,d=-2),E=

VP* + k* + m?, n € Z (Z is the set of integer numbers), and J , (u)

and Y ,(u) are the Bessel functions of order p of the first and second kinds. Parameter x, has to be determined from the
boundary condition at r = r(; see the next section. In the case of a vanishing transverse size of the string, relation

Hn |r0:0

= 1/2 (13)

is assumed, then the wave function in this case is regular at r = 0, obeying orthonormality condition

/ A%/ (%) oWy ()0

_ O(k—K)

k 611,n’5d_2 (p - p/) (14)

Substituting (12) into (4), we obtain the induced vacuum current due to the contribution of the continuous spectrum, and
this part possesses an angular component as the only nonvanishing one,

)|wknp< . (15)

It is obvious from (12) and (15) that j§f5> (r) is a periodic function of the string flux, ® (6), with a period equal to 2z/¢; i.e.,

it depends on quantity
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0<F<l (16)

-2 5]

and not on [[$%]], where [[u]] denotes the integer part of

quantity . Such a periodicity certainly is a manifestation

+ Sln(zﬂn)‘]u|n—F| (kr) u\n—F|(kr) + cos? (ﬂn)Y,%‘n_F‘ (k}")]

If the angular component of the induced vacuum current
is the only nonvanishing one, then the magnetic field
strength in the longitudinal directions, B;-¢(r), is also
induced in the vacuum, as a consequence of the Maxwell
equation,

rao

LB = ey (1),

(19)

where e is the electromagnetic coupling constant that, in
general, differs from é. The total flux of the induced
vacuum magnetic field is then given by expression

2 oo
:u_l/d¢/drrBI3"'d(r)
0 o

Induced vacuum current, as well as consequent magnetic
field, in the background of a vortex-type defect attracted
attention several decades ago in view of its anticipated
relevance to the Aharonov-Bohm effect. In the pioneering
study in [30-38], a simplifying unphysical assumption of
the vanishing transverse size (r, = 0) and tension (M = 0)
of the vortex was employed. It was realized that the total
induced vacuum magnetic flux is finite in the d = 2 case
and infinite in the physically interesting d = 3 case. The
problem of removing the above restriction, i.e., going
over to ry >0 and M # 0, was completely solved for
the vacuum of a spin-1/2 quantized matter field in the
d = 2 case [39] and in the d = 3 case [40]. In the present
study, we consider the same problem for the vacuum of a
spin-0 quantized matter field in the d > 2 case.

(20)

III. SELF-ADJOINTNESS OF THE LAPLACE-
BELTRAMI OPERATOR AND CHOICE OF
BOUNDARY CONDITIONS

Our attention is drawn to the Laplace-Beltrami operator,
because, in the case of relativistic bosonic matter, the
relevant quantum-mechanical operator is that of one-particle
energy squared, see (3). Defining a scalar product as

of the renowned Aharonov-Bohm effect [28,29]. Defining
quantity

v=(1-4GM)™! (17)
and inserting (12) into (15), we rewrite the latter as
)J5|n_p|(k”)
(18)
(21)

(Z.x) = / d'x\/97"x.
X
we get, using integration by parts,

7. V) = (V2.7) + / do - [7* (V) — (V7)) (22)

oX

where dX is a hypersurface bounding the d-dimensional
spatial region X. Operator V2 is Hermitian (or symmetric in
mathematical parlance),

7. V) = (v

7.x), (23)

if relation

/ do - [7*(V) - (V7)2] = 0 (24)

0X

holds. The latter can be satisfied in various ways by
imposing different boundary conditions for y and }.
However, among the whole variety, there may exist a
possibility that a boundary condition for 7 is the same as
that for y; then operator V? is self-adjoint. The action of a
self-adjoint operator on functions of its domain of definition
results in functions of the same domain only, and, therefore,
a multiple action and functions of such an operator can be
consistently defined. The spectral theorem (see, e.g., [41]) is
valid for self-adjoint operators only, and this allows one to
construct unitary exponents of them; see also [42].

In the case of a connected boundary, condition (24)
implies

n - [7(Vy) = (V) Zllxeox =0 (25)

where n is the unit normal to boundary 0X. Defining

i i
=n-Vy+t——y.  g.=n-Vy+t——3 (26
re=n-VyE—y  Za=n-Vyi_——7  (26)
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we rewrite (25) as

1 S PyA
~n-X(Pixs =7 )lxeax = 0. (27)

2
The latter condition is satisfied by imposing linear
conditions

(-—Br+)lxeax=0.  (¥-—E7+)lxeax =0,

20 we rewrite (28) as’

0
KCOS +sin9n.v)4

n-x
K_cose_k sinfn - V);?}

n-x

One can recognize that (29) is actually the Robin boundary
condition, with § = 0 corresponding to the Dirichlet con-
dition (perfect reflectivity of the boundary) and 0 = +x/2
corresponding to the Neumann condition (absolute rigidity
of the boundary). The condition is periodic in the value of 6
with the period equal to z, and the range of € can be
restricted to —z/2 < 6 < x/2.

Parameter 6 can be regarded as the self-adjoint extension
parameter. It should be emphasized that the values of this
parameter may, in general, vary from point to point on
the boundary. In this respect the “number” of self-adjoint
extension parameters is infinite; moreover, it is not count-
able but is of power of a continuum. This distinguishes the
case of an extended boundary from the case of an excluded
point, when the number of self-adjoint extension param-
eters is finite, being equal to n? for the deficiency index
equal to (n,n); see, e.g., [42]. Defining the quantum-
mechanical current of matter as

Using parametrization 2 = e

=0,
xeoX

=0. (29)
xeoX

3:(x) = =i{y; () [Vya(x)] = [V (x)]ws ()}, (30)

we note that imposing the self-adjoint extension condition
(29) on y, results in the vanishing of the normal component
of the current at the boundary,

n - J;(x)xeox = 0. (31)

Thus, the Robin boundary condition with the position-
dependent boundary parameter is the most general one
ensuring the impenetrability of a connected boundary for a
spin-0 matter field. It should be noted that, in the case of a
disconnected two-component boundary, the requirement of

'Note that, in the case of a disconnected two-component
boundary, the most general boundary condition depends on four
parameters; see [43].

self-adjointness allows for a penetrable boundary, but
the influx of quantum matter through one boundary
component has to be equal to its outflux through another
one; see [43,44].

In the case of a cosmic string, the boundary condition
takes form’

0

[(cos 0 + sin 9r>;(]
or

[(cos 0 + sin Qr—a>)?]
ar

Imposing this condition on wave function (12), we deter-
mine parameter y, as

=0,

r=ry

=0. (32)

r=ry

[(COtH + r%>Yv|n—F\ (kr)”r:ro
[(COtH + r%)‘]zx\n—Fl(kr)] |r=r0

tany, = — (33)

As was already noted, the values of parameter @, in general,
depend on ¢ and z, ,. As a consequence, current (18)
additionally depends on ¢ and z,;_, via the dependence of
U, (n € Z) on ¢ and z,_,. To be more precise, we assume
the following ansatz for a solution to the stationary Fock-
Klein-Gordon equation in the cosmic string background:

Vinp(X) = (2m) (1702220 £ (kr),  (34)
where function f,(kr) is the solution to equation

[-13 3+j—§<n —Pr-R|fn =0 ()

and obeys boundary condition

[<c059+sin9;—i> fn(kr)} —0.  (36)

r=ry

Note also that, by taking the limit of ry — 0 in (33),
we justify assumption (13).

In the case of min{F,1 — F} < v~ cotf < oo, in addi-
tion to solutions with k£ > 0, see (12), there are solutions
with k = ix,, where «,, is determined by relation

d
Kcosé + sin 0;—) Kyjn-r| (K,,r)} =0, (37)
r

r=ry

K,(u) is the Macdonald function of order p. These

solutions correspond to bound states on a surface that is
transverse to a cosmic string,

The impenetrability of the string core, on the one hand, is a
consequence of the self-adjointness of the quantum-mechanical
operator of energy squared. On the other hand, it is inevitable,
since the vacuum of a spin-0 quantized matter field is not defined
inside the string core.
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(BS)

Wknp(x)::(zﬂ)u—dvzemlmaem¢

ro

X [Ku\n—FH-l (KnrO)Kv|n—F\—1 (Kn }"0) -

e

Kz/|n—F\ (Knr)' (38)

K5|n_p| (k,ro)] 72

The dependence of «,, on the value of v|n — F| for fixed values of @ is illustrated in Fig. 1. For fixed values of # and p,
there is no more than one bound state for each value of n, and their energies, ES,B )= \/m? p> — k2, are in the gap

below the continuum,

\/m +p

[cot?0 — 12 (n — F)*|ry?

<EPY < \/m* +p2. (39)

Note that, in the limit of a vanishing transverse size of the string, wave function (38) vanishes at v|n — F| > 1, whereas it is

novanishing at v|n — F| < 1.}

A variation of § with ¢ can be moderate enough, so that a dependence of k,, on ¢ can be neglected. Then, substituting (38)

into (4), we obtain

v(in—F)

O(cotd —v|n - F|)K, F\( r) (40)

T 1-d
390 =22 [y

1o m? +p* —

where

1, u>0
0, u<O

is the step function. Thus, the induced vacuum current in
the cosmic string background is

. (CS .(BS
Jo(r) = g () + 5 (1), (41)
with j,(,,cs) and j((,,BS) given by (18) and (40), respectively. It

should be noted that the integral in (40), as well as that in
(18), is divergent at |p| — oo (logarithmically at d = 3 and
as a power at d > 3). However, we shall show that these
divergences cancel each other in the sum in (41). Note also
that a variation of € with z,_, can be moderate enough,
so that a violation of translational invariance along the
longitudinal directions can be regarded as negligible. Then
the induced vacuum magnetic field strength is in the
longitudinal directions, as is given by (19).

3It should be noted that, in the case of an infinitely thin string,
the requirement of self-adjointness of the Laplace-Beltrami
operator allows for regular and irregular square integrable at
r =0 modes. The deficiency index can be (n, n) with
n=0,1,2,..., depending on the values of v and F. In particular,
it is (2, 2) for v = 1; see, e.g., [45,46].

K% Ku\n—FlJrl (Knrﬂ) vln—F|-1 (Knr())

L/\n—F\ (K’er)

IV. INDUCED VACUUM MAGNETIC FLUX:
ANALYTIC EXPRESSIONS

We present induced vacuum current j,(r) (41) as

Jo(r) = i) + i), (42)

where
$0) = oy [

(kr)

y\n F|

X v(n
{\/m +p? +k2;

(43)
5_
|
|
|
0 1 2 3 4

FIG. 1. The value of the root of Eq. (37) as a function of
v|n — F|: curves from top to bottom correspond to 6 = /16,
/8, m/4,3x/8.
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and

ﬂ' 1-d d—2
(2) / d / v m? + p? +k2,,;
x {008 () [Y2,_p (kr) = 2 _py (k)] + $in(2p,) gy (KP)Y i (k) )+ ™ (). (44)

The Bessel functions J,(#) and Y ,(u) in (43) and (44) are expressed through the modified Bessel function /,(u) and the
Macdonald function K, (u), and the integration is extended to negative values of k as well, —co < k < oo; see [47]. Such an
integral can be regarded as the integral over the real axis in the complex k plane. In the case of j,(,,“) (r) (43), the integrand as a
function of the complex k variable possesses branching points at k = 4i+/m? + p?, and the integration path over the real
axis is continuously deformed to envelope a cut on the imaginary axis from i\/m? + p? to ico. In this way, we get

_ _dgq
a4 2p L/\n F|(qr)Ku|n F|(qr)
q — m‘ ‘nGZ
Mip|
M| = m2 + pz. (45)
Using relation (see [48])
1 ° dy u?
LK, @) =5 [ Lo (=5 =)0
0

and the Schlfli contour representation for 7,(y), one can perform the summation over n and then perform the integrations.
The final result,

(@) 8 (d+1)/2 (4
Jo ' (r) = _(4ﬂ)(d+1)/2 #(d=3)/2 {E/d“K(d+1)/2[2er05h(”/2)]
0

sinh(u/2)  sin(vFz)sinh[v(1 — F)u| — sin[y(1 — F)z] sinh(vFu)
[cosh(u/2)](d=1)/2 cosh(vu) — cos(vr)

(v/2]]
1 , cos(lz/v)
+ ; IZZI K(d+1)/2[2mr Sln(lﬂ'/l/)] W

sin(2FIr) } . (46)

was obtained in [49] for the case of 0 < v < 2, while additional terms appearing at v > 2 were obtained in [50]. Further,
we get

3odla), ar' (), 4ev m\ @=D/2 (] sinh(u/2)
B; (r) = eu/TJ(,; (r) = _W - > du K(d_l)/2[2mrcosh(u/2)] [cosh(u/Z)} @
0

" sin(vFr) sinh[v(1 — F)u] — sin[v(1 — F)x] sinh(vFu)
cosh(vu) — cos(vr)

1 2 ) cos(lx/v) .
+ ; Izzl: K(d—l)/2 [Zmr Sln(lﬂ/l/)] WSIH(ZFZ”)} (47)

and
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(a) _ 277.' d(a) e m\ (@-3)/2( 1
d B = (=
o V rr (r) <4ﬂ)(d—1)/2 <r0) 27

ro

sinh(u/2)
[cosh(u/2)](@+3)/

du K y_3)2[2mry cosh(u/2)]

0\8

sin(vFr) sinh[v(1 — F)u] — sin[v(1 — F)x] sinh(vFu)

) cosh(vu) — cos(vrx)
1 2] p 5 (] cos(lz/v) . 2F] i
+ ; (d=3)/2[2mro sin(lz/v)] Sin(lz /) [ sin(2FIx) . (48)

In the case of the vanishing string tension v = 1, the results for j§,f‘> (r) and B?"‘d(“) (r) were obtained more than two decades
ago, see [37,38],

_ 32sin(Fr) m<d+1)/27 dv
(
v

j((pa>(r) o1 = ()@ 072 K(4+1)/2(2mrv) sinh[(2F — 1)arccosh(v)] (49)
and
B = %m @) (@-1)/2 / % K (4-1)/2(2mrv) sinh[(2F — 1)arccosh(v)]. (50)
1
whereas the flux is given by expression
ol = % <r_o>< )2 / % K (4_3)2(2mrov) sinh[(2F — 1)arccosh(v)]. (51)

For generic v, we find out that flux d) (48) in the limit of a vanishing transverse size of the string is finite in the d = 2
case only, while otherwise a dlvergence occurs,

li (1) ——I F, 2
rﬂlTo |d2 am 3(F.v), (52)
O s = 5 [=In(mro) I5(F.0). (53)
1 d=3r0—>0 Az
and
d=3
@ —_ ) 5y

D, a3, =, 2(47[)(d—1)/2r0 1,(F,v), (54)

where

1 sinh(u/2) sin(vFr)sinh[v(1 — F)u] — sin[v(1 — F)z] sinh(vFu) WA cos (Iz/v)
I,F,v)=—— [ d 2FIr),
a(F.v) 27:/ u[cosh(u/Z)]d cosh(vu) — cos(vr) Z [sin(lz/v)]? sin(2FIx)
g =

(55)

and I'(u) is the Euler gamma function. The integration and summation in (55) can be performed in the case of the odd d
values; see the Appendix. In particular, we obtain
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O | I (U | VR
rlolg%)q)’ =2 6m <F 2> FL=F), %0
(D(a) — i [_ ]n(mr )] F —l F(] — F)l/2 (57)
I 4=3 ry=0 67 0 2 ’
“ e | (1 171 s
@ = — 12 F—= |F(1=F)*’{ s+ < |5+ F(1-F
s 20 R ( 2) (1-F {3+5 s TEL=F)|r, (58)

@}

- W;T)Sra“(F—%)F(l —F)u2{43—1+ B+F(1 - F)}v2 +% E+F(1 ~F)+F(1- F)z}v“}, (59)

@

e -6 1 ) 49 (1 ’
= ¢ S (F—)F1-F)W{4+— |-+ F(1-F
d=9 r=0 810(27)* ° ( 2) ( )”{ M Rl

+§ B+F(1 - F)+ F(1 —F)Z]I/‘ +% B+F(1 —F) +%OF2(1 —F)? +§F3(1 —F)3}u6}, (60)

and so on; note the positive definiteness of all terms in curly brackets in (58)—(60). Note also that (55) can be calculated
exactly for all d values in the case of a vanishing string tension, see [51],

I,(F,1) =

sin(Fr) ( 1) N5+ AN - F) (61)

27 2) TE+ DD

Turning now to the -dependent piece of the induced vacuum current, see j((,,b) (r) (44), the integral over k is transformed

into the integral over a contour enveloping the upper imaginary semiaxis on the complex k plane. In this way, we get

Mp|
(b 8 — dq 4q iv|n—F|n i
() = 2m) =1 d* 2PZ”(" - F)Z T In=FI7 1 cos? (1) | iy i551n(2ﬂn)|k=iiq K, r(ar)
nez /M — 4
7 dqq wineFle | L 1. .(BS
[ e oo sy = S0 i | K2y )+ A0, iy =
e V4 ol
(62)
In view of relation
. i 2 O(cotd — v|n — F|)é(q — k)
e 0y 502t | = = " - (63
; K= 2 = Knr% Ku\n—FHl(KnrO)Kv\n—F\—l(KnrO) _K3|n_p| (KnrO) )
the contribution of the integral over g from 0 to mp, cancels jE,,BS)(r) (40). Using relation
- . I .
Zﬁw\n_”” [iloosz(ﬂn>|kiiq ) sin(2pt,) i—siq | = —7Cojn-r| (0. qr0), (64)
£

where

 [(cot0+ v0,)1,(v)]
C0.0) = Teora + v0,)K,(1)]’ (65)

we obtain the following expression for the remaining piece, after integration over p:
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b 1
]4(0)(7') (477,' d+l /ZF d—1 /dqq q _m d 3/221/ n—F y|n Fl(e qu) z\n_F‘(qr); (66)
2

nez

note that a zero in the denominator of C,(6, v) (65) is to be treated with the principal value prescription. It should be noted

also that terms with v|n — F| < 1 in the integrand of jé,BS) (r) (40), unlike terms with v|n — F| > 1, are finite in the limit of a

vanishing transverse size of the string. However, as has been just remarked, they, as well as others, are canceled out, and the
0-dependent piece of the current, as is clear from (65) and (66), is vanishing in this limit,

lim i (r) = 0. (67)

ro—0

Further, we get the 0-dependent piece of the induced vacuum magnetic field strength,

dr .
B;d(b)(r) = el// / ](p ( /)

r

— (4ﬂ?<iil)/2 F(%) / dqgq(q® - mz)(’j—3)/2;58n(” = F)Cyn-r)(0: q70) (K, _py (a7) + arW,p-p (7)),
(68)
where sgn(u) = O(u) — O(—u) is the sign function and
W,(0) = K, (0) S Ky (0) = Kot (0) S K, 1) (69)
dp dp

this piece also vanishes in the ry — O limit. Thus, the #-independent pieces, ]¢ (r) (46) and B (a)(r) (47), can be
regarded as corresponding to the case of an infinitely thin cosmic string.
As to the appropriate flux,

2

{w/wm ) (70)

ro

Tl'—‘

we obtain the following expression for it:

q’gb): GRE d1 dfp dvo(v* —m?rg) 2y sen(n = F)Cyjp-py (0. )
(47 +/F

mry nez
X [U|n - FlKU|n—F|+1(U) v\n—F\—l(v) - (U‘n - Fl + 1)[{5‘"_”@) - va|n—F\(U)]' (71)
The total induced vacuum magnetic flux,
®, = o + @, (72)

(b)

decreases as the transverse size of the string increases, ry — oo. Since, as a consequence of (67), @, vanishes in the limit

of the vanishing transverse size of the string, the behavior of the total flux in this limit is governed by that of <I>§“>, and
relations (52)—(54) and, consequently, (56)—(60) are relevant for @,. In the case of v~! cot® < min{F, 1 — F} (in particular,
in the cases of Dirichlet and Neumann boundary conditions), the total flux as a function of r; does not change sign, being

finite for d = 2 and for d > 2, except ry, = 0. In the case of v~ cotd > |n' — F| (' € Z), the total flux can be rewritten as

105010-10



MAGNETIC FLUX IN THE VACUUM OF QUANTUM BOSONIC ... PHYS. REV. D 106, 105010 (2022)

2n

% [se]
O, = (4;1- @ /21"(‘)1— /dqo/dvv v? — m?rg) - 3/228gn n' — F)O(cotd —v|n' = F|)C,y_p (0, v)
2 0 mro n'ez
X Wl = FIK 11 (0)Kup 1 (0) = (ol = Fl + DRy (0) = oW, ()] + ). (73)

where terms with the principal value prescription are explicitly exhibited as a finite sum over n'. Coefficient C,|,y,_((6, v)
changes sign in the vicinity of point v,,,

Cu|n’—F\ (97 U)|v~vn/ = —(1) - Un')_l {vn' [Ku\n’—FHl (Un’)Ku|n’—F\—1 (Un’) - K,2,|n’_p|(vn’)]}_lf (74)
|

where v,/ is a root of equation, cf. (37), V. INDUCED VACUUM MAGNETIC FLUX:
NUMERICAL RESULTS

{(cosé—l— Singv_a> Ku|n’—F|(”)H =0. (75) As is clear from (48) and (71), the induced vacuum
v V=1, magnetic flux is odd under change F — 1 — F, where F is

defined by (6). In the d = 2 case, neglecting the transverse
As a consequence of the sign change of Cu\n’—F|(‘9, v), the  size of a cosmic string, one obtains (56) for <I>§“) and zero

total flux in the case of 2 < d <3, as a function of ro, ¢, Cng); thus, the maximal absolute value for the flux is

. . . o —1 .. . . R |
becomes infinite at points ro = m™ v,. These peculiarities  tained at two points that are symmetric with respect to
will be studied in more detail in the next section. Note that | /2

the peaks at points ry = m~'v,, are absent in the case of

d > 3, and thus, in this case, the behavior of terms with a

zero in the denominator in (71) is qualitatively the same as F, =
that of other ones.

(125) (76)

N =

m<D1/e
0.03 |

0.02

0.01 |

-0.01
-0.02
-0.038

md;/e

0.03
0.02
0.01

-0.01 |
-0.02 |
-0.03 |

FIG. 2. Dimensionless induced vacuum magnetic flux at mry = 102 as a function of F: (a) 0 = —r/4,d=2,(b)0 =—-x/4,d =3,
(c) 0=-x/2, d=2, (d) 0 =—-n/2, d =3. Parameter v takes values 2, 1, and 1/2 for solid, dash-dotted, and dashed lines,
correspondingly; the values for the case of v = 1/2 in (a) and (b) are multiplied by 10; vertical lines correspond to F = F .
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m(D,/e
0.0025 @
0.0020 |
0.0015 |
0.0010
0.0005 I\L o
' 005 010 015  0.20
mCD,/e
0.035 |
0.025
0.015 |
0.005 |

md;/e
0.010 (b)
0.008
0.006
0.004

0.002
mrp

01 02 03 04 05 06

FIG. 3.
—r/2, =37/8, —n/4, —x/8, 0 from top to bottom.

Such a behavior of the flux as a function of F remains
qualitatively the same, when the transverse size of the
string is taken into account, although the position of the
maximum in the flux absolute value is shifted, depending

CD,/e
0.0030
(@)
0.0020
0.0010
mrp
- . .
0.05 0.10 0.15 0.20
<D1/e
0.07
0.05
0.03
0.01

0.2

02 04 06 08 10 1.2 14

mrp

Dimensionless vacuum flux at cotd <0, F = F,, and d = 2: (a) v = 1/2, (b) v = 1, (c) v = 2. Parameter 0 takes values

on ry, v, and . To illustrate this, we display the F
dependence of the dimensionless flux in the d =2 and
d =3 cases at ry = 107> m~! and several values of v
and 6 in Fig. 2.

CDI/e
0.015 ()
0.010 |
0.005
¥ o
0.05 0.15 0.25

mrp
0.4 0.6 0.8

FIG. 4. Dimensionless vacuum flux at cotd <0, F=F_, and d =3: (a) v = 1/2, (b) v = 1, (¢) v = 2. Parameter 6 takes values

—r/2, =37/8, —n/4, —x/8, 0 from top to bottom.
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Fixing F' = F,, let us now consider the behavior of
induced vacuum magnetic flux as a function of the trans-
verse size of the string. Results at cotd < 0 in the case
of d =2 and several values of v are presented in Fig. 3.
As boundary conditions vary from Dirichlet (6 = 0) to

Neumann (§ = —x/2), the flux monotonically increases in
the region of small mrgy; note a bend near mry = 0 in the
case of @ = —z/2. The region where flux is somewhat

essential increases with the increase of v. A situation is
qualitatively the same in the case of d = 3, see Fig. 4, with
a distinction that flux diverges at mry — 0; see (57). In the
realistic case of v ~ 1, the values of e~!®, exceeding 1073
are reached at mry < 5 x 1072 for the Dirichlet condition
and at mr, < 25 x 1072 for the Neumann one; note that the
case of v =1 was considered for the Dirichlet condition
in [51] and for the Neumann one in [52].

The situation drastically changes at 0 < cotf < oco. The
results for flux in the case of d = 2 at several values of # and
v are presented in Figs. 5-7. As positive @ decreases starting

from the value of 7/2, more and more terms with a zero in
the denominator contribute; see (73). Before integration, as
well as after it, these terms change sign, see (74), at the
points of zeros that are determined by (75). The integration
starts from mr,, and each time, as increasing mr, passes
point v/, the principal value prescription becomes decom-
pensated just to the right of these points, giving rise to
infinite peaks in the integral. As v decreases, the number
of peaks increases: more values of n' satisfy inequality
v~ cot® > |n' — F|. The situation looks somewhat different
in the case of d = 3, and the appropriate results for flux are
presented in Figs. 8—10. The behavior of integrands con-
taining factors with a zero in the denominator is qualitatively
the same with only the distinction that an overall factor of
(v — m?r3)~"/? is missing in this case. Therefore, a con-
tribution of interval mry < v < v,, might not be sufficient to
outweigh a contribution of the opposite sign from v > v,,.
As a consequence, the flux can be of the same sign from both
sides of the infinite peaks at mry = v,,.

mcbl/e mCDI/e
0.10 1.0 -
(a) (b)
0.08 08¢ |
0.6 [
0.06 |
04} |
0.04 |
02} [
0.02 + . | . . f’nfo
mry I
0.00 , , , , ol 406 08 10 12 14
0.2 0.4 0.6 0.8 1.0
m<D1/e
2r 0.08 ! !
I 0.06 (d) |
L 0.04 | (c)
I 0.02 |
1+
I o0p | 020406 0.81.0 124 |
-0.04 | |
| |
L L ) 1 mry
0.5 1.0 n.5 12.0
| |
| |
- | |
| |
i | |
oL I I

FIG. 5.
enlarged part of (c).

Dimensionless vacuum flux at 0 < cotf < oo, F=F,,d=2,and v =2: (a) § = 3x/8, (b) 0 = n/4, (c) 0 = x/8, (d) is an

105010-13



SITENKO, GORKAVENKO, and TSARENKOVA PHYS. REV. D 106, 105010 (2022)

To illustrate this, let us consider the case of @ = 37z/8, F = F_, and v = 1, when the sum over »’ in (73) reduces to the
only one term, n' = 1,

[Se]

G (mry) = em®3 / dv gy(v), (77)

mrg

where

v[v?2(mry)~2 = 1](d-3)/2 s
o) = = i € () F=Kaar 00K ()= (14 FORE )= oW (). (79

|
We display both (78) and (77) at d =2 and at d = 3 in to point v = v, in the d = 3 case; see Figs. 11(b) and 11(d).
Fig. 11. Although the behavior of ¢,(v) and g3(v) in the  This signifies that relation (v — v)g3(v) = 0.0152 holds
vicinity of v, is qualitatively the same, the behavior of  with high precision for interval 0.07 < v < 0.09. Note
integrals G, (mrq) and Gs(mry) differs due to an integrable ~ also that g,(v) at d >3 is evidently integrable at
divergence of g,(v) at mry. Note a symmetry with respect v = v; = mry,.

md>1/e mCDI/e
0.4,
(a)

0.3} 0.5}
0.2}
0.1F

mrny
0. .6 0.8 1.0

I
I 1
[ mr 0.2
|
P P L .|...|...|0'O.5-
|
|
|
|

02 04 06 08 1.0
0.1}
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|
|
|
|
|
|

1t |
|
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|
f mrp
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|
|
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| |
| |
| |
| |
| |
| |
| |
| |
| |
| |

FIG. 6. Dimensionless vacuum flux at 0 < cotf < 0o, F=F,, d=2,and v = 1: (a) § = 3z/8, (b) 8 = n/4, (c) 0 = /8.
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FIG. 7. Dimensionless vacuum flux at 0 < cotd < oo, F=F,, d=2, and v = 1/2: (a) 6 = 3xn/8, (b) 0 = n/4, (c) 0 = n/8.

Returning to the total induced vacuum magnetic flux
in the d = 3 case, see Figs. 4 and 8-10, we note that
the infinite peak of the positive sign to the right of point
mry = 0 exists, although it is hardly visible on some plots
due to its narrowness; the numerical calculations start from
the minimal value of mr, equal to 1073, and the width of
the peak can be less than this value in some cases.

As to the d > 4 case, the numerical analysis shows that
integrals corresponding to separate terms in the sum over n
in (71) are infinite due to divergence at v — oo; see, in
particular, (77) at d > 4. However, due to the sign chang-
ing, these divergencies are canceled upon summation of the
whole series.

VI. SUMMARY

In the present paper, we have considered a magnetic field
that is induced by a cosmic string in the ground state of
quantum relativistic bosonic (scalar or pseudoscalar) matter.
The transverse size of the string is taken into account, and

the string is obviously generalized to a (d —2) tube in
d-dimensional space by adding extra d — 3 dimensions as
longitudinal ones. The most general boundary conditions
ensuring the impenetrability of matter to the interior of
the string is shown to be the Robin condition with one
parameter @ varying arbitrarily from point to point of the
boundary. Provided that the variation of 0 is moderate
enough, we find that a current circulating around the string
and a magnetic field strength directed along the string are
induced in the ground state; they decrease exponentially at
large distances from the string. We also find the total induced

ground state magnetic flux, which is given by (72), with (I>§a)

and <I>Sh> given by (48) and (71), respectively. These results
provide a field-theoretical realization of the Aharonov-
Bohm effect [28,29], since they depend on F (16); i.e.,
they depend periodically on gauge flux @ (6) with period
equal to 2z/e. The ground state characteristics are smooth
continuous functions of F, vanishing at F' = 0, % and 1, and
being odd under change F — 1— F. They depend on
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FIG. 8. Dimensionless vacuum flux at 0 < cotd < oo, F = F_,d =3, and v =2: (a) § = 3z/8, (b) § = n/4, (c) & = x/8, (d) is an
enlarged part of (c).
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FIG. 9. Dimensionless vacuum flux at 0 < cotf < 0o, F=F,, d=3,and v = 1: (a) § = 3z/8, (b) 8 = n/4, (c) 0 = n/8.
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FIG. 10. Dimensionless vacuum flux at 0 < cotf < oo, F =F_,d =3, and v =1/2: (a) 0 =3x/8, (b) 0 = /4, (c) 6 = =/8.
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parameter v (17), which is related to string tension M (7); the
range of v, in general, is 0 < v < oo; see (9).

It should be noted that, for 0 < coté < oo, in addition to
the continuum state solutions to the Fock-Klein-Gordon
equation in the cosmic string background, there are
solutions corresponding to bound states on a surface that
is transverse to the string. We show in the process of
calculation of vacuum characteristics that their direct
contribution is canceled; see (62) and (63). However, the
bound states reveal themselves in the manner of a smoking
gun, through zeros in the denominators of coefficients
C,(0,v) (65), which are to be treated with the principal
value prescription when integrated over ». The appearance
of these zeros results in a thoroughgoing distinction of the
case of 0 < cotf < oo from that of cotd < 0.

The numerical analysis of the expression for induced
vacuum magnetic flux, obtained in Sec. IV, is carried out in
Sec. V. Restricting ourselves to constant values of 6, we find
that the flux decreases significantly at large values of mr,. In
the case of cotd < 0, the flux is of the same sign, as mry
varies from 0 to oo, see Figs. 3 and 4; it is finite at d = 2 and
diverges logarithmically at d = 3 in the limit of mry — 0. In
contrast to this, the flux in the case of 0 < cotf < oo is a
sign changing function of mr; see Figs. 5-10. Moreover, it
diverges at points mry = v,,, where v, are the above-
mentioned zeros in the denominators; see (74) and (75).
The number of these points is determined by inequality
v='cot® > |n' — F|. The position of the rightmost infinite
peak of the flux is shifted to region mry, > 1, as v~! cot@
increases; for instance, this happens at§ > 6 > £ in the case
of F = F, [where F is given by (76)] and 1 < v < 2.

Note that, as is clear from the numerical results, the
minimal absolute values for the induced vacuum magnetic
flux in the cosmic string background are attained with the use
of the Dirichlet boundary condition. Hereof, appealing in
somewhat sense to an analog of the Occam’s razor principle,
we can eliminate the variety of boundary conditions by giving
preference to that of Dirichlet, as the most plausible one in
view of its minimal effect on the vacuum. However, more
stringent arguments are given below that allow us to restrict
the set of boundary conditions with more definiteness.

The transverse size of a cosmic string is of the order of
correlation length, ry ~ m3z!', where my; is the energy scale
of spontaneous symmetry breaking, i.e., the mass of the
appropriate Higgs boson. It looks hardly plausible that a
topological defect (cosmic string) influences surrounding
quantum matter with the matter particle mass m exceeding
the Higgs particle mass my. For instance, a cosmic string
that is formed at the grand unification scale can polarize
the vacuum of quantum matter in the electroweak model,
whereas a would-be cosmic string corresponding to the
electroweak symmetry breaking has no impact on the
vacuum of quantum matter in the grand unified model.
The more implausible is an enormous influence, i.e.,
infinite peaks in the induced vacuum magnetic flux at

m > my. This reasoning allows us to exclude the range of
boundary parameters corresponding to 0 < cotf < oo as
that leading to unphysical consequences.

Thus, we are left with the range of boundary parameters
corresponding to cotf <0, when the induced vacuum
magnetic flux attains visible values at m << my; see
Figs. 3 and 4. The effect is minimal for the case of the
Dirichlet condition € =0, slightly and monotonically
increasing, as the boundary parameter gradually evolves
in value to the Neumann condition @ = —z /2. This result
has to be compared with that for the case of magnetic field
that is induced by a cosmic string in the vacuum of quantum
relativistic fermionic matter; see [39,40]. In the latter case,
the most general boundary condition involves one at d = 2
[39] and four at d = 3 [40] parameters varying arbitrarily
from point to point of the boundary, and the requirement of
finiteness for the induced vacuum magnetic flux removes
completely the ambiguity in the choice of boundary
conditions. We conclude that the impact of a topological
defect (cosmic string) on quantum matter differs signifi-
cantly for bosons and fermions. If bosons and fermions are
assigned to a representation of a supersymmetry group,
then this supersymmetry is violated by the vacuum effects
in the cosmic string background.
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APPENDIX: CASE OF A THIN COSMIC STRING

Only the pieces with superscript (a) are relevant for this

case. Starting from j((,fl) (r) (45), we recall that summation

A

@

in

Y
Y

060 LA a9\
A

FIG. 12. Singularities of the integrand in (A1) on the complex z
plane out of the origin are simple poles on the imaginary axis;
they are denoted by crosses. Contour C consists of two horizontal
lines and circles around the simple poles with 0 < |[Imz| < 7.
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over n is performed by using the Schlifli contour integral representation for 7,(u); see [49] for details. Generically,

we obtain

sinh(z) sinh[y(F —1)Z]
sinh(vz/2)

: T / a (A1)

i (r) = 5
47)d+1)/2 1 (d=3)/2 Q7 \/f_T——' (d+1)/2
(47) - sinh*(z/2)

where contour C results from merging two different Schléfli contours for the modified Bessel functions of orders

v(n—F) > 0and —v(n — F) > 0; see Fig. 12. The contribution of horizontal lines yields the integral over « in (46), while
the contribution of circles yields the sum over / in (46). Further, we get

3...d(a) ev m ([@-1/2 1 dz - sinh(z) sinh[v(F —3)z]
B = | — K 2mry/—sinh?(z/2

) 2(47z)<d+1>/2(r> 27i [ _Sinhz(z/z)](d+3)/2 (d¢-1)/2 |2mry/ —sinh*(z/2) sinh(v2/2)

C

K(d+1)/2 |:2mr —Sinhz(z/2)}

(A2)
and
(@=3)/2 1 d sinh(z) sinh[(F — 1)z]
(a) € m Z ) 3
O =—5 o K432 |2 —sinh?(z/2 ,
! 8(4x)d-1/2 (r0> 27 / { /—sinh?(2/2) /2)}(d+5)/2 (d 3)/2[ mro\/ —sinh*(z/ )] sinh(02/2)
c
(A3)
Taking the asymptotics of d>§a) (A3) at ry — 0, we obtain (52)—(54), where I,(F,v) is presented as
1 dz sinh(z) sinh[v(F — 1)7]
1,(F,v) = / ' = : 2 (A4)
167i [ —s1nh2(z/2)} sinh(vz/2)
c

In the case of odd values of d, a singularity of the integrand at z = O is an isolated pole. Contour C in this case can be
continuously deformed to encircle the origin, and we get

—1)"  cosh(z/2)sinh[y(F —1
12n+1 (F’ U) = (8 ) 9£dZ : (Z/ )2n+l[ ( 2)Z] . (AS)
7l [sinh(z/2)] sinh(vz/2)
Taking a residue of the simple pole at the origin, we obtain (56)—(60).
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