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We construct on-shell A" =2 nonlinear sigma models on SO(2N)/U(N) and Sp(N)/U(N) by
holomorphically embedding the models in the hyper-Kéhler nonlinear sigma model on the cotangent
bundle of the Grassmann manifold 7*G,y y in the N' = 1 superspace formalism. We apply the moduli
matrix formalism to the mass-deformed nonlinear sigma models on the quadrics to study three-pronged
junctions by using a recently proposed diagram method.
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I. INTRODUCTION

The number of supersymmetries of a nonlinear sigma
model is related to the target space geometry. Rigid
supersymmetric nonlinear sigma models with four super-
charges and with eight supercharges are Kéhler manifolds
and hyper-Kihler manifolds, respectively [1-4].

Kéhler nonlinear sigma models on the Hermitian sym-
metric spaces are constructed as gauge theories [5,6].
Hyper-Kéhler nonlinear sigma models are constructed in
the V' =1 superspace formalism [7-10]. Hyper-Kihler
nonlinear sigma models on the cotangent bundles of the
complex projective space and the Grassmann manifold are
constructed in the harmonic superspace formalism [11,12].
Hyper-Kéhler nonlinear sigma models on the cotangent
bundles of the Hermitian symmetric spaces are constructed
in the projective superspace formalism [13-15].

We are interested in nonlinear sigma models, where the
fields are homogeneous coordinates, since the hyper-Kéhler
nonlinear sigma model on T*Gy, v Cl is the strong coupling
limit of the U(N) gauge theory. The symmetric spaces
SO(2N)/U(N) and Sp(N)/U(N) are quadrics in the
Grassmann manifold G,y [16]. The Kihler nonlinear
sigma models on SO(2N)/U(N) and Sp(N)/U(N) are
holomorphically embedded in the Kihler nonlinear sigma
model on G,y y, where the fields are homogeneous coor-
dinates, by the Lagrange multiplier method in the N = 1
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superspace formalism. This amounts to introducing super-
potentials into the nonlinear sigma model on the Grassmann
manifold [5]. Therefore, the nonlinear sigma models on
SO(2N)/U(N) and Sp(N)/U(N) are of interest since the
models have superpotentials, and the models are realized as
non-Abelian gauge theories. In this paper, we construct on-
shell N = 2 nonlinear sigma models on SO(2N)/U(N) and
Sp(N)/U(N) by holomorphically embedding the models
in the nonlinear sigma model on T*G,y y in the N' =1
superspace formalism by following the method of [5].

Potential terms and Bogomol’nyi-Prasad-Sommerfield
(BPS) objects are discussed in [17-20]. The moduli matrix
formalism was proposed to study walls of A/ =2 non-
Abelian gauge theories [21,22]. The moduli matrix for-
malism has been applied to various BPS objects [23-29].
Intersecting walls form junctions [19,25,26,29-34]. Three-
pronged junctions are discussed in the moduli matrix
formalism [25,26]. In [26], junctions of the mass-deformed
nonlinear sigma model on the Grassmann manifold are
studied in the moduli matrix formalism by embedding the
Grassmann manifold into the complex projective space via
the Pliicker embedding.

A pictorial representation was proposed to elaborate the
moduli matrix formalism [35,36]. An alternative method is
proposed in [37] to construct three-pronged junctions of the
mass-deformed nonlinear sigma model on the Grassmann
manifold. The moduli matrix formalism is directly applied to
three-pronged junctions of the mass-deformed nonlinear
sigma model on the Grassmann manifold by making use
of diagrams [25,37] in the pictorial representation [35,36]
since the Pliicker embedding can be avoided in this approach.

The quadrics SO(2N)/U(N) and Sp(N)/U(N) are
submanifolds of the Grassmann manifold. Therefore, it
is expected that we can construct three-pronged junctions
of the on-shell A/ =2 mass-deformed nonlinear sigma
models on SO(2N)/U(N) and Sp(N)/U(N) that will be

Published by the American Physical Society


https://orcid.org/0000-0003-3461-3182
https://orcid.org/0000-0001-7775-5055
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.106.105005&domain=pdf&date_stamp=2022-11-07
https://doi.org/10.1103/PhysRevD.106.105005
https://doi.org/10.1103/PhysRevD.106.105005
https://doi.org/10.1103/PhysRevD.106.105005
https://doi.org/10.1103/PhysRevD.106.105005
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

TAEGYU KIM and SUNYOUNG SHIN

PHYS. REV. D 106, 105005 (2022)

proposed in this paper by using the moduli matrix formal-
ism [21,22] and the diagram method [25,37] as the Pliicker
embedding is not required in the pictorial representation
that is proposed in [35,36].

The purpose of this paper is to construct on-shell
N =2 nonlinear sigma models on SO(2N)/U(N) and
Sp(N)/U(N) in the N' =1 superspace formalism and to
study three-pronged junctions of the mass-deformed non-
linear sigma models on the quadrics by using the moduli
matrix formalism and the diagram method.

This paper is organized as follows. In Sec. II, we construct
on-shell N = 2 mass-deformed nonlinear sigma models on
SO(2N)/U(N)and Sp(N)/U(N) inthe N' = 1 superspace
formalism. In Sec. III, we discuss mass-deformed nonlinear
sigma models on SO(2N)/U(N) and Sp(N)/U(N) with
complex masses, which are derived from the AV = 2 mass-
deformed nonlinear sigma models obtained in Sec. II, and
apply the moduli matrix formalism to the BPS equations and
the constraints. In Sec. IV, we briefly review vacua, walls,
and junctions in the moduli matrix formalism and study
three-pronged junctions of the mass-deformed nonlinear
sigmamodelson SO(8)/U(4) and Sp(3)/U(3) by using the
diagram method. In Sec. V, we summarize our results. In
Appendix, we present the mass-deformed nonlinear sigma
model on the cotangent bundle of the Grassmann manifold
[12,38,39] to elaborate on the discussion of on-shell A" = 2
supersymmetry in Sec. IL

II. V=2 NONLINEAR SIGMA MODELS ON
SO(2N)/U(N) AND Sp(N)/U(N) IN THE N =1
SUPERSPACE FORMALISM

In this section, we construct on-shell A~ = 2 nonlinear
sigma models on SO(2N)/U(N) and Sp(N)/U(N) by
holomorphically embedding the models in the hyper-
Kihler nonlinear sigma model on the cotangent bundle
of the Grassmann manifold TG,y y in the N' = 1 super-
space formalism. In Sec. II A, we review the hyper-Kihler
nonlinear sigma model on the cotangent bundle of the
Grassmann manifold 7*Gy, . in the N =1 super-
space formalism [10,38-40], which has on-shell N=2
supersymmetry. In Sec. IIB, we construct on-shell
N =2 nonlinear sigma models on SO(2N)/U(N) and
Sp(N)/U(N) in the N' = 1 superspace formalism.

A. Hyper-Kéhler nonlinear sigma model on the
cotangent bundle of the Grassmann manifold
I"Gyiyum

The hyper-Kihler nonlinear sigma model on 7% Gy 7 5/ 18
discussed in the A/ = 1 superspace formalism in [10,38-40]:

S:/d4x{/d49Tr(<DCi>eV+‘i"Pe‘V—c’V)

+ [/ d*0Tr(E(®Y — bl ;) + (conjugate transpose)} }

(c"eRy, beC). (2.1)

The nonlinear sigma model (2.1) has on-shell N = 2 super-
symmetry. The N = 2 hypermultiplet consists of A = 1
chiral field ® and N = 1 chiral field ¥. The N = 2 vector
multiplet consists of N” = 1 vector field V and N = 1 chiral
field E. Chiral field @ is an M x (N + M) matrix, chiral field
W is an (N + M) x M matrix, vector field V is an M x M
matrix, and complex field E is an M x M matrix. We
diagonalize = for later use. We follow the convention of
[12]. The constants b, b*, and ¢’ are the Fayet-Tliopoulos (FI)
parameters.
The Lagrangian has constraints

ODe” — e VPY - '1,, = 0, (2.2)

oY - bl =0, (c.t.) =0. (2.3)
The constraint (2.3) can be solved by two cases, b = 0 and
b # 0 with proper gauge fixing. The two cases are related
by an SU(2) transformation, which does not preserve the
holomorphy [10,38,39]. The parametrization, which is
considered in [39], is

1 b=0,c'=c>0

o= (Iy f) ‘{‘:<_£g>. (2.4)

(ii) b0 [8-10]

D=0(Iy s). T:(’i”)g, Q=Vb(Iy+s1)7.

(2.5)

Fields f and s are M x N matrices. Fields g and ¢ are
N x M matrices.’

The Kihler potential for the Lindstrom-Rocék metric
[10,39] is obtained by solving the vector field V. We are
interested in the b = 0 case in this paper. With the para-
metrization (2.4), the potential is

K = Try/ Ly + 4L + F1)3Ix + 719

—cTrIn (CIM + \/621M +4(Iy + f)a(Iy +J_Cf)g>
(2.7)

+cTr In(Iy + ff).

For g = 0, the potential (2.7) becomes the potential of the
Grassmann manifold. Therefore, f parametrizes the base

%For the case of b = 0, ¢’ < 0, instead of (2.4), the constraint
®Y = 0 can be solved by the following parametrization:

®=(-uv u) ‘P-(IM). (2.6)

v

Field u is an M x N matrix, and field v is an N x M matrix.
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Grassmann manifold, whereas g parametrizes the cotangent
space as the fiber [39].

There is a bundle structure in the nonlinear sigma model
(2.1) with b = 0 as we can see in (2.7). In the nonlinear
sigma models with b = 0, ¢’ > 0, and the parametrization
(2.4), field © parametrizes only the base Grassmann
manifold [39]. The same argument holds true for the
nonlinear sigma model with b = 0, ¢’ < 0, and the para-
metrization in (2.6). In this case, field ¥ parametrizes only
the base Grassmann manifold. Therefore, we can simply
reduce the number of supersymmetry of the hyper-Kéhler
nonlinear sigma model in (2.1) with b =0, ¢’ #0 by
setting' ¥ = 0 = ¥ (@ = 0 = ®) for ¢’ > 0 (¢’ < 0).” This
is discussed in [21,22].*

The mass-deformed nonlinear
T*Gy .y for ¢ =c¢ >0 [38,39] is

sigma model on

S = /d“x{/ d*0Tr(®Pe’ + PPe™" - cV)

+ [/ d*OTr(E(®Y — bly,) + OPMYP) + (C.t.)] }

(c e Ry, beC). (2.9)

The mass-deformed nonlinear sigma model on TGy, .
(2.9) has on-shell A/ =2 supersymmetry. The relation
between the component field action of (2.9) and the
component field action of the mass-deformed nonlinear
sigma model on T*Gy, s that is constructed in the
harmonic superspace formalism [12] is presented in
Appendix. It is discussed in detail in [41].

The relation between the bosonic component field action
of the mass-deformed nonlinear sigma model on 7*CP! in
the O(2) gauge invariant form that is constructed in the
N =1 superspace formalism and the bosonic component
field action of the mass-deformed nonlinear sigma model
that is constructed in the harmonic superspace formalism
[11,12] is identified in [40]. The relation between the
bosonic component field action of the mass-deformed
nonlinear sigma model on T*Gy , that is constructed in
the N =1 superspace formalism [10] and the bosonic
component field action of the mass-deformed nonlinear
sigma model that is constructed in the harmonic superspace
formalism [12] is identified in [39].

The parametrization for ®¥ = 0 is

k_
®=(k, iVkk ) TZ(:‘\/ch_)’ (2.8)

in [10]. In this case we cannot observe the structure.
“Interested readers may refer to Sec. Il F of [22].

B. On-shell A/ =2 nonlinear sigma models on
SO(2N)/U(N) and Sp(N)/U(N)

The N = 1 nonlinear sigma models on SO(2N)/U(N)
and Sp(N)/U(N) are constructed by holomorphically
embedding the models in the Kéihler nonlinear sigma
model on the Grassmann manifold G,y y [5]. The F-term
constraint and its conjugate transpose are imposed by the
Lagrange multiplier method. The invariant tensor J is ¢! ®
Iy for SO(2N)/U(N) and ic*> @ Iy for Sp(N)/U(N).
Vanishing F-term constraints are imposed so that the
symmetries of the nonlinear sigma models are consistent
with the gauge symmetry and the supersymmetry of the
Kéhler nonlinear sigma model on G,y y. It is shown that
the nonlinear sigma models on the quadrics that are
isomorphic to the complex projective spaces produce
equivalent Kihler potentials [6]. It justifies the method
and the results of [5].

In this subsection, we construct on-shell A" =2 non-
linear sigma models on SO(2N)/U(N) and Sp(N)/U(N)
by holomorphically embedding the models in the hyper-
Kihler nonlinear sigma model on the cotangent bundle of
the Grassmann manifold 7% G,y y with the bundle structure
that is discussed in Sec. IT A. The hyper-Kéhler nonlinear
sigma model on the cotangent bundle of the Grassmann
manifold TG,y v (2.1) with b =0 is

S = / d4x{ / d*0 Tr(dde" +PPe™" — V)

+ { / d’0 Tr(E®Y) + (conjugate transpose)} }

(" € Ry). (2.10)
The value of the FI parameter ¢’ can be either positive or
negative.

As we have seen in Sec. Il A and Appendix, the non-
linear sigma model (2.10) has on-shell N = 2 supersym-
metry. The N = 2 hypermultiplet consists of A" = 1 chiral
field ® and N =1 chiral field ¥. The N =2 vector
multiplet consists of A =1 vector field V and N =1
chiral field E. The constraint ®¥ = 0 can be solved by
(2.4) or (2.6). In either case one of the chiral fields of
the hypermultiplet parametrizes only the base manifold.
Therefore, regardless of the N = 2 vector multiplet, by
setting one of the chiral fields of the hypermultiplet equal to
zero, the A/ = 2 nonlinear sigma model on T*G,y y (2.10)
should get reduced to the Kéhler nonlinear sigma model
on G,y y since the nonlinear sigma model (2.10) is in the
N =1 superspace formalism.

We construct on-shell N' = 2 nonlinear sigma models on
SO(2N)/U(N) and Sp(N)/U(N) by holomorphically
embedding the models in the hyper-Kihler nonlinear sigma
model on the cotangent bundle of the Grassmann manifold
T*Gyyy (2.10), which is constrained by the relation
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®Y = 0. There should exist well-defined A/ = 1 nonlinear
sigma models on SO(2N)/U(N) and Sp(N)/U(N) in the
on-shell ' = 2 nonlinear sigma models on SO(2N)/U(N)
and Sp(N)/U(N) since the models are constructed in the
N =1 superspace formalism, and the models have the
bundle structure that is discussed in Sec. II A.

The constraint ®¥ = 0 can be solved by (2.4) for ¢/ > 0
or by (2.6) for ¢’ < 0. With the parametrization (2.4) for
¢’ > 0, ® parametrizes only the base manifold. We impose
the constraint ®J®” = 0 and its conjugate transpose, which
are the constraints of the A/ = 1 nonlinear sigma models
on SO(2N)/U(N) and Sp(N)/U(N) [5], on the base
manifold as the models should have the A” = 1 nonlinear
sigma models on SO(2N)/U(N) and Sp(N)/U(N). The
constraint ®J®T = 0 restricts the other chiral field of
the hypermultiplet to W7J¥ = 0. Therefore, there exists
the Lagrangian subject to the constraints ®J®T = 0,
YTJ¥ = 0, and their conjugate transpose. With the para-
metrization (2.6) for ¢’ < 0, ¥ parametrizes only the base
manifold. We impose the constraint ¥7J¥ = 0 on the
base manifold. The constraint restricts the other chiral field
to ®J®T = 0. There exists the Lagrangian subject to the
constraints W' J¥ =0, ®JO" =0, and their conjugate
transpose. Therefore, both of the constraints and their
conjugate transpose should be imposed to obtain consistent
on-shell N = 2 nonlinear sigma models on SO(2N)/U(N)
and Sp(N)/U(N) in the N = 1 superspace formalism.’

The on-shell A =2 nonlinear sigma models on
SO(2N)/U(N) and Sp(N)/U(N) are

S—/d4x{/d4¢9Tr(<l><i>eV+‘i“I’e‘V—c’V)

+ [ / dOTH(EDY + Oy DI DT + W ¥TJV) + (c.t.)] }

(" €Ry). (2.12)
® is an N x 2N chiral matrix field, and ¥ is a 2N x N
chiral matrix field. ®; and ¥, are N x N chiral matrix
fields, which are introduced as Lagrange multipliers. The
Lagrangian of the action (2.12) is constrained by

Y =0, (ct)=0, (2.13)
OJOT =0, (ct) =0, (2.14)
PP =0, (ct)=0, (2.15)

QJOT = [T +ef =0, WII¥ =—g"(fT +ef)g=0.

(2.11)

®This argument can also be justified by the fact that there
are other parametrizations that solve the constraint ®¥ = 0, such
as (2.8).

with the invariant tensor J of O(2N)’ or USp(2N):
0 I I,

A
€IN 0 _la

As ®J®T and YTJY are symmetric (antisymmetric) for
SO(2N) (USp(2N)), @y and ¥, are symmetric (antisym-
metric) rank-2 tensors,

for SO(2N)/U(N)
for Sp(N)/U(N).
(2.16)

1, for SO(2N)/U(N)
-1, for Sp(N)/U(N).
(2.17)

Ol =ed), VI =e¥,, e:{

The U(1) charge of @ is —2, whereas the U(1) charge of
Y, is +2 to cancel out the @ charge and the ¥ charge,
respectively.

The chiral field that parametrizes the base manifold is
determined by the sign of the FI parameter ¢’. In either
(c>0,¥=0="Y) case or (¢’ <0,®=0=0®) case,
the /' = 2 nonlinear sigma models on SO(2N)/U(N) and
Sp(N)/U(N) in the N' =1 superspace formalism (2.12)
get reduced to the N =1 nonlinear sigma models on
SO(2N)/U(N) and Sp(N)/U(N) that are constructed in
[5]. We choose the case ¢’ = ¢ > 0 so that ® parametrizes
only the base manifold.

It should be noted that field g in (2.4) and (2.11), which
parametrizes the cotangent space as the fiber, is not
constrained by the invariant tensor J in (2.16).% As g is
not constrained by J, the bosonic component field of ¥
should not contribute to the continuous vacuum. Therefore,
the bosonic component field of the homogeneous ¥ before
the gauge fixing also does not contribute to the vacuum.

The action of the mass-deformed A =2 nonlinear
sigma models on SO(2N)/U(N) and Sp(N)/U(N) can
be obtained by introducing mass terms as it is done in (2.9):

S = / d4x{ / d*0 Tr(dde" +PWe™" — cV)
+ [ / 0 Tr(ZOY + OMY + O,dJ DT
(2.18)

W) 4 (C.t.)] } (c € Rop).

By introducing the mass terms, the most part of the
continuous vacuum is lifted, and the discrete vacua are

"We should remove the half of the result which is related to the
other half of the result by the parity since J for SO(2N)/U(N)
allows the parity transformation of O(2N) [35,42].

¥In [14], the arctic superfield Y () = ¢ + X + O(L?) is
constrained by Y7 + €Y = 0. Therefore, the one-form field y,
which is obtained by dualizing X, is also constrained by
y'+er=0.
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left on the surface that is defined by the F-term constraints.
As discussed before, the bosonic component of ¥ should
vanish at any vacuum. Therefore, the component field does
not contribute to the BPS solutions which interpolate the
discrete vacua. This observation is consistent with the
results of [21-23,25,26,28].

II1. BPS SOLUTIONS

In this section, we derive the mass-deformed nonlinear
sigma models with complex masses on SO(2N)/U(N) and
Sp(N)/U(N), which describe vacua, walls, and three-
pronged junctions and apply the moduli matrix formalism
[21-23,25,26,37] to study the BPS objects.

We are interested in the bosonic part of the action (2.18).
The superfields can be expanded by bosonic component
fields as follows’:

(A=1,...N;I=1,...,2N).
The bosonic part of the action (2.18) is
S = /d“xTr(D#AD"A+ D,BD'B

— |AM — SA +2B,BTJ|? = |MB - BS + 2J AT Ay |?).

(u=0,1,2,3), (3.2)
with constraints
AA—BB—CIM :0,
AB =0, (c.t.) =0,
AJAT =0, (c.t.) =0,
BTJB =0, (ct.)=0 (3.3)
The covariant derivatives are defined by
D,A=0,A—iA,A, D,B=09,B+iBA,. (3.4)

We set B=0=PB to obtain the Lagrangian that
describes vacua, walls, and three-pronged junctions since
the fields do not contribute to the BPS solutions as

*We introduce the minus sign in E for S so that the vacuum
labels in Sec. IV A and in Sec. IV B are consistent with the labels
of [35,36].

discussed in Sec. II and in [21-23,25,26,28]. Then the
Lagrangian that describes vacua, walls, and junctions of the
mass-deformed nonlinear sigma models on SO(2N)/U(N)
and Sp(N)/U(N) in four dimensions is

L =Tr(D,AD* A — |AM — SA|* - [2JATA|?).  (3.5)
with constraints
A./zt - CIM = 0,
AJAT =0, (c.t.) =0. (3.6)

The complex mass matrix M and the complex matrix field
S are diagonal by construction.

The Lagrangian (3.5) can be obtained by replacing the
real-valued mass matrix and the scalar matrix field of the
Kihler nonlinear sigma models on SO(2N)/U(N) and
Sp(N)/U(N) [35,36,42] with complex-valued ones. This
type of extension is applied to construct dyonic configu-
rations with nonproportional charge vectors [28].

The complex mass matrix is defined by a linear combi-
nation of the Cartan generators. The Cartan generators of
SO(2N) and USp(2N) are

Hp=e; —eniin+i (I=1..N)., (37
where e;;(ey,7ni7) i @ 2N x 2N matrix of which the
(I,I)((N +1,N + 1)) component is one. By introducing
vectors

L= (m +in;,my+iny, ...,my + iny),

ﬂ:: (Hl,Hz,...,HN), (38)

with real-valued m; and n;, (i = 1, ..
is formulated as

., N), the mass matrix

M=1-H. (3.9)
S can be parametrized as
S =diag(o| + it, 05 + i1y, ...,0on +ity),  (3.10)

with real-valued o; and 7;, (i =1, ..., N).
The vacuum conditions of the Lagrangian (3.5) are

AM - SA =0, (c.t.) =0,
AT Ay =0, (c.t.) =0. (3.11)
Therefore, the vacuum solutions are labeled by
(61 +ity,00+ i1y, ...,0n8 +iTy)
= (£(m; +iny),£(my +iny),...,£(my+iny)). (3.12)
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There are 2¥~! vacua in the mass-deformed nonlinear sigma
model on SO(2N)/U(N) as J with ¢ = 1 in (2.16) is the
O(N) invariant tensor, and 2V vacua in the mass-deformed
nonlinear sigma model on Sp(N)/U(N) [42]."

The Lagrangian (3.5) can be rewritten as

L= Tr(D,,AW — Z |AM, — 2, A — |2JATAO|2>,

a=1,2

(3.13)

by introducing real-valued matrices M, and £, (a = 1, 2),

M =M, + iM,,

S =% +1i%,. (3.14)

We study junctions of the mass-deformed nonlinear
sigma models on SO(2N)/U(N) and Sp(N)/U(N) with
the Lagrangian (3.13). We are interested in static configu-
rations, which are independent of the x* coordinate. We
also assume that there is the Poincaré invariance on the
worldvolume. So we fix dy =d; =0 and Ay = A3 = 0.
The energy density is

£ =10 3 IDuA  (AM, ~Z, AP + 2147 AP

a=1,2
+7 > =T, (3.15)
where the tension density is
T :Tr<ZaG(AMa;l)>. (3.16)
a=1,2

The index a =1, 2 is used for both codimensions and
adjoint scalars as it is done in [25]. The energy density
(3.15) and the tension density (3.16) are constrained
by (3.6).
The (anti)BPS equation is

D, AF (AM,-ZX,A) =0, (a=1,2). (3.17)
We choose the upper sign for the BPS equation. We apply
the moduli matrix formalism [21-23,25,26] to solve the
BPS equation. The BPS solution is

A = ST HyeMx +M2x (3.18)

with a relation

§719,8 =%, —iA,,  (a=12). (3.19)

'"The numbers of vacua of the mass-deformed nonlinear sigma
models on the Hermitian symmetric spaces are the Euler
characteristics of the spaces [28,43].

The coefficient matrix H, is the moduli matrix. The
constraints in (3.6) are

_ 1 . 5 -
SS = EH()ezM]x +2Mpx Ho, (320)

HyJH} =0, (c.t.) =0. (3.21)
The BPS solution (3.18), £, and A, in (3.19), are invariant
under the transformation,
H, = VH,, S =Vs, V € GL(N,C). (3.22)
The equivalence class of (S,H,) is the worldvolume
symmetry of the moduli matrix formalism. The first equa-
tion of (3.22) and Eq. (3.21) show that the moduli matrices
Hy’s parametrize SO(2N)/U(N) and Sp(N)/U(N),
respectively [42].

Walls are built by elementary walls, which are con-
structed by the simple root generators of the global
symmetry. Therefore, the elementary walls are identified

with the simple roots [35,36,44]. We summarize the simple

root generators E;, (i = 1,...,N) and the simple root a; of
SO(2N) and USp(2N) [28.45]:
i) SO(2N)

Ei=eii1—eipnirins (i=1,...N-1),

Ey = en_1onv — enon-1>

a=2¢;— 8y,

QN = éN—l + éN' (323)
(i1) USp(2N)

Ei=¢;i1 = €iiNt1itN> (i=1,...,N-1),

Ey = enans
Q=€ — €11,
ay =2eéy (3.24)

IV. THREE-PRONGED JUNCTIONS OF THE
MASS-DEFORMED NONLINEAR SIGMA MODELS
ON SO(8)/U(4) AND Sp(3)/U(3)

The moduli matrix formalism is applied to three-pronged
junctions of the mass-deformed nonlinear sigma model
on the complex projective space, which is an Abelian
gauge theory [25], and to three-pronged junctions of the
mass-deformed nonlinear sigma model on the Grassmann
manifold Gy, y,., which is a non-Abelian gauge theory for
N¢ > 2 [26]. In the moduli matrix formalism for the complex
projective space and the Grassmann manifold, vacua are
labeled by assigning a nonvanishing flavor number for
each color component [21-23]. There are two types of
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three-pronged junctions. An Abelian three-pronged junction
divides three vacua that differ by one label number: (- - - A),
(---B), and (---C). A non-Abelian three-pronged junction
divides three vacua that differ by two label numbers:
(-+-AB), (---BC), and (---AC). Abelian three-pronged
junctions exist both in Abelian gauge theories and in non-
Abelian gauge theories, whereas non-Abelian three-pronged
junctions exist only in non-Abelian gauge theories [25,26].

In [25], the moduli matrix formalism is directly applied
to three-pronged junctions of the mass-deformed nonlinear
sigma models on the complex projective spaces since vacua
have only one color component so that neighboring vacua
can be easily identified. Two-dimensional diagrams or
polyhedron diagrams are proposed to describe vacua and
BPS objects of the mass-deformed nonlinear sigma models
on the complex projective space. Vertices, edges, and
triangular faces of the polyhedron diagrams correspond
to vacua, walls, and three-pronged junctions.

The moduli matrix formalism for three-pronged junctions
accompanies technical difficulties in the mass-deformed
nonlinear sigma model on the Grassmann manifold.
Neighboring vacua that are interpolated by walls should
be identified, and S~! of (3.18) should be obtained from the
matrix SS in (3.20), which is not, in general, diagonal for
non-Abelian junctions. In [26], the Grassmann manifold
Gy, n. 1s embedded in the complex projective space

CPNrCxc~! by the Pliicker embedding, resolving the
difficulties. This method is efficient, however, its disadvant-
age is that it cannot be directly applied to the quadrics in the
Grassmann manifold since it is not yet known how to
impose the quadratic constraints to the Pliicker embedding.

It is shown in [37] that we can apply the pictorial
representation, which is proposed in [35], to the mass-
deformed nonlinear sigma model on the Grassmann mani-
fold and reformulate the diagrams for vacua and elementary
walls in the pictorial representation to build polyhedron
diagrams, which are similar to the polyhedron diagrams
that are proposed in [25] to describe vacua, walls, and
three-pronged junctions of the mass-deformed nonlinear
sigma models on the complex projective space, which
are Abelian gauge theories. Positions of non-Abelian
three-pronged junctions, as well as Abelian three-pronged
junctions, are calculated from the diagrams.

We show in this paper for the first time that we can
apply the moduli matrix formalism to three-pronged
junctions of the mass-deformed nonlinear sigma models
on SO(2N)/U(N) and Sp(N)/U(N) that are constructed
in the /' = 1 superspace formalism. The models are non-
Abelian gauge theories for N > 4 and N > 3, respectively.
We construct three-pronged junctions on SO(8)/U(4) and
Sp(3)/U(3) by making use of the diagram method in the
pictorial representation that is proposed in [37]. As a sequel
to this paper, the approach that is proposed in this paper is
applied to the mass-deformed nonlinear sigma models on
SO(2N)/U(N) and Sp(N)/U(N) with generic N [41].

A. Three-pronged junctions of the mass-deformed
nonlinear sigma model on SO(8)/U(4)

In this subsection, we review the pictorial representation
that is proposed in [35] and apply the diagram method
in the pictorial representation that is proposed in [37] to
construct three-pronged junctions of the mass-deformed
nonlinear sigma models on SO(2N)/U(N). To study vacua
and walls, we can reduce the model, which is discussed in
Sec. Il by setting M, = 0 and £, = 0. As we are interested
in generic mass parameters, we can set m; > m;, | without
loss of generality. We label the vacua in descending order as
follows [35]:

(01,02, ....on_1,0y) = (my,my, ... my_y. my),

(01,02, ....on_1,0y) = (my,my, ..., —my_y, —my),

» —Mpy-1, _mN)’

(4.1)

(01,62, ...,UN_I,O'N) = (:I:ml,—mz,

where the sign £ is + for odd N and — for even N.

Let (-) denote a vacuum and (- « -) or (- <> -) denote a
wall. Elementary wall (A < B) that interpolates vacuum
(A) and vacuum (B) of the mass-deformed nonlinear sigma
model on SO(2N)/U(N) is defined by the following
relation:

2¢[M,E;| =2c(m-a;)E; = TiypE;, (i=1,...,N).

(4.2)

E; is the positive root generator of the simple root of
SO(2N), which corresponds to the elementary wall oper-
ator of the moduli matrix formalism. Constant ¢ is the FI
parameter of the Lagrangian (2.18). Elementary wall
Hoaepy = HopyeP' with Ej(r)=€'E;, (reC) is
labeled by simple root a; in the pictorial representation.

The elementary wall has tension 7', _p). Let g (AB) denote

the elementary wall, which satisfies the relation (4.2):

Iy = 2¢; (i=1,....,N). (4.3)
A compressed wall of level [ is
9y = 2ca; + 2ca, + -0+ 2cq,
(ip=1,...Nym <1+1). (4.4)
A pair of penetrable walls are orthogonal:
9y 9y =0 (4.5)
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5>

1> <25 (8>

4>

FIG. 1. Vacua and elementary walls of the mass-deformed
nonlinear sigma model on SO(8)/U(4) [35]. The numbers in
brackets indicate the vacuum labels. The numbers without brackets
indicate the subscript i’s of simple roots @;, (i =1, ...,4).

Elementary walls, compressed walls, and multiwalls of the
mass-deformed nonlinear sigma models on SO(2N)/U(N)
are discussed in [35,42].

We present the diagram for the vacua and the elementary
walls of the mass-deformed nonlinear sigma model on
SO(8)/U(4) [35] in Fig. 1. Vertices and segments corre-
spond to vacua and elementary walls. The parallelogram
presents two pairs of penetrable walls. The facing sides
of the parallelogram are the same vectors, whereas the
adjacent sides of the parallelogram are orthogonal vectors.

Let us look at sector {(1),(2),(3)}. The vacua are
labeled by the rule (4.1):

<1>: (01,0'2,03,0'4) = (ml,mz,m3,m4),
(2): (01,02,03,04) = (my, my, —mz, —my),

(3): (01,02.03,04) = (my, —my, m3, —my). (4.6)
We can learn from Fig. 1 that the elementary wall operators
of (I « 2) and (2 « 3) are E, and E, of (3.23), respec-
tively. We can also learn from (3.23) that [E,, E,| # 0.
Therefore, there exists compressed wall (1 < 3). The
moduli matrices of the single walls that interpolate vacua

{(1),(2), (3)} are

Hy(1p) = Hoye®' ",
Hopesy = Hypye B2,
Hy3y = H0(1>€er[E“‘E2]' (4.7)

We study three-pronged junctions. We turn on mass
matrix M, and matrix field X, and set m; + in; #
my + iny # - -+ # my + iny. From (3.23), we find that

a; - (a +aq) #0, (4.8)

a3 (@ +ay) #0. (4.9)
Equation (4.8) shows that there exist compressed walls
(1 « 5) and (4 « 8). Equation (4.9) shows that there exist
compressed walls (1 « 4) and (5 < 8). We reformulate the
diagram in Fig. 1 by connecting vacua to produce the diagram
presented in Fig. 2. Vertices, edges, and triangular faces
correspond to vacua, walls, and three-pronged junctions.

FIG. 2. Vacua, walls, and three-pronged junctions of the mass-
deformed nonlinear sigma models on SO(8)/U(4). Vertices,
edges, and triangular faces correspond to vacua, walls, and three-
pronged junctions.

We study the three-pronged junction that divides vacua
{(1),(2), (3)}. The vacua are labeled by the rule (4.1):

(1): (o1 + i1y, 00 + i1y, 03 + it3,04 + i14)
= (my + in;,my + iny, ms + inz, my + ing),
(2): (01 + iy, 09 + i1y, 05 + i13,04 + iT4)
= (my + iny,my + iny, —ms — iny, —my — iny),
(3): (o1 + i1y, 00 + i1y, 03 + it3,04 + i74)
= (my +iny,—my — iny, m3 + ing, —my — iny).
(4.10)
We apply the worldvolume symmetry transformation (3.22)

to the moduli matrices of walls (4.7) to produce a general
description (hAI = eXp(ClA[ + le[), Apgs bA[ S R)

1 0
y 1 0
0(1<2) = s 0 hy |
h33 _h38 0
1 0
h22 h23 0
H0<2<—>3>: )
0 _h’23 h22
0 1
1 0
hay 0 hos
Hysoy =
03 1) ! 0
h22 _h28 0
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As the moduli matrices have the worldvolume symmetry
(3.22), only one of h,; parameters or the ratio of the two
parameters in each moduli matrix is independent.

The wall solutions that interpolate {(1), (2)}, {(2), (3)},
and {(3),(1)} are obtained by (3.18) with (3.20) as
follows:

M {(1).(2)}

NG 0
Nz 0
Aoy = % 0 % ’
P33 = exp(msx' + n3x* + asz + ibs3),
pag = exp(—myx' — nyx* + azg + ibsg),
Pas = exp(myx' + nyx® + az; + ibs3),
Par = exp(—msx' — n3x? + azg + ibsg + in),

1
s3 = —[exp(2msx! + 2n3x% + 2ax3)
c
+ exp(=2myx' = 2n,x? + 2asg)],

1
sy = —[exp(2myx! + 2n4x% + 2as3)
c

+exp(—=2mzx' = 2n3x% + 2as5)].  (4.12)
(i) {(2).(3)}
Ve 0
|ora o
A<2<—>3> - 0 9% 9w ’
NG
0 Ve

g = exp(myx' + nyx* + ay + iby),

qa3 = exp(msx’ + n3x® 4 ap; + iby3),

q36 = exp(—max' — nyx? + ayy + ibys + i),

q37 = exp(—myx' — n3x* 4 ay + iby),

1

ty = — lexp(2myx! + 2nyx% + 2ay,)
c
+ exp(2msx! + 2n3x% + 2ax3)).

[exp( —2myx! = 2n,x? + 2a,3)
(=2m3x! = 2n3x% + 2a,,)].

+ exp (4.13)

(i) {(3).(1)}

Ve 0
Apon = Nz 0 ’
ray = exp(myx' + nyx* + ay, + ibyy),
rag = exp(—myx' — nyx* + apg + ibyg),
rag = exp(myx' + nyx® + ax + ibyy),
Fag = exp(—m2x1 — nyx? + ang + ibyg + in),

[exp(2m2x + 2]’12)(' + 26122)

+ exp(=2myx! — 2n,x* + 2a,3)],
1

g == [exp(2myx!' + 2n4x% + 2a5,)

+ exp(=2myx' — 2n,x? + 2a43)]. (4.14)

As mentioned previously, only one of a,; parameters is
independent in each wall solution.
The position of wall (1 <> 2) is Re(ps3)

Re(pas) = Re(pay):

= Re(psg) and

(ma + my)x' + (n3 + ny)x® + (az3 —azg) = 0. (4.15)

The position of wall (2 <> 3) is Re(gx)
Re(g36) = Re(gy7):

— Re(gzs) and

(my —m3)x" + (ny —n3)x® + (ax — ar) = 0. (4.16)

The position of wall (3 <> 1) is Re(ry,) = Re(rog) and

Re(r44) = Re(rye):
(my + my)x' + (ny + ng)x® + (an —axy) = 0. (4.17)
There is a consistency condition:

Q3 — d33 = dpg — d3g. (4.18)

Therefore, there are two independent a,; parameters to
describe the junction position as expected. We can compute
the position of the junction from (4.15), (4.16), and (4.17).
The position of the junction that divides the vacua

{(1),(2).(3)} in (4.10) is

= (58): (4.19)
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Sy = (=as3 + asg)ny + (ax — ax)ny + (ay — a)ny,
Sy = (as3 — aszg)my + (—an + ax)ms + (—axn + ay)my,
S3 = —(my —m3)(n3 + ny) + (m3 + my)(ny — n3).

(4.20)

B. Three-pronged junctions of the mass-deformed
nonlinear sigma model on Sp(3)/U(3)

In this subsection, we review the pictorial representation
[36] and apply the diagram method [37] to the mass-
deformed nonlinear sigma models on Sp(N)/U(N). To
study vacua and walls, we reduce the model by setting
M, = 0and %, = 0. We also set m; > m,; without loss of
generality. We label the vacua in descending order as
follows [36]:

(01,02, s on_1,08) = (M, My, ...ymy_1, my),
(01,02, s on_1,08) = (M, my, ...omy_y, —my),
(01,62,...,0'1\/_1,01\/) = (ml,mQ,...,—mN_l,mN),
(01,02, ....ony,0y) = (my,my, ..., —my_y, —my),
(01,02, ...oon_y,0) = (my, —my, ..., —my_y, —my),
(617627 "'vGN—hGN) = (_m17m27 "'7mN—l7mN)7
(61,62, ...,0n_1,0y) = (—my, —my, ..., —my_;, —my).

(4.21)

The elementary wall vectors should be defined by scaled
simple roots since the lengths of the USp(2N) simple
roots are not all the same. Elementary wall (A < B) that
interpolates vacuum (A) and vacuum (B) of the mass-
deformed nonlinear sigma models on Sp(N)/U(N) is
defined by the following relations:

2C[M’Ei]:Zc(m.gi)Ei:T<A<—B>Ei’ (121, .,N—l),
The corresponding elementary wall is

Yicp = 2ca;, (i=1,....N-1),

Yiaep) = €N (4.23)

A compressed wall of level [ is

9.y = 2ca;, +2ca;, + -+ 2cq;

=41’
(i, <N-1,m<Il+1), (4.24)
for the simple root vectors of the same length. There is a
compressed wall sector of unequal length simple roots:

Gy = 2cay_; + cay. (4.25)

This is the distinguishing feature of the mass-deformed
nonlinear sigma models on Sp(N)/U(N). A pair of
penetrable walls are orthogonal. Elementary walls, com-
pressed walls, and multiwalls of the mass-deformed non-
linear sigma models on Sp(N)/U(N) are discussed in [36].

We present the diagram for the vacua and the elementary
walls of the mass-deformed nonlinear sigma model on
Sp(3)/U(3) [36] in Fig. 3. As before, vertices and seg-
ments correspond to vacua and elementary walls. The
parallelogram presents two pairs of penetrable walls. The
facing sides of the parallelogram are the same vectors,
whereas the adjacent sides of the parallelogram are
orthogonal vectors.

Let us look at sector {(1),(2),(3)}. The vacua are
labeled by the rule (4.21):

(1): (01,00,03) = (my, my, my),
<2>1 (01’02,63) = (m1,m2,—Yn3),

(3): (01,02, 03) = (my, —my, m3). (4.26)
We can learn from Fig. 3 that the elementary wall operators
of (1 « 2) and (2 « 3) are E; and E, of (3.24). We can
also learn from (3.24) that [[E;, E,], E,] # 0. Therefore,
there exists compressed wall (1 < 3). The moduli matrices
of the single walls that interpolate vacua {(1), (2), (3) } are

Hoioo) = Hoye' 5,

Hypes) = Hype' "2,

H0<1<—3> = H0<1>eey[[E3,Ez],E2] .

(4.27)

We study three-pronged junctions. We turn on M, and
%, and set m; + in; # my + iny # - -+ # my + iny. From
(3.24), we find that

(2, + a3) - a3 = 0, (4.28)

(2a; + 22 + a3) - a3 = 0. (4.29)
Equation (4.28) shows that there do not exist compressed
walls (1 < 4) and (5 < 8). Equation (4.29) shows that
there do not exist compressed walls (1 « 6) and (3 < 8).
We reformulate the diagram in Fig. 3 to produce the diagram
presented in Fig. 4. Vertices, edges, and triangular faces
correspond to vacua, walls, and three-pronged junctions.

105005-10



JUNCTIONS OF MASS-DEFORMED NONLINEAR SIGMA MODELS ...

PHYS. REV. D 106, 105005 (2022)

5>

4>

FIG. 3. Vacua and elementary walls of the mass-deformed
nonlinear sigma model on Sp(3)/U(3) [36]. The numbers in
brackets indicate the vacuum labels. The numbers without brackets
indicate the subscript i’s of simple roots @;, (i =1, ..., 3).

We study the three-pronged junction that divides vacua
{(1),(2),(3)}. The vacua are labeled by the rule (4.21):

(1): (o1 + i1y, 09 + i1y, 03 + i13)
= (my + in,my + iny, m3 + in3),
(2): (o1 +ity, 09 + i1y, 03 + it3)
= (my + in,my + iny, —mz — in3),
(3): (o1 + i1y, 09 + ity, 03 + i13)
(4.30)

= (ml + inl, —m2 —_ il’lz, m3 + in3).

We apply the worldvolume symmetry transformation
(3.22) to the moduli matrices of walls (4.27) to produce
the following moduli matrices (hy; = exp(as; + iby;);
aar,bar € R):

1 0
Hy1o2) = 1 0 .
hs3 h3e
1 0
Hypos) = hyy  hy3 0 ,
0 —hy  hyp
1 0
Hyzopy) = hy hos (4.31)
1 0

As the moduli matrices have the worldvolume symmetry
(3.22), only one of h,; parameters or the ratio of the two
parameters in each moduli matrix is independent.

The wall solutions that interpolate {(1), (2)}, {(2), (3)},
and {(3),(1)} are obtained by (3.18) with (3.20) as
follows:

<>

K6>

<8>

FIG. 4. Vacua, walls, and three-pronged junctions of the mass-
deformed nonlinear sigma models on Sp(3)/U(3). Vertices,
edges, and triangular faces correspond to vacua, walls, and
three-pronged junctions.

@ {(1).(2)}

Ve 0
Alor) = Ve 0 ,
v e

[38)

+ azs + ibsz),

P36 = exp(—msx' — n3x? + asg + ibsg).

P33 = exp(m3xl + n3Xx

1
= E [exp(2m3x1 + 2n3x2 + 2(133)

+ exp(=2msx' — 2n3x? + 2as)]. (4.32)

§3

(i) {(2),(3)}
NG 0

S
S
>

S
SIS

Aposy = 0

Vi Vi
g2 = exp(myx' + nox* + ax + iby,),
qo3 = exp(msx' + n3x® + ax; + ibys),
Gzs = exp(—m2x1 - n2x2 + ax3 + ibys + iﬂ'),
Gz = exp(—m3x1 - n3x2 + ay + ibyy),
1
= — [exp(zmle + 21’!2)(2 + 26122)
c
+ exp(2max' + 2n3x% + 2ay3)],

1
t3 = — [exp(=2myx' — 2n,x% + 2ay3)
c

153

+ exp(=2m3x' — 2n3x? + 2a5,)]. (4.33)
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(i) {(3).(1)}
NG 0
Apen = i v
NG 0

ryp = exp(myx! + nyx? + ay + ibyy),

ras = exp(—mox' — nyx? + as + ibys),
1
Uy = — [exp(2max! + 2n,x? + 2a,,)
c
+ exp(=2myx' = 2n,x%? + 2a,5)]. (4.34)

As before, only one of a,; parameters is independent in
each wall solution.
The position of wall {1 <> 2) is Re(p33) = Re(pse):
2m3x1 + 21’13X2 + (6133 - (136) = 0 (435)

The position of wall (2 <> 3) is Re(gy,) = Re(g,3) and

Re(g3s) = Re(gsp):
(my — m3)x" + (ny = n3)x* + (ay — ar3) = 0. (4.36)

The position of wall (3 <> 1) is Re(r,) = Re(ros):

2m2x1 + 21’12)(32 + (a22 - (125) = 0 (437)
There is a consistency condition:
(az — azs) — (az; — ass) — 2(an —a) =0.  (4.38)

Therefore, there are two independent a,; parameters to
describe the junction position as expected. We can compute
the position of the junction from (4.35), (4.36), and (4.37).
The position of the junction that divides the vacua

{(1),(2),(3)} in (4.30) is

T, T,
) = (=4.22), 4.39
= (117) (439)
Ty = 2(—as3 + asg)ny + 2(az — ars)ns,
Ty = 2(as3 — aze)my + 2(—ay + ars)ms,
T3 = —4m2n3 + 4m3n2. (440)
V. SUMMARY

We have proposed on-shell N = 2 nonlinear sigma models
on SO(2N)/U(N) and Sp(N)/U(N) by holomorphically
embedding the models in the hyper-Kihler nonlinear sigma
model on the cotangent bundle of the Grassmann manifold
T*G,y .y in the N = 1 superspace formalism.

We have applied the moduli matrix formalism to three-
pronged junctions of the mass-deformed nonlinear sigma
modelson SO(2N)/U(N) and Sp(N)/U(N) by making use
of the pictorial representation [35,36] and the diagram
method [25,37]. We have presented three-pronged junctions

and have calculated positions of junctions of the mass-
deformed nonlinear sigma models on SO(8)/U(4) and
Sp(3)/U(3), which are non-Abelian gauge theories.

It is shown in [35,36] that we can produce the whole
structures of vacua and walls of the mass-deformed non-
linear sigma models on SO(2N)/U(N) and Sp(N)/U(N)
from the vacuum structures that are connected to the
maximum number of elementary walls for generic N. We
have observed in this paper that we can construct three-
pronged junctions, and we can find positions of any three-
pronged junctions of the mass-deformed nonlinear sigma
models on SO(8)/U(4) and Sp(3)/U(3). Therefore, this
approach can be applied to the mass-deformed nonlinear
sigma models on SO(2N)/U(N) and Sp(N)/U(N) with
generic N. As a sequel to this paper, we have applied the
approach to the mass-deformed nonlinear sigma models on
SO(2N)/U(N) and Sp(N)/U(N) and have discussed
vacua, walls, and three-pronged junctions for generic N [41].
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APPENDIX: ON-SHELL N =2 SUPERSYMMETRY
OF THE ACTION (2.9)

In this Appendix, we present the relation between the
component field action of (2.9) [38,39] and the component
field action of the mass-deformed nonlinear sigma model
on T"Gyypy that is constructed in the harmonic super-
space formalism [12]. It is discussed in detail in [41].

We follow the convention of [12]. We repeat the action
(2.9) with component fields:

S = / d4x{ / d* 0 Tr(dDe” + PWeV — V)

+ [ / POTHE(®Y — bl,y) + OMY) + (c.t.)} }

(c e Ry, b ), (Al)
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= A (y) + \/EHCAI()’) + 00F 4! (y (Y = x* + i06"0),

D,/ (y) ):

PA(y) = B (y) + V200, (v) + 600G, (3),

VaB(x) = 200"0A,," (x) + i0002,° (x) — 00 02,5 (x) + 6006 D ,* (x),
») ),

E B(y) = =SAB(y) + 0w, B (y) + 00K A2 (y (i=1,...N+M;A=1,...M). (A2)

By solving the auxiliary fields, we obtain the component field action:

S — [ - —
S = / d'xTr[D, AD* A+ D,BD"B = 5 (oD, + 5 D, o' =2 7i5" D, + 5 D16

_@(AZZ—MA)—g(wAnJrﬁJl&))—%('M_jﬁB) £(35@+w¢8)
+ S+ 7S —tMnp—qaME—|AM — SAP — |BM -SB|? + (AA - BB - cl,,)D
+ K(AB = bly) + (BA-b*I,)K], (A3)

D,A=0,A-iAA  D,B=09,B-iA,B,
D, =0,0—iAL.  Du=0,i—iA,i. (A4)

The mass-deformed nonlinear sigma model on 7% Gy 5y that is constructed in the harmonic superspace formalism [12] is

S=- / dZD duTre[p (D + iV )t + -V,

d¢ %) = d*xd*6+ d*o+, (A5)

PH(Cou) = FF(x, u) + V207 %, (x, u) + V205 9% (x, u) + (07)2M~(x,u) + (072N~ (x,u) + i076*0+ A (x, u)
+V2(07)205 72 (x, u) + V2(07 )20 (x.u) + (0F)2(0F 2D (x, u),
V(L u) = —i(07)2Z(x) + i(0F)2E(x) + 2i07 6401V, (x) + V2(07)201 &, (x)u;
_ \/E(ng)z@;g("z/i(x) + 39+29+2DU( Yur s,

0
o+ —— A6
00~ * 00~¢ (46)

Dt =0t —2i076"6010, + i(01)2(ds — ids) — i(07)*(05 + idg) + O

We solve the kinematic equations that eliminate the infinite sets of auxiliary fields in the harmonic expansions. For example,
the equation 0"+ F* = 0 is solved by F " (x, u) = f*(x)u;". The detailed calculation is presented in [41]. The component field
action is

—_— o b log o b i
§= /d4XTf[D;4fiD”f' —ye'D,y — 1400”D;4f/’+§fi V‘//_Efzg%”_il//ézwf —Efﬂfwf

1, . . 1. .- _ . _ _ . .
5 |fiM = Zfi? - 5 lfiM = Zf1 P — (M = Zp) — p(wy M — Zyr) + if(lf])DV(ij) - 'f(l])DV(ij):|’ (A7)

D#fi = aﬂfi - iVﬂfi,
Dy = oy —iV,y, Dﬂgo =0, —iV,p. (A8)
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The action (A3) and the action (A7) are equivalent. The relations between the component fields are presented below:

f*=B

fl=A y=¢  p=-0
V/l = Aw 5{/ = \/E/L %/ = \/Eia),
eia _ B 1 _
Y= — (X 423z, > =-G,
558+ 53)
_ e—ia _ _ : _
=~ (ZE+8xp, =-S5,
5 (ZE+5)
e _ _ .
M= (MM + MM, M=-M,
' )
— e_iﬂ _ _ . _
Mi=— (MM + MM):,  M=-M,
7 )
DV” = iK, DV22 = _ik, Dv(]z) = —iD,
=i, Preip,  gD=2 (A9)
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