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We investigate stationary accretion of the collisionless Vlasov gas onto the Kerr black hole, occurring in
the equatorial plane. The solution is specified by imposing asymptotic boundary conditions: at infinity the
gas obeys the Maxwell-Jüttner distribution, restricted to the equatorial plane (both in positions and
momenta). In the vicinity of the black hole, the motion of the gas is governed by the spacetime geometry.
We compute accretion rates of the rest-mass, the energy, and the angular momentum, as well as the particle
number surface density, focusing on the dependence of these quantities on the asymptotic temperature of
the gas and the black hole spin. The rest-mass and energy-accretion rates, normalized by the black hole
mass and appropriate asymptotic surface densities of the gas, increase with increasing asymptotic
temperature. The accretion slows down the rotation of the black hole.
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I. INTRODUCTION

General-relativistic kinetic theory provides a description
of gases in strong gravitational fields, alternative to the
more popular hydrodynamic approach. When collisions
between gas particles are rare and the mean free path is
large, fluid dynamics does not apply. In this case, a more
reasonable approximation is provided by the kinetic theory
of noncolliding gas particles. A standard kinetic description
uses a distribution function defined on a suitable one-
particle phase space. In general-relativistic literature this
approximation is sometimes referred to as the Vlasov gas.
Vlasov models are often used in stellar dynamics to
describe galaxies and clusters of galaxies (see a math-
ematical analysis in [1,2] or [3] for the Newtonian account).
Another physical realization of Vlasov systems would be in
the form of noninteracting dark matter massive particles
[4]. Last but not least, the gas surrounding supermassive
black holes, such as M87* and Sgr A*, observed recently
by the Event Horizon Telescope Collaboration, is also
believed to be nearly collisionless and magnetized [5–12].
Classic reviews of the general-relativistic kinetic theory can
be found e.g., in [13–18]; see also [19–21] for more recent
accounts.
Rigorous relativistic models of accretion flows onto

black holes derived within the framework of the kinetic
theory are relatively recent. Spherically-symmetric steady
accretion of the collisionless Vlasov gas onto a
Schwarzschild black hole (a kinetic counterpart of the

Michel accretion model [22,23]) was investigated in 2017
by Rioseco and Sarbach [24,25]. An extension of this
model for Reissner-Nordström black holes is given in [26].
Accretion of the collisionless Vlasov gas onto a moving
Schwarzschild black hole (a general-relativistic counterpart
of the Bondi-Hoyle-Lyttleton accretion problem) was
investigated in 2021 [27–29]. In the same year Gamboa
et al. described accretion of the Vlasov gas onto a
Schwarzschild black hole occurring from a sphere of a
finite radius [30]. A kinetic description of the phase-space
mixing at the equatorial plane of the Kerr spacetime is
given in [31]. Some aspects of the dynamics of the massless
Vlasov gas in a slowly-rotating Kerr spacetime are ana-
lyzed in [32]. We would also like to mention recent studies
of self-gravitating static Vlasov configurations around
black holes [33,34]. At the same time, there is an ongoing
work on kinetic simulations of magnetized plasma in black
hole spacetimes [35,36]. These, highly sophisticated
numerical simulations complement existing works based
on the magnetohydrodynamical approximation, and seem
to be crucial in understanding the physics of black hole
magnetospheres, as well as interpreting future horizon-
resolving observations.
In this paper we derive stationary axially-symmetric

solutions of the collisionless Vlasov equation correspond-
ing to a gas accreting onto a Kerr black hole at the
equatorial plane. They constitute a model of an infinite,
geometrically thin accretion disk. At infinity, the gas
remains at rest, and it is assumed to be described by the
Maxwell-Jüttner distribution confined to the equatorial
plane. The flow of the gas in the vicinity of the black
hole is still restricted to the equatorial plane, but otherwise
it is governed by the geometry of the spacetime. In a sense,
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our model is an analogue of the spherically symmetric one
obtained for Schwarzschild black holes in [24]. The
restriction to the equatorial plane of the Kerr black hole
is justified by the algebraic simplicity of equations gov-
erning the geodesic motion at the equatorial plane. On the
other hand, this model seems to be of interest on its own, as
a model of a thin accretion disk around the Kerr black hole.
It allows us to provide explicit expressions for the particle
current surface density, as well as mass and angular
momentum accretion rates. We find that the accretion
process described by this model slows down the black
hole rotation, i.e., the sign of the angular momentum
accretion rate is opposite to the sign of the black hole
spin parameter.
Inmany respects our two-dimensionalmodel of a thin disk

of the Vlasov gas differs from spherically-symmetric, three-
dimensional models known from [24–26]. We find, for
instance, that the rest-mass accretion rate, normalized by
the black hole mass and the asymptotic rest-mass surface
density, increases with the asymptotic temperature. This
stays in contrast to the spherically-symmetric case, known
for the Schwarzschild or Reissner-Nordström metric, in
which the rest-mass accretion rate, normalized by the square
of the black hole mass and the asymptotic rest-mass density,
decreases with the asymptotic temperature. We should state
that this behavior depends on the parametrization of sol-
utions and is related to the properties of the two dimensional
Maxwell-Jüttner distribution, assumed at infinity.
Thin accretion disks appear naturally in numerical

simulations of accreting plasma in the vicinity of Kerr
black holes, both kinetic and based on general-relativistic
magnetohydrodynamics [35–38]. Since our model does not
involve magnetic fields, we would rather think of its
potential applications in modeling of dark matter accretion,
as in [27].
In fact, a better understanding of astrophysical black

holes in the environment dominated by the omnipresent
dark matter is one of main motivations behind our work.
For example, changes in the Kerr spin parameter [39,40]
could explain the ON/OFF behavior of active galactic
nuclei powered by supermassive black holes [41,42].
The specific physical mechanism responsible for this
behavior remains elusive, and major black hole mergers
are required to significantly alter the black hole spin [43].
Accretion of noninteracting matter could, in principle,
provide a new mechanism of this kind.
Equations governing the Vlasov gas at the equatorial

plane of the Kerr spacetime can be derived in two frame-
works. We will work in a (2þ 1)-dimensional setup, based
on the 3 dimensional metric induced at the equatorial plane.
Alternatively, one can derive the same equations, working
in the full (3þ 1)-dimensional framework and imposing
conditions which effectively restrict the motion to the
equatorial plane. For clarity and completeness, this alter-
native formulation will be summarized in Appendix A.

The order of this paper is as follows. Section II contains
mathematical preliminaries and conventions concerning the
Kerr metric and the geodesic motion in the Kerr spacetime.
In Sec. III we introduce our model of the disk of the
collisionless Vlasov gas confined to the equatorial plane of
the Kerr metric. We specify the distribution function and
derive the expressions for the particle current surface
density. Section IV discusses the phase space of unbound
orbits. In Sec. V we compute the particle current surface
density and the rest-mass surface density of the disk.
Section VI is devoted to the rest-mass, energy, and angular
momentum accretion rates; in particular, we derive analytic
limits of these accretion rates for zero and infinite asymp-
totic temperatures of the gas. Section VII contains a short
discussion of the results.

II. PRELIMINARIES

A. Metric conventions

We use standard geometric units with c ¼ G ¼ 1, where
c denotes the speed of light, and G is the gravitational
constant. The signature of the metric is ð−;þ;þ;þÞ.
We will work in Boyer-Lindquist coordinates ðt; r; θ;φÞ.

They are divergent at the black hole horizon, but, in
comparison to more refined coordinate choices, they result
in relatively simple formulas. In Boyer-Lindquist coordi-
nates the Kerr metric can be written as

g ¼ gttdt2 þ 2gtφdtdφþ grrdr2 þ gθθdθ2 þ gφφdφ2; ð1Þ

where

gtt ¼ −1þ 2Mr
ρ2

; ð2aÞ

gtφ ¼ −
2Mar sin2 θ

ρ2
; ð2bÞ

grr ¼
ρ2

Δ
; ð2cÞ

gθθ ¼ ρ2; ð2dÞ

gφφ ¼
�
r2 þ a2 þ 2Ma2r sin2 θ

ρ2

�
sin2 θ; ð2eÞ

and we denote

Δ ¼ r2 − 2Mrþ a2; ð3aÞ

ρ2 ¼ r2 þ a2 cos2 θ: ð3bÞ

Note that many authors use the symbol Σ in place of ρ2

(cf. [44]). The contravariant metric component read
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gtt ¼ −
ðr2 þ a2Þ2 − Δa2 sin2 θ

Δρ2

¼ −
1

Δ

�
r2 þ a2 þ 2Mra2 sin2 θ

ρ2

�
; ð4aÞ

gtφ ¼ −
2Mra
Δρ2

; ð4bÞ

grr ¼ Δ
ρ2

; ð4cÞ

gθθ ¼ 1

ρ2
; ð4dÞ

gφφ ¼ 1

Δρ2

�
−a2 þ Δ

sin2 θ

�
: ð4eÞ

The Kerr spacetime is characterized by the massM and the
angular momentum J ¼ Ma. In general, we will restrict
ourselves to the region outside the black hole horizon,
with Δ > 0.
The metric induced at the equatorial plane θ ¼ π=2 has

the form

γ ¼ γttdt2 þ 2γtφdtdφþ γrrdr2 þ γφφdφ2; ð5Þ

where

γtt ¼ −1þ 2M
r

; ð6aÞ

γtφ ¼ −
2Ma
r

; ð6bÞ

γrr ¼
r2

Δ
; ð6cÞ

γφφ ¼ r2 þ a2
�
1þ 2M

r

�
: ð6dÞ

Contravariant components of γ read

γtt ¼ −
1

Δ

�
r2 þ a2 þ 2Ma2

r

�
; ð7aÞ

γtφ ¼ −
2Ma
Δr

; ð7bÞ

γrr ¼ Δ
r2
; ð7cÞ

γφφ ¼ 1

Δ

�
1 −

2M
r

�
: ð7dÞ

An easy calculation yields det gμν ¼ −1=ðρ4 sin2 θÞ and
det γμν ¼ −1=r2. Note that γ is not a solution of the vacuum

Einstein equations in 2þ 1 dimensions. Such an equivalent
of the Kerr solution does not exist, except for the so-called
Bañados-Teitelboim-Zanelli (BTZ) solution [45], which
assumes a negative cosmological constant.

B. Timelike geodesics

Timelike geodesic equations can be expressed in the
Hamiltonian form

dxμ

dτ
¼ ∂H

∂pμ
; ð8aÞ

dpν

dτ
¼ −

∂H
∂xν

; ð8bÞ

where pμ ¼ dxμ=dτ, Hðxα; pβÞ ¼ 1
2
gμνðxαÞpμpν ¼ − 1

2
m2,

and m denotes the particle rest mass. By standard argu-
ments, H, pt ≡ −E and pφ ≡ lz are constants of motion.
The fourth constant—the so-called Carter constant l—
follows from the separation of variables in the Hamilton-
Jacobi equation

∂S
∂τ

þHðxα; ∂βSÞ ¼ 0: ð9Þ

The ansatz

S ¼ −Hτ þW ¼ 1

2
m2τ þW ð10Þ

with

W ¼
Z

ptdtþ
Z

pφdφþ
Z

prdrþ
Z

pθdθ

¼ −Etþ lzφþWrðrÞ þWθðθÞ

yields the “time-independent” Hamilton–Jacobi equation

gμν∂μW∂νW ¼ −m2 ð11Þ

or, in explicit terms,

−
ðr2 þ a2Þ2 − Δa2 sin2 θ

Δ
E2 þ 4Mra

Δ
Elz þ ΔðW0

rÞ2

þ ðW0
θÞ2 þ

1

Δ

�
−a2 þ Δ

sin2 θ

�
l2z ¼ −m2ρ2: ð12Þ

Rearranging terms, we get

ðW0
θÞ2 þm2a2 cos2 θ þ

�
lz

sin θ
− a sin θE

�
2

¼ −m2r2 − ΔðW0
rÞ2 þ

1

Δ
½ðr2 þ a2ÞE − alz�2: ð13Þ
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Since the left-hand side depends only on θ, while the right-
hand side depends only on r, both sides have to be constant.
We denote this constant value by l2 [note that the left-hand
side of Eq. (13) is explicitly non-negative]. Thus

ðW0
θÞ2 ≡ ΘðθÞ ¼ l2 −m2a2 cos2 θ

−
�

lz
sin θ

− a sin θE

�
2

; ð14Þ

and

Δ2ðW0
rÞ2 ≡ RðrÞ ¼ ½ðr2 þ a2ÞE − alz�2

− Δðm2r2 þ l2Þ: ð15Þ

The equations of motion can be integrated following the
standard procedure, i.e., by computing the derivatives
∂S=∂m, ∂S=∂E, ∂S=∂lz, ∂S=∂l, and equating the results
to a new set of constants β0, β1, β2, β3 (say) [46,47].

C. Timelike geodesics at the equatorial plane

The description of time-like geodesics restricted to the
equatorial plane (θ ¼ π=2) is much simpler. We have
pθ ¼ 0, Wθ ¼ 0. Equation (14) reduces to

l2 ¼ ðlz − aEÞ2: ð16Þ

We will assume a convention with l ≥ 0. Thus,

ϵσl ¼ lz − aE; ð17Þ

where ϵσ ¼ �1. Consequently,

RðrÞ ¼ ðr2E − ϵσalÞ2 − Δðm2r2 þ l2Þ

¼ r4
�
E2 −

�
1 −

2M
r

��
m2 þ l2

r2

�

−
2ϵσaElþ a2m2

r2

�
: ð18Þ

Momentum components associated with the geodesic
motion confined to the equatorial plane can be written as

pt ¼ −E; ð19aÞ

pr ¼ ϵr

ffiffiffiffi
R

p

Δ
; ð19bÞ

pθ ¼ 0; ð19cÞ

pφ ¼ lz ¼ ϵσlþ aE ¼ ϵσðlþ ϵσaEÞ; ð19dÞ

where ϵr ¼ �1 corresponds to the radial direction of
motion.

Alternatively, one can obtain equations governing the
motion confined to the equatorial plane directly from the
Hamiltonian

H ¼ 1

2
ðγttp2

t þ 2γtφptpφ þ γrrp2
r þ γφφp2

φÞ: ð20Þ

Here again, pt ¼ −E, pφ ¼ lz, and H ¼ − 1
2
m2 have to be

constant. Solving the equation H ¼ − 1
2
m2 for pr yields

Eq. (19b).
Following [24,31], we use dimensionless variables

defined as

α ¼ a
M

; ε ¼ E
m
; λ ¼ l

Mm
; ξ ¼ r

M
: ð21Þ

Thus,

RðrÞ ¼ M4m2R̃ðξÞ; ð22Þ

where

R̃ðξÞ ¼ ðξ2ε − ϵσαλÞ2 − ðξ2 − 2ξþ α2Þðξ2 þ λ2Þ

¼ ξ4
�
ε2 −

�
1 −

2

ξ

��
1þ λ2

ξ2

�
−
2ϵσαελþ α2

ξ2

�
; ð23Þ

and

pt ¼ −E ¼ −mε; ð24aÞ

pr ¼ ϵr

ffiffiffiffi
R

p

Δ
¼ ϵrm

ffiffiffiffĩ
R

p

ξ2 − 2ξþ α2
; ð24bÞ

pθ ¼ 0; ð24cÞ

pφ ¼ lz ¼ ϵσlþ aE ¼ Mmðϵσλþ αεÞ
¼ Mmϵσðλþ ϵσαεÞ: ð24dÞ

In this work we will generally parametrize geodesics
using the Carter constant l (or λ) instead of lz. This is, of
course, a matter of preference. Our choice was partially
motivated by a similar substitution in Eq. (3) of [31]; it also
simplifies a few algebraic relations used in this paper. We
should emphasize that the sign ϵσ is associated with the
quantity lz − aE and not with lz. In particular lz ¼ 0
implies l ¼ −ϵσaE. On the other hand in many important
cases the signs of lz and ϵσ coincide. Thus, we will
generally refer to trajectories with ϵσα > 0 as prograde
ones, and to those satisfying ϵσα < 0 as retrograde ones.
There are three well-known types of circular orbits at the

equatorial plane, two of which will play an important role
in the subsequent analysis [44,48]. There is the circular
photon orbit with the radius
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ξph ¼ 2þ 2 cos

�
2

3
arccos ð−ϵσαÞ

�
; ð25Þ

a solution of ðξ−3Þ ffiffiffi
ξ

p þ2ϵσα¼ 0 or ðξ − 3Þ2ξ − 4α2 ¼ 0.
The circular photon orbit corresponds to a null geodesic,
but it appears naturally as a limit of time-like orbits. There
is the so-called marginally bound orbit with the dimension-
less radius

ξmb ¼ 2 − ϵσαþ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϵσα

p
; ð26Þ

which is a solution to ξðξ − 4Þ þ 4αϵσ
ffiffiffi
ξ

p
− α2 ¼ 0 [see

also Eq. (60)]. For unbound orbits ξmb is related to the so-
called fly-by radius [49]. The dimensionless radius of the
innermost stable circular orbit (marginally stable orbit,
ISCO) is given by

ξms ¼ 3þ Z2 − ϵσα

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3 − Z1Þð3þ Z1 þ 2Z2Þ

α2

r
; ð27Þ

where Z1 ¼ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α23

p
ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ϵσα
3
p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ϵσα
3
p Þ, Z2 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3α2 þ Z2
1

p
[44]. The radius ξms is a solution of the

equation ðξ − 6Þξþ 8α
ffiffiffi
ξ

p
− 3α2 ¼ 0. The location of

the innermost stable circular orbit does not seem to play
a crucial role in our analysis. However, the related poly-
nomial in

ffiffiffi
ξ

p
, as well as those defining ξph and ξmb, do

appear in the integrands of our formulas for accretion rates.

III. VLASOV EQUATION AT THE
EQUATORIAL PLANE

The Vlasov gas considered in this paper is a collection of
free particles moving along timelike future-directed geo-
desic lines. It is described in terms of the distribution
function f ¼ fðxμ; pνÞ, defined on the one-particle phase
space. For collisionless particles, the Vlasov equation can
be expressed as a requirement that the probability function
f is constant along a geodesic,

df
dτ

¼ ∂f
∂xμ

dxμ

dτ
þ ∂f
∂pν

dpν

dτ
¼ ∂f

∂xμ
∂H
∂pμ

−
∂f
∂pν

∂H
∂xν

¼ fH; fg ¼ 0: ð28Þ

Here f·; ·g denotes the Poisson bracket.
A formal solution of the above equation has been

obtained in the context of the Kerr metric in [20]. We will
repeat this reasoning here, assuming that the motion is
restricted to the equatorial plane. In this case,
ðxμ; pνÞ ¼ ðt; r;φ; pt; pr; pφÞ, and the Hamiltonian H is
given by Eq. (20). The idea is based on a suitable canonical
(symplectic) transformation of the phase-space variables
ðt; r;φ; pt; pr; pφÞ ↦ ðQμ; PνÞ. It is given in terms of a
generating function (the so-called abbreviated action)

W ¼ Wðt; r;φ; m; E; lzÞ ¼
Z

ptdtþ
Z

prdrþ
Z

pφdφ

¼ −Etþ lzφþWr: ð29Þ

We choose new momenta in the form

P0 ¼ m; P1 ¼ E; P2 ¼ lz: ð30Þ

The corresponding conjugate variables Qμ are defined as
Qμ ¼ ∂W=∂Pμ, i.e.,

Q0 ¼ ∂W
∂m

; Q1 ¼ ∂W
∂E

; Q2 ¼ ∂W
∂lz

: ð31Þ

The Vlasov equation (28), written in terms of the Poisson
bracket, is covariant with respect to canonical transforma-
tions. Since H ¼ − 1

2
P2
0, it reads, in the new variables

ðQμ; PνÞ,

−P0

∂f
∂Q0

¼ 0: ð32Þ

Consequently, any distribution function of the form

f ¼ fðQ1; Q2; P0; P1; P2Þ ð33Þ

satisfies the Vlasov equation. Further restrictions on the
form of the distribution function can be obtained by
imposing symmetry conditions.
The distribution function f is not an observable quantity

on its own. We define the components of the particle
current surface density as

JμðxÞ ¼
Z

fðx; pÞpμ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det γμν

p
dptdprdpφ; ð34Þ

where μ ¼ t; r;φ, and f ¼ fðt; r;φ; pt; pr; pφÞ. Similarly,
the surface energy-momentum tensor components are

TμνðxÞ ¼
Z

fðx; pÞpμpν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det γμν

p
dptdprdpφ: ð35Þ

A covariant particle number surface density ns can be
defined as

ns ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−γμνJμJν

p
: ð36Þ

We consider a model of a stationary accretion disk
consisting of same-mass particles, confined to the equato-
rial plane and extending to infinity. At infinity the gas is
assumed to be essentially “at rest” and to be characterized
by a constant particle number surface density ns;∞. More
precisely, we require that at infinity the distribution
function should be given by the two dimensional
Maxwell-Jüttner distribution [50,51]. On the other hand,
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the motion of the gas near the black hole should be
governed by its gravitational field. A distribution function
fulfilling these assumptions can be chosen as

f ¼ Aδð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−pμpμ

p
−m0Þ exp

�
β

m0

pt

�

¼ AδðP0 −m0Þ exp
�
−

β

m0

P1

�
; ð37Þ

where m0 (the particle mass) and A are constants. Here
β ¼ m0=ðkBTÞ, T is the asymptotic temperature of the gas,
and kB denotes the Boltzmann constant. The factor
δð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−pμpμ
p

−m0Þ ensures that the momenta satisfy the
mass shell condition. Here, and in what follows, we only
take into account future-pointing momenta. Clearly, the
distribution function given by Eq. (37) is of the form (33);
it satisfies the collisionless Vlasov equation (32) and
coincides with the standard Maxwell-Jüttner distribution
at the infinity.
In what follows, we will also use the rest-mass surface

density, defined as

ρs ¼ m0ns: ð38Þ

The components of the particle current surface density
Jt, Jr, and Jφ can be computed according to Eqs. (34).
To evaluate the integrals over momenta appearing in
Eqs. (34), one needs to control the domain in the phase
space occupied by relevant particle trajectories—this is
probably the most difficult part of the calculation. The
coordinate transformations introduced in the remainder of
this section and the analysis of Sec. IV are devoted to this
problem.
We will only take into account unbound trajectories, i.e.,

trajectories that reach infinity. Bound trajectories could also
play a role, but since collisions between gas particles are
neglected and we are working on a fixed spacetime,
contributions corresponding to bound and unbound trajec-
tories can be treated separately. Thus, for simplicity, we
assume that no bound trajectories are present. The reader
interested in the phase-space mixing occurring for bound
trajectories in the equatorial plane of the Kerr spacetime is
referred to [31].
Unbound trajectories are naturally divided into two

classes. There are orbits characterized by relatively small
values of angular momentum, which end in the black hole.
We refer to such orbits as absorbed ones. The second class
consists of orbits with sufficiently high angular momentum,
which are scattered off the centrifugal barrier. They
originate and end at infinity. We will refer to those orbits
as scattered trajectories. Even though we are mainly
interested in the accretion process, both types of unbound
trajectories have to be taken into account, as they all
contribute to the total “budget” of trajectories at infinity,
where the Maxwell-Jüttner distribution is assumed.

The analysis of unbound trajectories is simpler in terms
of conserved variables such as m, E, lz (or l), instead of
momenta pt, pr, pφ. Thus, we change momentum variables
pt, pr, pφ to

m2 ¼ −ðγttp2
t þ 2γtφptpφ þ γrrp2

r þ γφφp2
φÞ; ð39aÞ

E ¼ −pt; ð39bÞ
l ¼ ϵσðpφ þ aptÞ: ð39cÞ

The Jacobian of the above transformation reads

∂ðm2; E; lÞ
∂ðpt; pr; pφÞ

¼ −
2ϵσprΔ

r2
: ð40Þ

Consequently,

dptdprdpφ ¼ r2

2jprjΔ
dm2dEdl ¼ r2m

jprjΔ
dmdEdl; ð41Þ

where jprjΔ ¼ ffiffiffiffiffiffiffiffiffi
RðrÞp

.
In terms of dimensionless quantities (21) the momentum

integration element can be written as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det γμν

p
dptdprdpφ ¼ ξm2dmdεdλffiffiffiffĩ

R
p : ð42Þ

This yields formal expressions for the components Jμ in the
form

Jt ¼ −Am3
0ξ

X
ϵσ¼�1

Z
expð−βεÞε dεdλffiffiffiffĩ

R
p ; ð43aÞ

Jr ¼
AM2m3

0ξ

Δ

X
ϵσ¼�1

Z
ϵr expð−βεÞdεdλ; ð43bÞ

Jφ ¼ AMm3
0ξ

X
ϵσ¼�1

Z
expð−βεÞðϵσλþ αεÞ dεdλffiffiffiffĩ

R
p : ð43cÞ

In the following we will also need explicit expressions for

Jr ¼ Am3
0

ξ

X
ϵσ¼�1

Z
ϵr expð−βεÞdεdλ ð44Þ

and

Tr
t ¼ −

Am4
0

ξ

X
ϵσ¼�1

Z
ϵr expð−βεÞεdεdλ; ð45Þ

Tr
φ ¼ Am4

0M
ξ

X
ϵσ¼�1

Z
ϵr expð−βεÞðϵσλþ αεÞdεdλ: ð46Þ

There is a simple test of correctness that can be
performed at this point—one can compute the component
Jt in the flat Minkowski space limit M → 0, a → 0. This
has to be done with some caution. In particular the massM
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in Eqs. (21) defining the dimensionless quantities should be
replaced with any positive constant with the mass dimen-
sion. The expression for R̃ yields, in the Minkowski limit,

R̃ → ξ4
�
ε2 − 1 −

λ2

ξ2

�
;

and hence

Jt ¼ −
Am3

0

ξ

X
ϵσ¼�1

Z
expð−βεÞε dεdλffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ε2 − 1 − λ2

ξ2

q :

The key point is to control the range in the phase space over
which the above integral is performed. The trajectories are
straight lines with ε > 1 and λ < ξ

ffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − 1

p
. In addition, a

set of values ε,m, and λ, correspond to two possible values
of the radial momentum pr ¼ �jprj. This gives Jt of
the form

Jt¼−
4Am3

0

ξ

Z
∞

1

dεexpð−βεÞε
Z

ξ
ffiffiffiffiffiffiffi
ε2−1

p

0

dλffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2−1− λ2

ξ2

q : ð47Þ

The last integral, over λ, is simply πξ=2. Thus,

Jt ¼ −2πAm3
0

Z
∞

1

dε expð−βεÞε

¼ −2πAm3
0

e−βð1þ βÞ
β2

: ð48Þ

This result agrees with the standard computation of Jt
based on Cartesian coordinates. For completeness, we
report this computation in Appendix B. Notably for-
mula (48) agrees with Eq. (B8) and formula (117) of
[21], which uses the Bessel function

K3=2ðβÞ ¼
ffiffiffiffiffi
π

2β

r
e−βð1þ βÞ

β
: ð49Þ

The above result allows us also to write the expression
for the asymptotic rest-mass surface density of matter at the
equatorial plane

ρs;∞≡m0ns;∞¼−m0Jtj∞¼ 2πAm4
0

1þβ

β2
expð−βÞ: ð50Þ

Hence, the factor A in the integral expressions (43) for Jμ
can be replaced by

A ¼ ρs;∞
2πm4

0

β2

1þ β
expðβÞ: ð51Þ

IV. CLASSIFICATION OF ORBITS

We are interested in both absorbed and scattered
unbound trajectories. By inspecting the expression (23)
for R̃ at ξ → ∞, we see that the unbound trajectories must
satisfy ε ≥ 1.
As in the Schwarzschild case (see, e.g., [24]), a particle

traveling on an absorbed trajectory cannot encounter the
centrifugal barrier, when traveling from infinity towards the
black hole. The centrifugal barrier is effectively controlled
by the value of λ. An absorbed trajectory is characterized by
the condition λ ≤ λcðε; ϵσÞ, where λcðε; ϵσÞ is a solution
(with respect to λ) of the set of equations

R̃ðξÞ ¼ 0; ð52aÞ

dR̃ðξÞ
dξ

¼ 0; ð52bÞ

and R̃ðξÞ is given by (23). The function λcðε; ϵσÞ can be
given in a parametric (therefore the subscript p) form as

λc ¼ λpðξ; ϵσÞ≡ ξ5=4 − αϵσξ
3=4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2αϵσ þ ðξ − 3Þ ffiffiffi
ξ

pp ; ð53aÞ

ε ¼ εpðξ; ϵσÞ≡ αϵσ þ ðξ − 2Þ ffiffiffi
ξ

p

ξ3=4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2αϵσ þ ðξ − 3Þ ffiffiffi

ξ
pp : ð53bÞ

It can be readily verified that the above expressions solve
Eqs. (52). Zeros of the expression under the square root in
the denominator of (53) correspond to circular photon
orbits (25). We have εpðξmb; ϵσÞ ¼ 1, where ξmb is the
dimensionless radius of the marginally bound orbit, given
by Eq. (26). On the other hand εpðξ; ϵσÞ → ∞ for ξ → ξph,
where ξph is the dimensionless radius of the circular
photon orbit at the equatorial plane, given by Eq. (25).
Consequently, the range 1 ≤ εpðξ; ϵσÞ < ∞ corresponds to
ξmb ≥ ξ > ξph. Note that

dλcðεÞ
dε

¼
∂λpðξ;ϵσÞ

∂ξ
∂εpðξ;ϵσÞ

∂ξ

¼ ξ
3
2: ð54Þ

The function λcðε; ϵσÞ cannot be expressed in a closed
form, however it satisfies a relatively simple equation,
polynomial in both λ and ε, which can be found as follows.
The expressions on the left hand-side of Eqs. (52) are
polynomials in ξ. It is well known that the substitution
u ¼ 1=ξ yields polynomials of a lower order. We define
U ¼ R̃=ξ4, and change the variables to u ¼ 1=ξ. This gives
the conditions

UðuÞ ¼ −1þ 2u − u2α2 þ ε2 − 2ϵσu2αελ

− u2λ2 þ 2u3λ2 ¼ 0; ð55aÞ
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dUðuÞ
du

¼ 2 − 2uα2 − 4ϵσuαελ − 2uλ2

þ 6u2λ2 ¼ 0: ð55bÞ

The term u3 in Eq. (55a) can be easily removed by
multiplying Eq. (55b) by u, solving for u3, and substituting
the result in Eq. (55a). This yields the set of equations

3ðε2 − 1Þ þ 4u − u2ðα2 þ 2ϵσαελþ λ2Þ ¼ 0; ð56aÞ

1 − uðα2 þ 2ϵσαελþ λ2Þ þ 3u2λ2 ¼ 0: ð56bÞ

instead of Eqs. (55). Substituting temporarily

X ¼ α2 þ 2ϵσαελþ λ2; ð57Þ

we get

3ðε2 − 1Þ þ 4u − u2X ¼ 0; ð58aÞ

1 − uX þ 3u2λ2 ¼ 0: ð58bÞ

One could continue this way in order to finally eliminate u,
but the most straightforward method to achieve this aim is
to compute the so-called Gröbner basis for the above
system. The result reads

Y ≡ ðε2 − 1Þ½27ðε2 − 1Þλ4 − X3 þ 18λ2X�
þ 16λ2 − X2 ¼ 0: ð59Þ

Gröbner’s basis is an invariant of the polynomial elimina-
tion, and it can be computed directly from Eqs. (55) or (52).
On the other hand, to get a relatively simple form of
Eq. (59) one has to guess substitution (57), suggested
by Eqs. (58).
In practice, we compute λcðε; ϵσÞ numerically, as a

solution of Eq. (59), or we use the parametric form (53).
In the former case, one has to be careful to select the
physical branch of solutions. Sample solution branches of
Eq. (59) are shown in Fig. 1. The physical branch, para-
metrized by Eqs. (53) is depicted with a red line, but other
branches are also present. We show, for instance, the
existence of a branch (blue) with vertical asymptote ε ¼
1 (thin line). The function Y is a 6th degree polynomial in λ
and a 5th degree polynomial in ε. The term in Y with the
highest degree in λ is −ðε2 − 1Þλ6. Thus, for sufficiently

large λ, Y becomes positive for ε2 < 1. On the other hand,
Eq. (59) has a simple solution for ε ¼ 1. In this case
X ¼ ðϵσαþ λÞ2, and Eq. (59) can be reduced to

Y ¼ 16λ2 − ðϵσαþ λÞ4 ¼ 0: ð60Þ

Non-negative solutions of this equation read λ ¼
2 − ϵσα� 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϵσα

p
, and the larger of the two solutions is

λ� ¼ 2 − ϵσαþ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϵσα

p
ð61Þ

(note an algebraic coincidence λ� ¼ ξmb). The remaining
two nonpositive solutions are λ ¼ −2 − ϵσα� 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ϵσα

p
.

It follows that for ε ¼ 1 and λ > λ�, we have Y < 0.
Consequently, Eq. (59) has an asymptotic solution with
λ → þ∞ for ε → 1.
Equation (59) has a simple solution for α ¼ �1 and

ϵσα ¼ þ1, i.e., for prograde orbits in the extremal Kerr
metric. In this case λcðε; ϵσÞ ¼ ε. This solution is shown
in Fig. 2.
For scattered orbits, λcðε; ϵσÞ < λ ≤ λmaxðξ; ε; ϵσÞ. The

formula for the upper limit λmaxðξ; ε; ϵσÞ follows from the
requirement that R̃ ≥ 0. It reads

λmaxðξ; ε; ϵσÞ ¼
ξ

ξ − 2

8<
:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2
�
ε2 þ 2

ξ
− 1

�
þ ðξ − 2Þ½ξðε2 − 1Þ þ 2�

s
− ϵσαε

9=
;: ð62Þ

FIG. 1. Sample solutions of Eq. (59) for α ¼ 2=3, ϵσ ¼ þ1
(continuous line), ϵσ ¼ −1 (dashed line). Physically relevant
branches, given by the parametric formula (53), are depicted with
red lines. Note the existence of mirrored branches in the
remaining three quadrants of the full ε − λ plane (not shown).
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Note that for jαj ≥ ffiffiffi
2

p
=2 we have ξph ≤ 2 and λmax must be

evaluated at the removable discontinuity ξ ¼ 2 for prograde
trajectories. The relevant limit for ϵσα > 0 is

lim
ξ→2

λmaxðξ; ε; ϵσÞ ¼
4ε2 − α2

2ϵσαε
: ð63Þ

Scattered unbound orbits exist only for sufficiently high
energies ε. The main bound, ε > 1, applies to all trajecto-
ries reaching infinity. On the other hand, a condition
defining a scattered orbit is the existence of a centrifugal
barrier—a particle on a scattered orbit travels from infinity,
reaches a turning point, at which R̃ðξÞ ¼ 0, and moves
again to infinity. In other words, a scattered orbit

parametrized by ε, λ, and ϵσ can only pass through a point
of radius ξ, if there is a turning point at ξ0 ≤ ξ (i.e.,
R̃ðξ0Þ ¼ 0) and the region with radii ξ0 ≥ ξ is available for
motion [i.e., R̃ðξ0Þ ≥ 0]. In order to obtain the value of the
minimal energy εminðξ; ϵσÞ allowing for a scattered orbit at
some radius ξ, we solve Eqs. (58) with respect to ε. More
precisely, we start by solving Eq. (58b) with respect to λ.
There are two possible solutions, which we can substitute
in Eq. (58a). Solving the resulting equations with respect
to ε yields four solutions, two of which can be positive.
These are

ε ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½α3þαðξ−2Þξ�2

ξ

q
þ α2ð5 − 3ξÞ þ ðξ − 3Þðξ − 2Þ2ξ
ξ½ðξ − 3Þ2ξ − 4α2�

vuut
;

ð64Þ

they do not depend explicitly on ϵσ , but in fact one of them
corresponds to prograde, and the other to retrograde orbits.
One can distinguish between the two cases by inspecting
the asymptotics of the two expressions. The two solutions
tend to infinity for

ξ → 2þ 2 cos

�
2

3
arccosð�αÞ

�
; ð65Þ

i.e., solutions to ðξ − 3Þ2ξ − 4α2 ¼ 0. These solutions can
be easily identified as the locations of circular photon orbits
at the equatorial plane. The latter are given by ξ ¼ ξph,
where ξph is defined by Eq. (25).
Matching the asymptotics of Eq. (64) with the locations

of circular photon orbits, we can select the signs in (64),
leading to the formula

ε ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2ϵσα½α2 þ ðξ − 2Þξ�ξ−1=2 þ α2ð5 − 3ξÞ þ ðξ − 3Þðξ − 2Þ2ξ

ξ½ðξ − 3Þ2ξ − 4α2�

s
: ð66Þ

For both solutions (with ϵσ ¼ �1) the limiting energy given by the above formula decreases from þ∞ for ξ > ξph. The
value ε ¼ 1 is reached at ξ ¼ ξmb, where ξmb is given by Eq. (26). Thus, the minimal allowed energy for scattered orbits can
be written as

εminðξ; ϵσÞ ¼

8>>><
>>>:

∞ for ξ < ξph;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2ϵσα½α2þðξ−2Þξ�ξ−1=2þα2ð5−3ξÞþðξ−3Þðξ−2Þ2ξ

ξ½ðξ−3Þ2ξ−4α2Þ�

q
for ξph < ξ < ξmb;

1 for ξ ≥ ξmb:

ð67Þ

Note that no scattered trajectory can extend to ξ < ξph. Sample graphs of εminðξ; ϵσÞ are shown in Fig. 3.

0.5 1.0 1.5 2.0
0

2

4

6

8

10

FIG. 2. Sample solutions of Eq. (59) for α ¼ 1, ϵσ ¼ þ1
(continuous line), ϵσ ¼ −1 (dashed line). Physically relevant
branches are depicted with red lines. For α ¼ 1 and ϵσ ¼
þ1, λcðε; ϵσ ¼ þ1Þ ¼ ε.
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V. PARTICLE CURRENT SURFACE DENSITY

We divide the expressions for the particle current surface
density Jμ into two parts; a part corresponding to absorbed
trajectories and a part corresponding to scattered ones. The
quantities referring to those two parts will be denoted with
the superscripts (abs) and (scat), respectively. Consequently,

Jμ ¼ JðabsÞμ þ JðscatÞμ . As discussed in the previous section,
the phase-space region corresponding to absorbed trajecto-
ries is characterized by ε ≥ 1 and λ ≤ λcðε; ϵσÞ. Scattered
orbits passing through a point at radius ξ are characterized by
εminðξ; ϵσÞ < ε < ∞ and λcðε; ϵσÞ < λ ≤ λmaxðξ; ε; ϵσÞ.
Explicit expressions for JðabsÞμ and JðscatÞμ read

JðabsÞt ðξÞ ¼ −Am3
0ξ

X
ϵσ¼�1

Z
∞

1

dε expð−βεÞε
Z

λcðε;ϵσÞ

0

dλffiffiffiffĩ
R

p ;

ð68aÞ

JðabsÞr ðξÞ ¼ −
AM2m3

0ξ

Δ

X
ϵσ¼�1

Z
∞

1

dε expð−βεÞλcðε; ϵσÞ;

ð68bÞ

JðabsÞφ ðξÞ ¼ AMm3
0ξ

X
ϵσ¼�1

Z
∞

1

dε expð−βεÞ

×
Z

λcðε;ϵσÞ

0

dλ
ϵσλþ αεffiffiffiffĩ

R
p ; ð68cÞ

and

JðscatÞt ðξÞ ¼ −2Am3
0ξ

X
ϵσ¼�1

Z
∞

εminðξ;ϵσÞ
dε expð−βεÞ

× ε

Z
λmaxðξ;ε;ϵσÞ

λcðε;ϵσÞ

dλffiffiffiffĩ
R

p ; ð69aÞ

JðscatÞr ðξÞ ¼ 0; ð69bÞ

JðscatÞφ ðξÞ ¼ 2AMm3
0ξ

X
ϵσ¼�1

Z
∞

εminðξ;ϵσÞ
dε expð−βεÞ

×
Z

λmaxðξ;ε;ϵσÞ

λcðε;ϵσÞ
dλ

ϵσλþ αεffiffiffiffĩ
R

p : ð69cÞ

The factor 2 in Eqs. (69a) and (69c) is due to two possible
radial directions of motion along a scattered trajectory,
ϵr ¼ �1. Note that in dimensionless variables Δ ¼
M2ðξ2 − 2ξþ α2Þ.
Using the parametric solution for λcðε; ϵσÞ given by

Eq. (53), we get

JðabsÞt ðξÞ ¼ −Am3
0ξ

X
ϵσ¼�1

Z
ξph

ξmb

dξ̄ε0pðξ̄; ϵσÞεpðξ̄; ϵσÞ

× exp½−βεpðξ̄; ϵσÞ�

×
Z

λpðξ̄;ϵσÞ

0

dλffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R̃½εpðξ̄; ϵσÞ; λ; ξ; ϵσ�

q ; ð70aÞ

JðabsÞr ðξÞ ¼ −
AM2m3

0ξ

Δ

X
ϵσ¼�1

Z
ξph

ξmb

dξ̄ε0pðξ̄; ϵσÞ

× exp½−βεpðξ̄; ϵσÞ�λpðξ̄; ϵσÞ; ð70bÞ

JðabsÞφ ðξÞ ¼ AMm3
0ξ

X
ϵσ¼�1

Z
ξph

ξmb

dξ̄ε0pðξ̄; ϵpÞ

× exp½−βεpðξ̄; ϵσÞ�

×
Z

λpðξ̄;ϵσÞ

0

dλ
ϵσλþ αεpðξ̄; ϵσÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R̃½εpðξ̄; ϵσÞ; λ; ξ; ϵσ�

q ; ð70cÞ

where ε0pðξ; ϵσÞ ¼ ∂εpðξ; ϵpÞ=∂ξ, and where we have
explicitly listed the arguments in R̃, i.e., we set

R̃ðε;λ;ξ;ϵσÞ ¼ ξ4
�
ε2−

�
1−

2

ξ

��
1þ λ2

ξ2

�
−
2ϵσαελþα2

ξ2

�
;

ð71Þ

to avoid confusion. In principle, a similar parametrization
can be used to express the integrals corresponding to
scattered trajectories, however it is difficult to find the
integration limit corresponding to εminðξ; ϵσÞ, i.e., ξ̄ such
that εminðξ; ϵσÞ ¼ εpðξ̄; ϵσÞ.

FIG. 3. Sample graphs of εminðξ; ϵσÞ for α ¼ 1=10 and ϵσ ¼ þ1
(blue continuous line) and ϵσ ¼ −1 (orange dashed line). Vertical
lines denote locations of circular photon orbits ξph for ϵσ ¼ �1.
Note that εminðξ;þ1Þ is regular at ξph corresponding to ϵσ ¼ −1.
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Sample graphs of various components of the particle
current surface density are shown in Figs. 4–10. The main
feature visible in these plots is the cutoff for the scattered

components JðscatÞt , JðscatÞr , and JðscatÞφ at the location of
the circular photon orbit ξph, which in turn depends on ϵσ:
ϵσ ¼ þ1 (prograde motion, Fig. 4); ϵσ ¼ −1 (retrograde
motion, Fig. 5). The difference is best visible in Fig. 9. Note

that the graphs of the components JðabsÞt , JðscatÞt , JðabsÞφ , and

JðscatÞφ are not smooth, due to the cutoff behavior at ξ ¼ ξph.
Figure 11 shows the directions of the flow at the

equatorial plane for α ¼ 1=2 and β ¼ 1. We use standard
Cartesian coordinates defined by t0 ¼ t, x ¼ r cosφ,
y ¼ r sinφ. This yields the following contravariant com-
ponents of the particle current surface density,

Jt
0 ¼ −

Jt½ξ3 þ ðξþ 2Þα2� þ 2αJφ=M

ðξ2 − 2ξþ α2Þξ ; ð72aÞ

Jx ¼ Jr
ξ2 − 2ξþ α2

ξ2
cosφ

−
Jφ=M × ðξ − 2Þ − 2αJt

ξ2 − 2ξþ α2
sinφ; ð72bÞ

Jy ¼ Jr
ξ2 − 2ξþ α2

ξ2
sinφ

þ Jφ=M × ðξ − 2Þ − 2αJt
ξ2 − 2ξþ α2

cosφ: ð72cÞ

FIG. 6. Components of the particle current surface density Jφ,

JðabsÞφ , and JðscatÞφ obtained by summing the parts corresponding to
ϵσ ¼ �1. The spin parameter α ¼ 7=8; β ¼ 0.1.

FIG. 4. Components of the particle current surface density Jφ,

JðabsÞφ , and JðscatÞφ corresponding to ϵσ ¼ þ1. The spin parameter
α ¼ 7=8; β ¼ 0.1. The vertical line marks the location of the
circular photon orbit ξph.

FIG. 5. Same as in Fig. 4, but for ϵσ ¼ −1.

FIG. 7. Components of the particle current surface density Jt,

JðabsÞt , and JðscatÞt corresponding to ϵσ ¼ þ1. The spin parameter
α ¼ 7=8; β ¼ 0.1. The vertical line marks the location of the
circular photon orbit ξph.
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The arrows in Fig. 11 correspond to the components
ðJx; JyÞ. The accretion flow is nearly radial outside the
outer (retrograde) circular photon orbit; it twists towards
the prograde circular photon orbit, where the dragging
effect becomes much more pronounced. Finally, the matter
sinks below the black hole horizon.
We should emphasize that the vector components Jμ

depend on the assumed metric gauge, in particular on the
chosen time foliation. This is best visible for the component
Jr (cf. Fig. 10), which in the Boyer-Lindquist coordinates is
divergent at the black hole horizon. On the other hand, the
particle surface density ns defined by Eq. (36) and plotted
in Fig. 12 is a gauge invariant quantity. The particle surface
density ns is continuous across the outer horizon, but it
diverges at the inner Kerr horizon (Fig. 12, right panel).
This latter behavior resembles the so-called mass inflation

discovered by Poisson and Israel [52]. A peculiar feature
illustrated in Fig. 12 is a local minimum of the particle
surface density ns near the retrograde marginally stable
orbit, occurring for high values of the parameter β. This
behavior seems to be related with the dimensionality of the
model—it has not been observed for spherically symmetric
models investigated in [24–26].

FIG. 9. Components of the particle current surface density Jt,

JðabsÞt , and JðscatÞt obtained by summing the parts corresponding to
ϵσ ¼ �1. The spin parameter α ¼ 7=8; β ¼ 0.1.

FIG. 8. Same as in Fig. 7, but for ϵσ ¼ −1. FIG. 10. Components of the particle current surface density

JðabsÞrþ (for ϵσ ¼ 1), JðabsÞr− (for ϵσ ¼ −1) and Jr obtained by
summing the parts corresponding to ϵσ ¼ �1. The spin parameter
α ¼ 7=8; β ¼ 0.1.

FIG. 11. Streamlines of the vector field ðJx; JyÞ. Circular
photon orbits are shown in red and blue colors. The region
inside the black hole horizon is marked in black. The black hole
rotates counterclockwise. The parameters used to create this plot
are α ¼ 0.5 and β ¼ 1. The units on the axes are mass units M.
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VI. ACCRETION RATES

The two Killing vectors admitted by the metric γ induced
at the equatorial plane (5), i.e., ξμ ¼ ðξt; ξr; ξφÞ ¼ ð1; 0; 0Þ
and χμ ¼ ðχt; χr; χφÞ ¼ ð0; 0; 1Þ, give rise to two indepen-
dent conserved currents JμðtÞ ¼ Tμ

νξ
ν and JμðφÞ ¼ Tμ

νχ
ν,

satisfying ∇μJ
μ
ðtÞ ¼ 0 and ∇μJ

μ
ðφÞ ¼ 0. Together with the

conserved particle current surface density Jμ, they yield
three accretion rates, which can be defined based on Stokes
theorem.
Let M be a region in a d dimensional spacetime

equipped with metric ðdÞg. Let ∂M denote the d − 1

dimensional boundary of M, and let ðd−1Þg be the metric
induced on ∂M. A general-relativistic version of Stokes
theorem can be written asZ

M
ddx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j det ðdÞgj

q
∇μVμ

¼
Z
∂M

dd−1y
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j det ðd−1Þgj

q
nμVμ: ð73Þ

Here the covariant derivative ∇μ is defined with respect to
the metric ðdÞg, Vμ is a vector field on M, and nμ is the
vector field normal to the boundary ∂M. If ∇μVμ ¼ 0,
we get Z

∂M
dd−1y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j det ðd−1Þgj

q
nμVμ ¼ 0: ð74Þ

Working in the (2þ 1)-dimensional case restricted to the
equatorial plane only, we take d ¼ 3 and ðdÞg ¼ ð3Þg ¼ γ.
Assume M to be a region enclosed by two surfaces of
constant time Σ1, Σ2 and restricted by r1 < r < r2. The
metric induced on the surface r ¼ const, θ ¼ π=2 reads

ð2Þg ¼ γ̃ ¼
�
−1þ 2M

r

�
dt2 −

4Ma
r

dtdφ

þ
�
r2 þ a2

�
1þ 2M

r

��
dφ2: ð75Þ

We have det γ̃μν ¼ −Δ. The vector normal to the surface
r ¼ const has the components ñr ¼ �r=

ffiffiffiffi
Δ

p
, ñt ¼ ñφ ¼ 0.

The flux through the boundary at r ¼ r1 can be written as

Z
r¼r1

d2y
ffiffiffiffiffiffiffiffiffiffiffiffiffi
j det γ̃j

p
ñμVμ ¼ −

Z
r¼r1

dtdφrVr; ð76Þ

giving rise to the accretion rate

_V ¼ −
Z
r¼r1

rVrdφ: ð77Þ

The minus sign in the above definition is a matter of
convention, but it has a meaning. Here, and in what follows,
we choose the signs so that the accretion rates correspond
to the fluxes into the black hole.
Assuming Vμ ¼ m0Jμ, −JμðtÞ, or JμðφÞ, we get three

accretion rates, respectively; the rest-mass accretion rate
given by _M ¼ −2πMm0ξJr, the energy accretion rate
_E ¼ 2πMξTr

t, and the angular momentum accretion
rate given by _L ¼ −2πMξTr

φ. Sign conventions in the

definitions of _E and _L can be checked by noticing that for
perfect fluids Tr

t ∝ urut and Tr
φ ∝ uruφ, where uμ denote

the components of the four-velocity of the fluid.
The expression for Jr given by Eq. (44) yields the rest-

mass accretion rate

FIG. 12. The invariant particle surface density ns vs the dimensionless radius ξ. The left panel shows the dependence of ns on the value
of the parameter β for α ¼ 7=8. In the right panel we set β ¼ 1 and plot the graphs of ns for three different values of α. Vertical lines in
the right plot correspond to inner Kerr horizons.
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_M ¼ −2πMm0ξJr

¼ −2πAMm4
0

Z
ϵr expð−βεÞdεdλ: ð78Þ

Since JðscatÞr ¼ 0, we only get a contribution from absorbed
trajectories with 1 ≤ ε and λ ≤ λcðε; ϵσÞ, i.e.,

_M ¼ 2πAMm4
0

X
ϵσ¼�1

Z
∞

1

dε expð−βεÞλcðε; ϵσÞ: ð79Þ

For the energy and the angular momentum accretion
rates we get

_E ¼ 2πMξTr
t ¼ 2πAm4

0M
X
ϵσ¼�1

Z
∞

1

dεexpð−βεÞελcðε; ϵσÞ;

ð80Þ

_L ¼ −2πMξTr
φ ¼ 2πAm4

0M
2
X
ϵσ¼�1

Z
∞

1

dε expð−βεÞ

×

�
ϵσ
2
λ2cðε; ϵσÞ þ αελcðε; ϵσÞ

�
; ð81Þ

respectively. Note that _L ¼ 0 for a nonrotating black hole,
i.e., for α ¼ 0, since in this case λcðε;þ1Þ ¼ λcðε;−1Þ.
Finally, expressing the normalization constant A in terms

of the asymptotic surface rest-mass density ρs;∞ (51) or the
asymptotic surface energy density εs;∞ ¼ − limξ→∞ Tt

t,
we get

_M ¼ Mρs;∞
β2 expðβÞ
1þ β

X
ϵσ¼�1

Z
∞

1

dε expð−βεÞλcðε; ϵσÞ;

ð82aÞ

_E ¼ Mεs;∞
β3 expðβÞ

2þ 2β þ β2
X
ϵσ¼�1

Z
∞

1

dε expð−βεÞελcðε; ϵσÞ;

ð82bÞ

_L ¼ M2εs;∞
β3 expðβÞ

2þ 2β þ β2
X
ϵσ¼�1

Z
∞

1

dε expð−βεÞ

×

�
ϵσ
2
λ2cðε; ϵσÞ þ αελcðε; ϵσÞ

�
: ð82cÞ

The results of the remainder of this section suggest that the
parametrization in terms of the asymptotic surface energy
density εs;∞ seems to be more relevant to accretion rates _E
and _L than an alternative one which uses ρs;∞. The two
quantities are related by

ρs;∞ ¼ βð1þ βÞ
2þ 2β þ β2

εs;∞: ð83Þ

We derive this relation in Appendix B.
The expressions for _M, _E, _L, understood as functions of

β, are given by Laplace transforms of certain functions. For
instance, _M turns out to be a Laplace transform of λc. This
Laplace form implies certain standard relations, such as

−
∂

∂β

Z
∞

1

dεexpð−βεÞλcðε;ϵσÞ¼
Z

∞

1

dεexpð−βεÞελcðε;ϵσÞ:

ð84Þ

Thus _M and _E are related.
Using the parametric representation of λcðεÞ given by

Eqs. (53), one can express the accretion rates as

_M ¼ −Mρs;∞
β2 expðβÞ
1þ β

X
ϵσ¼�1

Z
ξmb

ξph

dξ̄ε0pðξ̄; ϵσÞ

× exp½−βεpðξ̄; ϵσÞ�λpðξ̄; ϵσÞ; ð85aÞ

_E ¼ −Mεs;∞
β3 expðβÞ

2þ 2β þ β2
X
ϵσ¼�1

Z
ξmb

ξph

dξ̄ε0pðξ̄; ϵσÞ

× exp½−βεpðξ̄; ϵσÞ�εpðξ̄; ϵσÞλpðξ̄; ϵσÞ; ð85bÞ

_L¼ −M2εs;∞
β3 expðβÞ
2þ 2βþ β2

X
ϵσ¼�1

Z
ξmb

ξph

dξ̄ε0pðξ̄;ϵσÞ

×exp½−βεpðξ̄;ϵσÞ�
�
ϵσ
2
λ2pðξ̄;ϵσÞþ αεpðξ̄;ϵσÞλpðξ̄;ϵσÞ

�
;

ð85cÞ
where ε0pðξ; ϵσÞ ¼ ∂εpðξ; ϵpÞ=∂ξ.
The above parametric representation fails for α ¼ �1,

i.e., for the extreme Kerr metric. For ϵσα ¼ þ1 (prograde
motion), we have ξph ¼ ξmb ¼ 1, and the lower and upper
integration limits in the integrals corresponding to ϵσ ¼ α
coincide. On the other hand, correct expressions given by
Eqs. (82) yield nonzero results for those integrals. This
behavior is not a fault of Boyer-Lindquist coordinates, as it
is discussed in a beautiful article by Jacobson [53], but it is
a failure of parametrization (53) for the extreme Kerr
metric. Since for α ¼ �1 and ϵσα ¼ þ1 we have
λcðε; ϵσÞ ¼ ε (cf. Fig. 2), integrals appearing in Eqs. (82)
can be easily evaluated. We get in this case (assuming for
simplicity positive signs α ¼ þ1, ϵσ ¼ þ1)

_Mjα¼þ1;ϵσ¼þ1 ¼ Mρs;∞; ð86aÞ
_Ejα¼þ1;ϵσ¼þ1 ¼ Mεs;∞; ð86bÞ

_Ljα¼þ1;ϵσ¼þ1 ¼
3

2
M2εs;∞: ð86cÞ
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Although, _M and _E appear on a similar footing, the
quantity responsible for the growth of the black hole mass
M is the energy accretion rate _E rather than _M. This is
shown in spherical symmetry and in the context of perfect
fluids in [54] (see also [55]).
While the integrals in Eqs. (85) can be computed

numerically, relatively simple analytic expressions can
be obtained in the limits of β → ∞ (zero asymptotic
temperature) and β → 0 (ultrarelativistic particles).
The asymptotic behavior of _M for β → ∞ (zero asymp-

totic temperature) follows fromWatson’s lemma on asymp-
totic expansions of Laplace-type integrals [56]. It gives

Z
∞

1

e−βελcðε; ϵσÞdε ∼
e−β

β

X∞
n¼0

1

βn
∂
nλcðε; ϵσÞ
∂εn

����
ε¼1

: ð87Þ

Note that the lower integration limit is 1 instead of zero,
which leads to an additional factor e−β, as compared to the
standard textbook version of Watson’s lemma. Since
λcð1; ϵσÞ ¼ λ�ðϵσÞ≡ 2 − ϵσαþ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϵσα

p
, and

∂λcðε; ϵσÞ
∂ε

����
ε¼1

¼ λ�ðϵσÞ32; ð88Þ

we get, up to the first order,

Z
∞

1

e−βελcðε; ϵσÞdε ∼
e−β

β

�
λ�ðϵσÞ þ

1

β
λ�ðϵσÞ32

�
: ð89Þ

Since

X
ϵσ¼�1

λ�ðϵσÞ ¼ 4þ 2
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
þ 2

ffiffiffiffiffiffiffiffiffiffiffi
1þ α

p
; ð90Þ

we obtain the asymptotic expansion of _M in the form

_M ∼Mρs;∞
β

1þ β

�
4þ 2

ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
þ 2

ffiffiffiffiffiffiffiffiffiffiffi
1þ α

p

þ 1

β
½ð2 − αþ 2

ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
Þ32

þ ð2þ αþ 2
ffiffiffiffiffiffiffiffiffiffiffi
1þ α

p Þ32�
	
: ð91Þ

The limit for β → ∞ reads

lim
β→∞

_M ¼ 2Mρs;∞ð2þ
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
þ ffiffiffiffiffiffiffiffiffiffiffi

1þ α
p Þ: ð92Þ

The above expression can also be written in the following
trigonometric form

lim
β→∞

_M ¼ 8Mρs;∞ cos2
�
arcsin α

4

�
: ð93Þ

In the case of _E, we get, for β → ∞, a similar expansion

Z
∞

1

expð−βεÞελcðε; ϵσÞdε

∼
e−β

β

X∞
n¼0

1

βn
∂
n

∂sn
½ðsþ 1Þλcðsþ 1; ϵσÞ�

����
s¼0

: ð94Þ

This yields the limit

lim
β→∞

_E ¼ 2Mρs;∞ð2þ
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
þ ffiffiffiffiffiffiffiffiffiffiffi

1þ α
p Þ

¼ 2Mεs;∞ð2þ
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
þ ffiffiffiffiffiffiffiffiffiffiffi

1þ α
p Þ: ð95Þ

Clearly, the expressions for _M and _E coincide for β → ∞,
as expected.
A similar calculation for _L leads to an asymptotic

expansion for large values of β of the form

FIG. 13. Accretion rate _M vs black hole spin parameter α. The abscissa in the left panel shows limβ→∞ _M=ðMρs;∞Þ ¼
P

ϵσ¼�1 λ�ðϵσÞ
(solid blue line), λ�ðϵσ ¼ þ1Þ (dotted orange line), and λ�ðϵσ ¼ −1Þ (dashed green line). The right panel depicts accretion rates _M,
rescaled according to Eq. (130). Blue and orange graphs correspond to the limits β → 0 and β → ∞, respectively. A graph of the half
circle

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
(dashed green line) is shown for comparison.
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X
ϵσ¼�1

Z
∞

1

dε expð−βεÞ
�
ϵσ
2
λ2cðε; ϵσÞ þ αελcðε; ϵσÞ

�

∼
4e−β

β
ð

ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
− α −

ffiffiffiffiffiffiffiffiffiffiffi
1þ α

p Þ: ð96Þ

Thus,

lim
β→∞

_L ¼ 4M2ρs;∞ð
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
− α −

ffiffiffiffiffiffiffiffiffiffiffi
1þ α

p Þ ð97Þ

or, using trigonometric functions,

lim
β→∞

_L¼−16M2ρs;∞ cos2
�
arcsinα

4

�
sin

�
arcsinα

2

�
: ð98Þ

To find the limits for β → 0, we first observe that the
integrand of, e.g., (85a) has a sharp maximum near the
beginning of the integration interval, i.e., near ξph. Our
method is based on identifying the leading terms in the
integrand function and estimating the remainder. The latter
can be done using the general Lebesgue dominated con-
vergence theorem [57] (page 89, Theorem 19). It is a
version of the standard Lebesgue dominated convergence
theorem in which the dominating function is replaced by a
suitable series of functions. We will illustrate this method
on two particular examples, before proceeding with the
general result.
Let us start with the α ¼ 0 case. The goal is to estimate

the integral

I1 ¼−
eββ2

1þβ

Z
ξmb

ξph

dξε0pðξÞexp½−βεpðξÞ�λpðξÞ

¼−
eββ2

1þβ

Z
4

3

ξ−6

2ðξ−3Þ2 ffiffiffi
ξ

p exp

�
−

βðξ−2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðξ−3Þξp �
dξ: ð99Þ

It cannot be evaluated analytically. However, since the
maximum of the integrand is, in the limit, very close to
ξ ¼ 3, one can try to substitute ξ ¼ 3 everywhere except for
terms ξ − 3, i.e., divergent ones. To be more precise, we
split the integral I1 into two parts I1 ¼ I2 þ I3, where

I2 ¼
eββ2

β þ 1

Z
4

3

ffiffiffi
3

p

2ðξ − 3Þ2 exp
�
−

βffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffi
ξ − 3

p
�
dξ ð100Þ

and

I3 ¼ −
eββ2

1þ β

Z
4

3

G1ðξ; βÞdξ; ð101Þ

with

G1ðξ; βÞ ¼
ffiffiffi
3

p

2ðξ − 3Þ2 exp
�
−

βffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffi
ξ − 3

p
�

−
6 − ξ

2ðξ − 3Þ2 ffiffiffi
ξ

p exp

�
−

βðξ − 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðξ − 3Þξp �
: ð102Þ

The integral I2 can be evaluated. We have

I2 ¼
ffiffiffi
3

p ð ffiffiffi
3

p
β þ 3Þ

β þ 1
exp

�
β −

βffiffiffi
3

p
�
: ð103Þ

Moreover,

lim
β→0

I2 ¼ 3
ffiffiffi
3

p
: ð104Þ

We now show that limβ→0 I3 ¼ 0. Noticing elementary
inequalities

ffiffiffi
3

p
≥
6 − ξffiffiffi

ξ
p ð105Þ

and

ξ − 2ffiffiffi
ξ

p ≥
1ffiffiffi
3

p ; ð106Þ

valid for 3 ≤ ξ ≤ 4, we see that the integrand G1ðξ; βÞ is
non-negative. It is also easy to check that it tends to zero, as
ξ → 3 from above. Clearly,

G1ðξ; βÞ <
ffiffiffi
3

p

2ðξ − 3Þ2 exp
�
−

βffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffi
ξ − 3

p
�

ð107Þ

in the range 3 < ξ < 4. The right-hand side of inequality
(107) is integrable, as follows from Eqs. (100) and (103).
We may now apply the general Lebesgue dominated
convergence theorem [57] to the integral I3. Since

lim
β→0

eββ2

1þ β
G1ðξ; βÞ ¼ 0; ð108Þ

we also have limβ→0 I3 ¼ 0. Thus limβ→0 I1 ¼ limβ→0 I2 ¼
3

ffiffiffi
3

p
, and finally

lim
β→0

ð _Mjα¼0Þ ¼ 6
ffiffiffi
3

p
Mρs;∞: ð109Þ

The additional overall factor 2 in the result is due to the fact
that for α ¼ 0 the integrals corresponding to ϵσ ¼ �1
coincide.
As the second example we take α ¼ 1; ϵσ ¼ −1, i.e., the

extreme Kerr metric and retrograde orbits. The integral to
estimate is now
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I4 ¼
Z

ξmb

ξph

dξε0pðξ;−1Þ exp½−βεpðξ;−1Þ�λpðξ;−1Þ

¼
Z

3þ2
ffiffi
2

p

4

dξ

ffiffiffi
ξ

p
− 3

2ξð ffiffiffi
ξ

p
− 2Þ2 e

− βðξ−
ffiffi
ξ

p
−1Þ

ξ3=4
ffiffiffiffiffiffiffiffiffi

ξ
p

−2
p

; ð110Þ

where we deliberately skip the term −eββ2=ð1þ βÞ, to
shorten the notation. This integral can be expressed as a
sum I4 ¼ I5 þ I6, where

I5¼−
Z

3þ2
ffiffi
2

p

4

dξ
8ð ffiffiffi

ξ
p

−2Þ2 exp
�
−

β

2
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ

p
−2

p �
ð111Þ

and

I6 ¼
Z

3þ2
ffiffi
2

p

4

G2ðξ; βÞdξ; ð112Þ

with

G2ðξ; βÞ ¼
1

8ð ffiffiffi
ξ

p
− 2Þ2 exp

�
−

β

2
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ

p
− 2

p �

−
3 −

ffiffiffi
ξ

p
2ξð ffiffiffi

ξ
p

− 2Þ2 exp
�
−
βðξ − ffiffiffi

ξ
p

− 1Þ
ξ3=4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ

p
− 2

p �
: ð113Þ

We have

0≤G2ðξ;βÞ≤
1

8ð ffiffiffi
ξ

p
−2Þ2 exp

�
−

β

2
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ

p
−2

p �
: ð114Þ

The first inequality follows again from two elementary
inequalities

1

4
≥
3 −

ffiffiffi
ξ

p
ξ

ð115Þ

and

1

2
ffiffiffi
2

p ≤
ξ −

ffiffiffi
ξ

p
− 1

ξ3=4
; ð116Þ

valid in the range 4 ≤ ξ ≤ 3þ 2
ffiffiffi
2

p
. The second inequality

in Eq. (114) is obvious, as 3 −
ffiffiffi
ξ

p
> 0 for 4≤ ξ≤ 3þ2

ffiffiffi
2

p
.

The integral I5 can be evaluated with the result

I5 ¼ −
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ ffiffiffi

2
p Þ

q
β þ 8

β2
exp

�
−
β

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
þ 1ffiffiffi

2
p

s �

þ 1

2
Ei

�
−
β

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
þ 1ffiffiffi

2
p

s �
: ð117Þ

Thus, G2ðξ; βÞ is bounded by an integrable function. We
have

lim
β→0

�
β2eβ

1þ β
I5

�
¼ −8 ð118Þ

and

lim
β→0

�
β2eβ

1þ β
G2ðξ; βÞ

�
¼ 0: ð119Þ

By the generalized Lebesgue theorem

lim
β→0

�
β2eβ

1þ β
I6

�
¼ 0; ð120Þ

and consequently

lim
β→0

�
β2eβ

1þ β
I4

�
¼ −8: ð121Þ

Thus,

lim
β→0

ð _Mjα¼1;ϵσ¼−1Þ ¼ 8Mρs;∞: ð122Þ

The corresponding result for α ¼ 1 and ϵσ ¼ þ1 is given
by Eq. (86a), which is independent of β.
Repeating the above procedure for any −1 < α < 1

gives, with the help of a computer algebra system (we
use Wolfram Mathematica [58]), the following formula

lim
β→0

_M ¼ Mρs;∞

��
2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−αþ i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
3

q �
−i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−αþ i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
3

q
− α

��
3=2

þ
�
2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αþ i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
3

q �
−i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αþ i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
3

q
þ α

��
3=2�

: ð123Þ

An alternative, explicitly real form of this expression can be written as

lim
β→0

_M ¼ 6
ffiffiffi
3

p
Mρs;∞ cos

�
1

3
arcsin α

�
: ð124Þ
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In a similar way, one can compute the limit of _E for
β → 0. The result reads

lim
β→0

_E ¼ 6
ffiffiffi
3

p
Mεs;∞ cos

�
1

3
arcsin α

�
: ð125Þ

This is quite surprising. In addition to the equality

lim
β→∞

_M
Mρs;∞

¼ lim
β→∞

_E
Mεs;∞

; ð126Þ

established so far, we now also have

lim
β→0

_M
Mρs;∞

¼ lim
β→0

_E
Mεs;∞

: ð127Þ

Finally, for _L we get

lim
β→0

_L ¼ −6
ffiffiffi
3

p
M2εs;∞ sin

�
2 arcsin α

3

�

×

�
2þ cos

�
2 arcsin α

3

��
: ð128Þ

In a good approximation, the dependence of _L=ðM2εs;∞Þ
on α is just linear (cf. Fig. 17). The coefficient

δ≡ d
dα

� _L
M2εs;∞

�����
α¼0

ð129Þ

varies from δ ¼ −8 in the limit β → ∞ to δ ¼ −12
ffiffiffi
3

p
for β → 0.
Figures 14–17 show numerical values of the accretion

rates _M, _E, and _L together with the corresponding limits,
obtained for β → ∞ and β → 0. Figure 14 depicts the
dependence of the rest-mass accretion rate on the black
hole spin parameter α. Different colors represent solutions
corresponding to different values of the parameter β. The
first observation is that _M=ðMρs;∞Þ decreases with jαj. The
dependence of _M=ðMρs;∞Þ on α is, in fact, similar for
different values of β and can be illustrated by the limiting
cases β → 0 and β → ∞, given by Eqs. (124) and (92).
After a suitable rescaling, thegraphsof _M=ðMρs;∞Þvsαhave
an almost circular shape, as shown in Fig. 13. The quantity
plotted in this figure (the rescaled _Mðβ; αÞ=ðMρs;∞Þ) is

_Mðβ; αÞ − _Mðβ; 1Þ
_Mðβ; 0Þ − _Mðβ; 1Þ ð130Þ

for fixed values of M and ρs;∞. Upon such a rescaling, the
difference between the values corresponding to β → 0 and
β → ∞ is less than1%, and it is barelyvisibleon theplot.The
nearly circular shape can be explained by the zero temper-
ature limit, β → ∞, in which _M=ðMρs;∞Þ is just the sum
λ�ðϵσ ¼ þ1Þ þ λ�ðϵσ ¼ −1Þ ¼ 4þ 2

ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p þ 2
ffiffiffiffiffiffiffiffiffiffiffi
1þ α

p
.

The obtained dependence of _M=ðMρs;∞Þ on α confirms
our previous results reported in [26], where two of us
investigated a spherical model of the steady accretion of the
collisionless Vlasov gas on the Reissner-Nordström black
hole. In this work the charged black hole was treated as a
toy model of a rotating one, allowing for a simple analysis
in spherical symmetry. We have found that the rest-mass
accretion rate decreases with the charge parameter (see
Fig. 7 in [26]).
Another fact is related to the dependence of _M=ðMρs;∞Þ

on β. We see both from Figs. 14 and 15 that the ratio
_M=ðMρs;∞Þ is actually decreasing with β, i.e., it increases

FIG. 14. _M=ðMρs;∞Þ versus α. The dots represent numerically
computed values. Solid lines depict the limits β → 0 (blue line)
and β → ∞ (orange line), given by Eqs. (124) and (92),
respectively. Numerical data are computed for β ¼ 1=4000,
1=10, 1, 10, 100, and 10000.

FIG. 15. _M=ðMρs;∞Þ versus β. Blue dots correspond to α ¼ 0.
Orange dots correspond to α ¼ �1. For α ¼ 0 the data interpolate
between 6

ffiffiffi
3

p
and 8. For α ¼ �1, between 9 and 2ð2þ ffiffiffi

2
p Þ. The

inflection point is located around β ≃ 2.8.
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with the asymptotic temperature of the gas. This is
surprising, as the situation known for the spherically
symmetric accretion of the Vlasov gas onto the
Schwarzschild black hole [24,25] or the Reissner-
Nordström black hole [26] is exactly opposite. In the latter
case, the mass accretion rate _M, normalized by M2 and the
asymptotic rest-mass density, decreases with the asymp-
totic temperature of the gas. Moreover, it is divergent for
β → ∞. It turns out that the factor responsible for the
reversed behavior in our case is the parametrization of _M by
the asymptotic surface rest-mass density, and its depend-
ence on the parameter β. We will return to the discussion of
this behavior in the subsequent section.
The energy accretion rate _E exhibits a very simlar

dependence on α and β, provided that it is normalized
by the asymptotic surface energy density εs;∞, and not by
ρs;∞. This behavior is illustrated in Fig. 16.
The most interesting outcome of our study concerns, in

our view, the angular momentum accretion rate. The
dependence of _L=ðM2εs;∞Þ is shown in Fig. 17. The sign
of _L is always opposite to the sign of the black hole spin
parameter α, meaning that the accretion process slows down
the black hole rotation. This seems to be reasonable—in our
model the black hole is placed in a large (infinite) reservoir
of the gas with essentially no net angular momentum. A
steady accretion of the gas can, therefore, decrease the
black hole angular momentum. Moreover, the dependence
of _L=ðM2εs;∞Þ on α is to a good approximation linear,
except for very high values of jαj. The dependence of
_L=ðM2εs;∞Þ on the parameter β is qualitatively similar to
the dependence of the rest-mass and energy accretion rates
on β. The values interpolate between two limits obtained for
β → 0 and β → ∞, given by Eqs. (128) and (97).

VII. DISCUSSION

We have investigated a model of a geometrically thin,
stationary accretion disk composed of the collisionless
Vlasov gas moving in the equatorial plane of the Kerr
spacetime. This model serves as a two dimensional kinetic
analogue of the Bondi (or Michel) type accretion—at
infinity the gas is assumed to be homogeneous and at rest,
while the motion in the vicinity of the black hole is induced
by the gravitational attraction.
One of subtle points in our analysis is related to the

parametrization of solutions. The normalization constant A
appearing in the distribution function (37) is not an
observable quantity. To obtain a consistent formalism, we
express this constant by the asymptotic rest-mass surface
density ρs;∞ or the asymptotic energy surface density εs;∞.
The relation of these quantities with the asymptotic temper-
ature T or the parameter β, characteristic for the two
dimensional Maxwell-Jüttner distribution, leads to an
unexpected dependence of the rest-mass and energy accre-
tion rates on β—both _M=ðMρs;∞Þ and _E=ðMεs;∞Þ decrease
with increasing β. The situation known for spherically
symmetric models of steady accretion of the collisionless
Vlasov gas on Schwarzschild or Reissner-Nordström black
holes is the opposite—the mass accretion rate _M, normal-
ized byM2 and the asymptotic rest-mass density ρ∞, grows
with β [24–26].We have checked that replacing the constant
A in our formula for _M with a relation characteristic for a
three dimensional Maxwell-Jüttner distribution, i.e.,

A ¼ βρ∞
4πm5

0K2ðβÞ
; ð131Þ

FIG. 16. _E=ðMεs;∞Þ versus α. The dots represent numerically
computed values. Solid lines depict the limits β → 0 (blue line)
and β → ∞ (orange line), given by Eqs. (125) and (95),
respectively. Numerical data are computed for β ¼ 1=1000,
1=10, 1, 10, 100, and 10000.

FIG. 17. _L=ðM2εs;∞Þ versus α. The dots represent numerically
computed values. Solid lines depict the limits β → 0 (blue line)
and β → ∞ (orange line), given by Eqs. (128) and (97),
respectively. Numerical data are computed for β ¼ 1=100,
1=10, 1, 10, 100, and 1000. Note a nearly linear behavior for
moderate values of α; the deviation from a first order series
expansion around α ¼ 0 is of the order of 3.5% at α ¼ �0.5.
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[cf. Eq. (B20)], would restore (qualitatively) the same
standard behavior. This implies a natural question about
the physically relevant parametrization. Note that even a
tiny momentum component pz, normal to the equatorial
plane, would cause a deviation from the equatorial plane
sufficiently far from the black hole and imply a three-
dimensional asymptotic distribution.
Another aspect in which the dimensionality of our model

is clearly visible is related to the changes of the black hole
spin implied by the angular momentum accretion rate. Let
us estimate these changes assuming a quasistationary
approximation. Assume that _L is a time derivative of the
black hole angular momentum J ¼ M2α and that the energy
accretion rate _E gives the time derivative of the black hole
mass M. Thus,

dα
dt

¼ d
dt

J
M2

¼ J
M2

� _L
J
− 2

_E
M

�
¼ α

� _L
J
− 2

_E
M

�
: ð132Þ

In the limit of β → ∞ (cold matter) we get, for small values
of α,

dα
dt

≃ −24ρs;∞α: ð133Þ

Therefore, in this limit the rotation of the black hole slows
down on the time scale τ ¼ c=ð24Gρs;∞Þ (in SI units). Note
that in our two-dimensional model the above result does not
depend on the black hole mass M. As an illustration, we
could estimate the time scale τ for the dark matter compo-
nent present in theMilkyWay. Projecting the local cold dark
matter density ρDM ≃ 5 × 10−22 kg=m3 [59] on the Galactic
plane, we get ρs;∞ ¼ 2r0ρDM, where r0 ¼ 50 kpc is the dark
matter halo scale [60]. This gives the time scale τ of the
order of 4 × 109 years. We emphasize that the above result
clearly depends on the dimensionality of the model.
Improving of the above estimate would require a fully
three-dimensional accretion model.
Another aspect not discussed in this paper is related to

the stability of the presented model. We would expect
various kinetic instabilities known from the theory of
accretion disks to be relevant in the present context,
especially if magnetic fields are taken into account (see
e.g., [61] and references therein).
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APPENDIX A: FOUR-DIMENSIONAL
CALCULATION

In this appendix we recover main formulas of this paper,
performing a fully four-dimensional calculation in the
phase-space and imposing a restriction to the equatorial
plane afterwards.
In the four-dimensional setting, the distribution function

has the form F ¼ F ðt; r; θ;φ; pt; pr; pθ; pφÞ. The particle
current density and the energy momentum tensor are
defined as

J μðxÞ ¼
Z

F ðx; pÞpμdvolxðpÞ; ðA1Þ

and

T μνðxÞ ¼
Z

F ðx; pÞpμpνdvolxðpÞ; ðA2Þ

where

dvolxðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðgμνÞ

p
dptdprdpθdpφ: ðA3Þ

For the motion restricted to the equatorial plane we take

F ðx; pÞ ¼ δðzÞFðx; pÞ; ðA4Þ

where z is a coordinate such that the vector ∂z is normal to
the equatorial plane at z ¼ 0. In terms of spherical
coordinates used in this paper we can assume the standard
formula z ¼ r cos θ. This gives δðzÞ ¼ δðθ − π=2Þ=r. Thus,

J μðxÞ ¼ δðzÞJμðxÞ; ðA5aÞ

T μνðxÞ ¼ δðzÞTμνðxÞ; ðA5bÞ

where

JμðxÞ ¼
Z

Fðx; pÞpμdvolxðpÞ; ðA6Þ

and

TμνðxÞ ¼
Z

Fðx; pÞpμpνdvolxðpÞ: ðA7Þ

The distribution function F satisfies the Vlasov equation

dF
dτ

¼ ∂F
∂xμ

dxμ

dτ
þ ∂F
∂pν

dpν

dτ
¼ ∂F

∂xμ
∂H
∂pμ

−
∂F
∂pν

∂H
∂xν

¼ fH;Fg ¼ 0: ðA8Þ

To compute momentum integrals in Eqs. (A6) and (A7),
we continue in a way similar to our three-dimensional
calculation and consider a transformation of momentum
variables ðpt; pr; pθ; pφÞ ↦ ðm2; E; l2; lzÞ, given by

CIEŚLIK, MACH, and ODRZYWOŁEK PHYS. REV. D 106, 104056 (2022)

104056-20



m2 ¼ −½gttðptÞ2 þ 2gtφptpφ þ grrðprÞ2
þ gθθðpθÞ2 þ gφφðpφÞ2�; ðA9aÞ

E ¼ −pt; ðA9bÞ

l2 ¼ p2
θ þm2a2 cos2 θ þ

�
pφ

sin θ
þ a sin θpt

�
2

; ðA9cÞ

lz ¼ pφ; ðA9dÞ

where m2 in Eq. (A9c) has to be replaced by the right-hand
side of Eq. (A9c). By a straightforward computation, we get
the Jacobian determinant

∂ðm2; E; l2; lzÞ
∂ðpt; pr; pθ; pφÞ

¼ −
4Δprpθ

ρ2
¼ � 4

ffiffiffiffi
R

p ffiffiffiffi
Θ

p

ρ2
: ðA10Þ

Consequently,

dm2dEdl2dlz ¼ 4ðmdmÞdEðldlÞdlz

¼ 4
ffiffiffiffi
R

p ffiffiffiffi
Θ

p

ρ2
dptdprdpθdpφ: ðA11Þ

For the motion confined to the equatorial plane
p2
θ ¼ Θ ¼ 0, and hence l2 − ðlz − aEÞ2 ¼ 0. This moti-

vates the following definition,

sin σ ¼ lz − aE
l

; ðA12Þ

and thus dlz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 − ðlz − aEÞ2

p
dσ. The momentum inte-

gration element reads

dptdprdpθdpφ ¼ ρ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 − ðlz − aEÞ2

p
ffiffiffiffi
R

p ffiffiffiffi
Θ

p ðmdmÞdEðldlÞdσ:

ðA13Þ

At the equatorial plane we get simply

ρ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 − ðlz − aEÞ2

p
ffiffiffiffi
R

p ffiffiffiffi
Θ

p ¼ r2ffiffiffiffi
R

p : ðA14Þ

Finally,

dvolxðpÞ ¼
1ffiffiffiffiffiffiffiffiffi
RðrÞp ðmdmÞdEðldlÞdσ; ðA15Þ

where σ ¼ �π=2 and we have used the fact thatffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðgμνÞp ¼ 1=r2 and

ffiffiffiffi
Θ

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 − ðlz − aEÞ2

p
at the

equatorial plane. In order to control the sign of σ at the
equatorial plane we assume a convention with l ≥ 0 and
l ¼ ϵσðlz − aEÞ or, equivalently, lz ¼ ϵσlþ aE. Thus
σ ¼ ϵσπ=2. This yields, at the equatorial plane,

RðrÞ ¼ ðr2E − ϵσalÞ2 − Δðm2r2 þ l2Þ
¼ M4m2R̃ðξÞ; ðA16Þ

where R̃ðξÞ is given by Eq. (23).
Using dimensionless variables (21) we get, at the

equatorial plane,

dvolxðpÞ ¼
m3λffiffiffiffiffiffiffiffiffiffi
R̃ðξÞ

p dmdεdλdσ: ðA17Þ

In order to compute integrals (A6) and (A7), one needs to
invert relations (A9). For the motion confined to the
equatorial plane outside of the black hole horizon, one gets

pt ¼ −E ¼ −mε; ðA18Þ

pr ¼ ϵr

ffiffiffiffi
R

p

Δ
¼ ϵrm

ffiffiffiffĩ
R

p

ξ2 − 2ξþ α2
; ðA19Þ

pθ ¼ 0; ðA20Þ

pφ ¼ lz ¼ ϵσlþ aE ¼ Mmðϵσλþ αεÞ; ðA21Þ

where we have expressed the results in terms ofm, ε, and λ.
It is also convenient to have an explicit expression for pr,
which reads

pr ¼ ϵrm
ffiffiffiffĩ
R

p

ξ2
: ðA22Þ

We now take

F ¼ Aδðm −m0Þ
ξ

mλ
½δðσ − π=2Þ þ δðσ þ π=2Þ�

× expð−βεÞ ðA23Þ

and

F ¼ A
m0Mλ

δðm −m0Þ½δðσ − π=2Þ þ δðσ þ π=2Þ�

× δ

�
θ −

π

2

�
expð−βεÞ: ðA24Þ

Note that at the equatorial plane

ξ

mλ
½δðσ − π=2Þ þ δðσ þ π=2Þ� ¼ δðpzÞ: ðA25Þ

This relation follows from equations pθ ¼ −rpz and
l2 ¼ p2

θ þ ðpφ þ aptÞ2, which are satisfied at the equato-
rial plane. Thus

pz ¼ −ϵθ
l cos σ

r
; ðA26Þ
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where ϵθ is the sign of pθ. One can check that F given by
Eq. (A24) satisfies Eq. (A8).
This gives

JtðξÞ ¼ −
X
ϵσ¼�1

Am3
0ξ

Z
expð−βεÞ εffiffiffiffiffiffiffiffiffiffi

R̃ðξÞ
p dεdλ; ðA27Þ

JrðξÞ ¼
X
ϵσ¼�1

Am3
0ξ

ξ2 − 2ξþ α2

Z
ϵr expð−βεÞdεdλ; ðA28Þ

JθðξÞ ¼ 0; ðA29Þ

JφðξÞ ¼
X
ϵσ¼�1

AMm3
0ξ

Z
expð−βεÞ ϵσλþ αεffiffiffiffiffiffiffiffiffiffi

R̃ðξÞ
p dεdλ; ðA30Þ

in agreement with Eqs. (43).
In the same four-dimensional setup we can also recover

the formulas for the accretion rates. A unit vector normal to
the boundary r ¼ r1 and tangent to the hypersurface of
constant time has the components n̂μ ¼ ð0;�ϱ=

ffiffiffiffi
Δ

p
; 0; 0Þ.

The determinant of the metric induced at r ¼ r1 reads
det γ̂ ¼ Δϱ2 sin2 θ.
The flux of the vector field V̂μ through the boundary at

r ¼ r1 can be written as

Z
r¼r1

d3y
ffiffiffiffiffiffiffiffiffiffiffiffi
jdetγj

p
n̂μV̂

μ¼�
Z
r¼r1

dtdθdφϱ2 sinθV̂r; ðA31Þ

where, as in our previous calculation, we choose the minus
sign. This gives rise to the accretion rate

_V ¼ −
Z
r¼r1

dθdφϱ2 sin θV̂r: ðA32Þ

For the current V̂μ confined to the equatorial plane with
V̂r¼VrδðzÞ¼Vrδðθ−π=2Þ=r, where Vr does not depend
on θ, we get

_V ¼ −r1
Z
r¼r1

dφVr: ðA33Þ

The remaining part of the derivation follows the footsteps
of our three-dimensional calculation. The only difference is
that in the four-dimensional case, the conserved vector
currents are given by J μ, T μ

νξ
ν, and T μ

νχ
ν, where the

Killing vectors associated with the four dimensional metric
g have the components ξμ ¼ ðξt; ξr; ξθ; ξφÞ ¼ ð1; 0; 0; 0Þ
and χμ ¼ ðχt; χr; χθ; χφÞ ¼ ð0; 0; 0; 1Þ. This again leads to
accretion rates defined as in Eqs. (79)–(81).

APPENDIX B: MAXWELL-JÜTTNER
DISTRIBUTION FOR THE GAS CONFINED

TO A SINGLE PLANE IN THE
MINKOWSKI SPACETIME

Thermodynamic relations characterizing the Maxwell-
Jüttner distribution in arbitrary dimensions are given, e.g.,
in [21], Sec. 3.3. In this appendix we derive some of these
relations for 2þ 1 dimensions, and we do so mainly to
keep the same conventions as in the remainder of this paper.
In particular, we compute the rest-mass surface density of a
gas in thermal equilibrium, confined to a single plane in the
Minkowski spacetime, as well as the corresponding energy
surface density.
We work in Cartesian coordinates ðt; x; y; zÞ. The

Minkowski metric has the form

g ¼ −dt2 þ dx2 þ dy2 þ dz2: ðB1Þ

We assume the same notation as in Appendix A. The
particle current density is denoted by J μ, and the energy-
momentum tensor by T μν. They are defined by Eqs. (A1)
and (A2) with dvolxðpÞ ¼ dptdpxdpydpz. Surface quan-
tities Jμ and Tμν are defined as in Eqs. (A5). Distribution
functions F and F are related by Eq. (A4).
The Maxwell-Jüttner distribution of the gas confined to a

single plane z ¼ 0 is defined by the distribution function

F ¼ Aδð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−pμpμ

p
−m0ÞδðpzÞ exp

�
β

m0

pt

�

¼ Aδ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2
t − p2

q
−m0

�
δðpzÞ exp

�
β

m0

pt

�
: ðB2Þ

The rest-mass density is equal to −m0J t. The rest-mass
surface density, used in this paper, reads ρs ¼ −m0Jt.
Similarily, the energy density equals −T t

t, and the energy
surface density is given by εs ¼ −Tt

t.
The component Jt can be computed as

Jt ¼ A
Z

δ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2
t − p2

q
−m0

�
δðpzÞ

× exp

�
β

m0

pt

�
ptdptdpxdpydpz; ðB3Þ

where p2 ¼ p2
x þ p2

y þ p2
z , and where we only take into

account future-pointing momenta. In the first step we use
the identity

δ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2
t −p2

q
−m0

�
¼ m0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
0þp2

p δ


ptþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

0þp2

q �
: ðB4Þ

Integrating over pt, we obtain
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Jt ¼ −Am0

Z
δðpzÞ exp

�
−

β

m0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

0 þ p2

q �
dpxdpydpz:

ðB5Þ

Next, a straightforward integration over pz gives

Jt¼−Am0

Z
exp

�
−

β

m0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

0þp2
xþp2

y

q �
dpxdpy: ðB6Þ

The next step is standard—we change momentum coor-
dinates ðpx; pyÞ to polar ones ðζ; ϑÞ, defined by px¼ζcosϑ,
py ¼ ζ sin ϑ. This gives dpxdpy ¼ ζdϑdζ, where
p2
x þ p2

y ¼ ζ2. Hence,

Jt¼−2πAm0

Z
∞

0

exp

�
−

β

m0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

0þζ2
q �

ζdζ: ðB7Þ

We can now substitute χ ¼ β
m0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

0 þ ζ2
p

. Thus, ζdζ ¼
ðm0=βÞ2χdχ, and

Jt¼−
2πAm3

0

β2

Z
∞

β
expð−χÞχdχ

¼−2πAm3
0

1þβ

β2
expð−βÞ: ðB8Þ

The particle number surface density reads

ns¼2πAm3
0

1þβ

β2
expð−βÞ; ðB9Þ

and the rest-mass surface density can be expressed as
ρs ¼ m0ns.
In a similar fashion, one can compute the expression for

the energy surface density

εs¼−Tt
t¼−

Z
FðpνÞptptdptdpxdpydpz; ðB10Þ

where FðpνÞ is given by Eq. (B2). The result reads

εs ¼ 2πAm4
0

2þ 2β þ β2

β3
expð−βÞ: ðB11Þ

It is also worth noticing that the equivalent of the
pressure, i.e., Ps ¼ Tx

x ¼ Ty
y reads

Ps ¼
Z

FðpνÞpxpxdptdpxdpydpz ðB12Þ

¼ 2πAm4
0

1þ β

β3
expð−βÞ: ðB13Þ

Thus,

Ps

ns
¼ m0

β
¼ kBT: ðB14Þ

We see that the two-dimensional Maxwell-Jüttner distri-
bution gives rise to the standard ideal gas equation.
The specific enthalpy associated with the two dimen-

sional Maxwell-Jüttner distribution is

εs þ Ps

ρs
¼ 3þ 3β þ β2

βð1þ βÞ : ðB15Þ

These results should be contrasted with the standard
formula obtained for the gas not restricted to one plane, but
filling the whole space uniformly. In the latter case, we
assume

F ¼ A0δ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2
t − p2

q
−m0

�
exp

�
β

m0

pt

�
: ðB16Þ

This gives, as before

J t ¼ −A0m0

Z
exp

�
−

β

m0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

0 þ p2

q �
dpxdpydpz:

ðB17Þ
Changing to spherical-momentum coordinates we get

J t ¼ −4πA0m0

Z
∞

0

exp

�
−

β

m0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

0 þ ζ2
q �

ζ2dζ: ðB18Þ

The substitution χ ¼ β
m0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

0 þ ζ2
p

now gives

J t ¼ −
4πA0m4

0

β2

Z
∞

β
expð−χÞχ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
χ

β

�
2

− 1

s
dχ

¼ −4πA0m4
0

K2ðβÞ
β

: ðB19Þ

Thus, the particle number density for the three-dimensional
Maxwell-Jüttner distribution can be written as

n ¼ 4πA0m4
0

K2ðβÞ
β

: ðB20Þ
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