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In this paper, three things are done. First, we study from an algebraic point of view the infinite-
dimensional Bondi-Metzner-Sachs (BMS)-like extensions of the Carroll algebra relevant to the asymptotic
structure of the electric and magnetic Carrollian limits of Einstein gravity. In the course of this study we
exhibit by the “Carroll-Galileo duality” a new infinite-dimensional BMS-like extension of the Galilean
algebra and of its centrally extended Bargmann algebra. Second, we consider the electric Carrollian limit of
the pure Einstein theory and indicate that more flexible boundary conditions than the ones that follow from
just taking the limit of the Einsteinian boundary conditions are actually consistent. These boundary
conditions lead to a bigger asymptotic symmetry algebra that involves spatial supertranslations depending
on three functions of the angles (instead of one). Third, we turn to the Carrollian limit of the coupled
Einstein-Yang-Mills system. An infinite-dimensional color enhancement of the gauge algebra is found in the
electric Carrollian limit of the Yang-Mills field, which allows angle-dependent Yang-Mills transformations
at spatial infinity, not available in the Einstein-Yang-Mills case prior to taking the Carrollian electric limit.
This enhancement does not occur in the magnetic limit.
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I. INTRODUCTION

The Carroll algebra C is one of the contractions of the
Poincaré algebra, obtained by sending the speed of light ¢
to zero (“ultrarelativistic limit”) [1,2]. Its commutation
relations are

M, M;] = e;xM, [M;, Bj] = €;1Bx, [Bi,B,] =0,
[M;, Pj] = €;x Py, [P;,B;] = §;E, M;,E] =0
[E’BJ:O [Piij]:O’ [Pi’E]:O' (1)

where P;, M;, E, and B; are respectively the generators of
spatial translations, spatial rotations, time translations and
Carroll boosts.

The Carrollian limit of Einstein gravity arose initially as
the “strong coupling limit” [3] or “zero signature limit” [4,5]
of general relativity. It is relevant to the description of the
generic behavior of the gravitational field in the vicinity of a
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spacelike singularity [6,7] and even more so when p-forms
are included [8,9] (see the review [10]). The geometry of the
Carrollian limit was constructed in [11]. Since then, many
applications and properties of Carrollian structures have
been studied, in particular in the context of the geometry of
null surfaces and the Bondi-Metzner-Sachs (BMS) sym-
metry [12-14] (see the recent articles [15,16] for an
updated, comprehensive list of references and [17] for a
review of non-Lorentzian theories).

It was shown recently that there are at least two different
Carrollian limits of general relativity, an “electric” one and
a “magnetic” one [18] (see also [19-21] for a different
perspective on Carrollian gravity theories). The electric
Carrollian action corresponds to the zero signature limit of
Einstein gravity, whereas the magnetic limit is equivalent to
the Carrollian gravity theory found in [22] by gauging the
Carroll algebra [23].

In a very interesting paper [24], the asymptotic structures
of the electric and magnetic limits of the Einstein theory
were determined (see [25] for the analysis in the presence of
negative cosmological constant). It was shown that the
magnetic and electric limits have distinct asymptotic sym-
metry groups. While the asymptotic symmetries in the
magnetic case are simply the ¢ — 0 contractions of those of
Einstein’s theory with the same number of improper [26]
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gauge transformations, there is an effective disappearance in
the electric case of all the dynamical improper gauge
symmetries [boosts and time (super)translations], because
these become, in the limit, proper gauge transformations
acting trivially on the physical states.

The boundary conditions studied in [24] were naturally
taken to be the Carrollian contractions of the various
boundary conditions considered at spatial infinity for
Einstein’s theory ([27-30]). It turns out that in the
Carrollian electric limit, a less strict set of boundary
conditions can also be consistently imposed. These are
not obtainable through the limiting process and lead to an
infinite-dimensional enhancement of the Carroll spatial
supertranslations.

One purpose of this paper is to analyse these more
flexible boundary conditions for the electric Carrollian
limit of Einstein gravity. We explicitly show that while the
boosts and the time supertranslations remain pure gauge, as
in [24], new space supertranslations introducing further
functions of the angles indeed appear. These involve three
functions of the angles and have no analog in the inves-
tigations of [27-30] of the Einstein case.

In order to shed light on the algebras that can occur
asymptotically, we study prior to the asymptotic consid-
erations the Carroll-like contractions of the BMS, algebra
[31,32] from a purely algebraic viewpoint. This analysis
enables one to exhibit, by “Carroll-Galileo duality”, a new
infinite-dimensional BMS-like extension of the Galilean
algebra and of its centrally extended Bargmann algebra. We
also study the BMS-like extensions of some ideals of the
Carroll algebra relevant to the asymptotic symmetries.

Another purpose of our paper is to include the coupling
to the Yang-Mills theory. This system is of interest in the
asymptotic analysis context since it was shown in [33,34]
that there were obstructions to finding at spatial infinity the
angle-dependent color transformations exhibited at null
infinity [35-37], except in the Abelian case studied in [38].
We start by considering the Yang-Mills theory on a flat
Carroll background. We show that while the magnetic limit
presents the same difficulties as its Lorentzian counterpart,
the electric limit allows again for a greater flexibility. We
present boundary conditions that are compatible with the
Carroll symmetry and invariant under an angle-dependent
color group.

We then extend these results to the different Carrollian
limits of the coupled Einstein-Yang-Mills system, which is
a rather direct task once the flat Carroll case has been
understood.

Our paper is organized as follows. Sections II and III
study the algebraic structure of the Carroll algebra and its
BMS-like extensions. A BMS-like extension of the
Carroll algebra is by definition a semidirect sum of the
homogeneous Carroll algebra and an infinite-dimensional
Abelian algebra parametrized by functions on the sphere

(the “supertranslations”) that contains the ordinary space-
time translations. This is just the analog of the BMS
extension of the Poincaré group [31,32]. We use the 3 + 1
parametrization of the symmetry introduced in [39] (see
also [28]). We show that there exist at least three
inequivalent BMS-like extensions. By applying the same
methods to the nonrelativistic limit, we exhibit similarly a
third, and to our knowledge new, BMS-like extension of
the Galilean algebra and of its centrally extended version,
the Bargmann algebra, in addition to the two extensions
already constructed in [40]. We study next the asymptotic
analysis of the electric Carrollian limit of pure Einstein
gravity, after a brief survey of the Minkowskian results
(Secs. IV and V). We then turn the electric Carrollian limit
of the Yang-Mills theory in flat Carroll space (Sec. VI) and
finally to the different Carrollian limits of the combined
Einstein-Yang-Mills system (Sec. VII). Section VIII con-
tains concluding comments.

II. IDEALS OF THE CARROLL ALGEBRA

Among the Carroll transformations, P; are M; are
kinematical transformations defined within equal time
hypersurfaces, while E and B; are dynamical transforma-
tions involving time evolution. The kinematical transfor-
mations form a subalgebra isomorphic to the algebra of
Euclidean displacements iso(3).

The Carroll algebra is not simple and possesses many
ideals. For instance, the dynamical transformations E and
B; form an Abelian ideal D. The quotient of the Carroll
algebra by the ideal D is isomorphic to iso(3),

~iso(3). (2)

Dl

The energy E (time translations) by itself also generates a
one-dimensional (Abelian) ideal Z. The quotient of the
Carroll algebra by the ideal Z is isomorphic to the semi-
direct sum of iso(3) and a three-dimensional Abelian
algebra #; transforming in the vector representation of
iso(3), denoted d;

> is0(3) @, 1 = ds (3)

NIQ

(of which #; is an ideal).

The subalgebra of homogeneous Carroll transforma-
tions is spanned by the spatial rotations and the boosts. It is
six-dimensional and isomorphic to so(3) @, t3. These
transformations grow up at infinity linearly with r, while
the spatial translations and the time translations tend to
constants.
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III. SUPERTRANSLATIONS
A. Carroll-BMS (C-BMS) algebra

Each of the previous quotient algebras, including the
Carroll algebra itself, admits infinite-dimensional exten-
sions by supertranslations. We now describe extensions for
each of them, even though only the extensions of C and
iso(3) are realized through the asymptotic conditions
displayed below.

Before turning to these infinite-dimensional extensions,
it is helpful to briefly review the Lorentzian case. As is well
known, both at null [31,32] and spatial infinity [28,29], the
Poincaré algebra is extended by supertranslations that are
labeled by an arbitrary function on the 2-sphere. These
transform as an infinite-dimensional representation of the
homogeneous part of the Poincaré algebra, i.e., the Lorentz
algebra. In a Hamiltonian description around spatial infin-
ity [28,29], one naturally finds a parametrization in terms of
one even T(6, ) and one odd function W(0,¢) on the
2-sphere that transform as

T = Y49,T —3bW — 0,bD*W — bD ,D*W,
W = Y40, W — bT. (4)

In these expressions, b = b;n’ parametrizes the boosts and
Y4 the rotations, where the n;’s are the components of the
unit normal vector to the 2-spheres—we refer the reader to
the original works for our notation. An analysis in hyper-
bolic coordinates in the neighbourhood of spatial infinity
[28,39] allows one to match this Hamiltonian description
involving an even and an odd function on the 2-sphere to
the description in terms of the single, unrestricted function
on the 2-sphere that one finds at null infinity.

Let us now turn to the Carroll algebra C. In a similar way
to the Poincaré algebra, the Carroll algebra can be extended
by Carroll supertranslations, which form an infinite-
dimensional representation of the homogeneous Carroll
subalgebra and commute among themselves. One expedient
manner to obtain the extension is to take the ¢ — 0
contraction of the BMS, algebra in a way compatible with
the Carrollian contraction of the Poincaré algebra.

In a formulation adapted to the Hamiltonian description,
Carroll supertranslations are parametrized by one even
function 7'(0,¢) and one odd function W(0,¢) on the
2-sphere. The transformation properties of the parameters
of supertranslations under boosts can be obtained from (4)
by the scaling limit 7 — ¢T, b — cb, W — W, yielding the
transformation law

T = Y40,T — 3bW — 9,bD*W — bD,D*W,
W = Y49, W. (5)

Here, D, stands for the covariant derivative associated to
the metric g, 5 on the 2-sphere. This contraction reproduces

in particular the commutation relations (1) of the energy
and the linear momentum with the Carroll boosts, i.e.,
[P;,B;] = 6;;E and [E,B;] = 0.

The symmetry algebra defined by (5), together with the
commutators [Mi’ Mj] = eijkMk’ {Ml‘? Bj} = eijkBk and
[B;,B;] =0 of the homogeneous Carroll generators, is
denoted by C-BMS. It arises in the magnetic Carrollian
limit of Einstein gravity [24]. The charge associated with
the C-BMS transformations were found to take the form

1 .
Qg/] = bl‘Bl + EbijM” + f dZX\/‘aTT ‘I— % dQ)CWW, (6)

(M7 = €/*M,) where the Poisson-Dirac brackets of the
Carroll boosts and the spatial rotations with the Carroll
supertranslations are given by

{Bi.7T(6.9)} =0. (7)
{B;,W(0,¢)} = =3n,;T(0,¢) — Dn;DAT (6, )
—n;D,DAT (6, ¢), (8)
{MT.T(0.4)} = —Dy(xe/PT(0.4)). ©)
{MIW(0.4)} = ~Dy(xl'e/PW(0. ¢)), (10)

in agreement with (5).
Interestingly, the transformation laws
T = Y40,T, W = YA, W — bT, (11)
arising from the opposite scaling limit 7 — T, b — %b,
W - %W with ¢ — oo define one BMS extension of the
Galilean algebra (reproducing in particular the Galilean
relation [P;, B;] = 0 and [E, B;] = P;). The comparison of
this BMS extension with the extensions constructed in [40]
is discussed in the next subsection.

B. d;-BMS algebra

The ideals of the Carroll algebra C listed above can be
extended to include supertranslations. One can for instance
enlarge the ideal generated by the time translation generator
E to include all time supertranslations.

If one takes the quotient of the algebra C-BMS by this
ideal, one gets an extension of d3 by space supertransla-
tions, i.e., the algebra generated by B;, M;;, and WV with (8)
replaced by

J°

{Bi,W(0.9)} = 0. (12)

We call this algebra the d;-BMS algebra. It is not realized
through the asymptotic conditions given below.
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C. iso(3)-BMS algebra

Similarly, one can enlarge the ideal generated by the time
translation generator £ and the boosts B; to include all time
supertranslations. This time, the quotient of the Carroll-
BMS algebra by this ideal is spanned by M;; and the spatial
supertranslations YV, with the above commutation relations.

This algebra is called the iso(3)-BMS algebra and arises
in the electric Carrollian limit of Einstein gravity [24].

D. Extended iso(3)-BMS algebra

Another infinite-dimensional extension of iso(3) rel-
evant to the asymptotic analysis of the electric limit of
Einstein theory is obtained by adding more spatial super-
translations, which we denote W, (0, ¢) (parametrized by
1) and which commute with the spatial supertranslations
parametrized by W. While the W’s are odd functions on the
sphere, the I* are even functions.

The transformation of the functions /4 under rotations is

T4 = YBogI* — [BozY4, (13)

leading to the corresponding brackets for the generators
Wi,

{MY W4 (0.4)} = Dp(xl'e/P W, (0.4))
—x'D,e/BW5(0,¢).  (14)
This algebra is called the extended iso(3)-BMS algebra.
It cannot be obtained by contraction of the BMS, algebra
since it contains more spatial supertranslations. These are

parametrized by one odd function (W) and two even
functions (I*) on the sphere.

E. Spherical harmonics presentation

1. BMS, algebra

The supertranslation generators 7 and )V can be
decomposed in terms of spherical harmonics,

T = mZIP,inn, W= mZIPZinm (15)
S >

1>0,even m=—1 [>1,0dd m=-1

The BMS, commutation rules take then the form [41]
(B, Pi] = ZZ (COim Py (16)
r m

in addition to the commutation relations of the homo-
geneous Lorentz group [M; M| = e; My, [M; B;] =
€;jxBi, [B;, Bj] = —€;xM) and the commutation relations
[M;, P,,] that express that the spherical harmonics {Y%,}
(m = -1, ..., 1) form a basis of the spin-/ representation of

the rotation group, so that 7 and W transform as scalar
functions on the sphere.

The detailed form of the structure constants (C;)!™" will
not be needed here. It can be found in [41] (after making the
appropriate normalization of the P;,’s explained in
[28,39]). The only property of the (C;)}""s that we will
need is

(C)im =0 unless [ = 1' £ 1, (17)

so that (16) involves only two contributions,

[Bi, Pim) = Z(Ci)f,_nl’m/PZ—l,m’ + Z(Ci)ﬁytl’m Priym

Furthermore, |m’ — m| must be at most equal to one.

Irreducible representations of the Lorentz algebra
[so(3,1)] have been systematically investigated in [42—
44]. They are characterized by two numbers. In the work of
[42,43], which we follow, these two numbers are denoted
and [/, and the corresponding representation is denoted
(1o, 11). The first number /; is a non-negative integer or half-
integer and is the minimum so(3)-spin occurring in the
decomposition of the representation of the Lorentz algebra
according to its so(3)-subalgebra. The second number /; is
an arbitrary complex number. When [; — [, is a strictly
positive integer, the representation is finite-dimensional and
[, is equal to the maximum so(3)-spin plus one. There exist
then another representation of so(3, 1) characterized by the
“dual” values [ =1I, and [} =l,. This representation
(11, 1y) is called the “tail” of the finite-dimensional repre-
sentation (o, /;). It is infinite-dimensional since /| — [j =
—(1; = ly) is strictly negative.

The two numbers [, and [; determine the structure
constants (C;)!" and the two so(3, 1) Casimirs [42,43],

Im
1
Cl=1 = MMy =M =B =~( +1}) +1 (19)
and
1
Ca =~ M M5 = M- B = —ilgli. (20)

where M,; are the Lorentz generators in covariant form
(M, = M5 etc.). This formula shows that the Casimirs are
invariant under the exchange of [, with [,, (y, [;) — (I}, ly),
and thus, cannot distinguish the corresponding (in general
distinct) irreducible representations. In particular, it cannot
distinguish between a finite-dimensional representation and
its tail, which have the same Casimirs.

The representation of the Lorentz group given by the
supertranslations is not irreducible, but is indecompos-
able [41]. There is a four-dimensional invariant subspace,
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characterized by the values [, = 0 and /; = 2. This is just
the standard vector representation, spanned by ordinary
spacetime translations with maximum so(3)-spin equal to
1. The Casimirs are C; = -3, C, =0. The quotient
representation of the supertranslations by the translations
is infinite-dimensional and isomorphic to the irreducible
representation with dual values [y =2 and /; = 0. This
infinite-dimensional representation is thus the “tail” of the
finite-dimensional vector representation.

We close this brief survey of the irreducible representa-
tions of the Lorentz algebra by giving explicitly the action
of Bj in the irreducible representation ([, /;). To write this
action, it is convenient to decompose the representation in
terms of irreducible representations of the compact so(3)
subalgebra. The representations that occur have so(3)-spin
equal to [y, [y + 1, [y + 2, etc and this never stops unless
I, — 1y is a positive integer. In a standard spin-basis {&, },
the action of B; reads

iBBélm =V P - mzél—l,m - almglm

— e (L+ 1) =m?&, (21)
I=lpdo+ 1,y m=—l=l+ 1, l=1,1, (22)
where
ilgly i (-0 -1)
= —_— = - - 2
YTy YT 47 — 1 (23)

The relation (21) involves a specific choice of relative
I-dependent normalization of the {&,, }, made such that it is
the same set of coefficients ¢; that characterizes the
component of B3¢, along &_;, and &, ,. Note that
a; is equal to zero whenever [/, or /; vanishes.

One can bring the commutation relations (16) with i = 3,
[=0, and [ =1 to the form (21) with [, =0, [, = 2.
Similarly, modulo terms involving P,,, when [ = 2, one
can bring the commutation relations (16) with i = 3 and
[ > 2 to the form (21) with [, =2, [; = 0.

2. C-BMS algebra

With the separation of the spherical harmonics into even
components (containing the time translations) and odd
components (containing the space translations), the Carroll
contraction of the BMS, algebra is direct. Indeed, to get
from the Poincaré algebra to the Carroll algebra, one must
rescale differently the time translations (I = 0) and the
space translations (I = 1),

E — cE, P, — P;, (24)
together with B; — ¢B; (¢ — 0). This can consistently be
extended to all the supertranslations as follows:

for leven, [#0,

for [odd, (25)

le_’Cle
le_)le

leading to the C-BMS algebra of the rescaled generators in
the limit ¢ — O (rescaled generators kept fixed),

226

[B;, P,,] =0 for leven (26)

[B;, P, = )om Py, for lodd,

with (C;)!™ unchanged for / odd, and being equal to zero

Im
for [ even. Here

Bi:CBi’ plm l;éO,
P,, = P, for lodd. (27)

=cP,, for leven,

From now on, we shall drop the tildes and keep the same
symbol for the rescaled generators since no confusion
should arise. So we rewrite the above brackets as

2.2.(6

[B;, P;,,] =0 for leven (28)

[B;, P,,] = )i Py, for lodd,

The same convention will be adopted below when we apply
other rescalings to get the other Carrollian (and Galilean)
contractions.

The splitting of the supertranslations into even and odd
parts, natural from the Hamiltonian description, is particu-
larly well adapted to the Carroll contraction.

The homogeneous Carroll algebra spanned by M;, B;,
being isomorphic to i80(3), has the two Casimirs

C, = B;B; C, = B;M,. (29)
The supertranslation representation (5) [& (28)] has
Cl - C2 - O

One can imagine different rescalings of the supertrans-
lations, where the power of ¢ depends on [. The only
restriction is that these should reproduce the rescalings
E — cE, P; — P; and yield a well-defined limit consistent
with B; — ¢B; when ¢ — 0. One possibility is to take

le - Cl_lle. (30)

In that case, one gets

!

[Bi Pi) = > _(Cin™ Proy (31)

m'

with unchanged (C;)'-1"" but with (C;)!"*1™ = 0. This
representation of the homogeneous Carroll group has also
its Casimirs both equal to zero, but is inequivalent to the
previous one. Both representations are not irreducible, but
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indecomposable. In the case of C-BMS, each subspace with
even 80(3)-spin 2k (k is an arbitrary integer) is invariant
and form the finite-dimensional spin-2k representation of
i80(3). Once one takes the quotient by the adjacent even
spins, the subspaces with definite odd 80(3)-spin are also
invariant and provide the finite-dimensional representations
of i30(3) with odd spin. In the case when the super-
translations transform as in (31), one arrives at the same
content in terms of irreducible representations, but the
quotients are nested, in the sense that the representation
with spin j is obtained by taking the quotient of the
subspace with 80(3)-spin j by the subspaces with lower
80(3)-spin j’ < j.

The infinite-dimensional algebras d;-BMS and iso(3)-
BMS are easy to describe in terms of a spherical harmonic
decomposition of the supertranslation generators, restricted
in that case to the odd generator W(6, ¢), since only the
rotation subgroup so(3) acts nontrivially. Similarly, the
extended iso(3)-BMS has additional supertranslantions
transforming as vector fields on the sphere, which are most
conveniently expanded in vector spherical harmonics.

3. A note on the Galilean contractions

The Hamiltonian description of the BMS, algebra is also
adapted to the study of the Galilean contraction

1
Bi_)_Bi? E—)E, Pi_)_Pl" (32)
c c
(¢ — o00). Again, there exist various possibilities. One is the
direct analog of the C-BMS algebra and corresponds to

(11). It reads

1
P, - P,, forleven, P,,——P,, forlodd, (33)
c

leading to the Galilean-BMS algebra

226

[B, P;,,] =0 for [odd, (34)

U
(B, Py] = )i Py, for leven,

with (C;)!™ unchanged for [ even, and being equal to zero
for / odd.

This contracted algebra differs from the algebras nrtbma*
considered in [40] and is thus new. The algebra nrbms™

corresponds to a rescaling analogous to (30),
le - C_lle’ (35)

leading to

(B Pr] =3 (C " Py (36)

m'

with unchanged (C;)/"1"™ but with (C;)">1"™ = 0. As to the

Im
algebra nrbmg~, it corresponds to the rescaling

Poy — c*Py, P,, = c'P,, (L#0), (37

leading to
[B;. Py, =0, &fmsz§J@HMU¢m
(38)

with unchanged (C;)'-1" (I # 1) but with (C;)L™" = 0.
(The Galilean algebra can also be obtained from the Poincaré
algebra through the rescalings B; — %B,-, E - ¢’E,
P, — cP;)

In fact, the paper [40], to which we refer for the details,
studied the extensions of the Bargmann algebra, which is
the central extension of the Galilean algebra. They con-
sidered scalings equivalent to the ones considered here,
adapted to the central extension. This raises the question as
to whether the Galilean-BMS algebra (34) admits a central
extension that would make it another infinite-dimensional
BMS-extension of the Bargmann algebra.

The answer is affirmative, as can be seen by taking the
appropriate limit of the direct sum BMS,; @ u(1) of the
BMS, algebra with the Abelian algebra u(1), the generator
of which is denoted by C. One thus has prior to contraction

B.Cl=0. [P C]=0.  [M.C]=0. (39)
We then “twist” the zero mode sector spanned by the
generators (Pgy, C) that commute with M; through the
redefinitions

1

1
E:P00+C, ZZE(POO—C), < POO:EE—’_Z’

1
C=3E-Z. (40)

Finally, we perform the standard rescalings B; — B; = 1 Bl,

M; - M; = M, and (33) for [ > 0, together with the zero-
mode rescaling

1
E-E=E  Z-7Z=+Z (41)
C

This brings the algebra of the rescaled generators with the
boosts to the form (dropping the tildes)

= Z(C')(l)glplmy
226

[B;. E] Bi,Z] =0 (42)

[Bi, Pp,] = )i Py for leven > 0, (43)
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[Bi, Pi] = (C)15.Z, (44)
[B;, P;,,) =0, for lodd > 1, (45)

and provides indeed a BMS-like extension of the Bargmann
algebra different from those of [40].

IV. BRIEF OVERVIEW OF BOUNDARY
CONDITIONS IN EINSTEIN GRAVITY

After these algebraic preliminaries, we now turn to the
asymptotic analysis of Carrollian gravities, starting with a
brief overview of Einstein gravity.

The Hamiltonian action of Finstein gravity in four
spacetime dimensions reads

S[gij,ﬂij,N,Ni]Z/dt[/d3x(ﬂijgij—NH—NiHi)—Boo .

(46)

Here, N and N' stand for the lapse and shift functions,
respectively. The variation of the Hamiltonian action with
respect to these functions imposes the following constraints
on the momentum 7/ and the 3-dimensional metric g;;

1 - 1
e (,,u,;ij _ §ﬂ2> _JGR~0,  (47)

The boundary term at spatial infinity B,, depends on the
boundary conditions and it turns out to be the standard
ADM energy when the lapse and shift functions behave
asymptotically as N — 1 and N’ — 0, respectively [27].
The action of an arbitrary diffeomorphism & = (&+ = ¢, &)
on the dynamical fields yields the following infinitesimal
transformation laws

26 1
Oreigij = Vi <”ij - Egij”) + Legij. (49)

- & ( S ) ggii< 7:2>
Sram'l = ——— RV =~ gUR | + A" My —
¢ NG 2 2,/9 2

+ 9(VIVIE - iV, N™E) + Len', (50)

where £5 denotes the spatial Lie derivative, which acts on
the fields as

L:gij = fkakgij + aifkgkj + ajfkgki, (51)

Lot = 0 (§"nV) — opg'n* — o glmt. (52)

There exist different sets of boundary conditions at
spatial infinity that have been proposed in the literature
[27-29]. For all of them, the falloff of the dynamical fields
in spherical polar coordinates is given by

)
grr =124 25+ 0(7), (53)
_ ’jlr h(z)
Gra =g+ =245+ O(), (54)
gap = V29A3+VEAB+h£@+O(’”_I)’ (55)
)
"t =x"r +T =+ O(r_z), (56)
=rA (2)rA
z™ :ﬂ——l—ﬂ 3 —|—O(V_3), (57)
r r
FAB  (2)AB
IIAB:7+T+O(7“_4). (58)

What distinguishes the different sets of boundary conditions
are the conditions imposed on the leading orders /; s
the expansion of the fields, which must be imposed for the
symplectic structure to be finite. The Carroll contractions of
the boundary conditions proposed in [27,28] have been
analysed in detail in [24], with the following conclusions:
(i) the Carrollian limit of the boundary conditions of [27]
leads to the finite-dimensional asymptotic symmetry alge-
bras C in the magnetic case, and iso(3) in the electric one;
(i) the Carrollian limit of the boundary conditions of [28]
leads to the infinite-dimensional asymptotic symmetry
algebras C-BMS in the magnetic case, and iso(3)-BMS
in the electric one. Since the Carroll contractions of the
boundary conditions of [27,28] are fully understood, we
shall focus here on the boundary conditions proposed
in [29].

7'/ in

A. Boundary conditions of [29]

The third set of boundary conditions at spatial infinity
compatible with finiteness of the symplectic structure that
has been proposed in the literature is also BMS invariant, as
are the ones of [28]. It was introduced in [29] (see also [30]
for more information). The corresponding boundary con-
ditions differ from the boundary conditions of [27] (which
do not have the BMS group as asymptotic symmetry group)
by an improper gauge transformation and for that reason, are
sometimes called diffeomorphism-twisted parity conditions.

In spherical coordinates, the boundary conditions read
[29,30]
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h,, = even, (59)

A = (A0)°Y + Dal, = L, (60)
hap = (hag)™" + Dalp + Dpla + 2545, (61)
77 = (77)4 — \GAV, (62)
7 — () — JEDAV., (63)
7B = (7Y 1\ JG(DADPV — gPBAV),  (64)

where {;dx' = £,.(0, ¢)dr + 14 (0, ¢)dx*, D, is the covar-
iant derivative on the 2-sphere, and A is the Laplace
operator on the 2-sphere. The function ¢, is odd, while the
angular component {4 and the function V are even under
the antipodal map.

The condition 4, = 0 (which implies {, = D, ) is also
imposed to insure integrability of the boost charges, but
since it can be relaxed in the Carroll electric limit, we keep
this term here.

B. Asymptotic symmetries and BMS, algebra

This set of asymptotic conditions is preserved by the
following surface deformation parameters

E=br+T + “more” + O(r?), (65)

&= W+O(V_l), (66)
2yt % (DAW + “more”) + O(<2).  (67)

Here,

(i) Lorentz boosts are generated by b = b;n’ (with b,
arbitrary constants). Being pure vector spherical
harmonic, the function b obeys the equation
DADBb + QABb - 0

(ii) Spatial rotations are generated by the vectors Y4 =
1b;x'ei (with b;; = —b; constant and e/ vectors
tangent to the unit sphere), which are Killing vectors
of the round 2-sphere, i.e., D,Yg + DgY, = 0.

(iii) The parameters T and W are respectively arbitrary
even and odd functions on the 2-sphere under the
antipodal map 0 - 7 —6 and ¢ — ¢ + =n. They
generate all the supertranslations.

(iv) The terms “more” correspond to correcting improper
diffeomorphisms that preserve the condition
gra = O(r™1), or equivalently 1, = 0, which makes
the Lorentz boosts canonical transformations.

The even parameter 7 and odd parameter W do not obey
any additional condition, and possess non-vanishing gen-
erators. The supertranslations are thus nontrivially realized.
It follows that the asymptotic symmetry algebra at spatial

infinity is given by the BMS algebra. We refer to [29,30] for
the details.

V. ELECTRIC CARROLLIAN LIMIT OF EINSTEIN
GRAVITY WITH TWISTED PARITY CONDITIONS

A. Magnetic limit with diffeomorphism-twisted
parity conditions

The magnetic Carroll contraction of the boundary con-
ditions given above takes exactly the same form, because
the leading orders of the transformation of the fields under
surface deformations coincide with the Einstein case.
Indeed, one now has

Oz.619ij = LeGijs (68)

e ( R ) -
Spamtl = ——= (R —~giR | + /g(VIVi§
£ /i 59 Vo(
- gijvmvmf) + Egnij, (69)

and one thus sees that for £ and &% of order one, the leading
terms of (68)—(69) and (49)—(50) coincide. The conditions
on the leading terms of the metric and the conjugate
momentum at spatial infinity are thus naturally taken to
be exactly the same as in (59)—(64).

Because the terms being dropped in the Hamiltonian
constraints are algebraic, the analysis of the surface terms in
the canonical generators proceeds as in the Einstein theory.
One can in particular easily verify that Carroll boosts are
integrable when 1, = 0 and that the asymptotic symmetry
algebra is C-BMS, as found in [24] for the boundary
conditions of [28].

The twisted parity conditions produce therefore the
expected result in the magnetic contraction. The electric
Carrollian limit, on the other hand, opens new possibilities
and we focus on it in the rest of this section.

B. Electric limit: Action principle
and transformation laws

The Hamiltonian action principle of the -electric
Carrollian theory of gravity in four dimensions is given
by [11,18]

SEgijo 7', N, N']

= / dt { / dx(n'lg;; — NHE = N"HE) — Bfo]. (70)

Variation with respect to the lapse N and shift N’ functions
enforces again the Hamiltonian and momentum constraints,
which reads in the electric contraction,

’HEZi ft"fﬂu—ﬂ—z ~0 (71)
VANRCREV i
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HE = —2Vim; ~ 0. (72)

These constraints obey the ‘“zero-signature” deformation
algebra [4,11]

{HE(x). HE(X)} =0, (73)
{H" (x), Hf (x')} = HE(x)9:6(x, x'), (74)

{HE(x). HE ()} = HE(x)0;6(x, ') + HF (x)0;8(x, x').
(75)
Variation of the action with respect to the momentum 7'/

and the 3-dimensional metric g;; gives the following
equations of motion

2N 1
Gij = —= | mij = 597 | + Nijj + Ny (76)
J \/§< J Ty ) |j Jl
. N o\ 2N( . . 1 .
7l =——g" (n”"”n’mn - —) — (n”’”ﬁ’m —— ' 71')
2./ 2) g 2
+ Lyt (77)

The infinitesimal transformation laws of the canonical
pair (g;;, 7"/) under diffeomorphisms generated by (&* =
&£, &) are now

26 1
Oc i Gij = 7§ (ﬂij - Egij”) + & + efj\i, (78)
IR
Sepinl = —=— g 7"z, — = | —— 2"n) —<=7x
o 2,/9 2) g 2
+ ﬁgﬂij. (79)

One should note that in (77) and (79), the terms
involving & decay at least as r—* at infinity, even for
parameters £ that blow up as 7, so that the leading order 7'/
is invariant under normal hypersurface deformations.

C. Boundary conditions in the electric Carroll limit

In view of the remark just made, the Carroll contraction
in the electric case of the twisted boundary conditions yield

h,, = even, (80)
A = (24)% + Dag, = Ca, (81)
hag = (hag)®" + Dylp + Dpla + 29458, (82)
7' = (7")°d4d, (83)

ﬁ.rA — (ﬁ.rA )even , (84)

ﬁ.AB — (ﬁAB)odd’ (85)

where the leading order of the conjugate momentum is now
strictly even or odd since the corresponding improper
gauge terms are of lower order.

The contraction of the twisted boundary conditions also
implies 4, = 0, but this condition turns out not to be
necessary in the limit. This condition can be consistently
avoided, leading to a bigger symmetry group.

D. Asymptotic symmetries of the electric Carroll limit

We now give the transformation laws of the leading
orders of the fields under Carrollian diffeomorphisms with
asymptotic form

E=br+T+0(r?), (86)
E=W+0>™), (87)
A =YA+ ;IA +0O(r ), (88)

where b describes Carrollian boosts, Y4 spatial rotations,
and T and W stand for Carrollian supertranslations. The
parameter /4 also describes spatial supertranslations and its
precise role will depend on whether we impose 4, = 0 or
not (see below).

We find that the transformations of the leading orders
under spacelike diffeomorphisms read

Szihy, = YA0uh,,. (89)
5§i/_1A - EYZA +DAW—IA, (90)
ééilleB - EyilAB + Z(D(AIB) + QABW). (91)

We also find that the leading orders of the momentum
transform as

Sam™ = 0,(YA7'"), (92)
Sa™ = op(YBa™) — 0pYAa"®, (93)
878 = 0c (YY) — 0cYARE — 0 Y474, (94)
while the subleading order z()™4, which appears in the
expression of the charges as in the Einstein theory, trans-

forms as

6§i”(2)rA _ aB(YBﬂ.(Z)rA) _ aByAﬂ.(Z)rB 4 aB(IBﬁ.rA)
— gl 7™ + A7 — 0 WaAB — Wzt (95)

Similarly, we find that the transformation law under
timelike deformations are
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A b =rr =
5§hrr = ﬁ (ﬂ - ”ﬁ)? (96)
_ 2b _
55/1A = %ﬂ'g, (97)
- 2b | _ 1. _
Ochap = 7 Tiap — EQAB(”N + )| (98)

The leading orders of the momentum do not transform
under timelike deformations,

64:7_7,'rr — 6§i7_7,'rA — 5§i7_TAB — O, (99)

but one finds for 7)™,

2b
55”(2)% —_ _WE (zﬁ.rrﬁ.rA 4 37—1.;97—1.AB _ ﬁ'rA]_l'g). (100)

1. Canonical generator

Because the symplectic structure takes the standard form
[ d*xdyx'l A dyg;;, the canonical generator of the asymp-
totic symmetries is simply obtained through the approach
of [27]. The surface integral in this case reads

50 g,y 2] = 7{ Px(2Esa] — Egun).  (101)
Replacing the asymptotic conditions in (101), we obtain

50E gy 7] = r 74 Px(2vA575) (102)

+ ]{ Px2YAS(2D" + hppa'® + 1,77

+ 214687, + 2Wér'"]. (103)
The variation of the canonical generator has a linear
divergent term. However, this is equal to zero by virtue
of the asymptotic constraint D748 4+ 74 = 0, and using
the fact that Y# is the Killing vector of the 2-sphere at
infinity. Then, the variation of the charge is given by

SQ?[QU, ﬂ'ij] = f dzx[ZYAé(ﬂl(f)r + ilAB;[rB + 7_1'”/_114)

+ 21457 + 2Wéz'"]. (104)

To proceed further, we need to distinguish two cases,
according to whether the additional asymptotic condition
A4 =0 is imposed as in the Einstein theory, or is not
imposed, as it turns out to be possible.

2. Asymptotic symmetry algebra—Case
with A, =0: isos-BMS algebra
When 1, = 0, the parameters I, are not independent.
Indeed, preservation of the condition A, = 0 requires one to
add the following correcting gauge transformation when
one performs a Carroll boost and a spatial supertranslation
parametrized by W,

1
& =002, = . (I‘(“b) + I?w)) +0O(r72),  (105)
with
2 _
I?b) = ﬁﬂ: A I?W) = DAW, (106)

so that the I,’s are entirely determined by » and W.
Substituting this expression for I, in éQg [9:j. 7], one
finds after integration in phase space that the canonical

generator is equal to

1 .
0% :Ebile] + Ow. (107)

where

MU = %d2x2x[ieﬂ*‘(nﬁ\2)r + hapa™ + 7724),  (108)

Ow = fJZxWW, (109)

with W = 2(z"" — #4). The surface term accompanying
the boost is given by

2 i
]{ d*x \;%HAJ"Z,A,

but this integral is equal to zero due to the parity conditions.
It follows that the boosts are also proper gauge trans-
formations for the diffeomorphism-twisted parity condi-
tions, as in [24]. Furthermore, it can be checked that only
the odd part of W is an improper gauge transformation.
The parameters obey the following transformation laws

(110)

¥4 =vBogys — (1 < 2), (111)
W =YEaW, - (1 < 2), (112)
leading to the brackets
{Mlj’Mkl} :E(éjlel _5lijl +51tM/k _51]Mlk)’ (113)
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{MTW(6.4)} = ~Dyp(xie/BW(6.9)).  (114)

This is the iso(3)-BMS algebra.

3. Asymptotic symmetry algebra—case with A, # 0:
Extended iso(3)-BMS algebra

Unlike what happens in the magnetic Carrollian theory,
the expression (104) is integrable for arbitrary Y4’s, I4’s
and W’s. Thus, there is no need to impose the restriction
A4 =0 which was necessary in that case (and also in
Einstein gravity) to ensure integrability. We thus lift this
restriction and allow configurations with 1, # 0.

The electric theory is then invariant under the semidirect
product of spatial rotations and the Abelian set of “gen-
eralized” spatial Carrollian supertranslations parametrized
by W and I, with canonical generator that can be written as

1 .
ngibijMU+QW+le (115)

where

Ow = j{dszW, Q)= ]{dszAWA. (116)
Here, W = 27" and W, = 27);. Because 7'" is odd and 7/,
even, only odd parameters W and even parameters I4,
which are otherwise arbitrary functions and vectors on the
2-sphere, define improper gauge transformations.

The transformation laws of the parameters are given by

¥4 =YBogys — (1 < 2), (117)
W =YB0W, - (1 < 2), (118)
1A =YBoply — 15057} — (1 < 2), (119)

and hence, the nonvanishing brackets of the generators read

{Mii MMy = % (M = §*MI! 45 Mk — 5 M), (120)

{MIW(6.4)} = —Dy(xl'e/PW(6. ¢)). (121)
(MU, WA(0.4)} = Dp(xl'e/B W, (0, ¢))
—xl'D,e/BWg(0, ). (122)

This is the extended iso(3)-BMS algebra.

This enlargment of the iso(3)-BMS algebra cannot be
obtained as a contraction of the BMS, algebra since it
contains more spatial supertranslations. It is somewhat
reminiscent of the Spi group of [45], but the parity of the
supertranslations are restricted here.

VI. ASYMPTOTIC SYMMETRIES OF THE YANG-
MILLS FIELD IN FLAT CARROLL SPACETIME

Before turning to the coupled Einstein-Yang-Mills sys-
tem in the Carroll limit, we first consider the asymptotic
symmetries of the Yang-Mills field on a flat Carroll
background. We start with a brief overview of the asymp-
totic structure of the Yang-Mills theory in Minkowski
space. We then proceed to the analysis of the electric
and magnetic Carrollian limits.

A. Brief overview of boundary conditions
in Yang-Mills theory

The asymptotic structure of Yang-Mills theory has been
rigorously studied in [33]. Here, we give a brief summary
of their results.

The Hamiltonian action for the Yang-Mills theory on a
Minkowski background in four spacetime dimensions reads

SYM[Ai,ﬂ'i,A()] = /dtd3x(7t;z£\fl —H+A8Dlﬂ;), (123)

where 7, is the conjugate momentum to the non-Abelian
gauge field A; = A¢T,. This canonical pair takes values on
some compact semisimple Lie algebra [T, T,] = ., T..
By using the inverse of the invariant metric, one can raise
the internal index a of #, to form an object #' = 7T, that
transforms as the vector potential in the adjoint represen-
tation [46]. The variation of the action with respect to the
Lagrange multiplier A§ enforces the Gauss constraint

G, = Dz, ~ 0, (124)
where the covariant derivative is defined as D;X“ =
0, X% + af®, AbX¢, with a the Yang-Mills coupling con-
stant. The Hamiltonian density is given by

| B
Hziﬂiﬂ'a‘FzFUFa], (125)

while the momentum density reads
H; = mho, A — 0,(mhAY). (126)

Infinitesimal transformation laws of the fields under
Poincaré and non-Abelian gauge symmetries, generated by
&= (&) and e = €T, read

Oz Af = nf + E0,A] + 0,5/ AY — Dye”, (127)
Be o oy = —D;(EFd) +0,(& ) — 0,8 mh + af il
(128)

In spherical coordinates, the vector fields defining the
infinitesimal Poincaré transformations take the form
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1.
E=br+Ty,, E=W, EE=Y"+-D"W,, (129)
r

where T, stand for time translations d,7y = 0 and W,
which corresponds to the spatial translations, is a combi-
nation of the /=1 spherical harmonics and satisfies
therefore the conditions D, DzW, + gazWy = 0. The
decay of the gauge parameter reads

e=¢+0O(r ). (130)
The falloff of the gauge field and its conjugate momentum
is given by

A,:%—f—(’)(r‘z), Ay =A,+007Y,  (131)
7_7,'A
=z +0r" :7+O(r—2). (132)

As in the case of electromagnetism [38] and Einstein
gravity [29,30], the symplectic structure is logarithmically
divergent. This can be solved by imposing parity con-
ditions. The authors of [33] first propose the following set
of strict parity conditions

A, ~ 7" = even, Ay~7"=odd, (133)
which ensures the finiteness of the symplectic structure.
These parity conditions differ from those usually imposed
in electromagnetism where A; is odd instead of being even,
but possess two good features: (i) to leading order, the
vector potential A; and the derivative operator d; possess
same odd parity, so that D; = 9; — A; has a definite parity
(namely, also odd parity); and (i) the SU(2) Wu-Yang
monopole solution of the pure Yang-Mills theory [47],

xC
a _ sab
Af =6 €ibcp

(134)
fulfills these parity conditions.

Furthermore, these boundary conditions are Poincaré
invariant and make the Lorentz boosts canonical. They are
also preserved by gauge transformations with gauge
parameter that asymptotically tends to an even function
on the 2-sphere, i.e., € = even. However, the boundary
term of the canonical generator of gauge transformations

Gle] = /d3x8“ga —faaS,-eaﬂg, (135)

is then equal to zero since &% and 7!, have opposite parity.
There is no improper gauge symmetry at all, contrary to
what happens for electromagnetism. The only symmetries

are the Poincaré transformations, and these are rigid
symmetries with a nonvanishing bulk integral.

The authors of [33] relaxed then the boundary conditions
by twisting the parity conditions as in [29,30,38]. They
imposed accordingly strict parity conditions up to an
improper gauge transformation. Specifically, they proposed
that the Yang-Mills field should behave asymptotically as

A, =UASND,  Ay=0-'AND 1+ 019,00, (136)
B = U, 0, = U kGO, (137)

where U = exp(—¢*T,), where ¢* depends on the angles.
They verified that these boundary conditions lead to a finite
symplectic structure (by imposing a faster falloff of the
Gauss constraint G, ~ r‘4). By construction, these condi-
tions are preserved by angle-dependent gauge symmetries
with no definite parity, and hence, nonzero charges.
However, the authors of [33] also showed that there was
a clash with Poincaré invariance, in the sense that the
symplectic structure is not invariant under Lorentz boosts,
which transforms into a nontrivial surface term. While this
problem can be cured in electromagnetism by adding
boundary terms in the symplectic form [38], the same
method does not work in the non-Abelian case [33]. The
difficulty is that the interaction term A;A; in the curvature
F;; is of the same order as the free term d;A; and hence, the
interactions cannot be neglected asymptotically.

The conclusion is therefore that there is no known set of
asymptotic conditions at spatial infinity simultaneously
consistent with Lorentz invariance and accommodating
improper color gauge symmetries in the non-Abelian case.

B. Electric Carrollian limit of Yang-Mills

1. Boundary conditions and asymptotic transformations

We now show that the aforementioned difficulties do not
appear in the electric Carrollian limit of Yang-Mills theory,
which possesses an infinite-dimensional color symmetry
group consistent with Carroll invariance. The situation in
the magnetic Carrollian limit, on the other hand, is similar
to the Lorentzian case, i.e., one easily verifies that it is not
possible to have improper gauge transformations consistent
with Carroll invariance. Thus, the asymptotic symmetry
algebra is given in that case by the Carroll algebra only. For
that reason, from now on we focus on the electric limit,
which has a richer structure.

The Hamiltonian action for the electric Carrollian limit
of Yang-Mills theory reads [18]

SEulA, 7 Ag] = / dtd%(ﬂﬂ,A? —HE+ASD;xl), (138)
The Hamiltonian density is given by

1 .
HE = —nénl,

=5 (139)
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and satisfies the relation {HE(x), HE(x')} = 0 character-
istic of Carroll-invariant theories. The momentum density
and the Gauss constraint are unchanged. The variation of
the action with respect to the fields yields the following
equations of motion

A¢ = 19 — DAY, (140)

al,=0. (141)
Carroll transformations are generated by the same
surface-deformation vector fields as in the Lorentzian

case, 1.e.,

E=br+T,, &=W, &=y4 +%DAW0, (142)
where b is the Carrollian boost parameter, Y is the Killing
vector of the 2-sphere at infinity, the constant 7y stands for
time translations and W, corresponds to the spatial trans-
lations (satisfying the property DsDgWy + gagWo = 0).
The action on the fields is however different because the
Hamiltonian density is different, leading to variations of the
fields under Carroll and gauge transformations that read

O i (A} = Emf + afja,-A;’ + 8i§jA;’ — D¢, (143)

Sp e o1y = 0;(8/ml) — 0; f’n" +afc,,ne (144)
The notable difference lies in the transformation rule of the
momenta 7/, under timelike deformations (boosts and time
translations), which is now .7}, = 0.

We adopt the same fall-off of the fields as in the previous
section, i.e., (131), and (132), and the set of twisted parity
conditions (136), and (137). We also take the same
asymptotic behavior (130) of the gauge parameter . As
we recalled, these boundary conditions make the symplec-
tic form finite under the additional requirement that the
Gauss constraint should decay as D;z’, ~ ¥~#. It is direct to
show that this set of boundary conditions is preserved by
both Carroll and non-Abelian gauge symmetries behaving
as in (130).

The transformation laws of the leading orders of the
fields in the asymptotic expansion (r — oo0) are given in
spherical coordinates by

=ar

5z Al = 7 + YA0,A% + af9, EPAC, (145)
Aa bﬁ'fi B Aa =da

8e AG = 75 4 +0zYBAY — D9, (146)

65&” _aA(YA ) +afahc€ T’ (147)

ety = 0pYBh — 0pYA7E + af 4 807N (148)

2. Boosts are canonical transformations: Improper
gauge transformations

The great simplification that occurs in the electric Carroll
contraction of Yang-Mills theory is that the boosts are now
canonical transformations, even with the parity conditions
twisted by a gauge transformation. This is because there are
no spatial derivatives in the energy density (139). The
twisted parity conditions are therefore compatible with
Carroll invariance, while they were not (and could not be
improved to become so) in the Lorentzian case.

As we have also explained above, the twisted parity
conditions (136) and (137) are invariant under angle-
dependent O(1) color gauge transformations, which are
improper when they are odd (in a sense to make precise in
the subsection below).

The electric Carroll contraction of Yang-Mills theory
accommodates consequently an infinite-dimensional angle-
dependent color group without conflict with Carroll
covariance.

3. Asymptotic symmetry algebra:
infinite-dimensional color group

By applying the standard canonical methods, one
then finds that the canonical generator of the asymptotic
symmetries is given by

CE, A 7] = / PR(EHE + &M, + eG,) + Q5. (A, 7],
(149)

where the surface term reads
OF[Aiox') = § dx(-e'm + VAAGR).  (150)

The generator of spatial rotations is the sum of both a
nonvanishing bulk term [ d*x&H; (recall that HE and H;
are not constrained to vanish when Carroll gravity is not
included) and a nonvanishing surface integral § d°xY*A47

A direct computation shows that the Poisson brackets of
the canonical generators are given by

{CE [ 7], CE  [As 2]} = CE [A 7], (151)
where

E=E06—(1o2) (152)

E=Eo8—(1-2), (153)

b= 0 5 s~ (102 (154)

The symmetry algebra is the semi-direct sum of the Carroll
algebra and an infinite-dimensional set of non-Abelian
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angle-dependent color charges. In order to write the algebra
in a more explicit way, we can recast the canonical
generator C%,[A;, 7'] as

. 1 - ;
CE, = b;B' + aoE + EbijM” +a;P'+ QM. (155)

where
B = /d3xxiHE, (156)
E:/d3xHE, (157)
M = / Bx2xliH + 7{ dxxlie/Adar, (158)
pi— / PxH, (159)
oM = f d*xe’T,, (160)
with 7, = —7),. Then, the nonvanishing brackets of the

asymptotic symmetry algebra are explicitly given by

{P!,B/} = §VE, (161)
S 1 .. -
{B!, M/*} = > (6*BJ/ — 6" B¥), (162)
S 1 .. -
{P', MI*} = 3 (6% PJ — 817 PK), (163)
. 1 .. . Lo
M Mkl i ]lel _ 1kM]l
MU MM} =2 (M = 5
+ 8 Mk — M), (164)
{MY.T,(x")} = =Dp(x"e/PT ,(x*)), (165)
{Tu(x). T ()} = fCaT ()6 (xf —x3). (166)
Note that the generators 7, = —7, of the improper color

gauge transformations, which form a centerless Kac-
Moody algebra, obey a twisted parity condition and thus
they are not independent functions on the sphere.

VII. CARROLLIAN LIMITS OF EINSTEIN-YANG-
MILLS SYSTEM

In this section, we proceed to combine our previous
results, which can be done easily. One can take different
limits in the Einstein and Yang-Mills sectors of the coupled
theory, which would lead to different consistent Carrollian
limits of the Einstein-Yang-Mills system. We will consider

first, and somewhat in detail, the theory that results from
taking the magnetic Carrollian limit for gravity and the
electric Carrollian limit for Yang-Mills, since it is the one
that admits the most interesting asymptotic structure. We
will then make a summary of the asymptotic symmetry
algebras associated to the remaining Carrollian limits.

A. Magnetic Carrollian gravity coupled to the
electric limit of the Yang-Mills field

The Hamiltonian action for this Carrollian limit of the
Einstein-Yang-Mills system reads

S = / di [ / dx(Vg;; + miAY — NH - N'H,
+450,) - B (167)

The variation of the action with respect to the Lagrange
multipliers N, N', and Aj§ yields the following constraints

1 .
H=—-\gR+—=nir, =0, 168

V9 23 (168)
M, = —2Vin; + mhd,A% — 0,(mhAS) 0, (169)
G, = Dzl ~ 0, (170)

where the covariant derivative D; is the complete spacetime
(V,) and gauge covariant derivative, D;X? = V,X“ +
af“ b CA f)X ‘.

The constraints are all first class and satisfy the following
algebra

{H(x) R} =0, (a71)

{H(x), Hi() } = H(x)9;6(x, ¥'), (172)

{Hi(0). H ()} = Hi(x)0,5(x. ') + H;(x)9i6(x. ),

(173)
{Ga(x). H(x')} =0, (174)
{Ga(x). Hi(x')} = Gu(x)0:6(x, '), (175)
{Ga(x).Gp(x)} = f€apGc(x)8(x, x'). (176)

The infinitesimal transformation laws of the fields generated
by Carrollian diffeomorphisms (£ =¢,&) and non-
Abelian gauge transformation with parameter £ read

55,5!'9;’/ = ‘Cégijv (177)
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ij ij 1 ij é ai i
Oc sim = —f\/§<R/ —ngR> —I—ﬁ< i, — fﬂkﬂk>

(178)

+V/G(E = giEm,,) + Len', (179)

Bpi AL = jgng +EOAY + 0,8AY — De (180)
Bp e oy = 0;(&/1}) — 0,6 mh + af ple?. (181)

We take as asymptotic conditions:
(1) for gravity, the twisted parity conditions (59)—(64),
with the additional condition 4, = 0 (which implies
Ca = Dal));
(i) for the Yang-Mills field, the twisted conditions
(131), (132), (136), and (137).
Additionally, we also assume the faster falloff for the
constraints

H = 0(r2),
Hy = O(r),

"= O()
G, =O(r™).

The asymptotic Killing vectors and the non-Abelian
gauge parameters that preserve the fall-off of the fields read

(182)

£= br+T—%b7z+O(r‘2), (183)
E=W+0(r), (184)
g = yA +%DAW+ O(r ), (185)
e=8+0(r), (186)

where D,Dgb + gygb = 0, DY + DgY 4 = 0 and where
the boost-dependent O(1) compensating term —1bh is
included in order to make the boost charges integrable, as in
Einstein gravity (the details of this derivation can be found
in [24,28,30]).

These transformations are canonical and hence define
asymptotic symmetries. Their canonical generators are
again obtained through the standard canonical procedure,
and explicitly given by

Geclgyj ' Apa'] = / Px(EH + EH, + €°G,)
+ Qgelgij w3 A 7] (187)

where the boundary terms read

0:c = f [YA (A" 1 Aszt) + 2/3Th,

1. -
+2W(7" — 74) + /b (2k<2> +5hh

(188)

| I
+Zh2 +Zhgh§> —é”ﬁg},

(189)

Za7B _S70 | A (24

hg = 1+ Dy,
(190)

The brackets of the canonical generators are given by

{Gfl,sl [gijv ”ijZAia ”i]’ G§2,82 [gij7 ”ij?Ah ”']}

= Gz ,lgij, 77 Ay 7], (191)

where the hatted parameters of the commutator trans-
formation (¢, &) are

¥4 =YBogys — (1 < 2), (192)
b =YPogh, — (1 < 2), (193)
T - Y?aBTZ - 3b1W2 - aAbIDAWQ - b]DADAW2

—(1 < 2), (194)

W =YBazW, — (1 < 2), (195)

i a 1 a b .
= £10;€3 "‘Ef pet(e5 = (1 < 2). (196)

These transformations define the Carroll-BMS algebra
C-BMS endowed with an infinite set of color charges.
Writing the canonical charges as

. | .
Q¢e = b;B' + EbijMU + Oy + Or + O™, (197)
where
]{sz\/_n ( +4h2+4hAhB> (198)
g 1
Mij = fdzxx[zeﬂ ( @)r +2AA > (199)
QT = \%dQX\/;TT, QW = %dszW, (200)
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oM — ]{ xe" T, (201)

with

T =2h,,, W=2z"- ﬁj“), T,=-7, (202)
we then find that the brackets of the Carroll boosts and
spatial rotations are given by

(BB} =0, (203)

R .
{B'. M*} =~ (§*B/ - §BF),

3 (204)

{MT MM} = 5 (8 M — 5 MI*F — kM + 57T M), (205)

The brackets of the time and spatial Carrollian super-
translations and the non-Abelian charges with Carroll
boosts and spatial rotations read

{(BEW(x*)} = =3n'T — 0,n'DAT — n' AT,  (206)
{Bi, T(x*)} =0, (207)
{B'.T,(x")} =0. (208)
{MY W(x")} = =D(xl'eW(xt)), (209)
{MY. T (x")} = =Dp(xlie/®T (x*)), (210)
{MY.T,(x")} = =Dp(x"e/PT ,(x*)). (211)

Finally, the bracket between the non-Abelian charges is
given by

{To(x}). Tp(3)} = feuT o (x)0P (¢ = x3).  (212)

B. Magnetic Carrollian gravity coupled to the magnetic
limit of the Yang-Mills field

In this case, the color charges vanish because of the strict
set of parity conditions (of [33]),

A, ~ 7 = even, Ay~ 7" = odd, (213)
that one must impose on the Yang-Mills field in order to

render Carroll boosts canonical transformations. Thus, the

asymptotic symmetry algebra is only given by the Carroll-
BMS algebra.

C. Electric Carrollian gravity coupled to the electric
limit of the Yang-Mills field

In this case, the theory is invariant under the semidirect
sum of so(3) with the direct sum of the infinite-dimensional
sets of generalized Carrollian supertranslations (extended
iso(3)-Carroll algebra) and color charges.

The asymptotic Killing vector and the non-Abelian
gauge parameter that preserve the fall-off of the fields read

E=br+T+0O(r?), (214)

EF=W+0), (215)

=4 +1 (DAW + %E’A> +0(r?),  (216)

e=e+0(r "), (217)

where DyDgh + gagb = 0 and DY + DY, = 0.
The boundary term of the canonical generator is given by

;o1
0:c = 7{ d*x [ZYA <ﬁ§3> +§Agﬁ;> + 2147

+2Wa" — éaﬁg] . (218)
The latter can be rewritten as
1 ,
Qe :EbijMU + Q1+ Ow + O™, (219)
where
ij 2. lijlA [ = (2)r o
MY = ¢ d*xxl'e/ | 7, +§AA7TH . (220)
0, = f d>*xI'W, Ow = 7{ d>xWW, (221)
™M = 7{ d*xe'T ,, (222)

with Wy =27, W =27""and 7, = —7,.
The brackets of the charges are then given by
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1

(MU, M1} = S (M = 5T = MY+ 5 M), (223)
{MYW(x*)} = =Dy (xl'ePW(x)), (224)
{MUI W, (x4)} = Dy(xlieMW, (x4)) = xI D e/ B Wi (), (225)
{MY. T, (x")} = =Dp(x"e!PT ,(x*)), (226)
(o). To ()} = F< T e (x5 (xf = x3). (227)

D. Electric Carrollian gravity coupled to the magnetic
limit of the Yang-Mills field

The color charges in this case vanish because of the strict
set of parity conditions on the Yang-Mills field. The
asymptotic symmetry algebra is accordingly only given
by the semidirect sum of so(3) with the infinite-dimensional
sets of generalized Carrollian supertranslations. The latter
explicitly reads

{Mij,Mkl} — %(5iijl _ 5ilek _ 5jkMil + 5leik)’
(228)
{MI W(x)} = —Dg(xlieBW(x4)), (229)

(M Wy (x*)} = Dp(xlie/BW, (x*)) = xI Dy e/ BEWg (x4).
(230)

VIII. CONCLUSIONS

In this paper, we have analyzed the asymptotic structure
of the electric and magnetic Carrollian limits of the Enstein-
Yang-Mills theory. Our results can be summarized as
follows:

(i) We have first constructed BMS-like extensions of the
Carroll group on purely algebraic grounds, without
reference to the dynamics. We used the 3+ 1
description of the symmetry, particularly well suited
to rescalings of the energy and the linear momentum
involving different powers of c¢. The same techniques
applied to the more familiar non-relativistic case
have led us to a new BMS-like extension of the
Galilean and Bargmann algebras.

(i) We have then considered the Carrollian limit of the
pure Einstein theory, where we have shown that the
electric contraction allows for a larger set of super-
translations involving three functions on the sphere
(with definite parity conditions). Technically, this is
because the condition /4,4, = 0 on the leading order

of the mixed radial-angular component of the metric,
which reduces the number of symmetry generators
in the Einstein case, is not needed any more in the
electric contraction.

(iii) We studied next the asymptotic symmetries of
Carrollian Yang-Mills theories and have shown that
contrary to its Minkowskian parent [33], the electric
Carroll contraction admits at spatial infinity an
infinite set of angle-dependent color gauge sym-
metries fully compatible with Carroll spacetime
covariance, including the Carroll boosts. The result
extends directly to the combined Einstein-Yang-
Mills system.

Our results can be extended to higher dimensions by
following the methods of [48,49], as well as to the coupled
electromagnetic-massless scalar field system for which the
asymptotic analysis has been performed in [50].

Another possible future direction is to explore the
possibility of realizing the Galilean-BMS algebra (34)
as an asymptotic symmetry by imposing suitable boun-
dary conditions and parity conditions in Newton-Cartan
gravity [51].

It is rather interesting that the electric Carroll limit of the
Yang-Mills theory admits the infinite-dimensional color
symmetry group found at null infinity (but not at spatial
infinity) prior to taking the limit. This property is in line
with the general expectation that the Carroll limit describes
well the dynamics at null infinity but definitely deserves
further study.
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