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We study the thermodynamics of accelerating asymptotically anti—de Sitter black holes with scalar hair in
four-dimensional Einstein-Maxwell-dilaton theories, which can be embedded in gauged supergravities for
specific dilaton coupling constants. These accelerating black holes are described by charged dilaton C
metrics, which have unique features but are almost unexplored before. Thermodynamics of slowly
accelerating black holes is generalized to include scalar hair. We find that properly accounting for mixed
boundary conditions for the scalar field leads to standard consistent first law and other thermodynamic
relations. We compute the dual stress-energy tensor and the mass through holographic renormalization,
which is associated with the boundary conditions of the scalar field. We also find that the conformal mass is
the same as the holographic mass. Along the same line, we also obtain the thermodynamics of U(1)?-charged

accelerating black holes.
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I. INTRODUCTION

The C metric is a class of exact solutions of Einstein field
equations, and the original one was found by Hermann Weyl
in 1917 [1]. This name came from the C slot of the classi-
fication by Ehlers and Kundt in 1963 [2]. A breakthrough
work by Kinnersley and Walker in 1970 [3] reveals that this
solution describes a pair of accelerating black holes apart from
each other. This solution was generalized to include rotation
and the cosmological constant by Plebanski-Demianski in
1976 [4]. For more interpretations of this solution, see [5,0]
for example. Based on the AdS/CFT correspondence, the
C metric has fruitful applications, for instance, the construc-
tion of exact black holes on the branes [7,8], the plasma ball
[9], the black funnels and droplets [10,11], the quantum
Banados-Teitelboim-Zanelli black hole [12], and the spinning
spindles from accelerating black holes [13].

Black holes are perhaps the most intriguing objects in our
Universe, connecting the bridge between classical and
quantum gravity. Especially this link is highlighted by the
early discoveries that black hole as a thermal object obeys
the laws of thermodynamics [14—16], and the black hole
chemistry [17] gives more diversity to these thermal objects.
Although the study of the C metric has a long history, the

*wangy973 @mail2.sysu.edu.cn
“renjie7 @mail.sysu.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2022/106(10)/104046(16)

104046-1

thermodynamics of the accelerating black holes has been
formulated for small acceleration in AdS spacetime in recent
years [18-21]. Later, the authors of [22,23] formulated
extended thermodynamics for slowly accelerating black
holes in AdS spacetime, in which it is even allowed to
vary the tension along each axis independently. A key
ingredient of their works is a rescaling parameter a for the
time coordinate as pointed out before in [24] for Kerr-
anti—de Sitter (AdS) black holes. Last year, the authors of
[25] generalized previous results to include magnetic charge
and allow the variation of Newton’s constant in the first law
of thermodynamics. From the holographic perspective,
varying Newton’s constant together with the AdS radius
can keep the corresponding conformal field theory (CFT)
unchanging [26,27].

More generally, asymptotically AdS black holes with
scalar hair in gauged supergravity are valuable in the AdS/
CFT correspondence. The charged dilaton C metrics found
in [28,29] are significant generalizations of the original C
metric. They describe asymptotically AdS accelerating black
holes with scalar hair in Einstein-Maxwell-dilaton systems.
The scalar potential of these systems can be expressed by a
superpotential, and these theories can be embedded in
gauged supergravities for specific dilaton coupling con-
stants. Alternatively, these special case solutions can be
uplifted on S7 to D = 11 supergravity (see Appendix for
more details), and an uplifting AdS, x S solution dual to a
d =3 supersymmetric conformal field theories on the
boundary was studied in [13]. Even without acceleration,
these systems have rich properties of distinctive IR geom-
etries [29,30]. Thus, generalizing these hairy black holes
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with an acceleration is expected to have more fruitful
applications. Like the original C metric, the charged dilaton
C metrics also have a conical singularity along one or both
polar axes. This conical singularity can be replaced by a
magnetic flux tube [31] or a cosmic string (topological
defect) [32], giving a precise explanation of the mechanism
of the acceleration. Remarkably, after uplifting to D = 11
supergravity, this conical singularity could be completely
removed by imposing proper restrictions on the parameters
[13]. Furthermore, these solutions can also be generalized to
multiply charged accelerating black holes [33]. There are
also the nonspinning spindles from multicharge accelerating
black holes [34].

In the context of the AdS/CFT correspondence, super-
symmetry also plays a very important role in black hole
thermodynamics and holographic interpretation of the
uplifting solutions. A significant progress for black hole
thermodynamics in recent years is that the Bekenstein-
Hawking entropy of supersymmetric AdS solutions can be
calculated from their dual supersymmetric conformal field
theories (SCFTs) [35,36]. There are supersymmetric sol-
utions from magnetically charged and accelerating black
holes with proper choice of physical parameters [13,25,34].
Special case of the solutions we analyze are also expected
to be supersymmetric under certain conditions. Therefore,
it could be very interesting to calculate the entropy of these
solutions from their dual SCFTs living on the curved
conformal boundary background and compare it with other
methods. However, in general, it is difficult to define such a
statistical ensemble of the dual SCFTs on a curved back-
ground with conical deficits to compute physical quantities.
Fortunately, we can calculate the corresponding quantities
on the gravity side, which is the goal of this paper.

Here we consider the thermodynamics of slowly accel-
erating black holes in asymptotically AdS spacetime [37]
with scalar hair and electric charge. Since there are no
accelerating horizons, the thermodynamics of these sys-
tems are clear. If a scalar field exists, however, then the
thermodynamics will become more fascinating. On the one
hand, it was proposed that the first law of hairy black hole
thermodynamics will be modified with a “scalar charge”
[38—40]. On the other hand, these papers [41,42] show that
properly choosing boundary terms associated with more
general boundary conditions of the scalar field leads to
unmodified thermodynamics. It will be very interesting to
analyze the hairy C metrics along this line. See Sec. III for
details. Without introducing a scalar charge, we drive the
first law of thermodynamics [21,25] and the Smarr relation
[43,44] for hairy slowly accelerating black holes as follows:

2
SM =T8S + V6P + 9G4

©,6Q; — Aoy, — A 6p_ — G—4’

(1.1)

I=1

2
M=2TS-PV)+> @0, (1.2)

I=1

where

2
N=M-TS=> ®0;—PV+ipu, +ipu. (13)
=1

If we employ the duality relation as in [27]

f2
C=k———, 1.4
167G, (14)

after some simple algebra, we can rewrite the first law (1.2)
as follows:

2

OM =T45S + ©,60;+ V0P 4+ pu o0C—A, 6u, —A_6u_,
=1

(1.5)

where
n n
L= — =—. 1.
Ve=Viop,  He=35a (1.6)

This generalizes the result of [27] with conical defects in
the bulk spacetime.

This paper is organized as follows. In Sec. II, we
introduce the solutions of charged dilaton accelerating
black holes. In Sec. III, we take a brief review on boundary
counterterms, boundary conditions for the scalar field, and
the holographic dictionary, then obtain the holographic
stress-energy tensors of these solutions to compute the
holographic mass. To keep conformal symmetry, we also
propose a new boundary condition. In Sec. IV, we derive
the standard thermodynamic laws for slowly accelerating
electrically charged dilaton black holes. In Sec. V, we give
the thermodynamics of U(1)?-charged accelerating black
holes. In Sec. VI, we summarize our results and discuss
generalizations to black funnels and droplets [10,11]. In the
Appendix, we give some details regarding the special cases
of gauged supergravity.

II. ACCELERATING BLACK HOLES IN EINSTEIN-
MAXWELL-DILATON SYSTEMS

Before discussing the black hole thermodynamics, we
introduce the solutions of accelerating charged dilaton
black holes, which can be found in [28,29]. The bulk
action is
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Sbulk =

1 1
= /M d3+1x\/f6<R —5 (007 = V(¢)

1

- Zz(qb)fz), (2.1)

where F = dA, Z(¢) = e7*?, and the scalar potential
is [45]

1) + 822 %7 4 (3 — ¢2)e57%)
(1 +€2)2£2 ’
(2.2)

vig) = - 20

which can also be expressed with a superpotential

. aw 2_3 ) o \/g ieg 2~
(2.3)

Here { is the dilaton coupling constant, and £ is the AdS

radius. When { =0, 1/ V/3, 1, and /3, these solutions can
be embedded in gauged supergravities (see Appendix for
more details). In particular, the { = 0 case corresponds to
Reissner—Nordstrom-AdS (RN-AdS) accelerating black
hole, which has been explored before, and the goal of this
paper is to analyze the other solutions. The equations of
motion are invariant under an electric-magnetic duality
transformation and ¢ — —¢ [31], and the discussion of the
magnetic-charged dilation black holes is similar to electric-
charged ones. Therefore, we will only focus on electrically
charged solutions.

The line elements describing accelerating black holes
with scalar hair and electric charge can be written as

follows:
1 2/ F dy?
d 2 ;Cﬂ __)’dtIZ e
?= a4 )
dx* G,
h1+52 <G 4= K2 d(/)2>] , (24)
with
Fy=—(1-y)(1+ 2acy)h}*¢ +—2f2 h'*l
142
G, = (1 = x3)(1 + 2acx)fi,
hy, =1+ aby, fr.= 1+ abx,
A2 2 Y- 25
= — _ — N e - - . .
a1+ fx

The AdS boundary of these solutions are at x = y, and the
boundary metrics are

202

22 14¢
F 14
dsy, = ;*42< —a; dt’2+—a2 ;2 G

dx® + =% dqo) (2.6)

1
ar’

The coordinate transformation y = —
¥ = ar takes the metrics to another form

x = cos(0),

1 22 F(r) dr?
ds*> = O)+Z | ——~d* + ——
= O (-5 155)
22 de?  sin’0G(0)dg?
+ r2h(r)? (G(G) + 2 )], (2.7)
with
H =1+ arcos?,
2 1-22 2 22
F=(1-adr) (1 —{) fin +%h'+:2,
12
G = (14 2accos@)fre,
hzl—é, f =14+ abcosb,
r
2be n\ 2=
A: 1+C2(——;>dt e<¢:(?>‘ . (2.8)

The parameters appearing in the metrics ¢ and a are
usual parameters related to the mass and acceleration of the
black holes. While the scalar field is associated with the
parameter b, the parameters b and ¢ determine the gauge
potential together. When b vanishes, the metrics reduce to
usual accelerating black hole in AdS [4,5] without any
charges. In the limit £ — oo, up to a scalar field rescaling,
these solutions recover accelerating dilaton black holes in
string theory. In particular, when { < 1 these solutions
correspond to pair creation of dilaton black holes [31]. And
another limit @ — 0 recovers usual dilaton black holes in
asymptotically AdS spacetime [45].

Analogous to previous works [22,23,25], to obtain
correct thermodynamic quantities for slowly accelerating
charged dilaton black holes in asymptotically AdS space-
time, it is vital to rescale the time coordinate with a. Only
with a correct choice of a (which is not unique) can we
consistently verify the first law of thermodynamics for
accelerating black holes. The parameter K carries the
information of conical deficit of these spacetimes at two
axes, and then it gives the tension defined by [21,25]
(where 8, =0, 6_ =)
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b1 <1 _Gwi))

877,'G4 4G4 K
1-22
1 142 1 + ab)-?
(1—( ac)(l £ ab) ) (2.9)
4G4 K

Finally, to maintain the Lorentz signature for the metrics
describing slowly accelerating black holes with scalar hair
and electric charge, we need to constrain the range of
parameters as follows:

(1) It is obvious that the conformal boundary of these
spacetime are located at rygy = —1/acosé. To
obtain slowly accelerating solutions (no acceleration
horizon), we must have acos® < 1/r < 1/r, and
F(rpay) > 0 [37].

(i) For the @ coordinate, we require G(6) >0 and
f(0) >0 on 6€[0,x], which lead to ac <3
and ab < 1.

(iii) The spacetime is singular when r — 0 or r — b, and
the later requires r, > b coincidence with the
restriction on i(r) > 0. To have a black hole without
naked singularity, we require F(r) have at least one
root in the range r € (b, 1/a).

For these ranges of the parameters, these metrics
correspond to slowly accelerating black holes with electric
charge and scalar hair in asymptotically AdS spacetime.
Consequently, we can discuss the thermodynamics of these
black holes in equilibrium without ambiguity.

III. HOLOGRAPHIC RENORMALIZATION

As our systems include a scalar field, there are more
subtleties. In particular, properly renormalizing the stress-
energy tensors with mixed boundary conditions for the scalar
field is important for correctly giving the thermodynamic
relations of these solutions. Holographic renormalization for
charged dilaton black holes with general boundary con-
ditions for the scalar field was studied in detail in [41]. In this
section, we will take a brief review of boundary counter-
terms, boundary conditions for the scalar field, and the
holographic dictionary, then calculate the holographic stress-
energy tensors and mass for these solutions. To keep
conformal symmetry on the boundary, we also propose a
new boundary condition for these solutions we study.

A. Holographic dictionary for mixed
boundary conditions

To obtain the counterterms, the Fefferman-Graham (FG)
[46] expansion is needed near the AdS boundary. In the FG
gauge, the metric takes the following form:

fz
ds* = — (dz* + g;;(x. z)dx'dx), (3.1)
72

with

9ij(x:2) = g(x) (0yij + 29(x) 1yi; + 229(x) @i +
Ai(x,2) = Ai(x)(g) + 2Ai(x) () + A (X)) +
P(x,z) = 2% fﬂ(x 2) = 2% (p(x)(0) + 290(x) (1)
+ Z2¢(x )(2) + ). (3.2)
Defining the following constants [41]
V= lim VW (), Z, = lim ZW(p),  (3.3)

= Tpdy r=Trpay

where V¥ (¢) and Z(¥)(¢) are the kth derivative of V(¢)
and Z(¢), respectively. In our systems, we have A_ =1
and the scalar field vanishes at the boundary, so the
scalar potential has the asymptotic expansion near the
boundary

1482+
24,22

6 ¢>

Vid)=-5-4 P+ (34)

Then the AdS mass of the scalar field is

2

m(/):sz—ﬁ, (35)
which lies in the range
32 5 32
—Z+1>£m¢2—z. (3.6)

Therefore, we can consider more general (Neumann or
mixed) boundary conditions for the scalar field, which
can lead to the first law of thermodynamics without any
scalar charge [41].

In the FG expansion, the equations of motion determine
the relation of the coefficients. As a consequence, these

"The relation of the coefficients of the FG expansion is

9(x)(1);;=0,

1

9(x) 2)i+ Ri0yij— 4R(0> 9(x)(0) (x) 9(x)(0i; =0,

. 1
g(x)jk (Do jg(x)(Z)ki_D(O)ig(x)(z)jk)_5

@(x)0)0i(x) (0) =
1 1
p(x )( )+2D(0 (x) +2Tr(g(0>g(2)) o(x ) )—Ef2V4(p(x)?0):O,

(3.7)

where D )i D(O), and R are the covariant derivative,
Laplacian, and Ricci scalar with respect to g(x) g);;-
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relations lead to covariant boundary counterterms at the
cutoff z = ¢ as follows:

1 1
Scl_—16”G4/Z€ x\/_( +fRH+ﬁ¢2>, (3.8)

where y;; is the induced metric on the boundary. With this
counterterm, we can holographically renormalize the action
for an asymptotically AdS spacetime with the Gibbons-
Hawking term

1

SGH 167[G4 /szed X/ —7 ,C, (39)

where /C is the trace of extrinsic curvature with respect to
the induced metric. Then the renormalized action indepen-
dent of the cutoff ¢ is

Sren = li_r}(l)(sbulk + Sou + Sct)’ (310)

where Sy, 1s the action (2.1) with r being integrated
to z =e.

Since the scalar field admits more general boundary
conditions, the choice of the source [41]

Ty, =—=Cq)— Fiplo0):

[

(3.11)

where F (p(f/’(o)) = %X1¢?0>, corresponds to a triple-trace

deformation in the dual CFT [47-49]. Specifying the value
of x; is important for correctly giving the laws of
thermodynamics for these solutions, and this choice also
requires an additional term for the on-shell action as
follows:

1

_ 3
S5, ~Tonge | 45/ 7,00+ Folo0)

Then the modified one-point functions are (T denotes
triple-trace deformation)

(3.12)

1
167[G4
1
(O )r = m@(o)’

<Tij>T = |:3fzg(3)l] + (Flﬂ(go(()))

(Ti)r = ZOAi(l)’

167G,

£ 2x; 4

and the local Ward identities are

D(O)i<t7i>T =0,
Déo)(’f )1 = (Oa )10, + <jj>Tfl] ;
(T = {6aG, 20077, + 3Fy(00)

07 ?p(¢<o>)} : (3.14)

Although these solutions admit a triple-trace deforma-
tion (the £ =1 solution also admits Dirichlet boundary
conditions), the source Jx and the trace of the (T )y of
these solutions we study are nonzero. We propose a new
boundary condition that preserves the conformal symmetry
at the AdS boundary, and we call it conformal boundary
condition. We solve the value of x; from Jz =0, and we

=~p0)/ 9}
is coordinate dependent for accelerating black holes, thls
choice of x; leads to a different boundary condition and
these two kinds of boundary conditions reduce to the same
one when —7? o0/ go 1s coordinate independent. We can

put this x; in (3.12) and (3.13) to obtain the additional term
for the on-shell action and the one-point function. However,
the local Ward identities (3.14) are modified for the
conformal boundary condition.

The additional term for the on-shell action, the stress-
energy tensor and the local Ward identities® for the con-
formal boundary condition are (C denotes conformal)

obtain x| = Slnce the value of —#? ? / o

1

52
= Px. /= -
¢ = T6aGy ) TV 9<0>< 3 €0<1>40<0)>7
(3.15)
2 2
(Tij)c = 167G, <39(3)ij +§¢(0)(P<1)9(o>ij>, (3.16)
; (2 1
J _ 7 |z ) 4 )
D(o) <Tij>c = 162G, <3 40(1)0,6?(0) 3(p(0)6,¢1(1>>

+ ()P, (3.17)
(Th)c =0. (3.18)

Since the stress-energy tensor is traceless, the conformal
symmetry is preserved. We are going to see that our
solutions fit perfectly in the framework of either boundary
condition in the next subsection.

*The local Ward identity (3.17) is obtained by putting (3.16) in
(A.18) of [41].
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B. Holographic mass of accelerating charged
dilaton black holes

With these techniques, we calculate the holographic
mass from the boundary stress-energy tensors. First, it is
necessary to use the FG coordinates, and we take the same
coordinate transformation as in [23]

| 4 4
—=—ap=Y F,(p)z". cosO=p+» G,(p)z". (3.19)
n=1

r n=1

The functions F, (p) and G, (p) can be solved by requiring
g.. = ¢*/z* and g, = 0 at each order of z in the FG gauge
(3.1), and the leading order gives

Gy(p) = - at’Fi(p)X(p)

75(p)? (320

where

X(p) = (1= p?)(1 + 2acp), (3.21)

7o(p) = \/(1 + abﬂ)ﬁ_g —a’t’X(p).  (3.22)

Note that the square root requires y7(p) > 0, which is the
same as F(ryqy) > 0. To simplify calculations, we choose
Fi(p) = —=yi(p)/a, and then the boundary metric can be
written as

3-5:2
1+ abp)+y; g
_ (1 +abp) Vb(p)dt2+ I
22 X(p)vs(p)

2 _
ds(o) = z

3-5¢2
(1 +abp) = a’X(p)
K*¢?

de?. (3.23)

The electric-magnetic duality transformation does not
change the bulk metric, so the boundary metric of the
magnetically charged solution is the same as (3.23). As
pointed out in [13,34], the boundary metric of the mag-
netically charged solution can describe a spindle, warped
by the d = 3 SCFTs on the M2-branes. After uplifting to
D =11 supergravity, the solution can be completely
regular with proper parameters choice. An interesting
feature is that warped M2-brane theories in the UV flow
to a d = 1 supersymmetric conformal quantum mechanics
in the IR, which is dual to the near horizon limit AdS, X Yy
solution of the black holes. In particular, the { = 1 case has
been studied in [34], and the others need further study in
future work.

Since the scalar field admits more general boundary
conditions in our systems, we take the mixed boundary

conditions for these solutions. For the triple-trace boundary
condition, we choose the value of x; as

e
X1 = 4{

£, (3.24)

by requiring that the holographic mass obtained by the two
boundary conditions discussed above are the same, and we
will show that it is also the same as the Ashtekar-Magnon-
Das (AMD) mass (4.20) below. This choice of x; is
consistent with the nonaccelerating black holes of these
systems [29] with standard thermodynamic laws. And we
can find that the triple-trace and conformal boundary
conditions reduce to the same one for nonaccelerated
black holes. As a result, the expectation value of the stress-
energy tensor (3.13) is

32-s5

at*Cw,b*(1 + abp) &
122G,a’ (1 + £%)?

(The =(Tc+ diag(1,1,1),

(3.25)

and the expectation value of the stress-energy tensor
(3.16) is

4
£4(1 + abp)?

= ( +6§ ) g)gdiag[—@y%—azﬂ)(),
487G, (1 1 &)

(The

32-1
x (1+abp) "2 ,y2 — 2a252X} : (3.26)

where

o, = 1=+ 12acp,

w0y = (3= )p + ac(27p> = 3¢* + (1 + 15%)),

w3 = 30"+ 3p*(1+ 8acp) — (1 + p*(1 — 8acp)),

w, =2p+a(b—2c+ (b + 6¢)p* + 4abcp?),

wp = 6¢(1+ %)% +3b(1 + )w, + 2ab*w, + a’b’ws.
(3.27)

With these results, we can quickly check that the stress-
energy tensor (3.25) is not traceless, but the stress-energy
tensor (3.26) is traceless, which is expected for the
conformal boundary condition. When b =0, in which
case the scalar field vanishes, the boundary metric (3.23)
and the stress-energy tensors (3.25) and (3.26) reduce to
the results in [23] consistently.

With the stress-energy tensors in hand, we obtain the
holographic mass for these solutions by integrating the
spatial dimensions:
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M:/_<T§>T\/—9(0)dﬂd¢:/—<T;>C\/—g(0)dﬂd(/’

12 12
3 byl afz((l —2ac)*(1 — ab) 1+42 (1 +2ac)*(1 + ab)21+:2)
(XKG4

¢+ 1+C2

: (3.28)

where ab < 1, which is satisfied with our parameter constraint. It turns out that the last terms in (3.25) proportional to @, do
not contribute to the integral in (3.28) for calculating the mass.
The asymptotic expansions of the gauge potential and the scalar field are

Ap.2) = Alp) o) + 2Ap) ) + ZPAp) )+

$(p.2) = 2(9(p)o) T 20(P)t) + 70 (P) ) + ). (3.29)
with
2 2bc
At(p)(o) :a_rh Té’z(l +Cl}"hp),
2 2bc
Ap)ay = _p\/rgz%(ﬂ)z,
21
26¢(1 + abp) 7
fﬂ(ﬂ)(()) == a(1+ ) )
23
b&(1 + abp)=2
P = G L |0 A b 2 + b+ 6
2-1 321
+b—1+§2(1—|—abp)l+§2:|. (3.30)

Then we can easily get the dual field theory one-point functions (3.13) and check the local Ward identities (3.14) and (3.17)
with the stress-energy tensors (3.25) and (3.26), respectively. With ¢(p) 2), 9(p) (1i>» and g(p) 2);;> We can also check (3.7),

but it is not illuminating to write everything down.

IV. THERMODYNAMICS OF SLOWLY ACCELERATING CHARGED DILATON BLACK HOLES

We begin this section by writing down thermodynamic quantities first:

v + a5+ §a*((1 = 2ac)*(1 = ab)* — (1 + 2ac)*(1 + ab)*)
aKG4 ’

arih(r,)t=a

= \JaaKG,M, —~ §=—h
%= vaatta KG,(1-a’r)’

h(ry)" [ r; 2(2r, — b(1 +2a, + (1 —2a1)a2r%))]
T = 26(1 - a ) + ! )

47rarh T h(ry)* (1 —a? 121)

0= (1+ay)bc q):2 (1+ay)bc _ 3

2KG, ary, ’ 81°G,’

dnt? ab ra(2r, = b(1 +2a; + (1 = 2a,)a*r;))

V= 1 +——) —akKMG, + - hZ\
o (1 1) —amma R

1
Ay = al, [Lo(L3Lss — LyLyy + LsLsy) — (LeL3y + LyLsy + LgLgy )Lo], (4.1)

with
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2
I=c h<rh):1—£,

" 2

Ly = a?b*(1 F 2ac),

Loy = a;b(1l F ab)(2ac F 1),

Ly =4af?r,(1 = a’r;)*(1 = a®b?)“ [b?(a] — 4a*(at — 1)c?) — 4c?),
Ly = (1 = a*r)h(r,) 2 (a’bri(a; = 1) = (a1 + 1)b +2r;),

Ly = Zazfzr%l(Zc — rp)h(ry)?,

Ly =2%c(1 - azri)h(rh)zal,

2
Ls = (a; — 1)br} — ab?*(1 — a°r}) (1 —r—;>h(rh)2“1‘1, L¢ = 2a’r3h(ry),

L, = (a; = 1)b(1 —a*r}),
L6j: = (1 + ab)(l + (lb)al,

Lg = 2ar,(1 — a*r

Ly = a*¢*(2ac £1)(1 £ ab)® (1 — a’b?)™,

)h(rn),

Lo =22%¢(1 — a*r})* + rj[2r, — b(a*(1 = 2ay)r3, + 2a; + 1)]h(r,) 72,
Ly, = Lg [2aly — Ly, +2¢(1 F ab)(2ac + 1)(a*£*(1 + ab)* —1)]

+ albL7i(4Cl2C(b — C) — 1),

Ly = Lgy[Loy —2aLy +2c(ab F 1)(1 F 6ac + a*¢*(1 & 2ac)(1 £ ab)*)]

- albL7i(4azc(b — 3C) + 1),

Ls, = —Lg,(2aL,; + Loy +2c(ab F 1)(1 £ 2ac)) + Ly.[2¢ + b(4a*a,c(c — b) — 2a*bc + a,)],

LSﬂ: = L6:E(L1:t - 4C2(1 F ab)) + Zabcal(b - 2C)L7:t.

Consequently, together with the tensions y. defined by
(2.9) we can quickly check that both the first law (1.2) or
(1.5) and Smarr relation (1.1) are satisfied for arbitrary .

The value of a for arbitrary { cannot be directly
calculated. However, when { =1, 1/ V3, V/3 (cases that
can be embedded in gauged supergravities), we find that the
corresponding a can be obtained by (4.9) below with
different stress-energy tensors that are related to different
boundary conditions for the scalar field. Thus we write the
a and its corresponding A, of these three cases down as
follows and discuss an issue of good/bad limit related
to them:

@ =1

The « in (4.1) and its corresponding A, are

a=/ac(l —a*¢?),

1= 1 (F1—ab(l F 2ar,)
* 7 2a a(l—a’ry)
n 2r, F a(*(1 £ ary)? -

1 +ar,

ri)). (4.3)

This o has a bad limit: « — 0 as ¢ — 0. A better o
that exists a good limit (¢ — 0, @« — 1) and its
corresponding A, are

(4.2)

Although the a in (4.1) does not have a good limit
(see more details later), it is highly nontrivial to
formulate the first law. The nonuniqueness of « is
related to the nonuniqueness of the solution of
partial differential equations (PDEs) below we solve.
Different a leads to different 1. In particular, we
can obtain the better « only for the { = 1 solution.

(i) ¢=1/V3

272
a:\/a(c—i—é) (1—a2f2<1+a bcb>>’
4 C+Z

vV1+tab 2 1 1
a=YiEa ( I F —a2f2c<1ﬂ:—>>.
a 2a(1—-a°ry) ary,
(4.5)
(i) ¢ =3
b 202 b2 a*bc?
\/a(c—z)(l —a*t*(1+ 5~ o ))
‘= 1— a2 ’
I 1 <(rh—b)(1—a2brh)
T av/1tab 1—a*r;

1+ a*bry(a’br, — 2))

1
—a*c(1+—
“ C< arh> * 2a(1—ar?)

Now, let us turn towards how to obtain all of these
thermodynamic quantities.

(4.6)
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1) a:
When { =1, 1/\/§, and /3, we can use the
holographic method [22,23] to specify a. We write

i

: o9 5gij 5gij og
5 L (0) 5K (0) 5 (0) 5b (0) 5 ,
90~ 5K sa %4 o 0T 5 O
(4.7)
. Optx S+ Optx
=—6K+— — — 4.
LJ7 51(5 5a5 +6b5b+(3 bc, (4.8)

keep 62 =0, 6G4 = 0, ou = 0, and calculate

5S — /a P (Tled) (49
Then we can require 6S = 0 to solve PDEs to obtain
a as a function of a, b, ¢, and #, and the results are
4.3), (4.4), (4.5), and (4.6). Since the a in (4.3),
(4.5), and (4.6) can be uniformly written into (4.1),
|

we can see that these three cases are sufficient for us
to guess an « for arbitrary (.

Now let us give more details about how we
obtain the a for these three cases. Since we obtain
different stress-energy tensors, we can put any of
them in (4.9) to calculate @. However, if we would
like to consistently obtain the a, we need to choose
a certain stress-energy tensor related to a specific
boundary condition for each solution. For example,
for the { = 1 solution, we choose the stress-energy
tensor related to Dirichlet boundary conditions.
Since the { =1 case admits Dirichlet boundary
conditions, which means that this stress-energy
tensor can also yield the same mass as other
stress-energy tensors related to triple-trace or con-
formal boundary conditions, we can use it to
compute a. The corresponding conditions for dif-
ferent solutions are as follows (D denotes Dirichlet
boundary conditions, for more details about the
Dirichlet boundary conditions see [41]):

f2

(=1 = (Tjp= m@gm)zj + @0)P1)90)ij)s (4.10)

- 1 T fz 2X1 3 411

E=75 = T =g, \ 39005 =3 29090 ) (4.11)

NG 2 2
(=V3 = (Ti)c= 167G, 39(3)ij +§(/)(0)(P(1)9(0)U . (4.12)
|
R 1+ (1=-a??)r*/¢? , rsin6
As an example, if we put (4.10) in (4.9), then we can +ﬁ: (1-d)H? Rsind = (4.16)

obtain the PDEs of the a for the { = 1 case as follows:

dpala,b,c.t) =0, (4.13)
a**a(a,b,c,t) + a(l —a*¢?)o,a(a, b, c,?)
—c(l = a?*¢?)o.a(a,b,c, ) = 0. (4.14)
The general solution of these PDEs is
ala,b,c,?) = ay(ac, f)m, (4.15)

where a; is a free function, different choices of which lead
to the results in (4.3) and (4.4). The { = 1/+/3 and /3
cases have a similar situation.

When ¢ = b = 0, these solutions reduce to pure AdS in
Rindler type coordinate. In order to get pure AdS in global
coordinates, it is necessary to take the following coordinate
transformation [37]:

This takes the bulk spacetime to AdS in global coordinates

R? dR? d¢?
dsids——< Lﬂz)dtz 1+R2+R2 <d192+sm e )

fZ
where we have chosen @ = V1 — a2¢2. However, when
¢ =b =0, our a for arbitrary ¢ in (4.1) cannot recover
this corresponding value. The better a in (4.4) can recover
this corresponding value and the differences are only
different A..

In contrast to [23],
V1 —a?¢? for the { =1 charged dilaton accelerating
black hole is independent of the electric charge. As we
can see, the a of the RN-AdS accelerating black hole in our
parameters is (4.19) below, which is charge dependent.
The limit » — 0O takes these solutions to Schwarzschild

(4.17)

the corresponding better o =
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accelerating black hole in AdS. However, except for
the better a in (4.4), this limit cannot take our a in
(4.1) or (4.3), (4.5), (4.6) to the corresponding results

= V1 —a?/? in [22,23], but the consequence of this
difference is only a shift for the thermodynamic lengths
(A44). The better a for Schwarzschild-AdS accelerating

black hole is @ = V1 — a%£2, and we find that the @ which
can lead to consistent first law is not unique. We think that
there exists better a for arbitrary £, which can be reduced to
the corresponding results when we take all limits men-
tioned before. For example, when { = 0, these solutions
reduce to RN-AdS accelerating black hole. Compared with
the a in (4.1),

a= \/a<c+§>(l—a2f2(1+2a2bc)), (4.18)

the corresponding better @ found in [23] in our parameters is

a= \/(1 +2a?bc)(1 — a??(1 + 2abc)),  (4.19)

which exists in a good limit. However, for arbitrary ¢, it is
not guaranteed to have such limits; a similar situation is that
the limit Z — oo cannot take the thermodynamics of
accelerating black hole in AdS to flat spacetime (e.g., when
¢ — oo, the @ in (4.19) does not have a good limit), which is
mentioned in [23].

(i) M:

Like [22,23], we compare the holographic mass
with the conformal mass by AMD [50,51]. First we
perform a conformal transformation on the bulk
metric, g,, = H?g,,, which leads to no divergence
near the boundary. Then we can obtain the con-
served charge with the integration of a conserved
current related to a Killing vector ¢&:

Q&) = hm]{ NeNPCY ”ﬁf,,dS” (4.20)

8ﬂ'G4 H—-0
where H = #Hr™!', N, = d,H is the normal vector

of the boundary, C’”(wﬂ is the Weyl tensor of g, , and
the tangent surface element of H = 0 is

ﬁ
s _ g 2% f1:2d(cos Q)dqﬁ.
H H akK

(4.21)

The conformal mass is given by M = Q(09,), which
yields the same result as the holographic method.
(i) T and S:
To obtain the Hawking temperature of slowly
accelerating black holes with charge and scalar hair,
we use the Euclidean method as normal:

@iv)

)

104046-10

F'(ry)

dra

F 2
ds?, [@ d* + d—r] = T= (4.22)
' a

F(r)

The entropy is obtained simply by the horizon area
formula [52] as

272

S:Area: 1 /2h1+¢zs1n9d9d¢|

4G, 4KG, H? =
22
ari(1 =Ly
:—h( ) (4.23)
KG,(1-a’r})’
0O and ®:

The electric charge is obtained by Gauss’s law
integral and the chemical potential is obtained by
Hawking-Ross prescription [53]

1 1 2bc
- F= 2P (404
167G, LO* e\ e ¢
1 2 [2be
= e— l‘]
162G,0p A VrmiFUA T 1+
(4.25)

where S is the inverse temperature (periodicity of
Euclidean time), y;; is the induced metric, and n'is
the outward pointing unit normal vector of the
boundary (OM = {H = 0}).

V,n, and 1.:

Finally, the condition F(r;,) = 0 is used to derive
the thermodynamic variables V, 5, and 4,. Because
the physical quantities P = 3 /872G, (related to the
cosmological constant and Newton’s constant) and
uy (tensions of deficit) are fixed, we can utilize the
following relation to construct the first law and
obtain the remaining quantities:

o, Sry, + O se 4 gy 4 Prnsp 4 s,
ary, dc ob ot da
+ oo 5k — 0. (4.26)
oK

After replacing 6r;, with 6S and F'(r,) with 4zaT,
fixing the term 76S, and replacing others with oM,
00, 6uy, 6Gy, and 6P, we construct the first law
(1.2). The coefficients related to 6P, 6Q, and 6u. are
what we need in (4.1), (4.2), and (4.4). The
coefficient of G, is correctly /G, at the same time.

This procedure highly depends on the value of a
we input: without a correct a, (4.26) cannot give
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OM =T8S + - - -. The Smarr relation can be used as a crosscheck of the thermodynamic quantities we obtained, or
alternatively, it can be used to calculate the thermodynamic volume V.

V. THERMODYNAMICS OF U(1)>-CHARGED ACCELERATING BLACK HOLES

Following the analysis of accelerating charged dilaton black holes, we can easily obtain the thermodynamics of U(1)2-
charged accelerating black holes. And the strategies are similar to previous ones, so we will not explain too much in this
section. The bulk action is

Sputk = 16;G4/Md3+1x@<1e——(a¢ ——ZZ,((]S ) (5.1)

where F; = dA;, Z,(¢) = e?/*, Z,(¢p) = ¢=“?, and the scalar potential is the same as (2.2). When ¢ = 1/4/3, 1, v/3, these
theories can be embedded in gauged STU supergravities.
These theories admit the U(1)?-charged accelerating black hole solutions as follows [33]:

e (e ) (85 S

with

2 2

m  e? R ‘
F() = (1- )1 —27+ﬁ>h(r)_’ ey

j:

G(x) = (1 = x*)(1 + 2amx + a*e*x?) f(x)~,

V2j(0-aq)(—qm—q) (1 1
A= @ <rhh(rh) rh(’)>dt

A, = V222J) (1—1>dt, ¢:\/j(27—j)log<;g;>. (5.3)

a ry r

When A; = 0, these solutions reduce to accelerating charged dilaton black holes. The limit ¢ — O takes these solutions to

RN-AdS accelerating black hole.
The FG expansion (3.19) of these solutions leads to the boundary metric as follows:

2 2 2
74(p) a a*X,(p)
ds?, = ———11 dr dp? a dg?, 5.4
0T T A a2, 02 KA + agp) Y 54)
where
X (p) = (1= p*)(1+ 2amp + a*e*p?), (5.5)
7o) = /(1 + agp)?) = 20X, (p). (5.6)

The stress-energy tensor (3.13) is [the x; is the same as in (3.24)]

1+ agp)3aj(2 - jo,q?
247[G4(X3

(THhr = (T diag(1,1, 1), (5.7)

and the stress-energy tensor (3.16) is
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(1 + agp)’ o
487[G4C{3

(T]e = “diag[—(2r5 — a*¢?X,). (1 + aqp)™ . (rg - 2a°C°X )], (5.8)

where

wy = (1 =a*e*)j+6a(j - 1)mp + 6a*e*(j - 2)p?,

ws = j(2j = )p+am(3(j —2)(2j = 3)p* = j(2j +5)) + a*¢*p(j — 2/> +2(j = 2)(2 = 9)p?),

w6 = 2(1+ ) + amp(j(2j = 1) + (j = 2)(2] = 3)p?) +2a%e2(j = 3)(j - 2)p".

w, = 6m + 12ae*p — 3qw, + aq*ws + a*q> ws,

wy = p +alg — ae’p 4 ae*p* (2 + agp) +m(3p* — 1+ agp(1 + p*))]. (5.9)

We can find that these two stress-energy tensors yield the same correct mass as the conformal method (4.20), which means
that the mass integration (3.28) related to the w,, term is zero. With these results, we can quickly check that the trace of

the (77)c is zero but the trace of the (77) is not. We can also check that in the limit ¢ — O these two results reduce to the
corresponding result in [23]. All of these are similar to the U(1)-charged solutions, except for the differences of the dictionary
(3.13) and the local Ward identities (3.14), (3.17) are only one more vector field involved. But we are not going to write down
the asymptotic expansions of the gauge and scalar field here.
The thermodynamic quantities of these solutions are
- 5 5 2 —q(2m—q) 1 E 4 2am
E=ltae,  O=——T"0s 0 H=T4g, [ _K(lj:aq)f}’

afz((EJrZam)z (E—Zam)z)

2m(1 + (j - 1)a’q*) — jg& (Crag) — (=aq)” Y
M - ) - KG M5
2aKG4(1 — a*q?) 8aKG, “ At

T h(ry)™ [(1 —azri)(m——z> +ri(rh+fU(1 —az”%)—Q)}

- 2znar} " h(ry) 7Y (1 = a*r?)

G mrih(ry)’ 0, — V20 © — V2j0(1 — a*qry,)
C KG4(1-d?r3)’ ' 4KG,’ e aryh(ry) ’
e /22— e\/2(2—j 3
0,= V2270 g _V227) o, 3
4KG, ary, Gy

Ant? je?  (1=a*qry)j® r2(2r,—q(2—j—(1=2dr)j))

V= —aKMGy —— h : h 5.10
3aK {m “ T + 2ryh(ry) 282h(ry)' ¥ (1 = a*r;)? (5.10)

With these results, we can check that the Smarr relation (1.2) is satisfied. Although we can construct the first law (1.2) from
SF(r,) = 0 (4.26) with these thermodynamic quantities, there are no simple expressions for the thermodynamic lengths
(A4) for arbitrary coupling constant. So we only write down A, for the three cases that can be embedded in gauged STU
supergravities.

The thermodynamic lengths for ¢ = 1, 1/4/3, /3 are

@ =1

The « in (5.10) and its corresponding A, are as follows:

2(1 — a*q*)? ’
1 1 ar,(1 F ar,)2+ar,) F 1 201 +ary) lj:ae2
= a ar —
=7 2a(1 + aq) a(l —a*r) i " T
2+ a(q—4r, +agry(ar, F 1))
—q g L . (5.11)
—a*r;
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If we have a better «, then there exists a good limit and its corresponding thermodynamic lengths are

\/(E —2a’mq)(1 —a**(E+ 4 z —2a’mq))

a = )
1 —a’q?
2 _Yor £ (Vi +Y10)g + (Yor F Ya)g? +Y3:|:q +Yirq +¥siq® _Y6q (5.12)
T aY(1 —aq?) '
where
Y =2r,(1 = a®rp)[£2(1 = a®r})(1 + a*(€*h(ry,) — qrs)) — a*riqh(r;)?],
Y. = ry(ary(ar, F28) +3E - 2) F 2a*(1 — a®r})E?,
Yoir = —ry(1=a?rp)(e** +ry(r, = Y1), Y| = 4@ *Ery(e® + rp)(1 = a?r)?,
Yie =2a?r2(1 = a®r2)(ry, + ari(3ar, F 2) + ae*(2ar, F)(1 + a*r2))
+2r(1 F ary)(1 £ ary(1 F ary)), Y, =2a°¢*(e? + 1) (1 — a’r2)?,
=F 2a2r,(1 — a®r}){2ar; (2 + a*r3) + €*ar,(1 + ary(Sar, £ 1)) F 1]}
+ r3la*r2(7 F 2ar,(3 + a®r3)) — 1],
Y. =2a’r2{af*(1 — a*r3)[ari(2 £ 3ary) £ r, + ae*(1 + ary(ar, £4))]
+ r2ar,(3 4 ar,(3ar, £ 1)) F 3]},
Yoo = a*ri{a**(ar, F 1)(ar, £1)*(e* + r3)
+ 2 F ary (24 ar,(1 £ ary,)(ar, £5))]},
Ysi =2a*r}(2+ ary(ar, £ 1)), Yo =a'ri(1+a’r;). (5.13)

We can check that the limit ¢ — 0 takes this « to \/E(1 — azsz), which is the same as in [23] for an accelerating
RN-AdS black hole. The limits e — /¢(2m — g) and 2m — 2¢ + g take this result to (4.4).
(i) £=1/V3

albm(1 — PE + £ - a*mq)) —E(1 — 2£2E) ]
“= 4(1 - a*q?) ’

1 e\ 1-a*E  ar, F2  q(1 F 2ar,)
Ay =—— 1, — a2 — )+ h h2). 5.14
* 201 £ ab <rh . <rh+”h> a +a(1—a2 %z) l_azrlzl ( )

(i) ¢ =3

2.2 = = 2 = _ 2
o \/a<zm<z+a %) ~345) 1a2f2<<zl+zam> (= zam>>7

4(1 - a*q?) 8 +aq)  (1-agq)’

1 2 1 —a?/’=E 2
{rh - a’t? (rh + e) + a + @ ¥

" 2a (1+ab)? T'h a a(l —a*r?)
ary(aq(3 £2aq) +6) —3(1 + aq) — qa’ri(aq £+ 3)]
q .

2,2
1 —ar,

(5.15)

When ¢ = 1, the conditions for supersymmetry and extremality of U(1)?-magnetically charged accelerating black hole
have been studied in [34], in which the on-shell action and the mass were guessed. It would be very straightforward to apply
the methods we use to their model. However, since the equations of motion of this system are unchanging under the electric-
magnetic duality transformation and ¢ — —¢, the thermodynamics of a magnetically charged one is similar to the
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electrically charged one. There is no doubt that one can
analyze the U(1)*-electrically or magnetically charged
accelerating black holes [33] (see also [34]) along this line.

VI. SUMMARY AND DISCUSSION

To summarize, we have derived the thermodynamic
laws for slowly accelerating charged dilaton black holes in
four-dimensional Einstein-Maxwell-dilaton theories for
arbitrary dilaton coupling constant. These systems can
be embedded in gauged supergravities when ¢ = 0, 1/1/3,
1, and /3. The thermodynamics of slowly accelerating
black holes is generalized to include scalar hair, which
does not introduce a scalar charge. Like accelerating black
holes without scalar hair [54,55], the hairy accelerating
black holes emit gravitational and electromagnetic radia-
tions at infinity. The standard thermodynamic analysis is
still valid, and the thermodynamic quantities we obtained
are related to the comoving observer, who cannot receive
any radiation. We compute the holographic stress-energy
tensors and other one-point functions by properly consid-
ering mixed boundary conditions for the scalar field. The
stress-energy tensor describes a thermal perfect fluid plus a
nonhydrodynamic correction [22,23,56]. We find that the
holographic mass associated with appropriate boundary
conditions for the scalar field agrees with the AMD mass.
These results can be straightforwardly generalized to
U(1)?-charged accelerating black holes.

Our results open a way to analyze the phase structure of
slowly accelerating black holes with gauge and scalar fields
in asymptotically AdS spacetimes. Even for the nonaccel-
erating black hole in the { = 1 case, rich phase structures
(e.g., zeroth order phase transition) were obtained [41]. For
general ¢, thermodynamic instabilities for nonaccelerating
charged dilaton black holes were studied in [57], for
example. Thus, a general accelerating hairy black hole is
expected to have rather richer phases.

A key point of our work is rescaling the time coordinate
with the parameter a. However, the @ we obtained for
general £ does not have a good limit when a — 0. We find a
better « for the { = 1 solution, and the better a for arbitrary
¢ is still an unsolved problem. A similar situation is that in
the limit £ — oo, the thermodynamics of accelerating black
holes in AdS cannot be reduced to the result in asymp-
totically flat spacetime. The thermodynamics of pair
creation of dilaton black holes in asymptotically flat
spacetime [31] needs further study.

There is another subtlety on the consistency of the AMD
mass and the holographic mass. According to [58], they are
not the same when the conformal symmetry is broken on
the AdS boundary. In our cases, although the conformal
symmetry is broken for the triple-trace deformation boun-
dary condition ((7";)1 # 0), the AMD mass is the same as
the holographic mass. However, we also find a conformal
boundary condition that preserves the conformal symmetry

for these solutions we analyze. One may compare these
masses with the boost mass [59].

For slowly accelerating black holes, the constraints
v3(p) > 0 and y%(p) > 0 in the parameter space ensures
the absence of accelerating horizons. If these conditions are
not satisfied, then the black funnels and droplets [10,11]
with scalar hair will appear, and we expect that properly
taking into account the parameter restrictions can also take
these systems to thermal equilibrium. It would be interest-
ing to construct black funnels and droplets with scalar hair.
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APPENDIX: THE SPECIAL CASES OF GAUGED
SUPERGRAVITY

The consistent S7 reduction of 11-dimensional super-
gravity gives the Lagrangian as follows [60] (see also [33]):

13 1 4 a2 3
£:R—§i=1 (0¢;) —Z;e '¢f,+ﬁ;cosh¢i, (A1)
where

a = (1,1,1), a, = (1,-1,-1),
az = (-1,1,-1), as, = (—1,-1,1). (A2)

The U(1)-charged Lagrangians are obtained by consistent
truncation of (Al)
(i) The ¢ =0 case (RN-AdS): F, =F, Fr=F5 =
F4 = ¢; = 0. The Lagrangian is

6

1
—R-_F2 .
L 4.7: +f2

(A3)

(i) The ¢=1/V3 case: Fr=2F, ¢:i=d/\V3,
Fi=F;=F,=0. The Lagrangian is

1 1 ¢
L :R—E(a¢)2 R —i—gcoshi.

; Feosh-. (A4

(ii) The (=1 case: F3=F, ¢ =¢, F1=F, =
F4 = ¢ = ¢p3 = 0. The Lagrangian is

—r-tapr_Loer 2
L=R 2((3(;5) 2¢ F +f2(cosh(/>+2). (AS)
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(iv) The ¢=+3 case: F,=F, ¢ =—-p/V3,
For =F3 =F4=0. The Lagrangian is
1 6 ¢
=R——=(0¢)? —— e V3 F2 h—=. (A6
L 2( p)* — 4 F*+ f — Cos Nk (A6)
The U(1)?-charged Lagrangians are as follows:
(i) The ¢ =1/V3 case: ¢; = p/\/3, F3=F4=0.
The Lagrangian is
L=R- —(6¢) ——e\/_¢f2 ——6_7']:2
6 ¢
ﬁcosh\/—§ (A7)

(1) The { = 1 case: ¢p; = ¢, Fp, = =¢, =¢;=0.
The Lagrangian is
£:R—%(0¢)2 e F? - “/’.7:4
2
+ o (cosh¢ +2). (A8)
(iii) The ¢ = v/3 case: ¢p; = —p//3, F, = F; = 0. The
Lagrangian is
L=R-= (a¢) —f WF2 efﬁ
%cosh f/b§ (A9)
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