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Rotating anisotropic stringy spheroid in a modified Hartle formalism
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Here we look at an application of the Hartle metric to describe a rotating version of the spherical string
cloud/global monopole solution. While rotating versions of this solution have previously been constructed
via the Newman-Janis algorithm, that process does not preserve the equation of state. The Hartle method
allows for preservation of equation of state, at least in the sense of a slowly rotating perturbative solution. In
addition to the direct utility of generating equations which could be used to model a region of a rotating
string cloud or similar system, this work shows that it is possible to adapt the Hartle metric to slowly
rotating anisotropic systems with Segre type [(11)(1,1)] following an equation of state between the distinct

eigenvalues.

DOI: 10.1103/PhysRevD.106.104038

I. INTRODUCTION

We use the shorthand “koosh” to describe the hyper-
conical, spherically symmetric Kerr-Schild geometry with
the line element

1
ds? = —k2di* + —Zd}’2 + r2d0* + r*sin> 0 d¢?*.  (1.1)
K

This metric describes a hypercone in four dimensions in
that the circumference of a circle of proper radius r* is
2zkr*. Its Riemann tensor has only one independent
nonzero element Ry, = (1 —«*)/r*. Since spherically
symmetric Kerr-Schild metrics may be written in the form
-9y =1/9,, =1=2m(r)/r, where m(r) is a “mass”
function, we can identify that for a koosh

m=Ar, (1.2)

such that x = v/1 —24. Demanding that the ¢ coordinate
remains timelike requires 21 < 1.

The only nonzero energy-momentum tensor components
are

A

T -

T[t = Trr = —
drr

(1.3)

This means that the eigenvalue structure is Segre type
[(11)(1,1)] with

where A, is the eigenvalue associated with a timelike
eigenvector and A , 5 are the other eigenvalues. This can be
thought of as a “stringy” equation of state, in that it applies
to solutions with vacuum cosmic strings [1-4].

This solution seems to have been initially discovered by
Lettelier as a cloud of radially aligned strings [3], arranged
like the filaments on a koosh ball toy and giving rise to our
name. It was independently examined as a model for a
“global monopole” [5]. Several later papers have also
examined the koosh or similar systems as stringy systems
or monopoles arising from various theories [6—8]. One
intriguing recent development is the consideration of the
A — 1/27 limit. If such a system is cut off at a finite radius
by a shell, it acts as an interior to the Schwarzschild black
hole, and further has the correct mass scaling characteristics
without changing the interior density profile. This is a
“quasiblack hole” configuration [9]. The quasiblack hole
does have the problem that it is a singular configuration, but
it is noteworthy that the hyperconical geometry of metric
Eq. (1.1) only applies to global monopoles at sufficient
radius from the center; at extremely small radii the global
monopole described in [5] is de Sitter like and nonsingular.
Replacing the interior of a quasiblack hole with a very
extreme global monopole would lead to a system with some
properties like certain gravastar [10-13] or dark energy
star models [14] (in that the compact object is bounded by
some kind of thin shell at or near the horizon) and other
properties like Bardeen [15] or similar (e.g., [16—18]) type
nonsigular black holes (in that the interior is Kerr-Schild
and the pressure everywhere follows p, = —p, there is a
de Sitter center, and the solution decreases in density as

Ag = A, Ay =A; =0 (1.4) one moves outward).
’ There have also been various examinations of rotating
- solutions generated from the Newman-Janis algorithm
philipbeltracchi @ gmail.com [19-21] which have string cloud behavior in their static
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versions [22]. While the Newman-Janis algorithm pre-
serves Segre type [(11)(1,1)], the stringy equation of state is
not preserved in passing to rotation under the Newman-
Janis algorithm [23].

In this paper we modify the Hartle formalism [24,25]
to produce a perturbative model for a slowly rotating
koosh which preserves the stringy equation of state.
Originally, the Hartle formalism involved perfect fluid
(Segre type [(111),1]) equations of state. Effects from first
order in rotation for anisotropic systems had been pre-
viously considered for anisotropic neutron star models [26]
and anisotropic continuous pressure gravastar models [27].
Very recently, a treatment more similar to Hartle’s involv-
ing the second order in rotation deformation terms for a
particular anisotropic Segre type [(11)1,1] neutron star
model was presented [28]. The situation with a koosh is
extremely anisotropic in that one of the distinct eigenvalues
is always zero, and the Segre type is different than what has
been considered previously.

II. AXISYMMETRIC SPACETIMES AND THE
HARTLE FORMALISM

One convenient notation of the general axisymmetric
metric in coordinates (z, r, 8, ¢) comes from [29]
ds* = —e? dr* + e* (dp — wdt)? + e**dr? + e*d6?

(2.1)

where the five functions v, v, a, f, @ are functions of r
and 6. The functions v, y, w can be isolated as scalar

functions because of the existence of the time and axial
Killing vectors

Kl = (1.0.0.0). (2.2)

Kt =(0,0,0,1). (2.3)

Adopting the nomenclature from [30], we define additional
vectors [ and N, which in these coordinates are

= (1,0,0, o), (2.4)

ds? = = [1 4 2hy(r) + 2h,(r)P,(cos 6)]dt> +

The function w(r) is the first-order contribution that gives
rise to inertial frame dragging. Here P;(cos €) is the
Legendre polynomial of order [, m(r) and vy(r) are the
metric functions of the nonrotating solution, and /#,(r),
my(r), k;(r) are the monopole (/ =0) and quadrupole

r—2m(r) {
+ 21 + 2k, (r) Py (cos 0)][d6* + sin’0(dgp — w(r)dt)?].

N, = (=1,-¢*%,0,0), (2.5)

such that

l:K(,)—i—a)K((p), N-N=0, N-l=-1. (26)
With these auxiliary vectors, we can define two physically
relevant scalar quantities, being the surface gravity

parameter

1 0
Sg = Nl (V) = S =

2v 2.7
are (2.7)

and angular momentum density parameter

1 dw

J = =N, (V'K},) = —Eezw—a—vx. (2.8)
These scalars are related to the Komar mass and angular
momentum(see [31] for the introduction of the concepts,
and [30] for information about the particular formulation),
which can be defined as surface integrals at a given radius,
or as the sum of a surface integral at a smaller radius and a
volume integral of components of the energy-momentum
tensor between the smaller and given radii

1
MK(I’) _RAV (SG+WJ)dA

_ / EG=T + T7 4 T + T? ) drdodd
Vv

(Sg +0J)dA, (2.9)

+ 4nG aV_

1
Jk(r) :g -

1
:/./—_ng¢drd9d¢+—/ JdA.  (2.10)
v kY 4 ov_

J dA

For his perturbative framework, Hartle expanded the
line element (2.1) to second order in the angular momen-
tum as [24]

2 2
1+ Tm(r) [mo(r) + my(r)P,(cos 9)]}dr

(2.11)

I

(I = 2) contributions of second order in rotation respec-
tively. The choice ko(r) = 0 is part of Hartle’s choice of
gauge. The Hartle metric (2.11) is equivalent to second
order to general metric (2.1) with the identifications
(see e.g., [32])
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e = e[l + hy(r) + hy(r)P,(cos )], (2.12a)
e¥ = r sin O[1 + ky(r) Py(cos 0)]., (2.12b)

(2.12¢)
e’ = r[1 + ko (r)P5(cos 6)], (2.124)
w = w(r). (2.12e)

A. Hartle’s energy-momentum tensor

Originally, Hartle’s metric was paired with a perfect fluid
energy-momentum tensor. We describe its construction
here for completeness, but since we are interested in
a system with anisotropic pressures we use a different
method to construct and examine the energy-momentum
tensor which is described in the following section. With a
background metric of the form

dr?

2m(r)

ds* = = dr? 4 . + r2d6* + r? sin? Odgp?

(2.13)

and the unperturbed energy-momentum tensor T#, =
diag(—p, p, p, p), Einstein’s equations give the following
relationships:

d
a—”: — 471 p, (2.14)

ovy (m+4nrip)
e QPR M LA 2 2.15
or rA(1—2m) (2.13)
_op _ (m+4zr’p)(p+ p) (2.16)

or rA(1—2m)

Given an equation of state and appropriate boundary
conditions, one may in theory solve this system for the
unperturbed metric functions. In the notation of Hartle [24],
the perturbed energy-momentum tensor is

™" = (€ + P)u*u” + Pg", (2.17)
where £ and P are the energy density and pressure in

the comoving frame of the rotating fluid, and u* is its
four-velocity

1
u' w=Qu', u =u’=0.

\/ —9u— 299:¢ - 929(1;45

(2.18)

To order Q2,
£ = p(r) + Eo(r) + Ex(r)P(cos 0),  (2.19)
P = p(r) + Po(r) + Pa(r)Ps(cos 6),  (2.20)

where &(r), £,(r), Py(r), P,(r) are monopole and quadru-
pole perturbation functions of order Q?, where in the case of
these perfect fluid systems the rotation parameter Q has a
simple interpretation as a uniform angular velocity (Q loses
such a simple interpretation for vacuum energy type sol-
utions, such as the pure vacuum Hartle-Thorne solution [25]
and de Sitter like solutions [33—37] because the four velocity
drops out the energy-momentum tensor (2.17). Note that
in [25], they define fractional changes

P = p(r) + (p+ p)(Bpo(r) + 6ps(r)P(cos)).  (221)
s=p<r>+jg< 1 )(6po(r) +8pa(r)Pafcost)).  (2.22)

which are commonly used in other works. With Eq. (2.17),
the Einstein tensor for Eq. (2.11), appropriate boundary
conditions, and the equation of state, one may solve for the
perturbation functions.

III. KOOSH

The stringy equation of state Ag = Ay, Ay = A3 =0 1is
radically different than a perfect fluid equation of state
A3 = Ay = Ay = f(Ay). However, we find that if we
examine the Einstein tensor order by order we can identify
Hartle perturbation metrics which correspond to rotating
kooshes and satisty the stringy equation of state. Keeping
terms which are zeroth or first order in rotation, we find the
metric is specified by

1

ds* = —k*dr* + —2er + r2d#* + r’sin’ Od¢?
K

— 212 sinOw(r)d¢ dt (3.1)

and the energy-momentum tensor has nonzero components

A

T, =T1", = i (3.2)
. rsin?(0) (40 (r) + ra”(r))
T, =- o , (3.3)
o, Q= Drl0/() + ) 4 8i0(r)

32712
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This suggests two special1 frame dragging solutions:

w
T'y=0-40'(r) + re"(r) =0 = w(r) = W, +_32’
,
(3.5)
T, =0 — (4'(r) + ro"(r))
—4lw(r)
=—> >
22— 1)r
War_\/% + Wbr\/%
a)(r) g r3/2 . (36)

Notice that Eq. (3.5) gives the same dragging as the vacuum
Hartle-Thorne [25] and vacuum energy de-Sitter type
solutions [33-37]; we will therefore call it “vacuum
|

dragging.” Interestingly, there is no Komar angular momen-
tum Eq. (2.10) associated with this frame dragging for the
volume term of the Koosh as we have T’ = 0. Note that in
the case of the Hartle-Thorne solution and the vacuum
energy de-Sitter type solutions the W, term is associated
with an angular momentum concentrated inside the
region of interest (such as a rotating star in the standard
Hartle-Thorne picture [25] or a delta function in [37]). The
W, term can be associated with angular momentum
concentrated outside the region of interest, specifically
arising from a rotating eternal shell for the vacuum energy
de-Sitter type solutions considered in [33-37].

A. Preservation of the equations of state

The full second order energy-momentum tensor is

-1 rQRo(ro” +4d') + r(o')?)  mj K2(rky 4+ 3k,) 2k, +mh  3m,
T, = - Py(cos @ - -
" 4nr? * 48n 4rr? + Pa(cosf) 4mr 4rr? drtr?
rQRo(re” + 4a') + r(@)?)
- 437 ’ (3.7)
rsin?(0)(rao” + 4a')
T’¢,=—{ e } (3.8)
(4w — r(ro” + 4a))
Tt = _{ 167> ’ (39)
76 — K2r(rhy + hy) —rmy+my  hy*r+my  rQRe(re” +4a') +3r(a')?)
- 8xr’ 8x?r3 487
Py (COS 6) 2 " " / / / ro / o’ 4m2
+W r| k2 r(r(hy 4+ K5) + bl + 2kh) — 4hy — mh + g (Bra’ + 8w) + 3 +m2—K—2 , (3.10)
-4 [Py —my (@) Py(cos@ r(w')?
.= dnr? { 47(;r3 ) 458717) B zé(lﬂr3 ) <3h2r +2ker o my (12) merlh+ ké))] G
70 K2r*(hy + rhyy) — rmjy 4+ my B hyK?r + my B r*(a)?
o 8xr? 8aK?r? 48n
P 0 402 2
255::2 —> (F(Kzrzh’zl + K2rhly + K22k + 2K rkh — mh + ! (2) ) ) —2h,r + (1 - F) mz)} ’ (3.12)
3 sin(20) (K212 (hy + k) — rhyx* —
Try = P2TY, — sin(26) (k*r( 126‘|7;r22) rhyx mz)} (3.13)

'As we will see in the next subsection, preservation of the
equation of state is not enough to fully specify the frame
dragging. However, because these examples for frame dragging
lead to terms going to zero, the other equations simplify and exact
solutions for the other functions can be found.

Here terms in big square brackets are second order, terms
in curly brackets are first order, and we use the shorthand «
from earlier. For a stationary axisymmetric metric of the
form Eq. (2.1) the eigenvalues of the energy-momentum
tensor follow a pattern due to its block diagonal structure,
and can be written as
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Ay (T’ + Ty = /(T =T, - 4T¢[T'(,,), (3.14)

l\-)l'—‘

Ny =5 (T + Ty /(1,02 =410, T,), (3.15)

I\JI'—‘

1
Al == E (Trr + Te(.) - \/(Trr - T99)2 - 4Tngr€) ’ (316)

1
Ay = 2 (Trr +T%+ \/(Trr —T%)* - 4T‘9,T’9). (3.17)

When expanded to second order, the eigenvalues of this
energy-momentum tensor are

rsin?(0) (40’ + ra") (4w — Kr(re” + 4'))

ANy =T —
0= 6471 ’
(3.18)
A =T, (3.19)
Ay =TY%, (3.20)
Ae=T?, + rsin?(0) (4o’ + ro") (4dw — K*r(ro” + 4a')) ‘

6472
(3.21)

To this second order, we have A; = 7", and A, = T%,
because the effects from the 77,T?, cross term are pushed
to higher order.

One expression for eigenvectors in (¢, 7,0, ¢) coordi-
nates, correct to second order, is

2 /! 4 /
_ (LO’O,WM) (3.22)

4
. (O, 1’3 sin(20) (m,

LA LAY
4k Ar? )

—&2r(r(hy + k) —
42

. <0’ _ 3 5in(20)(m, h,)) ’ 1’())’

(3.24)

3 in2 " /
u <_r sin*(0) (rw —|—4a))’0 0’1>' (3.25)

B 42

Note that the x{j, x4 have the zeroth order term and a first
order term while the x/, x4 have the zeroth order term and a
second order term. Notice that in the vacuum dragging
Eq. (3.5) case x4 is purely along the ¢ direction and in
the alternate frame dragging case xj is purely along the ¢
direction.

Now that we have expressions for the components and
eigenvalues in the energy-momentum tensor for arbitrary
perturbation functions, we can now use a form of the
stringy equation of state (1.4), being A, =0,A; =0,
Ao — A =0, to derive differential equations from which
the perturbation functions should follow. Notice that each
of these equations will separate into a monopole term and a
quadrupole term.

Since A, and Aj; are separately zero, if we take their
difference we also obtain A, — A3 = 0, which leads to the
algebraic condition allowing for the elimination of 4,

—my 474 -4)(o')? = PrH (o) -
K*r 242

8k?ra’w')
h2 == .

(3.26)

Next, the equation of state (1.4) requires the condition

Ay — Ay —2A, =0, using the quadrupole part of this
(3.23) condition and Eq. (3.26) gives a differential equation
|
2,2
my = —%( —4k2 0 (311 — 16)ro®) — k2o +2(651 — 33)a")

+ 1P (P (@P)? + re” (2603 + ro™) + 83(w'

"2) = 12Amfy +16(51 = 2) (74— 4)r* (o')?), (3.27)

where (3),(4) specify third and fourth order derivatives with r, which specifies m,. Finally, using the quadrupole part of

Ao — A, =0 gives a differential equation for k,

12k 02 (kY + 2K5) = 72Amy — k215 (—

—*ro® (ro" + 40')

For the monopole functions, we can use the remaining monopole term from A,

for hy, being

2(A(564 —47) + 8)(w
—4(A(344 = 31) + Tro'@").

N2+ 26274 = 3)r* (0")?
(3.28)

— Ay =0 to obtain an expression
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Mo~ rmly P (re” +4a')?
s 242 ‘

(3.29)

If we take the derivative of this we can replace both A, and

o in the other monopole equation [with the condition
Eq. (3.26), A, =0 and A; = 0 have identical forms], we
obtain a final differential equation for m,

3

242
- 8k%ra (ro® + 8a")).

my = (8(134 = 6)(@')? = k>0 2ro®) 4 13a")

(3.30)

Importantly, the stringy equation of state can now be
satisfied (to second order) regardless of what w is, provided
the second order functions obey the above rules. In theory, a
system with any given function for @ could be used with
Eqgs. (3.26)—(3.30) to find second order functions such that
the equation of state is preserved. Presumably @ could be
determined by some ansatz about the form of the energy-
momentum tensor beyond the equation of state, such as
the uniform angular velocity assumption in the standard
Hartle framework.

IV. EXAMPLE FRAME DRAGGINGS

Despite the fact that the preservation of the equation of
state is not sufficient to specify the frame dragging, we have
isolated two cases which have interesting behavior: the
vacuum frame dragging case Eq. (3.5) and the alternate
case Eq. (3.6). In both of these cases we find exact solutions
to the differential equations for the perturbation functions.

A. Vacuum frame dragging

For our first example, consider that the frame dragging is
of the “vacuumlike” form Eq. (3.5). Based on the behavior
of the vacuumlike frame dragging in other systems, we
might expect this solution to apply when the Komar angular
momentum density is concentrated inside (for W,) or
outside (for W;) the region of spacetime in which the
background metric (1.1) applies.

which may be trivially integrated to obtain

W2
mOZ——§+er+Z2 (42)
4r
where z, are integration constants for the monopole
functions. With mg, Eq. (3.29) likewise simplifies and
may be trivially integrated, giving

1 22 W%
h —l Z_2+K% + (4. 4)
07 2 ro 4t e '

This fully specifies the monopole functions. The
quadrupole functions are slightly more complicated.
Equation (3.27) leads to

1 2k2(3) — 1) W2
m, = 6K2r2m’2’ + % (4.5)
; | 2k2(30 = 1)W3
m2 — qlri(l_s) _|_ qzﬁ(1+s) u (46)

42 -1)r

where we introduce the shorthand S = i—‘z‘ + 1 and the

integration constants for the quadrupole functions ¢,. We
use Egs. (3.26) to obtain the expression for £,

3W% nmy

h2 == -5
2K K3

(4.7)

where m, takes the form from Eq. (4.6). Finally, we obtain

181(2A(84 = 5) + 7)) W3

3

- 72/1(‘]17’1;23 =+ 42”%)’

1264072 (2K, + rky) =

(4.8)

_sil s=1 2
In the vacuum frame dragging case, Eq. (3.30) simply ¢, = ar + Qr + KE} +q,+ (43~ 84+ 1)W;
becomes K? K? r 8(1 —42)*r?
(4.9)
2
my = _3W" (4.1)
r The nonzero eigenvalue becomes
|
- 21 Py(cos®) (q3(=3+22) (g7 204 4 gor' T WAA(=144(3 —42)4)
Np=A = - - 4.10
TN T T e 2r Gt K2 MRy (4.10)

Notice how Wy, z,, zz do not show up in the energy-momentum tensor eigenvalue. The entire energy-momentum tensor

simplifies considerably, becoming

Ttt - Trr :AO :Al,

(4.11)
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=3 sin(20) (W34 + ¢3r°k?)

T, =Ty = = . (4.12)
3
T — M (4.13)
! 4zr ' '

with all other components vanishing to this order.
The S; and J scalars are

log(k) (z, W3 | R
SG:[ K()<r§—r52+P2(cost9)<2qlr 7(14S)

1 53 2W%K2
—§q2}"2 (S—l)+m>>:|, (414)
_ [-3Wjksin* 0

It is noteworthy that the surface gravity parameter S; of
the unperturbed koosh is zero because the e* goes to a
constant, so its derivative is zero (the Komar mass of the
unperturbed koosh is also zero, as for the unperturbed
koosh S;, @ and J being integrated in Eq. (2.9) are all
separately zero). For the system with vacuum frame
dragging, the S is second order in rotation and 7 is first
order in rotation.

1. Divergences of perturbation functions
in vacuum frame dragging

If the integration constants W», z,, ¢, g3 are nonzero,
then there will be a divergence of the metric perturbation
functions as r — 0. There will likewise be divergences as
r — oo in the quadrupole sector if g, is nonzero. There is a
r — oo divergence in the function my if the integration
constant z; is present, but it is noteworthy that m enters
into the metric (2.11) in the combination mg/(r — 2m) =
myg/(k*r), which has no divergences associated with z;.
Note however that for a given system any of these terms
might be present if the background metric (1.1) is only
valid over a certain domain, as is the case with global
monopoles (which differs at small r) or something that is
cut off by a shell (which would differ at large r). The
integration constants Wy, z3, g, do not cause any diver-
gences in the metric functions. Strictly speaking, there
is a divergence in the nonzero eigenvalue of the energy-
momentum tensor Eq. (4.10) associated with g, as r — 0,
but it has the same 1/r? divergence as the background
A/4xr* term, so the g, term can still be considered small
with respect to the background term. A similar formally
divergent but small compared to the background term in
Eq. (4.10) comes from z;. The ¢;, g3, W, terms in
Eq. (4.10) all diverge faster than the background term as
r — 0, and the ¢, term will diverge as r — oo.

Independently of the divergences at large or small
radii, there are particular values of A in which there are

divergences. It is not surprising, given the pathological
nature of the background line element (1.1) in the
A=1/2, K> =0 quasiblack hole limit, that there are a
multitude of divergences in the perturbation functions,
associated with W5, z,, q;, g,. However, divergences due
to these terms also show up in the eigenvalue Eq. (4.10)
and the surface gravity parameter Eq. (4.14), which are
scalars, showing that divergences caused by these inte-
gration constants in the quasiblack hole limit are not
simply a coordinate artifact. Elimination of W, means
that the frame dragging inside the quasiblack hole would
go to a constant, which based on the behavior in the de
Sitter type solutions might indicate the angular momen-
tum is localized to the shell.

A more surprising feature is the fact that for nonzero W,,
the m, function (and hence h,) will diverge at all radii
when 1 = 1/4, in which the background metric exhibits no
special behavior. This divergence at A = 1/4 also manifests
in the W, term of Eq. (4.10), and in the surface gravity
parameter Eq. (4.14), indicating it has coordinate indepen-
dent significance. A summary of divergences in scalar
quantities under different conditions and the associated
integration constants is given in Table L.

B. Other frame dragging

Recall that there is a second special frame dragging with
regard to the off diagonal first order in rotation components,
being Eq. (3.6). To simplify the notation, we introduce the
shorthand

9-21
Z=\— 4.1
1-22 (4.16)
such that
w —Z/2 w Z/2
o = —al A W (4.17)

372

With this in mind, one may solve the monopole equa-
tions (3.30), (3.29) and obtain

TABLE 1. Table showing integration constants which cause
divergences in scalar quantities given certain conditions. An
asterisk indicates that, while a divergence is formally present, it
diverges in the same manner as the background and remains
subdominant; z; and g, are associated with divergences of this
type. W and z3 do not lead to divergences in any of these
quantities.

F=0 r—oo  A=1/2  Ai=1/4
A Wi, g1, 93321, 45 9> Wi g1, @2 W,
S¢ Wa, 22, qi 9> Wa, 22, 915 42 W,
J W,

(0] W2
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1 1
my=—Wi(Z-=3)r? = —=W2(Z+3)r % +rz, + 2,

ky =

4.18
24 ( )
W2(Z+3)r 7 Wi(Z-3)r"" 8IW, W, + 6Kz,

hy = 5 5 - 7l Ze- (4.19)
6k (Z+1) 6k*(Z-1) 6x*r
The solutions to the quadrupole equations (3.27), (3.26), (3.28) are
41 s 1 1
my = q,rz +q,re + ¢ W2r2(=20(Z+ 1)+ Z+9) + 8W%rZ(Z/I(Z -1)=Z+9), (4.20)
by = W27 20 = DZ+Z=9) + 5 WP 20+ 2= 1)Z = 9) = q,rT —qur T (421)
2 ’ :
K
(=204 (A= 1)S+25) g, ST+ (24-1)S-25) g, N
(S—1)S K*S(S+ 1) p A
n W2r=2=1(1602(Z + 1) = 10A(9 +7Z) = 9(5Z - 9)) . W2rZ=1(164%(Z = 1) + 104(9 = 7Z) = 9(5Z +9))
122(20=9)(Z + 1) 122(24=9)(Z - 1)
4)“Wa Wb 4/1Wa Wb 10g(}’) (4 22)
3xtr 3ty '
where S = ,/% + 1 as before. Notice that the and K*r? "
2 . 9a q» Eq(327) - my = Tmz. (424)

terms in Eq. (4.6) and the ¢, ¢, terms in (4.20) are
analogous, as are the z;, z, and z,, z;, terms in Egs. (4.2)
and (4.18). This is because they are associated with the
homogeneous, or @ = 0, equations for m, and m,, which
become

Eq.(3.30) - mj =0, (4.23)

Because the terms are associated with ¢,, ¢, and z,, z,
terms are associated with the homogeneous m,, equations
analogous terms can show up in the m, functions for all
frame draggings.

The nonzero eigenvalue of the energy-momentum tensor
becomes

—4 W Wud  zg AW rTPWE) q:(3-22)  4qa
Ng=A = - P 0 -
0 " 4n? [671}’31(2 dnr? 1272 + Pa(cos6) 4nr 27r?
N W, W,A(5 — 22 +3(? —42) log(r)) LA (qar S92 4 g, rm(5+9)/2)
671K 2K
16A(5=24) [ r32W? r3tIws 16ZA(3 +4A(A=5)) [ r32W? n r3tZwe
K2 967(1+2) 96x(Z-1) 94 4A(A-5) 9%x(1+2) 96x(Z-1) ’

(4.25)
The energy-momentum tensor follows the structure

T, =T, =Ag = Ay, (4.26)

in(26) [3¢q.x>
rZKZTHr — Tr6' _ Sln( ) qc.K +

(3(S =25+ (S = 1)(Sk2 = 2)))(gurs + qpr'?)

Q2 2 48i?
2W WAl 31 Z (242 — 134
P Bt S twi v + (g -
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t (Asin?(0)) (W, r 7375 + W, r3t%)
To=- 4ni? '

(4.28)

with all other components vanishing to this order. Notice
that in this case as well as in the vacuum dragging case, we
had T¢¢ =0and T', = A,. This is because we either had
|

5, _ log(s) [1

K 6

2

J = %KSinQ(e)(Wb(Z - 3)}"% — Wa(Z + 3)’,‘%(_2_1)).
(4.30)

1. Divergences in the alternate frame dragging

Because the functions in the alternate frame dragging
involve more notational shorthand to write in a reasonable
amount of space, it is helpful to review how the different
shorthand parameters are related to A before examining
what divergences may exist. Plots of the shorthand para-
maters are depicted in Fig. 1, where we see that 5 < S < o0
and 3 < Z < 0. There are many terms in the perturbation
functions and energy-momentum tensor components which
have powers of k in denominators, which would of course
lead to divergences in the quasiblackhole limit. Notice that
within the eigenvalue Eq. (4.25) and within the surface

147
12}

10}

0.0 0.1 0.2 0.3 0.4 0.5
A

FIG. 1. Graph showing the behavior of the shorthand items with
respect to the parameter A. Over the interval 0 < A < 1/2 that we
are interested in, k2 goes from 1 to 0, Z goes from 3 to oo, and S
goes from 5 to oo.

1
rEW(Z - 3) - ¢ rtWi3+2Z) +

+ lq;,,r—%—%(l +5) + 11—2((2 —)i? = 8)(r 2 ZW2(=1 = Z) + r 22w (1 + Z)))] ,

one or the other of 7%, or T’ as zero for the particular
frame dragging function. For other frame dragging func-
tions for which the product T¢,T’¢ # 0, we no longer
require 7', = A, and T¢¢ =0 to satisfy the general
expressions.

The S; and J scalars become

Zp 4j'thWb 1 3.8
ﬁ+W+P2(COSQ) Eqar 2+2(] —S)

(4.29)

[
gravity parameter Eq. (4.29), both W, and W, have to be
zero in order for these scalars to not diverge at all radii in
the quasiblackhole limit, which implies no frame dragging
could be present, or that the alternate frame dragging is
not really compatible with a quasiblackhole configuration.
The other terms in denominators ie., Z—1,Z+1,S,
S—1,54+1,52—-1,21-9 do not have a zero over the
0 < 4 < 1/2 interval, so there are no intermediate values of
A causing divergences like 1 = 1/4 did for the vacuum
dragging case.

There are however terms which diverge either as » — 0 or
r — o0. Because Z > 3, the presence of nonzero W, will
cause divergences as r — 0 in the frame dragging, all second
order functions, and all nonzero energy-momentum tensor
components for general .. The W, terms are typically
associated with divergences as r — oo. However, for
A=0, Z=23, the W, term in frame dragging goes to a
constant, and the W, terms in the monopole perturbation
functions and energy-momentum tensor components/eigen-
values vanish, but the quadrupole perturbation functions still
have divergent W, terms as r — co. Among the monopole
integration constants, z,, causes a divergence in mg as r — oo
[note the caveat that the combination in the line element
mg/(r — 2m) = m/(x*r) remains finite since z, and z, are
analogous terms from the homogeneous solution] and a
formally divergent but small compared to the background
term in Eq. (4.25), z,, causes a divergence in A, as r — O,
and z,. does not cause any divergences. Among the quadru-
pole constants, g, is associated with divergences as r — oo,
q, and g, are associated with divergences as r — 0, and g,
causes another formally divergent but small compared to the
background term in the eigenvalue Eq. (4.25). We give a
summary of divergences for the alternate frame dragging in
Table II. It is important to reiterate that one may not care
about divergent terms if they occur outside the domain where
the background solution would be valid, such as r — oo for
objects cut off by a shell or » — 0 for global monopole like
objects with a smoothed core.
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TABLE II.

Integration constants which cause divergences in scalar quantities given certain conditions. An asterisk

indicates that, while a divergence is formally present, it diverges in the same manner as the background and remains
subdominant. Unlike the previous case, both frame dragging W constants are associated with divergences, and we
also have divergent terms proportional to the product W, x W,. Additionally, there is no intermediate value of A
associated with divergences in these quantities. Corresponding behavior with respect to conditions for divergences
of the integration constants from the homogeneous sector of the equations (z,, 25, ¢4» g5 VEISUS 21, 22, 41, ) 18
evident in comparing the results with Table I. The integration constant z,. has no associated divergences in these

quantities.
r=20 r = 0o A= 1/2
WmWa X Wb’qb’qc;szq(*j Wb’ 9da Wa’Wb’Wa X Wb’qa’qb
SG Wa*Wa S vazb’ qp Wb’ 4a Wa’Wb7Wa X vazb’ 9a-49p
J Wa Wb
w Wa Wb

V. CONCLUSION

Within general relativity, rotating axisymmetric systems
are of considerable interest. In this paper we show that a
modified Hartle formalism (using the same form of
perturbed metric but different conditions on the energy-
momentum tensor) is capable of producing rotating sol-
utions in a perturbative framework which preserve heavily
anisotropic equations of state far different from the original
application of perfect fluids. This is accomplished by
deriving differential equations for the second order pertur-
bation functions and presenting closed form solutions to a
system which could be interpreted as describing a region of
some global monopole or string cloud with rotation,
although additional information beyond the equation of
state is required to specify what frame dragging will be
appropriate in a given physical situation. Examining
specific physical situations and attempting to determine
the appropriate frame dragging function (and by extension
the other functions) is a possible avenue for future work.
For instance, it seems likely that a system of the “vacuum”
dragging case with W, only soldered to a Hartle-Thorne
exterior may describe a stationary interior bounded by a
rotating shell, although this would have to be verified.
Additionally, one might consider a situation further akin to
the original Hartle method and postulate a uniform angular
velocity. This may be appropriate for a literal string cloud
as it would prevent the strings from getting progressively
more tangled, which could violate the assumption of a
stationary system.

One other possible extension of this work is examination
of slowly rotating nonlinear electrodynamics monopoles. In
the static case, Bardeen type nonsingular black holes can

also arise from nonlinear electrodynamics theories (see
e.g., [17,38,39]) because of their [(11)(1,1)] Segre type, so
rotating nonsingular black holes may also be amenable to
this method. It is known that rotating versions of these
black holes and nonlinear electrodynamics monopoles can
be generated by the Newman-Janis algorithm (for instance
[40,41]), but these rotating versions typically no longer
follow the equation of state associated with the underlying
nonlinear electrodynamics theory supposed to generate
the static version [23,42]. Beyond the preservation of the
equation of state, rotating systems generated by the
Newman-Janis algorithm may contain singularities even
if the original system was nonsingular [43], which is an
obvious drawback for modeling of nonsingular black holes.
However, the koosh is also a Segre type [(11)(1,1)] system,
can describe a monopole in a particular nonlinear electro-
dynamics theory [8], and a modified version of the Hartle
formalism was able to give rotating solutions which
preserved its equation of state. Appropriate equations of
state for nonsingular black holes or nonlinear electrody-
namics monopoles may be derived from a Lagrangian, or
may be phenomenologically derived from the nonrotating
solution as in [23]. That the modified Hartle method works
for the koosh gives hope that rotating solutions for Bardeen
type black holes or other nonlinear electrodynamics sys-
tems which satisfy the underlying equation of state may be
found in a similar manner, at least within the slowly
rotating nearly spherical limit.
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