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In [J. P. B. Brito et al., Phys. Rev. D 104, 124085 (2021).], we studied the scalar radiation emitted by a
source orbiting a Schwarzschild–anti–de Sitter black hole along circular geodesics. We presented results for
the emitted power in the context of quantum field theory in curved spacetimes. We computed the emitted
power for a region of the parameter space corresponding to large black holes when compared to the anti–
de Sitter radius. In this addendum we investigate the regime of small black holes, i.e., the regime of
M2Λ≲ 0. In this regime, the emitted power, as a function of the source’s angular velocity, exhibits resonant
peaks associated with quasinormal frequencies.
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In Ref. [1], we analyzed the scalar radiation emitted
by a source moving along circular geodesics around a
Schwarzschild–anti–de Sitter (SAdS) black hole. Using
quantum field theory in curved spacetimes at tree level, we
computed the partial and total emitted power by the source
considering the family of SAdS black holes by varying
the parameter M2Λ. However, we restricted our attention
to the region of the parameter space corresponding to
M2Λ ≤ −1=2 (or equivalently re > 0.6RAdS, where RAdS ¼
ffiffiffiffiffiffiffiffiffiffiffi

3=jΛjp

is the anti–de Sitter radius). In this addendum, we
present results forM2Λ≲ 0 (or equivalently re < 0.6RAdS).
For M2Λ ≲ 0, the effective potential for the scalar field

presents a local maximum and a local minimum (see
Fig. 1). The local minimum of the potential gives rise to
long-lived modes [2–5], which lead to spikes in the total
power emitted by the source, when plotted as a function of
the source’s angular velocity. The spikes are located at
values of the source’s angular velocity equal to the
frequencies of the associated long-lived modes.
Although the dissipation at the horizon prevents the

modes to be stationary, we can use the Bohr-Sommerfeld
condition to obtain approximately the real part of the
frequencies associated with these resonant modes. As
was shown in Refs. [2,3], for small black holes the imagi-
nary part of the quasinormal frequencies can be very small;
i.e., the modes are long-lived1 and are almost trapped in-
side the potential well present in VeffðrÞ [see Eq. (20) in
Ref. [1]]. The potential Veff is plotted in Fig. 1 for a

representative choice of M2Λ and l. The values of the
characteristic energies (given by the square of the fre-
quency) are shown as horizontal lines. These frequencies
are obtained through the condition given by [2,3]
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dr
fΛðrÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ω2 − VeffðrÞ
q

¼ ð2nþ 1Þπ; ð1Þ

with n being a non-negative integer number and ra, rb the
classical turning points (see Fig. 1). We see that, the lower
the value of n is, the closer the energies are to the minimum
of the potential and therefore the associated modes should
decay more slowly. For orbits far away from the photon

FIG. 1. The effective potential M2Veff defined in Eq. (20) of
Ref. [1], with l ¼ 2 for M2Λ ¼ −10−4. The horizontal (gray)
lines denote the energy levels associated with the resonant
frequencies in the potential well and the vertical (gray) line
marks the position of the photon sphere of the black hole
(r0 ¼ 3M). The positions ra and rb are classical turning points.
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1The damping timescale of these modes is proportional to

r−2l−2e ; see Ref. [5]
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sphere, the resonant frequencies approach the normal
frequencies of the pure anti–deSitter spacetime given by [2,6]

RAdSωAdS ¼ 2nþ lþ 3: ð2Þ
In Fig. 2 we exhibit the partial emitted power in a log plot

for a given value of M2Λ, for which the resonant patterns
are seen. The emitted power has sharp maximum and
minimum in these locations, as shown by the insets.
In Fig. 3 we show the partial emitted power for a given

value of M2Λ and l, with the resonant frequencies high-
lighted. We see that the real part of the quasinormal
frequencies estimated by the Bohr-Sommerfeld condi-
tion (1) present excellent agreement with the resonant
peaks of the partial power.

In Fig. 4, we plot the total emitted power by the source
for two choices of M2Λ. We see that the total power
exhibits sharp peaks associated with the quasinormal
frequencies presenting a distinctive characteristic of
SAdS black holes with reflective boundary conditions at
infinity (see Refs. [1,7–10] and the references therein). We
can also see that the contribution of higher multipoles is
important close to the photon sphere, i.e., for Ω ≈Ωmax.
This is a feature of the scalar geodesic synchrotron
radiation.
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FIG. 2. The partial emitted power as a function of MΩ given
by Eq. (47) of Ref. [1], for M2Λ ¼ −10−3 and l ¼ 1. The insets
show in more details the third resonant pattern.

FIG. 3. The partial emitted power as a function ofMΩ given by
Eq. (47) of Ref. [1], for M2Λ ¼ −10−4 and l ¼ 2. The vertical
(gray) lines denote the real part of the quasinormal frequencies.

FIG. 4. The total emitted power as a function of MΩ given by
Eq. (50) of Ref. [1], for M2Λ ¼ −10−1 (top) and M2Λ ¼ −10−2
(bottom) with different choices of lmax, up to lmax ¼ 10, as
indicated.
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