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Recent measurements of gravitational-wave ringdown following the merger of binary black holes raise
the prospect of precision black hole spectroscopy in the near future. To perform the most sensitive tests of
the nature of black holes using ringdown measurements, it is critical to compute the deviations to the
spectrum of black holes in particular extensions of relativity. These spectral shifts are also needed to
interpret any violations of the predictions of relativity that may be detected during ringdown. Here we
present a first step towards computing the shifts to the spectrum of Kerr black holes with arbitrary spins, by
deriving a modified Teukolsky equation governing the perturbations of black holes in theories beyond
general relativity. Our approach applies to a class of theories which includes dynamical Chern-Simons
gravity and shift-symmetric scalar Gauss-Bonnet gravity, in the case where the deviations from relativity
are small. This allows for a perturbative approach to solving the equations of motion. Further, we show how
to use the modified equation to compute the leading-order spectral shifts of Kerr black holes, using
eigenvalue perturbation methods. Our formalism provides a practical approach to predicting ringdown for
black holes in a range of promising extensions to relativity, enabling future precision searches for their

signatures in black hole ringdown.
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I. INTRODUCTION

The direct detection of gravitational waves [1-14] by the
Advanced LIGO [15] and Virgo [16] interferometers has
opened a new window into strong-field and dynamical
gravity. These detections have enabled stringent tests of
relativity, e.g., [17-23], primarily in the form of null tests.
With the number of detections rapidly increasing, the
strongest constraints on and the most sensitive searches
for new physics require combining tests across many
gravitational-wave events. For many tests, such as searches
for parametrized deviations from inspiral, merger, and
ringdown models, this requires either a hierarchical analy-
sis [22-25] or a specific model from which to derive
constraints on a common model parameter.

The ringdown following the merger of binary black holes
is of especial interest from this perspective. This final,
exponentially decaying emission is the superposition of
quasinormal modes (QNMs), which in the perturbative
regime are determined by the mass and spin of the merged
black hole [26]. The measurement of two or more ringdown
modes allows for black hole spectroscopy [27-29], probing
both the properties of the black hole and allowing for tests
of relativity targeting the merged remnant. While deviations
from the expected structure of Kerr black holes (violations
of the no-hair theorem) also alter the gravitational waves
produced during inspiral and merger, one attraction of
ringdown tests is that are conceptually straightforward. In
addition, measurements of black hole mergers with total
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mass 265 M, together with recent advances in modeling
[30-33], indicate that the measurement of multiple ring-
down modes may already be within reach, e.g., [34-36]
(see also [37,38]).

Perhaps more importantly, predicting deviations from
ringdown in specific extensions to general relativity (GR) is
tractable. With a theory selected, the QNM spectrum can be
computed by perturbing the metric and any additional fields
around the equilibrium black hole solutions. Shifts to the
QNM spectrum have been computed in many cases for
perturbations around Schwarzschild backgrounds, for
example in quadratic gravity extensions [39—44] such as
dynamical Chern-Simons (dCS) gravity [45-49], scalar
Gauss-Bonnet (sGB) gravity [47,50,51], and also in the-
ories with even higher powers of curvature [47,52,53]. With
spectral predictions from these theories in hand, direct
searches for their signatures during ringdown are possible,
and combining constraints across events is straightforward.
In addition, recent advances have allowed for numerical
simulations of binary black holes in some of these beyond-
GR theories [54-64], and computation of the QNM spectra
in these theories can contribute to future models covering
inspiral, merger, and ringdown in these theories.

Most progress to date has been limited to the regime
of slowly-spinning black holes, perturbing around a
Schwarzschild background. Meanwhile, astrophysical
merger remnants are expected to have dimensionless spin
x ~0.7,e.g.,[65,66]. Although expansions exist to very high
orders in small spin [53,67], an approach to computing
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deviations to the QNM spectra on Kerr backgrounds without
any assumptions on the spin would be valuable. This is true
both for practical data analysis, where for Bayesian infer-
ence, predictions are needed across parameter space includ-
ing for high spins y < 0.99, and for understanding how the
unique features of the spectra of rapidly rotating black holes
(e.g., [68-74]) carry over to other theories.

In this study we outline an approach to computing the
deviations to QNMs in a broad class of beyond-GR
theories. Our method is especially suited for dCS and
sGB gravity when the coupling parameter that controls
deviations from relativity is small and so the theories are in
the decoupling limit. This allows us to follow the same
order-reduction scheme used in some recent simulations of
binary black holes in these theories [54-56,58]. Our
approach builds on previous work for computing the
spectra of black hole backgrounds which are a small
deformation away from Kerr [75]. That method, based
on standard eigenvalue perturbation (EVP) theory in quan-
tum mechanics, has been used to make the first predictions of
the QNMs of rapidly rotating, weakly-charged black holes
[76], to understand parametric instabilities near the horizons
of rapidly rotating black holes [77], to compute part of the
QNM shifts in dCS for slowly-rotating black holes [49], and
has been discussed in the context of coupled-oscillator
models of interacting QNMs [78].

In order to apply this method, we first derive a modified
Teukolsky equation [79], accounting for the deviations to
the background of the Kerr black hole, the presence of
additional nonminimally coupled background fields, and
the changes to the dynamics of perturbations due to
beyond-GR effects. The result is a set of coupled equations
for the metric perturbations and the additional fields. We
then show how these equations can be partially decoupled,
allowing for an iterative approach to computing the
dynamics of the fields, and then the QNM shifts of
the gravitational perturbations. This approach preserves
the separability of the equations up to the final integrals
required to compute the shifts.

Our derivation primarily takes place at the level of the
field equations, and we only project onto the Newman-
Penrose (NP) formalism [80] at the last stages in order to
take advantage of the separability of the Teukolsky equa-
tion. Our approach, while compact and transparent,
obscures any potential simplifications that may arise if
the equilibrium black hole solution remains algebraically
special even when accounting for the deviations from Kerr.
As such, we also provide a derivation of a modified
Teukolsky equation entirely in the NP language, which
may prove to be convenient in specific cases.

Following the initial stages of deriving our formalism,
we became aware of an independent but equivalent effort
for deriving a modified Teukolsky equation for dCS and
similar theories in an NP language [81]. That work outlines
additional choices of tetrad and gauge freedoms that

further simplify the NP approach. These two independent
approaches serve as valuable cross-checks, and in the future
can provide validation of technically challenging steps in
the eventual computation of QNMs beyond Kerr. For
example, both require metric reconstruction [82-85] (in
the form of tetrad reconstruction in the latter case) in order
to compute QNM shifts, and both require an approach to
solving for the dynamics of nonminimally coupled scalar
fields (in our case this reduces to solving separable, sourced
wave equations).

The remainder of this paper is as follows. In Sec. II we
present the field equations for a broad class of models
which are parametrically deformed away from relativity.
These include quadratic gravity models such as dCS and
sGB gravity. We then show how to partially decouple the
field equations governing black hole ringdown. Some
further details on the operators arising in these equations
are given in Appendix A. A few example applications are
given in Sec. III, including further discussion of dCS and
sGB gravity, as well as how the QNMs of weakly-charged
black holes fit into this formalism. Additional details on the
comparison of our approach to previous results on the QNMs
of weakly charged black holes is in Appendix B. We describe
our modified Teukolsky equation and outline a practical
approach to compute the leading shifts to the Kerr QNM
spectra in these theories in Sec. IV. Section V provides an
alternative derivation of a modified Teukolsky equation,
governing gravitational perturbations on a deformed back-
ground that is not Type D, with further details given in
Appendix C. This provides a convenient approach for cases
where the deformed black hole remains algebraically special.
We discuss future directions and conclude in Sec. VI.

Conventions: In this paper, we set ¢ = 1. We use Latin
indices from the beginning of the alphabet for spacetime
quantities, while Latin indices from the middle of the
alphabet generally index over sums. We use capital sub-
scripts A, B as abstract indices over field quantities. In our
sections including NP quantities [80], we use A to identify
nondynamical “background fields” and B to denote dynami-
cal degrees of freedom, as an extension of the notation of
[79]. In the same sections, i, j index over miscellaneous
collections of NP quantities as specified in the text.

II. FIELD EQUATIONS FOR
QNMs BEYOND KERR

A. Field equations

Our goal is to create a formalism appropriate for
quadratic gravity theories such as dCS and sGB gravity,
in the decoupling limit where the modifications to relativity
can be treated perturbatively, e.g., [86]. In such theories a
scalar field 9 is coupled to terms quadratic in the curvature,
for example the Pontryagin density *RR, such that a
nontrivial geometry (specifically a black hole background)
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serves as a source term for the scalar field. To tackle these
theories, we consider actions of the more general form

S= SEH + / d4x\/ —9[58 + e'Cint + 'Cmatter]' (1)

Here Ly is the Lagrange density for a collection of fields we
denote 9,, while L, represents normal matter which is
minimally coupled to gravity. The new fields can be of any
type, for example collections of scalar fields or vector
fields, and A is an abstract index running over all the field
components. We assume that Ly is at least quadratic in the
new field degrees of freedom. The term L;,, meanwhile
provides a nontrivial coupling between the fields 9, and the
spacetime curvature, and we assume that it enters first at
linear order in the fields 94. The parameter e can be viewed
as a small coupling term which governs the deviations to
relativity. Formally we treat it as a bookkeeping parameter,
and match terms order by order in e. Finally, the Einstein-
Hilbert action is

1
Se = 2/d4x./—gR, (2)
Ko

with xy = 872G.
Varying the action and neglecting boundary terms as
usual, the equations of motion for the field take the form'

WA(&Q) = €.0A(’9» g), (3)
oL, oLy

Wa(9,9) = 29, V, N9, (4)
0L, 0L;,

pa(d.g) =— ()19; +Vass 19;' (5)

Here W, is a collection of generalized wave equations for
the fields, sourced by p,. For brevity, here and elsewhere
we leave off the abstract indices of all fields when they arise
in the arguments of operators. Meanwhile, the gravitational
field equations are

Gap(9) = ko[T5,(8. 9) + Ti"" + eVip(9.9)].  (6)

with each stress-energy tensor defined as usual from
variations with respect to the (inverse) metric. For example
in a variational language we can write

79 = 5(\/__9‘619) ) (7)

ab "~ \/_—g 5gab

1 . . . .

This assumes the equations of motion are second order in the
field derivatives; these expressions can be extended to other
cases.

Meanwhile, Vi can similarly be derived by varying
v/—9Lin. with respect to the (inverse) metric; since this
term involves curvature quantities, variation by parts results
in mixed derivatives on functions of 9, and the metric, see
Sec. IIT A for an example. From here we restrict to the case
T = 0. Further, for convenience, we take the non-
standard convention of setting k, = 1. These factors can be
restored in the equations we derive below by multiplying
each instance of a stress energy tensor Tﬁb or interaction
term V™ by k.

B. Notation for expanding operators

It is useful at this point to define a notation for expanding
operators when evaluated on perturbative series expansions
of the fields and the metric. We define a two-index notation
for perturbations around the background values 9, =
195‘(» =0and g, = gi(;), and use single parenthetical super-
scripts /) to indicate orders in e. For a given, generally
nonlinear, operator F (9, g) we define

f(j’k>[(p1, ...,(pj,hl, hk]

_ 1 IFFWO + 5 e gy + S5 ki)
k! O€) ... 0€ 0K ....0K,

)
€1,0..=0
Kpsee—0

(8)

The operators F (k) are multilinear in their arguments, with
j slots for perturbations to the fields and k slots for
perturbations to the metric. They are separately totally
symmetric in each slot type. To formally define our
operator expansions, we have used ¢; and «; as a set of
independent parameters, with the limit of all such param-
eters taken to zero at the end, and a set of independent fields
and metric perturbations ¢; and h;, indexed by i. We have
also assumed that the operators we use admit series
expansions around the background values of the fields
and metric. In some cases, we expand quantities that
depend only on the metric, for example when expanding
the Einstein tensor. In those cases, we use only a single

index in the superscript, for example G,SL) [h] for the leading
expansion of the Einstein tensor around a perturbed
background.

The notation is a bit ungainly, but we only need the
expansions to low orders in j, k, so it is useful to look at
specific examples. Consider F(8) = 92, using a single
scalar field for the d,. Then

F2O g, 0,] = 010 9)

Meanwhile, if F(9) = 99,9, we have

—_

FCO gy, po] = 5 (910,02 + @20.01).  (10)

2
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Some care needs to be taken with the prefactors when we
expand operators using this notation. Consider again the
example F(9) = 99,9, then

F(e1p1 + e200) = 6%7:(2'0)[%,(/’1] + 251627(2’0) (@1, 9]
+ 3F 20, o). (11)

Note the factor of two on the mixed term from the
combinatorics of the expansion, arising from summing
over both orderings and recalling the total symmetry
of FUH),

In terms of this notation, the assumption that L4 is at

least quadratic in the fields and 1920) = 0 means that

Wb = o, (12)

rieH 1 o 03

Our assumption that £;,, is at least linear in the fields means
that

v, =0, (14)

(0,0)

but, for example, p,” need not be zero. In fact, we are

. . 00) . .
interested in the case where p& ) is nonzero, requiring

terms linear in the fields in L;,. In the case of quadratic
gravity theories, we have a single scalar field 9 and the
interaction term separates as L, = f(9)R[g] for some
curvature operator R. Then p = f/(9)R, and sources the
fields at O(e) when f’(0)# 0. The power counting
provided below only holds if f(0) # 0, in which case
any f is essentially equivalent at leading order; only the
Taylor expansion of f around 9 =0 matters in the
perturbative expansion [57].

Pursuing this example further, for the quadratic gravity
models of interest we have

W(9) = 0,9, (15)

which is the scalar wave equation for the metric g,;,. It is

linear in the field, so WUX[9, g] = 0 for j > 2. Expanding

around 9 = 0 + e and g,, = gﬁﬁ) + ehyy,, we have

w10 [‘ﬂ] = Dg<0>§0, (16)
1
W(l.l)[(p, h)=—-——=0, <\/ - detg(c(;)h“”d;,(p)
—detgg
1
+5 95045 )9y, (17)

2

with indices raised and lowered using the background
metric. Meanwhile,

P = f(O)R. (18)

. 1dif]
<./~O) | = —— 'IR. 19
PN, 0. ..] avl, " (19)

These models, and many others of interest, have standard
scalar field stress-energy tensors,

1
T, = 0,909 = = 9upg 10,9049, (20)
In this case we have

9(2.0 1 ) .
Ta§7 >[f/’1,€02] = 5(af/’15b)(/72 - Egﬂh)g((%@cfﬂl@d(pz, (21)

and

Tgéz’l)[fﬂl» @2 h] = 0,104 >

[P0
+3 (950 P! = hap () 01042 (22)
The interactions terms V" can be similarly expanded, but
conventionally they are somewhat complicated in structure.
We discuss particular cases in Sec. III below.

C. Equilibrium solutions

With the notation settled, our goal is to expand Egs. (3)
and (6) around a Kerr background, order by order in e,
while also incorporating perturbations representing propa-
gating degrees of freedom in the metric (gravitational
perturbations £,,), and in the scalar fields. Before adding
in these waves, we consider the how the field equations are
solved in equilibrium.

We are interested in cases where as ¢ — 0, we recover
the Kerr solution, which means that we require that 9, = 0
should solve W, [9] = 0 on a black hole background. This
means there should be no potentials V' which support
nonzero configurations of scalar fields in the limit € — 0.
With this in mind, we expand our fields in powers of e,

Gap = Gy +€gy) + 25 + 0, (23)
9, =0+ed) + 0(e2), (24)

where we know that 9, enters first at O(e), consistent with
our requirement that 9, = 0 in the limit ¢ — 0. At leading
order we find that for the metric

0
Gan(9ea)) = 0. (25)
which is solved for by the vacuum Kerr solution.

Now looking at the Euler Lagrange equation of the
fields, at the next order we find
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Wiom] = pi, (26)

which are sourced wave equations that we must solve for
1921). Similarly at O(e) we have

GWgM] = E,4[gV] =0, (27)

where we have noted that our GV is just the standard
linearized Einstein operator on the background,

Eab [h] = % [2va(uhh)c - vcvchab - Vavbhcc

+ g9 (VeV, ki) = VeV, (28)

Here all covariant derivatives are with respect to gﬁ). There

1 . .
are no source terms for g((lb) at this order, recalling our

requirements from Eqs. (12) and (14). As we are interested

in equilibrium solutions about a black hole background, we

see that gE,]; = 0 and the metric is only deformed away from

Kerr at O(e?).
At O(e?) we have

Eaplg®] = T2V 190, 9] - Vi) (29)

The equilibrium solution to this sourced wave equation

)

gives the deformation g, to the Kerr metric.

D. Coupled field equations with
propagating degrees of freedom

Now we consider the case where in addition to the
equilibrium deviations to the spacetime, we allow for

gravitational-wave perturbations /%,;,. To do this, we further

perturb gg? by h,, and we introduce a second small

parameter 7 to track these perturbations. We consider our
solutions only up to the leading corrections in €, in order to
derive the leading corrections to the ringdown spectrum.
One complication to the usual treatment of gravitational
perturbations to Kerr is now the perturbations couple to the
additional fields d,, requiring in general a simultaneous
treatment of further, O(n) perturbations to both. Physically,
this is because perturbations to the spacetime can “shake”
the background fields and effectively generate propagating
degrees of freedom in them, and vice versa. Practically it
means that the corrections to the ringdown spectrum arise

both due to the deformation of the metric g(azb) and due to the

coupling of the equilibrium fields 19541) to these waves.

With this in mind we write our field expansions as

0 2
Jap = 99 + €297 + nhgy + ..., (30)

19A:€19£\l>+€2«9£\2)+7](pA+.... (31)

Here ¢, represent wave degrees of freedom in the fields.
Inserting these expressions into our field equations and
expanding, we recover the same O(;") expressions used to

derive 9! and %) as before, Eqs. (26) and (29). At O(n),
we find up to O(e?)

Eawplh] + 262G [h, g?]
9(2,0 int(1,0
= 2720190 ] + VRV )]
+e2 [ZT%Z'O) [19(2), o] + Til(f") [19(1)’ 90 h]

37520190, 00 ] 4 Vi[9 1)

T2V g g (32)
For the field degrees of freedom, we find to O(e)

W] + 2eW 20 (90, ] + WD 90, 4]
= epy Vo] + epy ). (33)

Since our focus is on ringdown, in Eq. (32) we have
assumed that there are no O(xn) matter sources for the
gravitational waves, and similarly no O(5) sources for the
fields in Eq. (33), but these can be added as appropriate. We
see that Egs. (32) and (33) are coupled, due to the nonzero
background fields 19/(41) and the presence of the interaction
term in the Lagrangian £;,, which is responsible for Vg‘,ﬁ
and py4. To proceed, we ideally decouple this linear system
of equations for /., and @4.

E. Decoupling and partial decoupling
of the field equations

We know that in the limit ¢ — 0, Egs. (32) and (33)
decouple, meaning that we can find solutions where g, = 0
and h,;, obeys the linearized Einstein equations, or where
h,, = 0 and ¢, satisfies the generalized wave equation on
the background. We seek consistent solutions perturbing
around each of these cases. In other situations such an
ansatz results in a complete decoupling of the field
equations, such as occurs for the electromagnetic (EM)
and gravitational QNMs of weakly charged Kerr-Newman
black holes [76]. In the class of field equations treated here
the problem is more complicated.

We start with the simpler case, where we seek a solution
perturbing around the scalar QNMs,

o1 =0 + el + 0(), (34)
hay =0+ €eh) + O(e). (35)

In this case, we find
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Wﬁ\l,o) [(p(o)] + 26)/\}1(42,0) [19(1)’(‘0(0)] +61/\}21,0) [(p<1>]
= ep Ve, (36)

neglecting terms of O(e?). Meanwhile, assuming ¢ ~ O(1)
and neglecting terms of O(e?), we see that Eq. (32) admits

solutions /1, :eh((llb), consistent with our ansatz. This

means that the equations for the fields ¢, have decoupled
from h,,, at leading order. We discuss how to solve Eq. (36)
for O(e) shifts to the QNM frequencies associated with the
fields @4 in Sec. IVA below. Physically, this is the case
where the beyond-GR effects modify the free QNM ringing
of the fields 9, at O(e), while at the same time the
ringdown of 9, sources gravitational modes at O(e).
The gravitational case is of greater interest but unfortu-
nately is technically more involved. Here only a partial
decoupling can be achieved, which still provides a practical
route for computing the QNM shifts. We take as our ansatz

hay = WS + €21 + 0(e?), (37)
9 =0+ep)) + O0(). (38)

First we apply this ansatz to Eq. (33), giving
WL ]+ Wi 90, hO) = o [RO] = 0, (39)

when neglecting terms of O(e?). We see that in this case,
we consistently source a solution @, ~ O(e) from a
gravitational ringdown starting at O(1) in e-counting.
Meanwhile, Eq. (32) becomes

EalhO) + RGO, g = Ty [9 . 91, hO)

ab
—yI DM, O] — 2789, o] — VIO 1))
+ e28,[h?] =0, (40)

neglecting O(e?) terms. We can see that had we included a

term eh((llb) in our ansatz, we would have had an equation

Ep[hM] =0 which is no different than the equation

obeyed by hg?, so this correction can be absorbed into

the definition of hg). The beyond-GR effects only source

modifications to the QNMs at O(e?). Together, Egs. (39)

and (40) are a coupled set of equations, but that can be

solved order by order: First, a particular QNM solution hggy)

is selected, and input into the source term in Eq. (39), which

is then solved for (pgl). With this, the O(e?) part of Eq. (40)
can be solved.

In Sec. IV we describe a practical approach to compute
the shifts to the QNM frequencies from our decoupled and
partially decoupled equations. Before this, we give some
explicit examples of the various operators described for
particular theories of interest.

III. EXAMPLE APPLICATIONS

In Sec. I we provide general expressions for how the
QNM wave equations are modified in a class of beyond-GR
theories. Here we discuss particular cases in greater detail,
focusing on dCS and sGB gravity. We also discuss how the
known approach to computing the QNMs of weakly
charged black holes [76] fits into our formalism. This final
case is an important example, both for how to treat black
hole deformations which are due to nontrivial boundary
conditions, and as an example of how a different e-scaling
of the fields can be treated in our formalism.

A. Scalar fields coupled to curvature

Consider the case of a single scalar field § coupled to
curvature quantities, and with a standard kinetic term in the
Lagrangian,

Ly =~30"(0,8)(0,9). (1)

The form of the scalar wave equations for this situation has
been discussed using our notation below Eq. (15). We can
consider two cases of particular interest: dCS and shift-
symmetric sGB gravity.

In the first case, the dCS scalar couples to the
Pontryagin-Chern density *RR [43],

‘Cint = 197deSv (42)
1 * 1 *pabcd
Racs = T3 RR := ) R“““Rapeas (43)
*pabcd 1 abef cd
R = 56 k Ref . (44)

The static field 91 solves to leading order

Dg<o>19(1> =

(*RR)(©0). (45)

OO | =—

and (*RR) () is the Pontryagin-Chern density evaluated on

the background Kerr metric. The static deformation to the

metric gfl} solves Eq. (29) with the interaction term given in

terms of the C-tensor,
int(1,0 0
Vi O] = —cfl1em), (46)
Cub['g(l)] = (€(a0dev\d\Rb)c)v619(l) + R(acb)dvcvd'g(l)'
(47)

In the expression for the C-tensor, the Riemann tensor,
Ricci tensor, and covariant derivative are with respect to the

full metric, but for C{(g,) all these are evaluated on the Kerr
background. The solutions to these equations have been
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found to high order in a slow spin expansion [67,87] and
numerically explored in the rapidly rotating case [86]. For
the dynamical perturbations to dCS, the above equations
together with Egs. (21) and (22) can be adapted in a
straightforward manner to give the terms in Eq. (40). The
only element explicitly missing the is the lengthy expansion

of C,, around the background to give VL“;(I’” [ pO0)] =

~C')19M, 1O, which we omit here for brevity.

The second case of interest is sGB gravity. We choose
our conventions to conform to those of [57], where & is
made dimensionless by drawing an overall factor of
1/(2kg) out of Ly and L;,, so that the action is

1
Sgp = Z_KO/ d*x\/=g[R+ Ly + eLiy]. (48)

Here the curvature coupling is to the Gauss-Bonnet
invariant

Line = 2/ (9)Rap. (49)
RGB - RadeRade - 4RabRab + R2. (50)

In addition, we must select a potential f(9). As mentioned
previously, all choices where f' # 0 are equivalent to
leading order, up to rescaling of ¢, and so we select the
simple shift-symmetric case f =J. Then the operators
appearing in the scalar wave equations mirror those in the
dCS case, with p(®9 simply twice the Gauss-Bonnet scalar
evaluated on the background. With these conventions, € is
dimensionful, but can be rendered dimensionless by draw-
ing out factors of the total mass of the system, see e.g., [58].

For sGB, the interaction terms in the equations for the
metric deformation 9512; are [57]

int(1,0 0
Vi Oem] = -G e, (51)
Gap[8V] = 29, (4Gp)a€° IV, ("R 1,V ,0). (52)

The metric, curvature quantities, and covariant derivatives
in the expression for G, are with respect to the full metric,
but are evaluated on the Kerr background for gﬁf}). The
solutions to these equations have been found in a slow-spin
expansion [67,88,89]. As with dCS, the dynamical field
equations (40) directly follow from Vi at this order and
Egs. (21) and (22), together with the expansion of G,
around the background to give V;n;(l’l)[ﬁ(l),h(o)]. Again,
we omit this lengthy expression.

B. Weakly-charged black holes

Consider next the perturbations of weakly charged black
holes, where now ¢ = Q/M is the small dimensionless
charge of the black hole. In this case, the deformation to the

spacetime is simply the linearization of the exact Kerr-
Newman solution in €. These deformations to the metric
arise because of the EM stress-energy provided by the
electric and magnetic fields of the charged black hole. In
this situation, the additional fields 94 can be taken to be the
components of the Maxwell stress tensor F,,, or equiv-
alently the Maxwell scalars ¢, ¢, and ¢, which are the
projections of F,, onto a null tetrad in the NP formal-
ism [80,90].

In our language, there is no interaction Lagrangian L,
and hence both the source terms p, in the wave equations
for the fields and the interaction potential V¥ vanish.
Instead, the fields 94 are nonzero because of the boundary
conditions at the horizon. Thus the solutions of the leading
field equations,

wWLo9M] =0, (53)

are nonzero, entering in at order ¢ due to the e-small charge,

9, ~ 61921). These fields source stationary metric deforma-

tions g2 through 7> [9(1) 9(1)].

Turning to perturbations of the stationary solution, we
note that the linearity of Maxwell’s equations means that
Wif'k) =0 for j > 2, and so the field equations at O(y)
expand to O(€?) as

WO [g] + WV [90), h] + WV [9D), k)
+eEWp.g®) = 0. (54)

Here we need to go to a higher order than before, because it
turns out the terms WV [9() A] and W'V [9?) h] are
pure gauge.
To see this, we write out the source-free Maxwell’s
. . 0
equations for F, using g,, = g,, + hap,

V,Feb 4 §e Feb 4 §b pac — ), (55)

1
Spe = Eg%i)(vchdb + Viphge =V ahy). (56)

Here V, is taken to be a covariant derivative with respect to
the background Kerr metric, and we have expanded to
leading order in the perturbation /,,. We see that the last
term in Eq. (55) vanishes by the antisymmetry of F¢¢, and
by using the definition of S¢,. and the fact that 953;)
commutes with V, we can simplify,

1
vV F® +§Facvchaa =0. (57)
However, the trace of the gravitational perturbations can be

set to zero by a choice of gauge, and hence we can set terms

like W/(;’l)[&, h] to zero for Maxwell’s equations.
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With this, the coupled field equations for the dynamical
perturbations are simply

WO g] + W Vg, 7] = 0. (58)

Eulh] + 282G [ g = 2T [90) g

+ €2(2T§§)2,0) (92 o] + Ti,(,z’l)[19<1)719<1>7 n).  (59)

Note that Tzf,o) [91), 90), @] = 0 since the stress-energy is
purely quadratic in the electromagnetic fields.

At this point, we run into an issue. When treating the
problem of coupled gravitoelectromagnetic perturbations
of Kerr Newman black holes using the NP formalism
[91,92], charge enters the equations as Q. Here though it
appears that the gravitational equations are coupled at

O(Q), through the term ZeTif'O) [, p]. We can cure this
issue by realizing that the consistent scaling for the
dynamical EM fields must be ¢ = ep() +---, when
computing either the EM or gravitational shifts.

The fact that this scaling is appropriate can be justified
from a few perspectives. One approach is to recognize that
one of the gauge-invariant combinations of EM and
gravitational perturbations is [92,93]

Dpy = 204 WY — 3P4, (60)

where ¢4 is the Maxwell scalar associated with the back-

ground fields 9\, ¢4 ~ O(e), W& is a Weyl curvature
scalar associated with the gravitational perturbations 7,
¥4 is the nonvanishing background Weyl curvature scalar,
and ¢f is the Maxwell scalar associated with the EM
perturbations. Taking both contributions to ®gy; on equal
footing indicates that ¢8 ~ O(e), hence, in the language of
our formalism, ¢4 ~ O(e).

Another argument is essentially physical. The reason for
the coupling between EM and gravitational perturbations of
Kerr Newman is that a perturbation to the spacetime
naturally “shakes” the background electric and magnetic
field lines, generating propagating degrees of freedom.
Meanwhile, dynamical perturbations to the field lines
naturally alter the curvature sourced by these matter fields.
By insisting that the dynamical perturbations to the EM
fields is of the same order as the stationary EM fields, we
assert that the QNM ringing is due to the ringing of these
field lines, even in the case where we expand around the
background EM QNMs by taking 4, = thb), which is
used to decouple the equations.

Setting this scaling, we arrive at equations with cou-
plings at the expected orders,

W0 (] 4 €2W1&1»1)[¢(1)’g(2)] =0. (61)

Ealh] +262GP [, 9]

_ 227900

(90, W] + 27>V 9 9 B, (62)
The fact that the corrections to both leading order equations
is € allows for a complete decoupling when computing the
QNM shifts using the EVP method [76]. To confirm that
the chosen scalings are appropriate, we can project the

coupling term Tﬁf’o) [9(), (] into the NP language and
compare to the known NP result. We show that these
expressions agree in Appendix B.

To make use of these equations, we would next project
both the gravitational and EM expressions into the NP
formalism, the former using the method described below in
Sec. IV B, and the latter using the projection operator S%

defined in [83].

IV. SPECTRAL SHIFTS AND A MODIFIED
TEUKOLSKY EQUATION

With our decoupled and partially decoupled field equa-
tions from Sec. I E, we can derive the shifts to the QNM
frequencies of Kerr due to the deformations of the black
hole, and the additional coupling of the gravitational waves
to the dynamics of the extra fields J,. Our primary tool is
the EVP approach given in [76]. To introduce this approach
and provide a simple example of the formalism, we first
derive an expression for the QNM shifts for the ringdown
of the propagating degrees of freedom of the fields, ¢,.

A. Shifts for the field QNMs

We take as our starting point the decoupled Eq. (36). Our
QNM solutions can be expanded as

0 —iwt yimeg 70
gy = e wemig (r.0) (63)
in terms of Boyer-Lindquist coordinates x* = (z,r,0, ¢).
The symmetries of the background guarantee separation of
frequencies and angular modes, so the leading equation is

WL 00 = Wi, [Fa(r 0] =0, (64)

A.mw

where )7\//(11 0 depends on w, m, r, and @ since azimuthal and
time derivatives in the linear operator bring down factors of
—iw and im. This is solved for the QNM wave functions

Ng(?zna)(r, 0) and discrete frequencies ®®) by setting out-

going boundary conditions at asymptotic infinity and
ingoing boundary conditions at the horizon. We leave
implicit the indexing of these modes and the indexing of
their frequencies. For the separable case of scalar fields, the
QNMs are indexed azimuthal quantum number # and an
overtone number 7 in addition to the magnetic quantum
number m.
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The O(e) corrections to the @, QNMs come in two
flavors. There are those corrections that leave the wave
functions intact but shift the QNM frequencies,

o=+ enl, (65)

and those that shift the wave functions. Specifically, we
expand Eq. (63) as
P4 = e—i[m(o>+ew( It zmqﬁ((p( 3nw + €(p/(4 znw) (66)

so that, viewing W, as a frequency-dependent linear
operator,

Wa(e) = DV (o] + e (0, W), @)

A mw
WV Pl e, (67)
The parts »(!) and q?)&l,znw are in direct analogy to the shifts

of the quantum mechanical eigenvalues and wave functions

in time-independent perturbation theory. The leading-order

term vanishes by definition of the unperturbed modes.
At the next order then we find

w(l) (awW(l m)mw[ 5}1{2}} + uA meo [Qomm] + WA mw [Qﬂ}('mZ)] = 07

(68)
where we have defined the operator { Ame Vid

and all quantities are evaluated at the unperturbed QNM
frequency »?). By the symmetry of the background metric,

82” must be independent of ¢ and ¢ and so do not mix
frequencies or azimuthal modes.

In order to isolate the frequency shifts w(!) we apply the
same technique used in quantum mechanics; we define a
product on QNM wave functions with respect to which the
leading-order wave operator is self-adjoint,

<l// |WA mw[ ]> WA mw |§A (70)

This product must also be finite. The first requirement is
accomplished by integrating the wave functions in r and 6
with respect to a weight w(r,6) that can be chosen to

enforce that W A m(} is self-adjoint. Ensuring the product is
finite is not completely straightforward, since the QNM
wave functions blow up at the horizon and spatial infinity
on slices of constant Boyer-Lindquist time ¢. However, a
trick introduced by Leaver works [94]; we promote r to a
complex variable and deform the radial integration contour
into the complex plane, wrapping around the outer horizon,

where the QNM wave functions have a branch point. By

Im(r)
|
|
' \ 4
I A
|
|
|
I o
T

T + Re(r)
| v
|
|
|
|
|

FIG. 1. Depiction of the radial integration contour in the

complex plane. The QNM wave functions have a branch point
at the outer horizon r,, which the contour wraps.

placing both ends of the contour in the upper half plane
where the QNM wave functions decay exponentially, the
integral can be regulated. The contour is illustrated
in Fig. 1.

We take the product of Eq. (68) with the leading solution

(7)5,9 and use the self-adjoint property of the product to

eliminate the term that depends on @ff,fnw

shift is

. The resulting

(P g o [P0])

<‘ﬂmw (0, WA ma;)[q’mwb

(71)

Given the equilibrium field 1921 ) , the operator U 'A.ma» and the

susceptibility of the leading wave equations aa,)?vg{;ﬁl,,
the leading order QNMs can thus be used to compute
the frequency shifts.

It should be noted that if Eq. (64) does not separate,
solving for the mode wave functions may be computation-
ally challenging, requiring a two-dimensional elliptical
solve for each frequency and angular mode, while seeking
the particular frequencies that satisfy the boundary con-
ditions. Methods to solve for QNMs in similar circum-
stances have been implemented in many studies, see e.g.,
[92] and the references therein. If numerical, rather than
series solutions are employed, an alternative regularization
technique is likely needed for the radial integrals. Finally,
we note that we have been fairly careless in specifying how
the abstract indices A should be treated in the inner
products, as this depends on the particular problem at
hand. For a single scalar field, as with dCS and sGB gravity,
the situation is trivial, while for vector fields the Maxwell
equations can be projected into the NP language, and once
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again the problem reduces to the treatment of scalar fields
with common modes. We turn next to the treatment of
gravitational perturbations.

B. Modified Teukolsky equation

With the method outlined, the next step is to recast the
partially coupled gravitational equations (39) and (40) into
a form amenable to the EVP method. The challenge is that
there is no known gauge where the metric perturbations of
Kerr separate, allowing for convenient computation.
Instead, the Teukolsky formalism provides a separable
master equation for spin-weighted scalars y,, which are
directly proportional to the Weyl curvature scalars ¥, and
W, [79]. The master equation is derived using the NP
formulation of the field equations and Bianchi identities
[80,90]. Separation of the scalars allows for easy compu-
tation of the QNM frequencies wy,,, and wave functions,
e.g., using Leaver’s method [95]. In turn, the technique of
metric reconstruction allows for the recovery of metric
perturbations h,, corresponding to a given curvature
perturbation y in a radiation gauge [82—85]. The simplest
approach works provided there are no sources where the

metric is reconstructed, which is the case of interest for us,

since h(a%) are the usual QNMs in vacuum (the impact of the

extended fields 9, enters at higher orders in €). A method
for metric reconstruction in the Lorenz gauge has also been
recently derived [96].

These conveniences motivate us to recast Eq. (40) in
terms of the Teukolsky scalars . For this we make use of
the operator formalism introduced by Wald [83]. Let 7 be
the linear differential operator that takes a metric perturba-
tion of Kerr £, into the spin-weighted scalar y,. Then
obeys the Teukolsky master equation

OT [heq) = Olw,] = 8™ Egpheal. (72)

where S is linear differential operator that can be read off
the right-hand side of Teukolsky’s equation. The derivation
of the Teukolsky equation can be seen as an operator
identity which applies for any rank two tensor field 4.
Just as O depends on which spin-weighted scalar is
considered (y, corresponding to the Weyl scalar ¥, and
w_, corresponding to ¥,), the projection operator S
depends on which spin-weight is considered. Either choice
s = %2 can be used since, up to gauge and shifts in the
mass and spin of the Kerr black hole, all information about
the perturbations are present in either quantity [97]. The
expression for S? is succinctly provided by using the
Geroch-Held-Penrose (GHP) formalism [98] in Eq. (B5.a)
of [99]. When using that expression, note that the usual
factor of xy = 87 appearing in front of the stress-energy
tensor in the Einstein field equations has been absorbed
into T'pp.

To see that we can apply the operator formalism to our
problem, consider the ansatz that g,, = ga(;, +nh,, and

linearize the Einstein tensor in &,, about the Kerr back-
ground g((l(l]g). Similarly, linearize the Bianchi identities about
the background. Neither the definition of the Einstein
tensor nor the Bianchi identities rely on the Einstein field
equations, and their projection into the NP equations
similarly just relies on choosing a null tetrad. In addition,
the commutation relations used by Teukolsky in deriving
the master equation hold provided the directional deriva-
tives and spin coefficients are defined on the Kerr back-
ground. Thus, none of the steps in the derivation of
OT = 8%&,, change, provided all of these operators
are defined on the Kerr background.

With the operator identity in hand, we apply S* to
Eq. (40) and use the identity to write

Olw\”] + 0] + VO] + eClpM) =0, (73)

V[h©)] = S“”(ZGE?,,) [h©), g@)] - ng“)[,g(l)’ 9 p0)]
= Va9 O, (74)

Clp] = =827 190, o] 4 VIRV (D)) (75)

Equations (73)—(75) are a modified Teukolsky equation.
They incorporate both corrections to the leading-order

expression due to the deformation to the background gfﬁ)
and through the modified dynamics, which couple the
gravitational waves to the field degrees of freedom. It is not
fully decoupled from (39), but as discussed previously
Eq. (73) can be solved at O(1) in the usual manner for the
separable QNM wave functions and frequencies. These in
turn can be used to reconstruct the leading-order QNM

metric perturbations hig)), for example using the methods of

[85,100]. Those can be used to solve for the fields 401(41),
which therefore can be viewed as being given by compli-

cated linear operators on hg,)]) (i.e., through convolution

with a Green’s function). Finally, the solutions (,og1> can be

fed back into Eq. (73) to solve for the O(e?) corrections to
the waves.

C. Shifts for the gravitational-wave QNMs

Now that we have a modified Teukolsky equation, we
can repeat our expansions in terms of frequency and
angular harmonics and apply EVP theory. We encounter
a new conceptual issue as compared to the scalar case in
Sec. IVA and to previous applications of the EVP formal-
ism to the shifts of QNM frequencies in Kerr. The
complication is that the modified Teukolsky equation for
the complex scalar y, depends on the real quantity ha%.

. . 0
Schematically, given a QNM s, the reconstructed hib)

104018-10



APPROACH TO COMPUTING SPECTRAL SHIFTS FOR BLACK ...

PHYS. REV. D 106, 104018 (2022)

involves a linear combination of both w&o)
conjugate y/§°>*,

and its complex

1) = Kaply”) + Ko w7, (76)

where /C,;, is implicitly defined through this expression,
and is a linear operator used to carry out metric
reconstruction. This combination of operators inevitably
mixes together two closely related families of QNM
solutions in the harmonic expansion of Eqgs. (73)—(75).
To proceed we divide the QNM frequencies into two sets
according to the sign of their real part, ;, = and @, . In
Kerr, each QNM frequency with positive real part is paired
with a corresponding mode with the same imaginary part
but negative real part, and with opposite magnetic quantum
number m (see e.g., [101]). This means these modes obey

w;mn = Qfmn - i}/zf’mm (77)

Wy = _Qfmn - iyfmnv (78)

where we have denoted the real part of the frequency as
Q.. and the decay rate of the mode as y,,,. Hence
) =—(w7_,,)" These frequency pairs can be viewed
as degenerate eigenvalues for perturbations of Kerr, and to
apply the EVP method on the deformed Kerr spacetime we
must consider combinations of both modes.

Consider the situation where the Weyl scalars are made
up of a single pair of positive and negative frequency
harmonics, of the form

W =y +ayy, (79)
W= (1 0)e (80)

Vs = Wi (1, 0)e om0 (81)
Here « is a complex constant, and we have absorbed an
overall amplitude and phase into the definition of the wave
functions, so that all that matters is their relative amplitude
and phase. We use the complex conjugate o* for later
convenience. As we did when computing the frequency
shifts for ¢4, we divide the perturbations to the QNMs into
frequency shifts and perturbations to the wave functions,
so that

(0) )

+ ey

~exp[—i (wzggl)

wiryl
2 . ~+(0 ~+(2
+ a4 im0 + ),

(82)

and similarly for ;. The leading-order wave functions are
given by

I 0 = Remo(r)sSema0), (83)

lpg_f(’g)mn = Ry m-or (r)sSf—m—a)* (6)’ (84)

where (R, solves the radial Teukolsky equation for a

QNM frequency a);i(:l), and Sy, 1S the corresponding

spin-weighted spheroidal harmonic [79]. Similarly,
sRss_m_o 18 the paired wave function with —m for the
magnetic quantum number, and —(a);fg;))* = a);f)m
inserted for the frequency, with S;,_,,_,+ the corresponding
spin-weighted spheroidal harmonic.

Viewing the additional fields (pfql) as linear functionals of

h. so that @) = 4[], Eq. (73) becomes

Ol + eyt ) + &(Flyd ] + aGlys ™)
+ a*O[wS—(O) + 621”;(2)] + 62((1*.7:[1//;(0)] + g[lI/?—(O)*])
= 0. (85)

This expression is organized so that the terms on the first
line and the second line must vanish independently once
expanded in time and angular harmonics. We have defined

F=V+Cp)k, (86)
G=(V+Cp)k . (87)

Next we expand Eq. (85) in harmonics.

By now the rapidly multiplying decorations on each
quantity have become unmanageable, so from here we
leave the s, #Z and n indices implicit. As before, we write the
action of a linear operator on a positive-frequency harmonic
expansion as

Ol ] = &= 1+im0), 7). (88)

Importantly, we define frequency-domain operators O 3S
evaluated on the positive frequency modes wj, and their
corresponding m, so that we do not need to further specify
which set of frequencies they are evaluated on. Then, when
expanding operators on the negative frequency modes, we
exploit the relationship between the positive and negative
frequency modes to write, for example,

O[lp:me—iaft—imqﬁ] _ e—iw’t—im(f)@_m_w* [IIN/:m]- (89)

Since at our level of approximation, the operators are
always evaluated on the leading-order frequencies, there is
no ambiguity in relating positive and negative fre-
quency modes.

With this, the action of the Teukolsky operator on ™,
when expanded in €, are
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Oyt ~ (@ (0,0) o] + Opalyrm™]), (90)

Oy ~ (@-3(9y0) o =]
+ é—m—m* [l//:’(g)]% (91 )

where

(aw(b)—m—w* = [aa)(oma))]n1—>—m,a)—>—m*' (92)

With this, we expand the modified Teukolsky equation in
harmonics and equate each independent harmonic to zero.
This gives the following equations:

0> (0,0) o+ F i ] + aGyo [(w=)"]
+ Ol =0, (93)

« —(2 > —(0 & 7 ~—(0
a w—'(n)(awo)—m—w* [W—m)] +a f—m—w* [l//—f")]

+Q—m—w* [(u?’t<0))*} +a @—m—w* [1/7:53)] =0. (94)

In addition, we have the complex conjugates of these
equations, which forms an eigensystem to solve for the
frequency shifts.

In fact, the system to use is Eq. (93) and the complex
conjugate of Eq. (94). The zeroth-order frequencies from
those expressions are a);m(z) and —(w;ﬂn)*, which are
equal as noted. Hence the problem is one of degenerate
perturbation theory; we seek two independent linear
combinations of w{ and (w5 )*, which can be viewed as
the correct modes whose frequencies are shifted. This is the
reason for making the prefactor a* explicit in Eq. (79). To
proceed, we set

o = ~(0Z7)" = ol (95)

and solve for the ratio of amplitudes « that allows for a

consistent solution for wi,% >.

First, we must eliminate the perturbed wave functions
zp;*(” and (1/7?—(2))*, which we accomplish as in Sec. IVA,
by left multiplication by the appropriate zeroth-order wave
functions, and using contour integration with a weight to
make O,,, and (O_,,_,)* self-adjoint. After doing so, we
make the convenient definitions

60.) = wn”1(0,0) ol ). (96)
(F ) = | F i), (97)
G1) = W Gu (W Z)))), (98)

602) = Wi 1(0,0) o WD, (99)

(Fo) = o F o 020 (100)
(G-) = W Gommor [ V). (101)

In terms of these, our system is
o (80.) + (F,) +a(Gy) =0, (102)
—aw?(5O_) + a(F_) +(G_) = 0. (103)

We get a consistent solution provided « obeys the quadratic
equation

o [0 (FO0] (660,
g Tieeon | Tigeo) — % 1
The solution is
a)(z) — _ <f+> + a<g+> (105)

We see that in general there are two solutions for how the
QNM frequency pair is perturbed, splitting the degenerate
positive and negative frequency modes into two distinct
linear combinations of modes. The shift of Eq. (105) can be
further refined using the two solutions to Eq. (104).
However, the current form is useful also in the (presumably
rare) cases where the positive and negative frequency
modes do not couple in the modified Teukolsky equation,
as is the case for perturbations of weakly-charged Kerr
Newman black holes.

In Kerr, the presence of the modes with w,,,, with their
relation to the w/ ~modes guarantees that pairs of QNMs
with opposite parity, even and odd, share the same
frequency, see Appendix C of [100]. Thus, the pairing is
a manifestation of the famous isospectrality of axial and
polar perturbations of Schwarzschild (see e.g., [26]) in the
Kerr spacetime. The splitting of these modes under a
generic perturbation appears to be related to a breaking
of isospectrality under generic deformations of Kerr.

This completes our derivation of the QNM shifts. Much
remains to be desired, including the selection of a specific
metric reconstruction approach and the simplifications of
the various operators defined implicitly in this subsection.
We leave this and a further discussion of issues of QNM
parity and isospectrality breaking to future work.

V. NEWMAN PENROSE APPROACH TO A
GENERALIZED TEUKOLSKY EQUATION

An alternative way to get the corrections to the
Teukolsky operator of Eq. (73) is to redo the derivation
in the original paper by Teukolsky [79], keeping all the
terms that were set to zero based on assumptions about the
background spacetime and chosen tetrad. We give the basic
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character of the results here, but defer the derivation and
full result to Appendix C. For completeness, we state the
ingredients that go into deriving the Teukolsky equation.
For this derivation, we consider a splitting into “back-
ground” perturbations which are O(5°) and “dynamical”
perturbations which are O(n). Thus, the background in
principle includes stationary deformations to Kerr, such as
the O(e) corrections ggzb) discussed previously, and all
background NP quantities are defined with respect to this
background metric and an appropriate null tetrad. The
dynamical degrees of freedom then propagate on this
background, and are due to the O(n) perturbations h,,
to the metric [i.e., due to the QNMs, including 0(6'2)
corrections to them] and to the dynamical fields ¢y .

First one needs two Bianchi identities in the NP
formalism,

(6" —da+n)¥y — (D —4p — 2¢)¥; — 3V,
= (5 + 7[* - 2(1* - 2ﬂ)¢00 - (D - 26 — 2/7*)(1)01

+2GCD]0—2K(D“ —K*q)oz, (106)

and

(A =4y +u)¥y— (6 —47-2p)¥, — 36,
= (64 27" = 2p)Dy, — (D — 2¢ + 2¢* — p*) D,

- A*QOO + 20'@11 - 2]('@12, (107)
as well as one spin coefficient equation,
(D—-p—p*=3e+¢€)o
—(b—t4+a —a" =-3f)k—-¥,=0. (108)

Lastly, we require a modification to the commutator
identity used by Teukolksy,

[D—(p+1)e+e+qp—p*)(6— pp+qr)
—[6=(p+1)p-a +a" +q1(D-pe+qp) =E,,

(109)
where
E,,=05"—kA+q[(z* +7—p+3a)c
+ (= p =y =3k +2¥]
—plla+z)o+ (=y —p)c + ¥, (110)

for any constants p and ¢, as derived in Appendix C. For
backgrounds where x = ¢ = 0 and ¥; = 0, the corrections
E, , to the original identity vanish. In our derivation of the
modified Teukolsky equation, no Ricci identities are used,
so any change to the equations of motion coming from

beyond-GR effects can be absorbed into the Ricci scalars
®;;, and so do not modify our derivation.

Similar to the derivation in [79], we expand all the
tetrads, NP scalars and derivatives into background and
dynamical parts. Schematically, we write them as y* +
ny® for any NP quantity or derivative, where the super-
script B denotes the wavelike perturbation of the quantity
and the superscript A denotes the background value of the
quantity. Expanding, we collect the O(5) terms, since as
before, the O(n°) equations must be satisfied by the
background solution.

Simply stating the results we derived in Appendix C
here, we find that schematically the modified Teukolsky
equation takes the form

OAlyf] = TH®E] + K. (111)
This notation follows that of [79]. In Eq. (111), O* and T%
are made up of the same NP quantities as the Teukolsky
master equation, except that they incorporate the O(e?)
deformations to the metric and the corresponding correc-
tions to the tetrad, specifically

OA=(D=3e+e" —dp—p ) (A -4y +p)
(547 —a =3P — 4D + 7w — da)t — 3P4,
(112)

and

TA[®F] = [D—3e+€* —4p—p*]A(5+ 27" —2p)ADF,
D—3e+e*—4p—p* | (D—2e—2p* ) D,
5-3f—a* + 1" —4iA(6+ 1 —2a" —2B) OE,
+[6-3f—a" +r* -4 (D —2e+2¢* — p*)A DS,
(113)

ol
ol

where A denotes that the quantity is evaluated on the
beyond Kerr background. Meanwhile, the term K [provided
in (C51)] includes any additional modifications which
cannot be captured in this way. This equation is supple-
mented by an equation governing W2, which is the GHP
dual of Eq. (111).

While it is true, and is shown in the appendix, that K = 0
on vacuum Type D backgrounds in relativity, for beyond-
GR theories we do not expect that the Goldberg-Sachs
theorem [80] enforces the additional simplifications x =
o = 0 (and their GHP dual relations) that usually arise for
Type D spacetimes. To avoid any ambiguity we spell
out the conditions required for K to vanish. We must first
have that

A=kt =A =¥, =¥ =0. (114)
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Next we must have a background that is a vacuum,
specifically all the background Ricci scalars vanish,
CDf} =0, (115)
and lastly one needs that the background ¥, follows the
two equations
DYy =3p"¥5 and Y5 = 3045, (116)
Since we are interested in beyond-GR theories, the condition
of Eq. (115) does not hold in our case, but some or all of the
conditions in Eq. (114) may hold, particularly when the
background metric remains Type D, in which case ¥§ =
P{ = 0 (as well as the dual relations W4 = W4 = 0). The full
equation we have derived does not assume any of these
conditions, but the above conditions achieve the reduction of
Eq. (111) to the Teukolsky equation. When only a portion of
the conditions hold, various contributions to K vanish.
The simplicity of Eq. (111) belies the underlying
complexity of the terms in K, and the resultant equation
couples to the wave perturbations of many other NP scalars,
necessitating some tetrad-reconstruction procedure in gen-
eral. As with our alternate derivation in Secs. II and IV, this
equation also couples to the additional fields, which appear
in the Ricci scalars, and must be supplemented with
equations of motion for those fields. For work that focuses
on this approach to computing the QNM shifts, and exploits
gauge and tetrad choices to further simplify the above
expressions, we refer to [81].

VI. CONCLUSIONS

In this work we have derived a modified Teukolsky
equation for gravitational perturbations in a broad class of
beyond-GR theories, with the goal of computing the shifts
to the QNM spectrum in such theories. Our approach is
primarily adapted to quadratic gravity models when the
modifications to gravity are perturbative, such as dCS and
sGB gravity in the decoupling limit. However it can be
modified to capture other cases, which we have illustrated
by considering the case of weakly charged black holes. The
modified Teukolsky equation is coupled to additional
fields, those which are nonminimally coupled to the
curvature and source deformations to the background
Kerr solution. Our equation incorporates corrections from
both the deformation to the Kerr background and the
changes to the dynamics of the fields arising from the
modified equations of motion.

By using as an ansatz that we seek solutions which
perturb around the QNMs of Kerr black holes, we can
partially decouple the additional fields from the gravita-
tional QNMs. This allows for a hierarchical approach to
computing the shifts to the QNM spectra as follows. First
one computes the unperturbed QNM wave function for a
given mode on Kerr, including the reconstructed metric

perturbation hgg,) for that mode. This mode serves to source

the additional fields 1921), usually a nonminimally coupled
scalar field. With the solution to this sourced scalar, and the
unperturbed QNM wave function, the correction to the
gravitational QNM frequency can be computed. Finally, we
illustrate how these equations can be used in a concrete
expression for the gravitational QNM shifts, using EVP
theory. Along the way, we have shown that in general
deviations from Kerr lift a degeneracy between positive and
negative frequency modes, requiring degenerate perturba-
tion theory to resolve the spectral shifts. The connection
between these degeneracies, parity breaking, and the loss of
isospectrality will be the subject of future studies.

In this work we do not compute the QNM shifts for any
particular theory. Practical application of our formalism
requires a number of nontrivial steps, which are the target
of future work. To apply our approach, we first must choose
a beyond-GR theory, such as dCS or sGB, compute the
nonminimally coupled fields which are sourced by the
background Kerr curvature, and use these as a source for
solving for the stationary metric deformation, which we
denote gazb in this work. Next, we require the solutions for

the dynamical field degrees of freedom fﬂ,(41>’ generically

sourced by the dynamical gravitational QNM hggj. With
these elements in place it is straightforward to compute the
QNM shifts. However, our EVP approach requires the
ability to evaluate these quantities for complex r, both
inside and outside of the outer horizon r, . Series solutions
for these quantities would be ideal for this purpose,
particularly solutions which are nonperturbative in the
black hole spin parameter y. If particular cases require
direct numerical solutions for any of these quantities, our
approach can be adapted by regularizing the required
integrals by some other means. For example, hyperboloidal
slicing could provide a promising alternative approach
[102—-104]. It would also be valuable to compare specific
QNM shifts to those observed in numerical simulations of
dCS and sGB binary black hole mergers [56,58].

Our approach may also prove valuable in extending
approaches that predict QNMs from generic, parametrized
deviations from the Regge-Wheeler and Zerilli potentials
around nonspinning and slowly spinning black holes
[105,106], and those that seek to reconstruct the deforma-
tions of the effective potential from the QNM shifts [107].
The method presented here would allow for the mapping of
specific, stationary deformations from the Kerr spacetime,
such as those arising from “bumpy” black holes [108], onto
QNM shifts. However, without an underlying theory for
how such deviations are supported, our derivation shows
that contributions to the frequency shifts from modifica-
tions to the equations of motion and coupling to additional
degrees of freedom would be missed.

The formalism presented here represents a first step
towards a concrete prediction of the full QNM spectrum in
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specific theories beyond-GR, for Kerr black holes with
arbitrary spin. With such predictions, direct constraints on
the coupling parameters can be derived by applying
Bayesian inference on past and future gravitational-wave
detections. Unlike the case of parametrized null tests, by
using specific theories it is straightforward to combine a
large number of detections in precision searches for
beyond-GR effects in black hole ringdown. In addition,
if parametrized ringdown tests uncover a violation of the
predictions of relativity, the ability to predict the shifts to
the QNM spectra in particular theories is critical to
identifying the physics underlying such deviations. As
we move into the era of precision gravitational-wave
physics, we can hope that such subtle deviations will point
the way to a new paradigm for gravitation.
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APPENDIX A: OPERATOR G®

In order to compute the QNM shifts, the expression
ngb) [, g?)] is required, as in Eq. (40). To derive it, we
first consider the general problem of expanding the Einstein

tensor G, around a generic perturbation to a background
metric, g,, = g,(gj + hg,,. In what follows, all covariant

derivatives are with respect to the background metric gfg))

and all indices are raised and lowered with the background
metric.
First we expand the Riemann tensor in powers of f,,,

Rap(99 + 1) = R + R + RO [(n] + ... (A1)

where RES)) = R,,(9'") is the full Ricci tensor evaluated on

the background metric, Rilb) is linear in h,, and be) is

quadratic in h,;,. We have (e.g., [109])

R[] = VeV ohyye = 5 (VVohey + Y, Vphe).  (A2)

1
2

1
R [, h) = 2 [0V, Vpheg + VeV ahay = 2V4V (ahy)
- <vclj16d) (zv(ahb)d - vdhab)

1
+5 (Vahea) (Vohe)

+(vchhd)(vchad - vdhuc)]’ (A3)

where we have defined the trace-reversed perturbation

hap = hyp, — (1/2)g{(1(2,>gf(”)’)hcd. The Einstein tensor is then

Gur(9) = G + G + GQ[h ] + ... (A4)

where Gs;) = G,,(¢g") is the full Einstein tensor on the

background, and for example

1
GLy [h] = RUyH] =5 (ha RO + g RVI]).  (AS)

where the Ricci scalars R(), R() are defined as the trace of
the Ricci tensors at each order.

Before discussing the next order, we specialize to the
case where the background is vacuum, so that Ru(i, =0.
Then G'))[h] = &,,[h] as given in Eq. (28). If the back-

ground is not vacuum, G((ll,,) still gives the linearized
Einstein equation for 4, but with additional terms present
in Eq. (28). With this specialization, the expression for G(azb>

simplifies to

2 2 L 0, can
Gy 1h. ) = Ry [, 1)+ 5 (g4 b R 1]

= hosRV[H] = gy RV [h. b)) (A6)
Further, we are interested in cases where the perturbation
h,;, 1s a solution to the linearized equations, with or without
source,

Eaplh] = Tap: (A7)

so that Rélb) [h] and RWW[A] can be further reduced. For
example, when #,, is a QNM perturbation hfgj as in
Eq. (40), R<alb) [] = 0. Meanwhile, when h,, is the static

deformation gfb), if convenient we can substitute Ricci

terms for source terms,

1 I
Rih) [9(2)] = Tab — 59217)7’ (A8)
Tap = Ty V190, 9] + Vi O9]. (A9)
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)

With this we express G, [1(?), g)] by taking ijb) [h, h] and, for each quadratic term in A, ensuring that one copy is

replaced by hg))

terms in each case. We have

1

, and one by gazb, summing over both possible substitutions. Further simplifications are made for the R,

(1)

. 1
Gy 10 9] = 2 g (VaVuhisd + VoVl =29 uhi) = (Vg QVahyy = Vahiy) + 5 (Vagld) (Vo))

4

1
+ (Vegy ) (Vohiy) - vdhﬁ‘?)} — 0 [gf% (VRS + V.V ,h0) = 29,V4h()

8

=C e 1 e ],C C A€
~ (Vg8 @V hig = Vh©) + 3 (Vegla ) (Vhig) + (Vg (Vohyg = Vahed) | + (g < hiy)

ed

L ©),, 120
— Zgab h(g)Tcd + Z]’lab T,

where the term (gfb) <~ hfl%)) indicates all the previous

terms in the expression with the two types of perturbations
exchanged. The final contribution is asymmetric in the
perturbation types because each is sourced differently, as
noted above.

APPENDIX B: COMPARISON TO THE
NEWMAN-PENROSE APPROACH FOR
WEAKLY-CHARGED BLACK HOLES

Here we confirm that the e-scaling selected in Sec. III B
matches known results on the perturbation of weakly-
charged black holes. We focus on matching a single term
between our modified Teukolsky equation for s = +2 and
the full perturbation equations derived in the NP formalism
for the corresponding scalars, ¥, and ¢,. We use the
expressions given in [92], hereafter DGS, and we cite the
NP equations as given in [90], hereafter SKMHH, whose
definitions of the NP scalars are appropriate for our metric
signature. We denote the O(7) dynamical perturbations to
the geometry and EM fields with the superscript B, and all
other quantities are assumed to be background quantities
unless noted. When necessary for clarity, these O(;°)
quantities are decorated with the superscript A.

Our point of comparison is the coupling term present in
the GHP dual of DGS Egs. (3) and (6), keeping in mind that
we set O = 0 in these equations because we only need the
leading order expressions. Using the background NP
relations, SKMHH Eqgs. (7.32e) and (7.32h), DV, =
3p¥, and 6%, = 37¥,, we cast the coupling term of
DGS in the form

D, Q0 = 2’<0¢TA[(D —-2p)(6 —2p - 31)

+(z =) (D = 3p) |45 (B1)

by commuting factors of W;' through the directional
derivatives. Here we have chosen to set the NP spin

(A10)

coefficient € = 0 at leading order using our background
tetrad, and we have also selected a perturbation to tetrad
such that W# =0. We have also restored the factor
ko = 87G. From the background EM fields, the Ricci
scalars are ®;; = ko¢h;¢;, so that only ®y; and its complex
conjugate are nonvanishing at leading order.’
In our approach, the coupling between the gravitational
QNMs and the EM QNMs is given by the term
2087”190, V) (B2)
when projecting Eq. (62) using S’ and restoring x,. To
match the coupling term to Eq. (Bl), we expand the
projection operator in terms of NP quantities. The only

nonzero projection of Tizb’o) [81), 1] onto the tetrad is the
one that involves a single copy of the background Maxwell
scalar ¢! and the dynamical perturbation ¢§, which is

T = T3 11 ¢l m® = 2472

Im

(B3)

With this, reading S40 off of the source term in [79], we
have

260 ST = 2k0[(5 + 77 — " = 3 — 47) (D — 2p")
H(D = 4p = p)(6+ 27" = 2B)|(h}4E).
(B4)

To make progress, we use Maxwell’s equations on the
background EM field,
Dd)TA — 2p*¢*A’

Spit = —2n' . (BS)

*The GHP dual of @, is itself, and so it would appear that
there should be no complex conjugate on the ¢; term in the
denominator of the Q_, operator in DGS Eq. (6).
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to bring factors of ¢ through the derivative operators in
Eq. (B4). Next we use the commutator relation SKMHH
Eq. (7.6b),

DY = Dol + (o + - )DE — p5¢f.  (B6)
to match the ordering of derivatives in Eq. (B1). The
result is

2605 T5" = 26057 [(D = 2p)5 + (¢ — ) D

~(B+37)D — pp* — DB+ 4pplds. (BT
The remaining differences can be removed using the
background NP equations,
Df=pp*.  Dr=(r+x")p, (B8)
bringing Eqs. (B1) and (B7) into agreement. This shows
that the coupling terms are in agreement between the
formalisms, and similar manipulations are expected to
demonstrate agreement between the remaining terms.

APPENDIX C: DETAILS OF THE NEWMAN-
PENROSE APPROACH TO A GENERALIZED
TEUKOLSKY EQUATION

In this section we derive the modified Teukolsky
equation directly from the NP formalism, and connect it
to the discussion in Sec. V. We expand the tetrads and all
the resultant NP quantities and derivatives into background
and wave parts. Background quantities are O(1°) and have
the superscript A, while the wave perturbation of the
quantities are O(n) have the superscript B.

1. Notation

Before we move on we state some convenient notation
that makes the resulting modified Teukolsky equation more
succinct. In particular we create a new notation for some
derivative quantities, since they frequently reappear in
expressions. We define

Spq = (6= PP+ q1), (C1)
D)4 = (D= pe+ap), (€2)
Prg=1[Dpg—e+e =p], (C3)
Qpg=0pg=P—a + . (C4)

We define further operators
O = 0" —4a+, (C5)
A =A—-4y+u, (Co)

and operators acting on Ricci scalars,

CJ @] = (6 + 7* — 20" — 2B) Dy
— (D =2e=2p*)Dgy; + 20D

—2k®|; — K* Dy, (C7)
and
CY @] = (6 + 27 — 2p) @y,
— (D = 2¢e 4 2¢* — p*) @y, — 1* Dy
+ 26D, — 2kD)5. (C8)
This converts the Egs. (106)—(109) into
530[Po] — Dao_s[W1] = 3xW, = C{ (@], (C9)
Ajo[®o) — 8, 4[] — 30, = Caj[q)ij]’ (C10)
Py _i[o] = Qa1 [k] = ¥y, (C11)
Ppg0pq = CpgPpg=0+E,, (C12)

Note that Eq. (C12) is an operator identity.

2. Expanding around Kerr background

Expanding all the NP quantities and derivatives we get
four new equations which are later combined to form the
Teukolsky equation.

a. First Bianchi identity
Using the first Bianchi identity we get

A

355 28] = D5y [P7] = 3659
= G [@F] + CJ (@] - 536 [%5)]

+ DS _,[W1] + 3xA 5. (C13)

We reorder terms and put all the extra terms that are absent
in the original derivation into the expression S45,

i [PB] — DA _,[P8) — 3c5W4 = C§* (@] + S4B, (Cl4)
where

Sy = CJP[@4] — 555 [WA] + DE_,[W4] + 3c"P5. (C15)

b. Second Bianchi identity

With the second Bianchi identity we get another
equation,
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AT (E] = 8 4[] - 307W4 = i [@F] + " [@f] — AT I¥E] + 8 (] + 30" S (C16)
We again reorder terms and put all the extra terms that are absent in the original derivation into the expression /2,
ATGE] — 85 W] - 36794 = C"[@f] + S17, (C17)
where
S8 = CIP @] — A + 65 [W4] + 304w (€18)

Notice so far that for a Kerr background, CD?]- =0,0" =x* =0and ¥) = ¥} = 0, which makes S48 = 0 and S3% = 0. We
keep these terms for our analysis.

c. The spin-coefficient equation

Expanding the spin-coefficient equations we get
Py _1[0®] = 03 K] + PF_y[o"] — 03 _,[k"] = (. (C19)
Multiplying both sides by ¥4,
P (0”19 — 05 \[K°1¥) + P3_[0"]¥5 — OF _ [x']¥) = ¥§¥, (C20)
and using the product rule,

P,4lfgl = P, ,lflg+ Dlglf,

Qpqlf gl = Qpylflg+ dldlf, (€21)
we can rearrange and get
Py 1[0"¥3] = 6" D[¥3] = 03 [K"W3] + <%0[¥3] = WGy — P3_, [0"]¥2 + Q7 [ (C22)
Now by looking at the definitions of P4 , and Q% ,, we can show that
Phes = Phy =m0 (©2)
g = Q5 4 —n7t. (C24)

So now if we want to convert our P4 _, into P4 _, and Q% _, into Q% _, so that they match the terms in the Bianchi identities,

we need to only add and subtract factors of 3p* and 374, respectively.
Continuing with Eq. (C22), we add and subtract 3p* and 37% to get

(P31 = 3p")[0" W3] — 0% (D = 3pY)[¥]] = (@5, — 3¢ [k"¥]] + (6 — 3¢) (W]
= WgWy — P30 W5 + 07 [<"]¥5, (C25)

which can be made more compact by writing
Py _,[c"P5] — 05 _,[x"¥5] = PP — S5, (C26)
where
$3% = P3_[0"]W5 + QF  [k"]W5 + o® (D — 3ph)[¥3] — k7(6 — 3¢1)[¥3]. (C27)

We see that $3% only vanishes when ¢* = k* = 0, and the background quantities obey
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DYy =3p"¥4 and Y5 = 3tYY,. (C28)
The former are satisfied for any vacuum Type D spacetime in general relativity.

d. Operator identity

In this section we prove the operator identity (109). We can expand the expression as
PygOpg=QpgPpg=1Dpg:Spgl = (€ =€ +p")5p g+ (B +a" —a7)A,,, (C29)
where
[Dp,q’ 5p.q] = [D,d] - [(pe — qp),d] = [D, (pf — qr)]. (C30)

In the above operator expression, any NP scalar is essentially an operator that multiplies any function with itself (e.g.,
p[¥] = p¥). This means that the commutator of the derivative operator with an NP scalar can be defined, and simplified as

(D, fI(¥) = D(f¥) = fD(¥) = D(/)¥ + fD(¥) - fD(¥) = D(f)¥. (C31)

implying that the commutator of a derivative with a scalar is just the derivative acting on the scalar. This simplifies what we
have above and gives us

[Dp,qv 5p.q] = [D, 8] + 8[(pe — qp)] — D[(pp — q7)]. (C32)
We define the result of the operator expression,

Epy=Ppybpg—0paDpy. (C33)

pP.q P.q-prq

Upon further simplifications we get
E,,=[D.5| - p(Dp —d6e) —q(6p — D7) — (e — € 4+ p*)b,, + (f+a" —7")D, . (C34)
which then follows to

E,,=[D.8]—(e—¢€ +p)5+ (B+a" —a*)D—p(DB—be—ple —€" +p*) +e(f+a* —17))
—q@p—Dr+r(e—€ +p")—p(f+a —1x")). (C35)

Using the commutation relation
[D,8] = 66— kA + (p* +e—¢€*)6— (a* + p—n*)D, (C36)

and three spin coefficient equations,

Dp-be=(a+n)jc+(p—e8pf—(u+yk—(a—rn)e+¥, (C37)
5p—d0 =p(@a+p) —oBa—p)+(p—p)r+ (u—px ¥ + Py, (C38)
Dr—Axk=(t+a)p+ (T+n)o+ (e—&t— By +7)k+ ¥ + Dy, (C39)

we find that the commutator becomes,
E,,=c—kA+q[(T+a—-p+3a)o+ (i—pu—7-3y)k+2¥] - plla+r)o+ (—y —px+¥,]. (C40)
This operator is the right hand side of the operator identity used by Teukolsky in [79], where it is set to zero by the fact that

the background is Type D. This is manifest in the above, where we can see that any background where 6 = x =¥, =0
makes this operator vanish.
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e. Combining the two Bianchi identities and the operator equation

To get the Teukolsky equation we compute
P4 _,[Equation (C17)] — Q5 _4[Equation (C14)]. (C41)
This gives us
P3 [ AT Y] = 85 a[WP]] — 03 (650 [¥E] — DA u[¥7]] = 3(P5 Ly [0"¥3] — 05 _u[x"¥3])
ijA ijA
= Py _[CY7[@F] + S17] = 05 _[Cy" [@F] + 56”’]- (C42)
Using (C26) we get,
P3_y[AT W] = 85 u[¥F]] — 03 (65 [WG) — D3 Ly [¥7]] - 3(¥§¥S - 557)
= P}_[C/"[@F] + $17] - 05 L, [C{" [®F) + 7). (C43)
Now rearranging the first terms gives us,
(P3_4ATS — 03 i85 ¥ — (P3_483 s — 054D ) ¥7 = 3(¥5¥3 — 53%)
ijA ijA
= Py _[C7 (@] + 17 = 05 _4[C" [@F] + S57). (C44)

The operator acting on ¥ is equivalent to our commutator operator relation from Eq. (109) on the background, so we can
substitute that in, yielding

(P _4AT) — 08_4850) W8 — E5_y[¥7] = 3(¥W3 — $3°) = P3_,[CY[@F] + 51%] - 03 _[C" [@f] + $3°].  (C45)
Now we can get it into a form suggestive of Teukoslky’s equation for W2,
(P3_4AT) — 054850 — 3¥4)¥] = P3_,[CY[@F] + S1%] + B _[¥7] — 03 _,[C{" [@F] + S4°] = 3855, (C46)

which is the Teukolsky equation for W,. Note that the T, source terms that normally exist on the right-hand side of the
Teukolsky equation are a subset of the P/z"_4[C’lJA [Cbﬁ]] -05, [Cé)’A [@5}] terms above. We can break up the CJ*[®, ;)]
expressions by defining

C @] = (5 + 7 = 2a* = 2B)Dyg — (D — 26 — 2p* )@y, + Fi[®;], (C47)
F{[®;] = 26® 5 — 2k®); — k* Dy, (C48)
and
Cl®@;] = (642" —2)®y; — (D = 2¢ + 2€* — p*) Dy + F/[D; ], (C49)
FU[®@;] = 2@y + 20®; — 2kD. (C50)

This splitting up gives us the usual form of the Teukolsky equation,
OY¥(] = TH[@F] + K. (C51)
K = Py _y[F{* (@8] + S18] + B3 _,[W5] - 0F _,[F" [®F] + 537] - 355°. (C52)
The above can be expanded using the Egs. (C1)—(C5), (C7), (C8), (C15), (C18), and (C27). One can then get the equation

for ¥, using the GHP dual, interchanging [ <> n* and m* < m®*.
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To reiterate the conditions under which the above is zero,
we have shown that,

A VR R N

ijA ij.
= FJ'[@F] = F/' (@8] = E4, = 0. (C53)

Additional assumptions on top of the ones above yield
further simplifications, such as

QL =0= 58 =85F =0, (C54)
and
D —=3p)"W} = (6 -37)"W4 =0 = 38 =0, (C55
2 2

which would then completely set K = 0.
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