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We investigate the leading-order behavior of matter fields in the preinflationary era using the
semiclassical approximation. Many inflationary models assume without supporting arguments that the
Universe was radiation dominated prior to inflation, leading to modifications of cosmological observables,
such as the cosmic microwave background power spectrum. In previous work, we demonstrated that
conformally coupled scalar fields do have a radiationlike contribution to the stress-energy tensor at
sufficiently early times. In this work, we extend these arguments to apply to massless spin-1 fields and

massive or massless spin—% fields. We find massless spin-1 fields always have a radiationlike contribution.

For spin-% fields, we find the contribution at early times is radiationlike assuming this is the dominant

contribution to the stress-energy tensor.
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I. INTRODUCTION

The inflationary paradigm explains many characteristics
of our observed Universe. Many models of inflation make
use of a radiation-dominated behavior of matter fields in
the preinflationary era in order to obtain modifications to
the standard predictions of inflation and better explain
observed phenomena (see [1] and references therein for a
review of models using a radiation-dominated preinfla-
tionary era). For instance, various models involving the
transition from a radiation-dominated era to inflation lead
to modifications of the cosmic microwave background
anisotropy spectrum, such as a lowering of the quadrupole
moment which appears to be anomalously suppressed [2].
The assumption that fields are radiation-dominated prior
to inflation is central to such models, though it is nontrivial
to demonstrate that such behavior was the case for our
Universe, and it would be hopeless to try to detect particles
due to these fields today given the effects of inflation. It is
therefore interesting to analyze the preinflationary era and
the behavior of matter fields in it.

The primary objective of this work is to investigate
the behavior of quantum fields in the preinflationary era.
A complete analysis of the early universe would require a
theory of quantum gravity, which for now is out of reach,
but one could anticipate that after the Planck era some
span of the preinflationary era would have curvature
well below the Planck scale, in which case the sem-
iclassical approximation should hold. In this paper, we
will assume the semiclassical approximation to hold
in some portion of the preinflationary era, and we
will use this framework to analyze quantum fields in a
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Friedmann-Lemaitre-Robertson-Walker (FLRW) space-
time and obtain their corresponding contributions to the
energy density.

The case of massive scalar fields was investigated using
the semiclassical approximation in [3]. There it was shown
that under a set of conditions on the scale factor the fields
did result in radiation-dominated contributions to the
energy density. The conditions on the scale factor were
also argued to likely be valid for our Universe. In the
present work, we will investigate the corresponding behav-
ior of other fields, namely massless spin-1 and massive or
massless spin-j fields.

The analysis for spin-1 and spin-% fields is generally more
complicated than for scalar fields. For spin-% fields, the mass
appears explicitly in the expression for the counterterms at
higher than zeroth adiabatic order, which leads to additional
complications. Performing adiabatic regularization with a
zeroth-order parametrization of the states does not explicitly
appear to produce finite energy densities until one considers
the higher order contributions buried in the parametrization.
For an overview of the adiabatic regularization procedure
for spin-1, see [4—6]. For spin-1 fields one must consider
the massive and massless cases separately. Massive vector
fields do appear in the Standard Model, but they are
ultimately due to interactions with the Higgs field and are
out of the scope of this paper. For the massless case one can
show that the analysis decomposes into four decoupled
copies of a scalar field, as was done in Ref. [7]. There
the analysis was performed to obtain the trace anomaly,
but obtaining the renormalized energy density from this
groundwork is nontrivial.

© 2022 American Physical Society
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In the following, we work in Planck units with ¢ = G =
A = 1 and use the (—, +, +, +) signature for the metric. We
assume a spatially flat universe described by the FLRW
metric

ds* = a*(—dn* + dx*), (1)

where a = a(n) is the scale factor and 7 is conformal time.
We will employ a prime, such as ' =d,a, to denote
differentiation with respect to conformal time. We are
interested in taking a — 0 at early times and determining
whether one can assume radiation-dominated behavior.
However, we do not want to consider times in the
Planck era, during which the semiclassical approximation
is not assumed to be valid, so we denote by 7, the earliest
conformal time of consideration and implicitly assume it to
be past the Planck era. In Planck units, this corresponds to a
value of the Hubble parameter H = Z—; < 1. We therefore
aim to determine if the renormalized energy density p, for
each field is appropriately radiation dominated during a
range of conformal time 1y < n < 5, for a generic scale
factor a. We will allow for the possibility of a nonzero mass
m for fermions, in which case we will insist that m < 1
in Planck units. If there are fermion fields with m > 1,
these will have mass comparable to or greater than the
Planck mass, and then we will assume the fields have no
contribution to the total energy density when 7 = 7,. We
will work with quantum fields in any state other than the
conformal vacuum state for massless fields.

The body of this article is split into three sections, one for
each of the two spins of fields and one for a discussion of
the results obtained. Section II contains the analysis for
spin-1 vector fields, beginning with a summary of the
adiabatic regularization procedure and concluding with the
renormalization of the energy density and our main result
for the spin-1 case. Section III contains the analysis for

|

spin—% fields and begins with a summary of the modified
adiabatic regularization procedure, as described in [6]. The
subsequent renormalization and analysis is more compli-
cated than that for the vector fields and is split into
subsections: in Sec. III A we give the renormalization
counterterms and preview the assumptions built into our
analysis; in Sec. III B, we derive bounds on the renormal-
ized energy density by splitting the contributions into high
and low energy terms and analyzing each in turn; and in
Sec. IIIC we obtain the leading order behavior of the
renormalized energy density and our main result for the
spin-% case. We close in Sec. IV with a discussion of our
main results and final remarks.

II. ENERGY DENSITY FOR VECTOR FIELDS

As discussed in the Introduction, massive and massless
vector fields must be treated separately. In the Lagrangian
description, the massive field is described by the Proca
action [8], which in flat spacetime is a gauge-fixed theory
involving the Higgs mechanism. Working with interactions
and the curved spacetime form of the action is beyond the
scope of this paper. We will focus instead on the mass-
less case.

According to an argument in [9], any conformally
invariant theory in a flat FLRW spacetime will have a
stress-energy tensor that contains two terms, one of which
is radiationlike and the other of which is the anomalous
term. Renormalizing the electromagnatic field, however,
requires that masses are introduced for the photon and
ghost fields, which break the conformal invariance. These
masses are then taken to zero to obtain physical results. We
therefore feel it is worth working through the details of this
procedure to confirm that the argument in [9] works.

The massless vector field in curved spacetime is given by
the massless limit of the theory described by Lagrangian [7]

1 1 1
L=./—g _ng)ngﬂvF/m - EV”AMVDAV - §m2g’”’AﬂAy + g0, 0 +imyy|, (2)

where A, is the four-vector, ¢ is the gauge fixing parameter, y is the (complex) ghost field used to maintain gauge invariance,
m,, is the mass of the ghost field, and F,, = d,A, — d,A,,. Masses are included in the Lagrangian (2) in order to properly
renormalize the theory. These masses can trivially be taken to zero before computing any unrenormalized observables, but
they are crucial in obtaining the appropriate renormalization counterterms. We will make clear when they are to be taken to
zero in the following. The energy-momentum tensor from Eq. (2) is

T, = TMovel L 7G| 7o (3a)
1 1
T//l\l/lllaxwell == ZguygaﬂgpﬁFapF[)’(r + gaﬁFaﬂF[)’u - EgﬂyngaﬁAaA/} + mzAﬂAl/’ (3b)
G — 1 1 aff 2 4 o}
T/w = E - Eg/w (g vaA/)’) + (g;wgp Aﬁv/) - Auvﬂ - Auvv) (g( vaA/}) s (30)
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T8 = i0,,0"°0,70.x — i(,70,% + 0,70,%) + iG,,m2Tx. (3d)

Following the procedure in Ref. [7], one can define the components of the four-vector A, as a combination of temporal,
transverse, and longitudinal parts,

A” = (AO’Bi + alA) (4)

These components and the ghost field can be expanded in terms of mode functions Y,, for a =0,L, T, y, where L
represents longitudinal and 7 transverse contributions:

1 d3/_<' 0 261/ T 3 7o
AO = W/@T):; [a% ) ((),7 - 7) (maYO)e’k" + a;{. >kmaYLe’kx + H.C. s (53)
&k p Py ikx
1 &k
= / 20y <a]% ) may e a(})an <— YL> et H.C.> , (5¢)
/ $k (b, s + IT?Y; —ik% (5d)
£ (27)* \ a ¢ a © '
P 1 y*
Ck bV, gz P s
- ’ 5
¥ /(27[)3<ae + e (Se)
where a¥ ), b;, and l_oz and their Hermitian conjugates are (a;é; +Q2)Y, =0, (8)
annihilation and creation operators, €/ are the two polari-
zation vectors of the transverse modes, and H.c. represents ~ where
the Hermitian conjugate of all preceding terms. The
creation and annihilation operators satisfy the commutation Qz = 605 +¢, (9)

and anticommutation relations
is defined for each contribution by

ay (b a >
0, 0] = g (2250 (% - B), (6a)
w} = k* + Em*a, (10a)
bz, b} = —{by, b1} = i(22)%63) (k= K), (6b
(b by} = —{bg. by} = i(27)°85( ). (6b) wi =k +m?a*, (10b)
where 5% = diag(—1,1,1,1). The polarization vectors 22 29
satisfy wy = k”+myas, (10c)
and
Zkief7 =Y, (73)
i a’
) gO-}rE_;v (11a)
Zefef’ = orr, (7b)
i a// 20/2
=2-2 (11b)
PP kikj . .
Zei €j :511_ 5 (7(:)
=12 k {r=0. (I1c)

with p the polarization index. The modes Y, satisfy the
decoupled set of differential equation

The modes satisfy the standard normalization conditions
for a scalar field,
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Y, Y —Y.Y: =i (12)

Note that in the massless limit ¥, and Y, satisfy the same
differential equations, so we can choose

Maxwell _ 1im

P m-041-a

+ <w,%
li ! * dkk? z

1 —_— —
m—0 27[234 /) |: (wo

pghost = lim 1 A
m,—0 271'2 4 0

where A is a cutoff regulator which we will later demon-
strate can be taken to infinity in the massless limit.

One may adiabatically renormalize the energy density
by writing the vacuum states with the standard Wentzel-
Kramers-Brillouin (WKB) ansatz

y, = L i [
2W,

W' 3 /W \2
2 02 _ a _Z (e
wr -1 (w) |

(15)

where

(16)

/2
)|YL|2+ 0,(1Y.12) + 1Y} ﬂ

Y(]:Y)(

(13)

Using this mode decomposition, one can find contribu-
tions to the energy density p = (T;;) from Egs. (3b)—(3d)
in terms of Y,:

form:mX:O.

1 /2
s [ e R 1rP 4 = (14 55 )P + 0, (¥oP) - 1P

(14a)
1, 55 a” , d 2
Semta + ) ok = Lo,(vof) + 17 (14b)
a” 2, 4 2 ap
+? |Y;(| +Ean(|Y;(| )_|Y;(| ’ (14C)

Solutions to Eq. (16) can be approximated using WS)) =Q,as
the lowest order and iterating to higher orders, keeping to the
appropriate adiabatic order, given by the number of time
derivatives on the scale factor, at each iteration. Substitution of
W, to some adiabatic order A into Eq. (15) would then require
expanding the square root only to terms of adiabatic order A.

In order to renormalize the energy density, one must take
Eq. (15) to the appropriate adiabatic order and substitute
into Egs. (14a)—(14c) to produce the renormalization
counterterms. On dimensional grounds, one would need
to keep to fourth adiabatic order to renormalize p. The
fourth order counterterms are

2 2 2

3 2 D@2
<f‘>:1'mi/—dk Wo+ W, +2W, 2w, + 204 @b 207 2%, a
Pe = aSvaa? ) oy 0T TR AN Wo W, Wp W, &@W,
a?  2d” dW, dW, 24dW, Wg N WP N Wi W2\ @ an
W, W, aW] aWi  aW2 AW 4wl 2wh 2wif

where {...}*) implies that all W, are taken to fourth order.

In order to analyze the early-time behavior of the energy
density, we will parametrize the mode functions in terms of
zeroth-order adiabatic states

Vo= aa?s + Bl (18)
Yo = araY +/3ka (19)

From the normalization condition (12), one has
|ak,a|2 - |/}k,a|2 =L (20)

|

One could instead parametrize the mode functions in terms of
higher-order adiabatic states, in which case the Bogoliubov
coefficients a;, and B, would be constant to the given
adiabatic order, but zeroth order will be sufficient to properly
renormalize the theory. Substituting Eqgs. (18) and (19) into
Eq. (8), one obtains differential equations for the coefficients,

Q/

a ﬁka (213)
Q’a .

ﬁ;(.a = 2—9()0{;&“6 219“, (21b)

where 6, = [T diW (7).
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One can then obtain the renormalized energy density in
terms of oy , and f3; , by subtracting these renormalization
counterterms from the unrenormalized energy density
given in Egs. (14a)-(14c). Using a zeroth order para-
metrization, one finds that the renormalized energy density
p, separates into analytic and mode terms

Pr = Pan +paﬂ’ (22)

where the analytic terms p,, are finite higher-order terms,
independent of the cutoff regulator A, coming from the
counterterms (17),

1 5
Pan = W |:62(3)H00 + <3 + = In f) H00:|
1 186a* 2164%a” 544" 108d'a"” 1800/2 " 454" 90d’a"
T 288072 | 4f a’ a4 +né + a4 ’ (23)

where (VH y, and ) H,, are higher order corrections to the Einstein field equations [10], and the mode terms Pap are those
coming from the zeroth order parametrization of Eq. (18),

N B &Y A SO ) , 1 (30} + Kk a” )
po= 0 | | e ol g (M

(2n)?

(l

[0)

y a a

1 (w0 +k* a? m? m?
—( ot >|ﬁk1|2_wRe(akTﬂkTe ZIHT)_"gRe(akLﬁkLe 200)

1 [d* &m 1 a’ ,
o (2 Relanabioe ™) + - (3 - L Retan b, )
X

wy \a®> 2a*
24 iy 24’ Y
2 e ) 4 2 e )| (24

Assuming f; , falls faster than k=2, integrating the terms
in Eq. (24) will yield finite results, even if A — oo, and
hence the massless limit can be freely taken inside the
integral. One finds from substitution of Egs. (15), (18), and
(19) into Eq. (8) that o , = aﬁw and ) = ;wr after taking
the massless limit, which when combined with Eq. (13)
allows one to choose the coefficients for the 0 and y
contributions to be identical. The mode term contribution to
the energy density therefore drastically simplifies to

1 A

Pap = WA dkk’® |ﬁk,T|2~ (25)
The ultraviolet cutoff can now be removed, and we take the
limit A — oo0. The renormalized energy density ultimately
only depends on the transverse mode functions, which are
the only physical modes of the theory, and higher-order
dependencies on the background curvature:

1 ©
=—— dki’ 2
Pr 77.'2614 A ‘ﬁk.T|
1 3) 5
+m 62 H00+ 34— 1n§ HOO (26)

Assuming the higher-order corrections are subdominant in
the semiclassical approximation below the Planck scale, p,

|
for massless vector fields does have the expected radiation-
dominated behavior. We note that this results applies to a
general scale factor @ and agrees with the prediction in [9]
that, other than the higher-order terms, all of the contri-
butions in a flat FLRW metric of a conformally invariant
field will act like radiation.

The higher-order terms in (26) are of the same form as
those found for the trace anomaly in [7,11], in which the
(DHy, term has a gauge-dependent coefficient. This coef-
ficient corresponds to a [IR term appearing in the trace
anomaly. The exact value of this coefficient is dependent on
the regularization scheme used, unlike for scalar and spin—%
fields which respectively have the same coefficient regard-
less of regularization scheme.

It is also worth noting that the higher-order terms may
not in fact be negligible compared to the rest of Eq. (26)
when the quantum field contributions themselves are very
small or vanish, such as in the case that f; r = 0, which
corresponds to the conformal vacuum state. The contribu-
tion to the total stress-energy tensor from massless
spin-1 fields would then not necessarily be radiationlike.
However, in such a scenario some other component would
likely be dominating the total stress-energy tensor, and the
Friedmann equation assures us that the higher-order, geo-
metric contributions will always be much smaller than the
other contributions until one approaches the Planck era.
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ITII. ENERGY DENSITY FOR DIRAC FIELDS

We now turn our attention to Dirac spinor fields in the
preinflationary era of an FLRW universe. We follow the
work and notation given in Ref. [6]. There, expressions are
in terms of cosmic time ¢, related to conformal time by
adn = dt. We summarize the procedure for obtaining the
unrenormalized energy density here.

Consider Dirac spinor fields W(x) that obey the Dirac
equation in curved spacetime,

(iy%e,'V, —m)¥ = 0, (27)

where e, * is the vierbein, y“ are the flat spacetime Dirac
matrices satisfying {y,7’} =2y, and V, =0, + T, is
the covariant derivative associated with the spin connection
[',. For the metric (1), the Dirac equation (27) becomes

3\
[yo (an + 2—“) + i, + ima} w—0.  (28)
a

The field can be written in terms of creation and annihi-
lation operators D;d(n) and By, (17) as

.
2 jE]/d k( klll//k/l—'—D/?/lCW%,{)’ (29)

where C is the charge conjugation matrix, A = +1/2
represents the helicity eigenvalue, and
{B; . B } = 5,60 (k= F) (30)

and similarly for Dy, and D;ﬂ, with all other anticommu-

tators vanishing. Working in the Dirac-Pauli representation
for y¢, the modes 3, can be written as

et HE ()& (K),
V8rid® (h”( )k - 3¢ (12))’ o

Vi (777 )_5) =

where & A(/?) are two-component spinors and are eigenvec-
tors of the spin component along the k direction, so that
%(1}.3)@(1}') = 2£,(k), with normalization £/&, = 1, and
ht and hY are scalar functions that satisfy coupled first-
order differential equations

0, (n) = —ikh{!(y) — ima(n)hi().  (32a)

il (n) = —ikhi(n) + ima(n)hi(n), ~ (32b)

1

and have the normalization
|l ()] + R ()P = 1. (33)

The energy density for the Dirac field in terms of the mode
functions hi‘” can be written as

1 co
P | ki mal |4~ 1)~ KA+ BB

(34)

At this point, we will diverge from this procedure
coming from [6], who themselves proceeded to obtain
counterterms to a generic unrenormalized energy in an
FLRW universe. These counterterms were then used to
prove conservation of the energy density and were applied
to a de Sitter spacetime and a radiation-dominated universe.
As demonstrated there, one can make use of adiabatic
regularization to renormalize the energy density, but the
ansatz used for the WKB approximation of adiabatic states
must be a modified form of the standard ansatz. This
renormalization procedure was first demonstrated in [4] and
has been applied in other cases [5,12—-14]. Here, we will
use the energy density (34) as well as the modified WKB
ansatz to obtain renormalization counterterms, but we will
use a different process to obtain an explicit form of the
unrenormalized energy density. Namely, we will expand
the mode functions h ‘' in terms of adiabatic modes gl A
via a Bogoliubov- hke expansion in order to analyze early
time behavior using the Bogoliubov coefficients.

First, one expands hl I'in terms of adiabatic modes gl AT

hi = akgk ﬂkgu* (35a)
M = aggl! + fugl (35b)

where g’ " are given to adiabatic order A,
gin _ giu( ) I 9111(1) T giu( )’ (36)

with adiabatic order understood to be the number of
conformal time derivatives, and satisfy the differential
equations (32a) and (32b), and «; and p; are the time-
dependent Bogoliubov coefficients and are constant to
order A. Coupled first order differential equations for a;
and f3; can be obtained from Egs. (32a), (32b), and (33).
The unrenormalized energy density in terms of the adia-
batic states is

P=—3 A dkk* 2| [ma(|gi)* = 19§ I*) + 2kRe(g;.9,™)] + 4maRe(owfigt9i)

+ 2kRelay By (g7

)? = (g0)*)] + ma(lgi'|* -

|9il?) = 2kRe(gg¢™) - (37)
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and the adiabatic renormalization counterterms are

1 0
P n2a4/0 dkk?ma(|gi'|* = |gi]*) — 2kRe(gigi")]®.

(38)

where [...]*) indicates that g}, g{/ are fourth order states. In
order for the energy density to be renormalized and all
divergences eliminated, the adiabatic states in Eq. (37) must
be at least of the adiabatic order at which the counterterms
in Eq. (38) are divergent.

In order to obtain forms for the adiabatic states, one can
obtain uncoupled second order equations from Eqgs. (32a)
and (32b),

a )
<a§ + 0y = imd + a)2) g5 =0, (39)
a )
<0% + 56,7 + ima' + w2> gl =0, (40)
where
o = k* + m*a?, (41)

and assume formal WKB series solutions, truncating at
the desired adiabatic order. However, Ref. [4] and later
Refs. [5,6] pointed out that the usual WKB ansatz does not
satisfy the normalization condition (33), so one must use a
modified WKB ansatz of the form

w + ma

gt = o Fei%, (42a)
1 w—ma._. g
= Ge %, 42b
Ik 2w € (42b)
and the functions
F=1+FY ... 4 FW), (43a)
G=1+G ... +GW, (43b)

9k:/ndﬁ(w+w<l>+-~+w(f‘)) (43c)

are determined by repeated substitution of Egs. (42a)
and (42b) into Egs. (32a), (32b), and (33). There is an
ambiguity in the exact forms following this method, but
all local observables are independent of the ambiguity [4],
so one may fix the ambiguity by choosing F")(—m) =
G"(m) for each order n > 1. However, we are only
interested in using zeroth order states, for which one
obtains

o+ma _,
Gh=\"g " (44a)
®—ma _;
gl = 5 ¢ O, (44b)
which have a normalization from Eq. (33) of
g * + 1gi']> = 1. (45)

Note that we will continue writing 6, like we have in
Eqgs. (44a) and (44b) for simplicity and assume it to be
understood that only the zeroth order term is kept.
Substituting Eqgs. (35a) and (35b) into the differential
equations (32a) and (32b), one obtains differential equations
for a; and py,

—kma' .

05;( = 202 ﬁkezlek’ (46)
kma' .

B = = age 20, (47)

and substituting them into the normalization condition (33),
one finds

la|* + |Be]* = 1. (48)

A. Renormalized energy density

In order to obtain finite results so that we may inspect the
behavior of the energy density, one must subtract counter-
terms up to fourth order from Eq. (37). Order by order,
these counterterms p) are

pﬁ.") = -, (49)
k2 2 k2 2.2
pg_z) = 20)2 3= - sa ’ (50)
Sm a w 8w
Y = O(k). (51)

The fourth order counterterms produce finite contributions to
the energy density. Using the zeroth order adiabatic states
(44a) and (44b) in Eq. (34) and subtracting the counterterms
(49)—(51), one obtains the renormalized energy density

1 0 k2m2a/2
=—— | dkk? 20|p,? -
Pr 71'2614[) |: w|ﬂk| 8605 :|
2 1 11
St |3 ooy ] (52)

where the finite renormalization terms coming from the
fourth order counterterms [10],
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2 1 11
S0 |2 o+ V)

are assumed small beyond the Planck era. As discussed in
the spin-1 case, these higher-order terms (53) may not be
negligible compared to very small or negligible quantum
field contributions in Eq. (52). However, if this were true,
then some other component would likely be dominating the
total energy density, and the potentially nonradiationlike
behavior of the spin—% contribution (52) would be sublead-
ing. In any case, we may proceed to analyze the quantum
field terms in Eq. (52) regardless of the size of the higher-
order terms to see if they do in fact produce a radiationlike
contribution.

We ultimately will attempt to solve the Friedmann
equation

8
H? = ?P, (54)
where
a/

and p contains p, and may also include other terms such as
a cosmological constant or other classical contributions.
Because we are working with a semiclassical approxima-
tion, we do not assume our analysis to be valid during the
Planck era. Hence we will work starting at an initial time 7,
which is assumed to be after the Planck era and corresponds
to a scale factor a, that is above the Planck scale, and
demonstrate that p, ~ a™* for some region 7y < 7 < 7;.

Above the Planck scale, the Hubble parameter H < 1, so
given Egs. (55) and (53), we will insist that the following
set of inequalities of derivatives of the scale factor must
hold:

a <a?, (56)
a' <a’, (57)
aad" < al. (58)

We will use these inequalities in order to compute the
integral in Eq. (52).

B. Bounds on the renormalized energy density

We will begin by splitting the integral into infrared and
ultraviolet regions /; and /, by a cutoff k.. The infrared
contribution is

= 2880724°

33a/4 18a/a/// 9a//2 36a/2a//
( 2a* 2 & B )’ (53)
I
k. k2 2012
I = / k> [2w|ﬂk|2 = ]
0 8w

k. mla?
_/ dkk2[2k|ﬂk2+2(a)—k)|ﬂk|2— msa } (59)
0 8w
and the ultraviolet contribution is
© Rmta”
12:/ dkk> [2w|ﬂk|2— e } (60)
. 8w
At time 7y, we define
ke 3 2
b= [ a0l (61)

If By is the dominant contribution to the renormalized
energy density at time #, then p, xa™* as desired.
However, as one may anticipate given the apparent loga-
rithmically divergent term in Eq. (52), this may not always
be the case. We will investigate this in the following
sections. Given that |f;(170)| < 1 from Eq. (48), one finds
from Eq. (61) a lower bound on k. of

k.= By*. (62)

1. Ultraviolet region

One is tempted to assume f5;, — O sufficiently quickly at
high k, as is often done with scalar fields [3]. However,
because the final term in Eq. (60) produces a logarithm
divergence, it is evident that doing so will introduce a
divergent contribution to the energy density. This situation
is occurring because until now we have been working with
a zeroth order parametrization of the states, but because the
logarithmic divergence comes in at higher than zeroth
adiabatic order, one would expect to need to work with at
least a second order parametrization to eliminate this
higher-order divergence. These problems would indeed
disappear working with a higher-order parametrization, but
it becomes much more difficult to analytically obtain
generic bounds on /, doing so.

One can instead continue to work with a zeroth-order
parametrization using «; and f;. We can understand what
the appropriate higher order states look like at large k by
integrating Eq. (47) by parts, which shows that the
asymptotic behavior of f; will take the form

. /
ka? age =20, (63)

k
k—oc0 460
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This motivates us to use the parametrization f3;, defined as

/
A= age 2%, (64)

i
43

as the appropriate description to use in calculating the
energy density at large k. We then anticipate that 8, will fall
faster than the leading order term at large &, so

Ay (k. \bo
< k_g <?> (65)

for k > k., some by > 0, and A, independent of k. The
ultraviolet integral (60) written in terms of f; is

o R
12_/ dkszl—m—Z)
k. 166()
km

<2w|ﬂk| (e >) -

|Bk(’70)|

k4m4a/4
128! o }

(66)

Because f3, encodes the cancellation of the divergent term
in the renormalized energy density, one expects that the
contributions to the energy density from Eq. (66) will
converge.

In order for the energy density to be radiation-dominated
the ultraviolet contribution (66) must either be the dom-
inant contribution and itself radiation-dominated or be
subdominant to the radiation-dominated part of the infrared
contribution (59). As we will demonstrate, every term in
Eq. (66) is in fact subdominant to B, (61), which itself
produces a radiation-dominated term in the energy density,
and hence the latter is true.

To show this, we will first simplify the first factor in
Eq. (66) by using Egs. (62) and (56) and @ > k > k to
show that k2m2a”? < 16w°® and therefore 1 — &2 1)

160
/2, -
/ is satisfied, so we

provided the condition a® < B,
will need

a < BY*m™. (67)

This is the first of several conditions we will need. We will
consider the complete set of conditions collectively later.
With this simplification, one finds a bound on 7, of

mta

S - 1 3
15 [k 2R+ S + 5

¢

oo _ _ 1 _
< / dk [2k3 Bil* + km*a? | |* + Ekma,LBkl]
k.

miat

5

(68)

where we have bounded the integral on the final term
using the normalization (48) to obtain |a;| < 1. For By to
dominate, the contributions from 7/, must remain less than
By, and therefore the full contribution from I,(n) =
I,(no) + AI, must be less than B,. We will find the
conditions under which |1, (r)]
|15(n7)], are subdominant to By.

Given Eq. (65), one finds from Eq. (68) that the
contributions from the integrand of |I5(1)| are subdomi-
nant to B, provided that

A} < By, (69a)
2a2A2 < B)?, (69b)
mad'Ay < By. (69c)

To satisfy (65), one may increase k. which allows for
decreasing A, and ensuring (69a) can be satisfied.
Furthermore, provided Eq. (69a) is satisfied and using
Eq. (56), one can show Egs. (69b) and (69¢) become

a < Bl/4 -1 (70)
a < BY*m/2. (71)

The final term in (68) is also less than B, provided (71) is
satisfied.

For the bound on the integral in Al, to converge, Afy
must fall faster than k=2. We will assume that AS, falls at
least as fast as k=222, and then we will need to show

<4 (%)" 12)

with A, independent of k and b, > 0 chosen appropriately
for each term contributing to Af,. One finds from Eq. (68)
that the contributions from A/, are less than B provided
that

AzA < B(), (73)
24243 < BY?, (74)
ma’AA < Bo. (75)

One can obtain bounds on the contributions to Af;, and
hence the conditions under which Egs. (73)—(75) are
satisfied, using the differential equation for f,. From
Egs. (47) and (64), the differential equation is
3ikm3aa'
40

- ikma" . ik*m2a”?

ake—219k+ s ﬁk+ —2i9k.
8w

age

(76)
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Writing /3, (n)

= Bi(no) + APy, one then finds by integrating by parts on the phase

- " —ikma" . ik*m*a” 3ikm3aa” .
ABy = /’1 dx[ e age 20 4 2 B + P age 20
0
kma" . n kma 3km3aa'a” . Km*dd’
—2i6 —2i6 2i6
= ae 4 [ dx age” "k + ape” " ———
8wt * " /,70 [ 8wt F 8wt ¥ 1600 “F
ik*m?a’? 3ikm’aa? .
8> K * 40 K Mk} )
and therefore
o ma" ()| + la"(n)]) 1 sy ] )
AR < ) g . x|+ g [
3
4k4/ dxm>aa'* —|——/ dxm3ald'||a"|. (78)
[
Each term in Eq. (78) can be written in the form of Eq. (72) 1 3 5 345 [k\3
to obtain conditions under which each will satisfy Eq. (73 — 'a" < — _ma _ma(fe
y Eq. (73). 3 dxm’ad’ a < dxm3a*d —5 70\ %
Term by term, using the inequalities in Egs. (56) and (57), k k ke
we can obtain conditions on the scale factor under which B m3a®
each term is subdominant to the infrared contribution. In = Bo> k3
order to obtain these conditions, we will assume «’, a”, and Z—y
a”' have definite signs; that is, each of them is either always a < By :
positive or always negative. The conditions are (79)
" " "\ 2
HZ_Z — % (k_k‘> = By > ("Za ) Even if one of the three quantities @', a”, or a” is not of
c c

1/4

a< By 'm/3,

(79a)

1 1 m?a®  mPa’ [k,
F/dxmza’2 < P/dxmzaza’ =3 :—kzk <¥>

m2a3
= By >

ke
a<<Bl/4 -2/3
(79b)
1 ) mZaIZ m2a/2 kc 2
k4/dxm adad = Iz k2k2 —
mZaIZ 2
e (2 )
a < BY*m/2, (79¢)
1 1 mia*  mla* (k.2
3 2 3.3 _ _ ¢
F/dxm aa’ <F/dxm a Cl/—T—kz—k%<I>

= By > miat?
0 kg

a < BY*m=3/4,

(79d)

definite sign, one can subdivide the integrals appearing in
(78) into regions in which it is of definite sign, and
assuming the number of regions is not too large the sum
of these regions can be similarly bounded if the inequalities
(79a)—(79e¢) are satisfied.

We are working at times beyond the Planck era during
which the mass is small compared to the Planck mass, and
hence m < 1, so the strongest restriction among Eqgs. (67)
and (79a)—(79¢) for which the ultraviolet contributions are
subdominant to that from By is
1/4

a< B, m~1/3.

(80)

Equation (80) is stronger than the conditions in
Egs. (70)—(71) and those in Eqgs. (74)—(75). One therefore
has a complete set of conditions under which the ultraviolet
contribution is subdominant to that from Bj: k., must be
large enough such that Eq. (69a) is true, and a must be
small enough to satisfy Eq. (80).

2. Infrared region

It remains to be shown that By is indeed the dominant
contribution to the energy density among all the terms in
the infrared contribution (59). Given Eq. (61), the infrared
contribution (59) can be written
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k, k4 2.2
II:BO—i—(B—BO)—i—/ dk[Zkz(a)—k)|ﬁk|2— m
0 4w
(81)
where we have defined
k.
B= / A2, - (82)
0

The (B — By)) term can be written

k.
B-B, = A dk2I3 (|Be|* = 1Bi(no) ?)

k.
SA di2I3 (|AB* + 21k (o) | ABk]).  (83)

where AfB, = B, — Pi(ny). From Eq. (47),

n kma 1 [n ma ma
A < dx—— = — dxo, tan™' | — | < —,
i < [Masgiy =5 [ oo (%) <

(84)
which implies
k(‘ 1
/ dk2I3|AB)? < Zk%mzaz (85)
0
and
ke 3 2 3
[ aarlp)1apd < Smakt. (s6)

s0, using Eq. (62), one finds (B — By) is dominated by B, if
a< BY/*m. (87)

Similarly, using the normalization condition (48) to bound
|Br|> < 1, the next term in Eq. (81) is

k.
/ ' dk2k* (0 — k) |B]* < %kﬁmzaz, (88)
0
which is also less than By if a < Bl/ *m~1. This condition is
weaker than Eq. (80) and hence W111 be satisfied if the set of
conditions under which the ultraviolet contribution is
subdominant to B is satisfied.
The last term in /; is

/dk —k*m2a? ma k3+kc
0 405 4 3@} o,
1 ma
~ 2 121
+4m a n(wc m kc)

1 P n ma
= 1
3m a +4m a“In T (89)

~

1/4

where we have used a < B, m! <k,

w? =k2+ m*a® = k2.

to simplify

C. Friedmann equation

The energy density is given by the sum of the contri-
bution from the infrared and ultraviolet regions. As shown
in Secs. IIIB 1-IIIB 2, provided one is looking early
enough such that Eq. (87) and hence Eq. (80) are satisfied,
the energy density is dominated by the contributions from
By and the logarithm in Eq. (89):

1 1 ma
pr:M{B0+4m a’21n<2k>} (90)

Given the constraint m?a’? < m*a* < B, from Eq. (79¢),
the logarithm term will be negligible unless the logarithm
itself is not too large. If it is indeed small, then it can be seen
that Eq. (90) is radiation dominated in general. Even if it is
not negligible, we can still demonstrate that it is radiation
dominated in some range using the Friedmann equation
provided that spin—% fields are the dominant contribution to
the total energy-density.
Using the Friedmann equation

a\* 8=z
<y> :?Pr (91)

with the assumption that the contribution from spin-half
fields dominates the energy density, one finds

8B 2 ma\ ]!
12~ 0 2
~—|1-—m"l . 92
=5 { 3 n<2kc>] 92)

The renormalized energy density can be written using (92) as

By 2 2k a -1

1 In[—= ) —In{— . 93
Pr= ’ 4{ +3 [n(ma0> n(aoﬂ} %3)
At this point, we will choose aq =~ B(l)/ * to ensure we are past
the Planck era, and given the condition (80) we have
a; # BY*m™3, so m*In(a/ay) < m*In(m™'3) <1 is
1rrelevant compared to the 1 term. Hence, in the range
BY* < a < BY*m™'/3, the energy density will indeed be
radiation dommated.

Note that @’ (92) is approximately constant in the range
of interest, so a” will be strongly suppressed. This allows
one to relax some of the accumulated constraints, for
example Eq. (79a), implying p « a* over a larger range of
a. However, limits such as (87) will generally not relax, but

this is not surprising because at a = B(l)/ *m=! one expects
fermions to become nonrelativistic. Of course, realistic
models would not only have fermion fields but also an
inflaton field, which would look like a cosmological
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constant, but, until the mass term becomes important at
a ~B(1)/ “m~1 or inflation takes over, things will still be

radiation dominated.

IV. DISCUSSION AND CONCLUSION

In this paper we have analyzed the early-Universe,
preinflationary behavior of massless vector fields of
spin-1 and massive or massless fermion fields of spin—%
in the semiclassical approximation. We showed for a range
of conformal time after the Planck era that both types of
fields have radiation-dominated behavior. Along with the
same result obtained for scalar fields in [3], we have
demonstrated that all matter fields which one might
anticipate to play a role in the preinflationary era do in
fact produce a radiation-dominated energy density that is
typically assumed in inflationary models.

In Sec. II, we summarized the adiabatic renormalization
procedure for a massless vector field in a spatially flat FLRW
universe, following the groundwork laid out in [7]. We then
used this procedure to renormalize the energy density
contribution for such a field following a parametrization
of the mode functions in terms of adiabatic states. We found
the renormalized energy density to have a radiation-domi-
nated form similar to that for the scalar field in [3].

In Sec. III, we summarized a modified version of the
adiabatic renormalization procedure for a massive or
massless fermion field, using the modified WKB ansatz
given in [4]. We found that parametrizing the mode
functions in terms of adiabatic states required higher than
zeroth order contributions in order to properly renormalize
the energy density at high energies. We then made use of
the leading second adiabatic-order contributions to the
parametrization coefficients to obtain the leading order
behavior of such high-energy contributions and used this to
show the high-energy contributions are in fact subdominant
to the radiation-like term in the remaining energy density
contributions given a set of constraints on the scale factor.
These constraints are more stringent than those required for
the scalar field [3], for which only a constraint on (a?)”
was necessary. We then found the next-to-leading order

behavior of the energy density to be a logarithmic con-
tribution and showed that it is subdominant compared to
the radiation-dominated energy density for a the range of
conformal time beyond the Planck era, where the constraint
on the scale factor coming from the analysis of the high-
energy contribution served as the upper bound on the range.

Our analysis of the fermion field assumed that fermionic
matter was the dominant contribution to the energy density
in order to make use of the Friedmann equation to obtain
the approximate leading order behavior. This result for
fermions is different than that for scalars [3] and vectors,
which work in any case. Our argument for fermions also
only applies for the range ag < a < a; described in
Sec. III, though we expect this range to be in the preinfla-
tionary era prior to the fields becoming matter dominated.
This result is weaker than those for the other two fields, but
in application it is not. One would not be able to observe
these matter fields during this era directly but rather
through their effects on other phenomena, such as in the
cosmic microwave background, so the results are not
necessarily weaker in application.

Having demonstrated in the semiclassical approximation
that the matter content in the post-Planck, preinflationary
era will indeed be radiation-dominated, one can proceed
with the procedure for the inflaton field in [3]. There, it was
assumed that spin—% and spin-1 massive fields could be
modeled with conformally coupled massive scalar fields,
which were argued to be radiation-dominated themselves in
the preinflationary era. Our results that spin-; fermion fields
and massless spin-1 vector fields are radiation-dominated,
themselves, supports the procedure in [3], and the analysis
for obtaining a renormalized energy density for a universe
with a mixture of cosmological constant and classical
radiation, and hence for obtaining the power spectrum of
the cosmic microwave background, is identical.
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