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Ultralight bosonic dark matter called fuzzy dark matter (FDM) has attracted much attention as an
alternative to the cold dark matter. An intriguing feature of the FDM model is the presence of a soliton core,
a stable dense core formed at the center of halos. In this paper, we analytically study the dependence of the
soliton core properties on the halo characteristics by solving approximately the Schrédinger-Poisson
equation. Focusing on the ground-state eigenfunction, we derive a key expression for the soliton core
radius, from which we obtain the core-halo mass relations similar to those found in the early numerical
work, but involving the factor dependent crucially on the halo concentration and cosmological parameters.
Based on the new relations, we find that for a given cosmology, (i) there exist a theoretical bound on the
radius and mass of soliton core for each halo mass (ii) incorporating the concentration-halo mass (C-M)
relation into the predictions, the core-halo relations generally exhibit a nonpower-law behavior, and with
the C-M relation suppressed at the low-mass scales, relevant to the FDM model, predictions tend to match
the simulations well (iii) the scatter in the C-M relation produces a sizable dispersion in the core-halo
relations, and can explain the results obtained from cosmological simulations. Finally, the validity of our
analytical treatment are critically examined. A perturbative estimation suggests that the prediction of the
core-halo relations is valid over a wide range of parameter space, and the impact of the approximation

invoked in the analytical calculations is small, although it is not entirely negligible.

DOI: 10.1103/PhysRevD.106.103532

I. INTRODUCTION

The dark matter, invisible matter component, is an
essential constituent accounting for ~30% of the energy
contents of the Universe. Although the origin of dark matter
is not yet clarified, the structure formation driven by the
gravitational instability, consistent with large-scale structure
observations, suggests that the dark matter is nonbaryonic,
and have negligible velocity dispersion, referred to as the
cold dark matter (CDM). Since its foundation in early 1980s
[1-3], the CDM has been playing an important role to
establish a concordant picture of the Universe, and it
successfully describes a wide range of observations on
scales larger than galaxies. However, on the subgalactic
scales, recent observations suggest that deviation from CDM
predictions is visible, and remains significant especially for
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the observations of the local Universe, highlighted as the
small-scale crises (see, e.g., [4,5] for review).

To relieve possible flaws in the CDM paradigm, ultralight
particle of masses, my ~ 10722 — 1072 eV, called fuzzy
dark matter (FDM) [6], has recently attracted much attention
as an alternative to the CDM (Refs. [7-10] for review, see
also Ref. [11]). While the predictions for the evolution and
formation of large-scale structure remain essentially the
same as in CDM model, and thus consistent with large-
scale observations (e.g., Ref. [12,13] for recent works), many
prominent features appear at small scales due to a very long
de Broglie wavelength that extends over astrophysical scales,
Aag = h/(myv) ~ 0.48 kpc(10~22 eV/m;)(250 km/v),
with v being the particle velocity. The FDM model can
therefore modify small-scale structure formation, and thus
the small-scale observations can place a tighter bound on the
FDM model (e.g., Refs. [14-16] for constraints from
the Lyman-a forest). Importantly, modifications of the
small-scale structures appears manifest not only through

© 2022 American Physical Society


https://orcid.org/0000-0002-4016-1955
https://orcid.org/0000-0002-7387-7570
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.106.103532&domain=pdf&date_stamp=2022-11-28
https://doi.org/10.1103/PhysRevD.106.103532
https://doi.org/10.1103/PhysRevD.106.103532
https://doi.org/10.1103/PhysRevD.106.103532
https://doi.org/10.1103/PhysRevD.106.103532

ATSUSHI TARUYA and SHOHEI SAGA

PHYS. REV. D 106, 103532 (2022)

the small-scale cutoff of the linear power spectrum [6] (see
also Refs. [17,18] for early works), but also by the quantum
nature of dark matter particles at a macroscopic level. The
latter aspect is particularly interesting and can bring unique
signature of FDM models to observationally test and
constrain their model parameters.

Numerical studies on the FDM structure formation show
that the dark matter halos commonly host a dense flat core
called soliton with a universal density profile at the central
region, accompanied by granular structures with a typical
size of the de Broglie wavelength that extends over the
outskirt of halos [19]. A notable feature of the soliton was
its relation to the host halos. In early works, the mass and
radius of FDM solitons, M. and r., are found to be
correlated tightly with halo masses in a power-law form

as M, « M and r, M{f, and Ref. [20] obtained a ~ 1/3
and f ~ —1/3. Later, these properties have been examined
with different setups by several groups [21-24], and
obtained a similar result but with slightly different slopes
(see also Ref. [25] for systematic study based on a particle-
based method). More recent simulations covering a large
cosmological volume suggest that not tight scaling relation
exists between soliton structure and halo mass, and rather
indicate a large scatter in the correlation [26,27]. Another
intriguing property of the soliton core comes from the
results of high-resolution simulations [28,29], showing that
the soliton core is not strictly stable but rather moves
around a halo center in a random fashion, accompanying a
rapid oscillation with the order-of-unity variation of its
amplitude. These phenomena are considered as a conse-
quence of the wave interference [30,31].

So far, most of these properties has been investigated by
numerical simulations of the Schrodinger-Poisson equation,
starting with various setups, and little analytical work has
been done (but see [32,33]). While the soliton core-halo
mass relation has led to a number of works that have tried to
test and constrain the FDM model (e.g., Refs. [34-38]), a
major difficulty in characterizing such a relation in numeri-
cal simulations is a severe requirement of the dynamic
range. That is, a realistic simulation must describe, in a
relevant cosmological setup, both the halo merger processes
and wave nature of soliton dynamics, typical scales of that,
respectively, appear above Mpc and below kpc, thus
requiring both a large simulation box and a sufficient
spatial resolution. Even the state-of-the-art simulation is
still challenging to trace an entire history of the formation
and evolution of cosmic structures while fulfilling both the
conditions. Aim of this paper is therefore to investigate
analytically the soliton core structure, and to address the
core-halo relations in a cosmological setup.

In doing so, a crucial step is how to solve the
Schrodinger-Poisson equation. Coupled with the Poisson
equation sourced by the mass density of FDM, the
governing equation for the wave function of FDM
becomes nonlinear. In particular, if one wants to address

the soliton core structure, the contributions of both the
soliton and surrounding halo structures have to be taken
into account consistently. As we will describe in detail, for
an analytically tractable calculation, our approach is to
consider the contribution of halo as a smooth background,
and to describe the soliton state ignoring its self gravity.
Although the flat core structure is realized under a balance
between quantum pressure and gravity and one thus
expects the self-gravity of the soliton to play a certain
role, this setup greatly simplifies the situation, and the
problem is reduced to a linear eigenvalue problem. Still,
there exists no exact solution, and some approximations
need to be invoked to construct analytically the eigen-
functions of the soliton state. In this paper, we apply the
uniform asymptotic approximation invented by Langer
[39—41] to the description of soliton state. In the presence
of a large system parameter, this approximation is known
to significantly outperform the familiar Wenzel-Kramers-
Brillouin (WKB) approximation, and provides a very
accurate way to estimate both eigenvalues and eigenfunc-
tions. In particular, the analytically constructed eigenfunc-
tions by this method is globally valid even around the so-
called turning points, where the WKB approximation is
broken down. Making use of the Langer’s method, in this
paper, we present analytical solutions of the Schrodinger-
Poisson equation under a spherically symmetric halo
potential. Focusing particularly on the ground-state wave
function for the zero angular momentum (7 =0), we
derive the analytical expressions for the core-halo rela-
tions. The resultant expressions apparently resemble those
found in numerical simulations, but importantly, they
include an additional factor dependent on cosmology
and halo properties, with which the predicted core-halo
relations can differ from a power-law form found in small-
box simulations. We will discuss it in detail in comparison
with simulation results. Further, we estimate the impact of
the soliton self-gravity, which we ignore on the core-halo
relations, and the validity of our analytical treatment is
discussed.

This paper is organized as follows. In Sec. II, we begin by
describing the setup of the problem to characterize the
soliton core structure in a halo. Section III then presents the
analytical construction of the soliton eigenstate, focusing on
the cases with zero angular momentum. The construction
for the nonzero angular momentum is presented in
Appendix B. Section IV presents the main results of this
paper, and based on the treatment in previous section, we
derive the analytical expressions of core-halo relations, and
provide a general prediction for the core radius vs halo mass
and core mass vs halo mass relations, treating the halo
concentration as a free parameter. Further, imposing models
of the concentration-halo mass relation (C-M relation), the
predicted relations are compared with simulations. In
Sec. V, the validity of our treatment ignoring the soliton
self-gravity is critically examined, and employing a
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perturbative calculation, we present an estimate of its impact
on the soliton core radius. Finally, Sec. VI is devoted to
summary of important findings and conclusion.
Throughout the paper, we work with the natural units,
setting the speed of light ¢ and Planck constant 7 to unity.

II. SETUP

A. Schrodinger-Poisson equation

Our starting point is to write down the basic equation for
FDM in a cosmological background. Ignoring the self-
interaction terms, the scalar field dark matter is generically
described by the Klein-Gordon equation:

O — m3¢p = 0, (1)

with m, being the mass of FDM. Consider the spacetime
metric for the longitudinal gauge. Assuming the flat
geometry, we have

ds? = —(1 =2¥)di* + a*(1 = 2¥)8;;dx'dx/.  (2)

Throughout the paper, we work with the weak-field limit,
|¥| < 1, and take the nonrelativistic limit of scalar field,
introducing the following functional form:

1
\ /2m¢a3/2

Since we are interested in the perturbations deep inside the
Hubble horizon, we can make use of the approximation
such that H/mj ~e~k/m, and ¥ ~¢* with e being a
small parameter, i.e., € < 1. Then, the governing equation
for the scalar field at Eq. (1) is shown to be reduced to the
Schrodinger-Poisson  system (e.g., Refs. [7,9,10]).
Adopting the natural units (7 = ¢ = 1), we have

¢ = [pe™s! + c.c]. (3)

.0
i—@p=|—
ot v 2m¢a

5 V2 4+ my¥| . (4)

This has to be solved with the Poisson equation below:
1 o
;VX‘P = 47Gdpy, (5)
where the density fluctuation 6py is given by

60y ==2{lol> = (l0P)}. (6)

Equations (4)-(6) are the basic equations to describe the
cosmic structure in FDM model. Note that taking the large
my limit, these equations have been also used to describe the
structure formation in the CDM model [42], in particular, as
an alternative way to solve the Vlasov-Poisson equation
(e.g., Refs. [43-45]).

B. FDM in a spherical halo

A primary goal of this paper is to derive analytically the
soliton core structure and to address its relation to the halo
properties. Numerical simulations show that the soliton core
forms at the center of halos, and the size and mass of the
solitons are small enough compared to those of halos. Thus,
at a first-order approximation for analytical study, we shall
ignore the self-gravity of the soliton core, and treat the
surrounding halo as a background. The impact of the soliton
self-gravity will be later discussed (see Sec. V). It is to be
noted that halos found in simulations have large fluctuations
in density, forming granular structures. While these fluctu-
ations affect the soliton core and induce the motion and
oscillations through the interaction with them, these non-
stationary behaviors can be understood as the results of
wave interference and are well described by a superposition
of the ground (soliton) and excited states in a fixed potential
[30,31]. In this respect, constructing the eigenstates under a
smooth halo background would be an important first step to
describe the dynamical features of the soliton core.

Based on these considerations, we consider a spherically
symmetric halo with the density profile described by the
Navarro-Frenk-White (NFW) profile [46,47]1:

Ps
ATV R

Note that the density pypw defined above differs from the
one frequently used in the literature, and a factor of 1/a is
factored out. Plugging Eq. (7) into Eq. (6), the Poisson
equation at Eq. (5) is analytically solved, and the potential
is expressed as (e.g., see Appendix D of Ref. [48])

m¢|§0|2 ~ papw (1) = (

psrilog(1+r/r)

¥ =4 .
G a r/rg (8)

Treating this halo potential as a background, solving the
Schrodinger-Poisson (S-P) equation at Eq. (5) is reduced to
a linear eigenvalue problem. Writing the wave function in
the form as

¢ = Zum"(r)yrf’m(ev ¢)e—i€r’ (9)

ném

where the quantity 7 is the new time variable defined by
t= ["di/{a()}* Eq. (4) with the potential (8) yields

'We are interested in the region where the density is much
larger than the mean density, and the contribution of the term
{l¢|*) in Eq. (6) is ignored.

quuation (8) is obtained under the assumption that the density
fluctuation p,, follows the NFW profile even outside the virial
radius. While this is not in reality true in both the observations and
simulations, the modification of the outer profile hardly changes
the inner potential structure, and hence the analysis based on
Eq. (8) is relevant to describe the soliton core structure.
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FIG. 1.

Cvir

Left: effective potential of the Schrodinger-Poisson equation in a NFW halo [see Eq. (12)] normalized by «, i.e.,

V(x)/a=—log(1+ x)/x + £(£ + 1)/x*/a. The results are plotted against the dimensionless radius, x = r/r,. Blue, orange, and green
lines are the cases with £ = 0, 1, and 5, respectively. Here, we set the parameter « to 10? for illustration. Right: functions f(c.; ) and
g(cyir), defined at Egs. (14) and (16), as a function of concentration parameter c.;,.

, log(1+r/rg)

11
__L1d <r2 du"—m> + {—4ﬂGm¢psrsa

2my r*dr dr r/r,
£+ 1
oo ) =t 0. (10)
m¢r

Equation (10) is further rewritten in a simplified form by
introducing dimensionless quantities:

= L, E=2myrle, a= 87:Gm§)psr;‘a. (11)
rS
We have
1 d du,.(x) log(1+x) Z(£+1)
—Pa (XZT + |—a . + xz unf(x)
= Eumg(X), (12)

Here, the quantity a characterizes the depth of the potential
well, and it typically takes a large value. Using the quantities
characterizing the properties of halos in Appendix A, we
obtain

w721 s 102\ (_Mn \*
102 ev) \10° My

) -1/3 2\ -1/3 .
% AV]I(Z) Qm,Oh f(cvn') (13)
200 0.147 14z
with the function f defined by
1
f(cvir) = (14)

Cvir{ln(l + Cvir) - Cvir/(l + Cvir)} .

The quantity c¢,; is the concentration parameter,
Cyir = Fyie/Ts» With 1y being the virial radius of the
halo having the mass of M;. For typical values of
cyir ~ 2-10, the function f varies from f ~ 1 to 0.07 (see
right panel of Fig. 1). Left panel of Fig. 1 shows the
effective potential normalized by the parameter a, i.e.,
V(x)/a=—log(1+x)/x+ (¢ +1)/x*/a, where the
parameter a is set to 10°. Note that the parameter a is
not strictly a constant value, but it depends explicitly on the
redshift. In this respect, Eqs. (10) or (12) cannot be reduced
to a stationary problem. Nevertheless, estimating a typical
timescale for the wave function, defined by 7., = 27/|€|,
gives

! €N
T=——(—]
4xGmypsr? \ a
EN -1 -1 M -2/3
— 134 107fyear] (1) (L0 el
a 107 eV 10° Mg
AN-1/3/7Q B2\ -1/3 )
% vir m,0 g(cwr) ) (15)
200 0.147 0.1

with the function ¢(c,;) defined by

. 1
g(cvir) = C%irf(cvir) ’ (16)

which typically has g ~0.15-0.2 for a broad range of c;
(see right panel of Fig. 1). As we will see later, the typical
value of the energy level is given by || ~ a (Sec. Il B).
Hence, the oscillation period of the wave function is
sufficiently shorter than the cosmological timescales, and
thus we can ignore the time dependence of the parameter a.
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III. ANALYTICAL SOLUTIONS FOR ¢=0

In this section, in order to describe the soliton core
structure and its properties, we focus on the cases with zero
angular momentum (¢ = 0), and obtain an approximate
solution for the radial part of the S-P equation. In
Appendix B, we also construct the approximate eigenstates
for the nonzero angular momentum, and the results are
compared with numerical solutions.

A. Constructing analytical eigenfunctions
and eigenvalues

Hereafter, dropping the subscript £, we denote the radial
wave function for £ =0 by u,. Introducing the new
function #, = xu, and setting the angular momentum ¢
to zero, we rewrite Eq. (12) with the normal form below:

L) | gy (9 =0, oo = 22D
(1)

We shall construct the bound-state solutions satisfying the
boundary condition™:

i, (00) = 0. (18)

To obtain an approximate solution for the bound-
state FDM distribution, we first notice that the function
go(x) in Eq. (17) is a monotonically decreasing function
of x, and we have ¢y(0) =14 &/a and gy(o0) = E/a.
Since the eigenvalue & for the bound-state solution must
be negative (£ < 0), the function g, should have a single
zero-crossing (or turning) point. Denoting its position by
X., we have

log(1+x.) &
wix) = LD L E o )

Note that the above equation implies that the position x,.
depends on the eigenvalue £. The eigenvalues are given as
a set of discrete values associated to the eigenfunction i,
and will be later determined by the boundary condition
at Eq. (18).

Keeping in mind the fact that Eq. (17) has a single turning
point, we consider the following transformation, known as
the Liouville-Green transformation (see, e.g., [49]):

= VP (%)t (x). (20)

The prime denotes the derivative with respect to x. With this
transformation, Eq. (17) becomes

z=p(x),

The inner boundary condltlon i(0) = 0 ensures that the mass
profile, M(x) o [3 |u(x')|?x"dx’ = [ |a(x")|*dx’, is regular at
x=0, and we have M(O) 0.

d*v,(z)
dz?

go(x)
{p'(x)}

+{a 2+5} J(2)=0, (21

where the quantity ¢ is defined by

=oely) v @

Here, we choose the function p so as to satisfy4

T =)

Recall from Eq. (20) that z is equal to p, the above equation
is solved to give an explicit form of p as follows. First we
take the square root of both sides and obtain

p'?p' = +a'’?\/—gy(x) (24)

for x > x,.. Upon separation of variables, this becomes

p'2dp = +a'/?\/—go(x)dx. (25)

Integrating once, we have
2 2 x
S =2 p = el / V=g@)dr.  (26)
Xe

Here we set the lower value of the integral to x,.. Taking the
positive sign of Eq. (26), we obtain

2= plx) =a'/? B / \/de/] P

which is valid at x > x,. (i.e., z > 0). Similarly, we obtain the
relation valid at x < x,. (or z < 0):

z=p(x) =—a'’? BLX \/ma’x’} 2/3. (28)

With Egs. (27) and (28), the function z yields a smooth
and monotonically increasing function of x, and its sign
changes from negative to positive at x,.

Using Eq. (23) and the relations given above, the
differential equation given at Eq. (21) is further recast as

d?v,(2)
dz?

= 20,(2) = —=6v,(2). (29)

*This choice is known as the Langer’s transformation [39]. See
Chapter 14.6 of Ref. [49].
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Equations (27) and (28) ensure that the quantity 6 defined at
Eq. (22) is shown to be of the order of O(a™?/3) for all
values of x. Thus, in the limit of > 1, we can safely
ignore the right-hand side involving the factor &, and the
above equation is reduced to

—zv,(z) ~=0. (30)

The general solution of this equation is known to be
expressed in terms of the Airy functions:

v,(z) = ¢,Ai(z) + &,Bi(z), (31)

with ¢; and &, being the integration constants. Note that the
asymptotic behaviors of the Airy functions are (e.g., [50])

2332

Al ~ 4 = )
1(Z) ~ ’

sin -2)¥ 24

S (o

32
Bi S (2> o) 32
ie) ~ cos((2/3)(=2)*2+x/4] (z = —o0) .
Vi) T ¢

Thus, imposing the boundary condition ii,(c0) = 0, the
constant ¢, must be zero. Another boundary condition,
i,(0) = 0, leads to the following condition,

Ai(z(0)) = 0, (33)

where we used the fact that both of the functions z(x) and
go(x) are nonvanishing at x = 0.

Equation (33) determines the eigenvalues £ through the
function z(0) given at Eq. (28), in which the integrand

go(x) manifestly depends on & [see Eq. (17) for the
definition of gy(x)]. It is the transcendental equation and has
to be evaluated numerically to get the eigenvalues. Although
this can be easily and quickly done with the standard
numerical techniques, we can derive an analytical expres-
sion for energy eigenvalues by further employing an
approximation. Since the quantity z is of the order of
O(a'/?) and z <0 at x =0, we can make use of the
asymptotic form of the Airy function Ai by taking the limit
of a> 1. Then, Eq. (33) is rewritten with [see Eq. (32)]

! (2 3 T~
W““(g{—do)}*/ +Z) =0. (34)

Note that Eq. (28) implies z(0) # 0. Thus, the condition
given above is recast as [using Eq. (28)]

T

4

& a2 Ax" Voo )dx' = <n - i);z (35)

2201 + T = nn

with the variable n being the positive integer (i.e.,
n=1,2,...). Assuming further x, < 1 and expanding
the function gy(x) as go(x) =~ 1 —x/2 + £/a, the turning
point is easily evaluated to give x.=2(1+E&/a).
Substituting the relations into the above, the integration
is analytically performed, and Eq. (35) becomes

4 EN3/2 1
127 < _(,_t
a3 <1 + a> <n 4> 7. (36)

Solving the above equation with respect to &£, we finally
get an analytical expression for the energy eigenvalues:

2/3
<§> =—1 —1-05_1/3{E (n—l>n'} . (37)
@)/ approx 4 4

Note that the n = 1 implies the ground state. The above
analytical expression is in general valid as long as we
consider a > 1 and for a small integer n.

In Table I, normalizing the energy eigenvalues by @, we
list their numerical values for the lowest five eigenstates.
Here, we specifically show the results of a = 10°. Table I
demonstrates how well the analytical estimation at Eq. (37)
can work. Compared to the results obtained from numerical
calculation and Eq. (33), the eigenvalues from (37) start to
deviate as increasing n. On the other hand, results obtained
by solving the transcendental equation (33) are surprisingly
accurate even for n = 5. We will see in next subsection how
this semianalytical estimation works well in more general
cases with various values of a.

To sum up, the analytical solution for the bound-state
radial wave function which satisfies the boundary con-
ditions #(0) = 0 = @1(o0) is given by

TABLE I. Comparison of analytically and numerically esti-
mated eigenvalues for the zero angular-momentum case. Setting
the parameter a to 10°, numerical values of £ are summarized
by normalizing them by e, particularly for the lowest five
eigenstates.

Ela Numerical Equation (33) Equation (37)
n=1 —0.86680 —0.86687 —0.85383
n=>2 —0.78318 —0.78323 —0.74286
n=73 —0.72307 —0.72311 —0.65244
n=4 —0.67531 —0.67535 —-0.57261
n=>5 —0.63553 —0.63557 —0.49965
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FIG. 2. Eigenfunctions for radial wave function it,(x) for a = 10 (left), 10? (middle), and 103 (right). Results of the lowest five
eigenstates are plotted as a function of dimensionless radius x = r/r,. shown. In the upper panels, while the thin solid lines are the
analytical results based on Eq. (38), thick dashed lines represent the numerical solutions obtained by solving the matrix eigenvalue
problem. Note that all the results are normalized. On the other hand, the bottom panels show the fractional difference between the
analytical and numerical results defined by Aii, /i, nymericat With Ail, = i, anatytical = &y numerical» Where the functions i, uparyticar and
it,, numerical denote the analytical and numerical eigenstates, respectively. Here, to avoid the division by zero, we stop plotting the results
when the amplitude of the wave functions becomes smaller than 10~ at the outer part.

o)L 1/4 . " 2/3
EARAIGE): @) =aP 1 Ve (x> x)

ﬁn(x) = xun(x) = )

VA . 2/3
G AiGE): ) =—a[3 [ Ve Wax | (0<x <)

{go(x)}*
with the function g, defined at Eq. (17). The eigenvalue £ is obtained by solving Eq. (33) for a given a, and the turning point
X, is determined by go(x,.) = 0. Note that the analytical expressions given above is not normalized, and for a proper
definition, it has to be divided by the normalization constant N/, defined by N = { [ dx'|it, (x')|*}'/%.

(38)

B. Comparison with numerical solutions

Having obtained the analytical expressions for eigenvalues and eigenfunctions, we now compare them with numerical
solutions. Based on the standard technique to solve the stationary problem of Schrodinger equation, we discretize Eq. (17).
Then, solving differential equation under the boundary conditions at Eq. (18) is reduced to a matrix eigenvalue problem in
the following form (e.g., Ref. [51]):

2/A? + V(x)) —1/A2 0 0 ii(xy) i(xy)

—1/A? 2/A+V(x,)) —1/A2 - 0 i(xy) ii(x,)
: =& : . (39)
—1/AY 2/A?+V(x,_,) —1/A% it(x,-1) it(%,-1)
0 —1/A2 2/A% + V(x,) ii(x,) ii(x,)

with the quantity A and the function V(x), respectively, defined by A = x;,; —x; and V(x) = —alog(1 + x)/x.
|

Figures 2 and 3 show the wave functions of the lowest
five eigenstates (i.e., n = 1, ...,5) for the parameters a =
10 (left), 10? (middle), and 10° (right). In upper panels of
Fig. 2, thick dashed lines are the numerical results of the
function ii,,, which are obtained by setting the inner and
outer boundaries to x; = 0 and x,, = 50 for @ = 10 and 20
for a = 10?> and 10 with the number of grids n = 10*.
These results are compared to the analytical results

depicted as thin solid lines, with the amplitude of each
eigenfunction properly normalized. Bottom panels of Fig. 2
plot the fractional difference between the analytical and
numerical results, defined by (i, anatytical = %n,numerical)/
i, numerical- ON the other hand, Fig. 3 shows the square
of the wave function u, = xii,, normalized it by the one
evaluated at the origin, ie., |u,(x)*/|u,(0)|?, which
corresponds to the density profile normalized by the central
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FIG. 3.
i.e.,

density, p(x)/p(0). The meaning of line types and colors
are the same as those shown in the upper panels of Fig. 2.

Clearly the agreement between analytical numerical
results is excellent even for a small value of «, with which
we naively expect the analytical prediction to be inaccurate.
A closer look at the fractional difference reveals a discrep-
ancy at larger radii x for small a, where spiky features
arising from the zero-crossing points also become promi-
nent. Nevertheless, these behaviors appear manifest only
when the wave functions fall off and approach zero, thus
giving no serious impact even from the quantitative point of
view. Indeed, looking at the density profiles plotted in
logarithmic scales (Fig. 3), we hardly see a difference
between analytical and numerical results.

Next look at the eigenvalues. Table I summarizes the
results in the case of @ = 103, Further, we plot in Fig. 4 the
eigenvalues for the lowest five eigenstates as a function of
a. Here, the eigenvalues computed from Eqgs. (33) and (37)
are shown, depicted as solid and dotted lines, respectively.
Again, we see an excellent agreement between numerical
and analytical estimations. It is surprising that the analytical
estimation with Eq. (33) remains accurate even at a < 1,
and reproduce numerical results. Thus, we conclude that
the solutions constructed analytically in Sec. III A provide a
fast and reliable estimate of the eigenfunctions and eigen-
values, which can be used to study quantitatively the soliton
core properties.

C. Analytical estimation of soliton core

In this subsection, before addressing the core-halo
relations, we shall compare the ground-state wave function
(n = 1) with the soliton density profile found in numerical
simulations.

It has been found in numerical simulations that the
central core structure of FDM halos is well described by the
following fitting form [52,53]:

Pc

Psoliton () = W (40)

Same as Fig. 2, but we here plot the square of the wave function u, (x) = xii,(x), normalized by the one evaluated at the origin,
u, (x)[?/|u,(0)]>. Note that the plotted results correspond to the density profile normalized by the central density, p(x)/p(0).

with the central density p. given by5

0.019 m¢ -2 re —4 _3
Pec = a (10_22> (1 kpC) [MOpC ] (41)

In the above, the core size x. is defined to be the radius
at which the density drops to one-half of the central
density, i.e., Pgliton(¥c) = pc/2. This gives the constant
y =28 -1~0.091.

Similarly, as we have seen in Fig. 3, the ground-state
eigenfunctions (n = 1), depicted as black curves, com-
monly have a flat core followed by a sharp drop, irrespective
of the parameter a. Although our treatment ignoring the self-
gravity cannot precisely predict the soliton core density p.,
making use of the asymptotic properties of the Airy
function, one can analytically express the size of the soliton
core structure near the origin. From Eq. (38), we have

ﬁn(x) <l 1

12 3 T
i NPNOIE sin [3{—1()6)}/2 +Z]
& (~1)rH! al/z{i(;if)}w <1 PRI ) (42)

un<x> =

where the function z is Taylor expanded in the last line.
Rewriting further the derivatives of z in terms of those of the
function gy, the coefficient § is expressed with a help of
Egs. (23) and (28) as

a 5 (GO 1 40)
/ ‘_g‘)(o”_{gﬁw} “ag) P

6 96
Note that in deriving Eq. (43), we do not use any functional
form of gy. To get a more explicit expression, we substitute
the function go(x) given at Eq. (17). We then obtain

a E

Here, the quantities p. and r. are defined as the comoving
density and comoving radius, respectively.

17+ 328 /a

1152(1 + &/a)*” (44)
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FIG. 4. Left: energy eigenvalue plotted as a function of a. To be precise, the plotted results are 1 + £/a, and results for the lowest five
eigenstates are shown. Lines from bottom to top indicate the results from n = 1 to 5. Right: fractional error of the analytically estimated
values of the eigenvalue &, AE/E umerical- Again, results for the lowest five eigenstates are shown.

Equating especially the ground-state eigenfunction |u; (x)|?/
lu1(0)]> with pgojicon(x)/pe at Eq. (40), we find that the
dimensionless core radius x., defined by x.=r./r,, is
expressed as

6
a2
Ye = PP =P a(l +&/a)

with the constant p chosen to be p = 0.65. Here, we have
ignored the second term in Eq. (44), which merely gives a
subdominant contribution. To be precise, in Eq. (45), a
relevant numerical factor is p = \/Zf ~ (.60, but we here
adopt the value of 0.65, which in fact gives a better
agreement with Eq. (45) when comparing the analytically
estimated density profile with the fitting formula below.

Using the expression of the core radius in Eq. (45), Fig. 5
compares the normalized density profile obtained from the
analytical expression of the ground-state wave function
with Eq. (40). Plugging Eq. (45) into Eq. (40), the analytical
expression depicted as solid lines describes remarkably
well the fitting function (red dashed) over a wide range
of the parameter  even at the outskirt of the profile. Thus,
our analytical result can give a good description for the
simulated soliton profile. In particular, Eq. (45) is the key to
derive analytically the core-halo relation, which we will
discuss in more detail.

(45)

IV. PREDICTING SOLITON
CORE-HALO RELATIONS

In this section, on the basis of the analytical expression at
Eq. (45), we investigate in detail properties of the soliton
core, focusing particularly on its relation to the halo mass
and other parameters.

A. Core-halo mass-concentration relations

Let us recast the expression at Eq. (45) with the
comoving core radius r,, showing explicitly the parameter
dependence. Through the relation r, = x.ry with the scale
radius given by ry, = ry;./cyir, using the expression of « at
Eq. (13) and the definition of r; at Eq. (A3) gives

re=rp 6 rvir/Cvir
‘ 1+ &/a o
m¢ Mh

1.83[kpe]a~1/2 (L2 h o
= 1.83kpcla (O.65> (10-22 eV> <109 MO>
x (A)/ <em,oh2)—v6 { g(ev) }/ (46)
200 0.147 1+&/a
where the function g(c,;) is defined in Eq. (16).

The above relation is compared to Eq. (7) of Ref. [53],
who derived it based on the kinematic argument with a help
of numerical experiments. Apart from the last factor, the
dependencies on FDM mass, halo mass, and cosmological
parameters exactly coincide with each other.® Also, the
numerical prefactor of 1.83 in our expression is rather close
to theirs.

However, an important difference is the last factor,
{g(cyir)/(1 + E/a)}/2. While the numerator of this factor
is given as a function of c;, the denominator, 1 + &£/a,
depends on the parameter a. Thus, through Eq. (13), the

actual parameter dependence of r, can differ significantly
from the one in Ref. [53].

°In Eq. (7) of Ref. [53], the cosmological parameters are set to
typical values, and their expression of the core radius apparently
misses the dependence on Q, ;h?. Note also that Eq. (7) is given
as a physical radius, and thus the scale factor dependence differs
from ours by the factor of a.
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FIG.5. Comparison of the ground-state (n = 1) density profile (black solid) with the fitting function of the soliton density profile (red

dashed). Plotted results are the normalized density profile, p(x)/p(0), so that it approaches unity at x — 0. From left to right panels, the
results for a = 5 x 103, 10%, and 5 x 10* are shown. In plotting the fitting function in Eq. (40), we adopt the core radius x, given at
Eq. (45). Note that the ground-state density profiles are identical to those shown in Fig. 3 (see thin black solid lines).

To see the explicit dependence of the expression (46)
on the halo properties, we hereafter fix the cosmological
parameters and FDM mass, respectively, to €, o = 0.276,
h =0.677,Q, = 0.724,and m,, = 8 x 107> eV. Then, for
a given redshift z, the soliton core size r, is described as a
function of the halo mass and concentration parameter, M,
and c,;. While the concentration parameter is also given as
a function of the halo mass and redshift, its dependence is
known to be sensitive to the cosmology, mainly through
the initial power spectrum. Hence, as a generic prediction
of the core-halo relation, we first consider c,; to be an
independent parameter of the halo mass. We shall then
introduce the models of concentration-halo mass relation,
and discuss their core-halo relations (Sec. IV B).

Left panel of Fig. 6 plots the predicted core radius given
as a function of M, and c,;, with the latter dependence
shown in the color scales. In similar manner, right panel
plots the predicted core mass. Here, we adopt the fitting
form of the soliton density profile at Eq. (40) with the
soliton core density p. given by Eq. (41). The core mass is
then estimated from (e.g., [25]):

M, ~ 47(0.2225)p, 73, (47)

which gives

M, =291 x 107[Mgla="/?( -2 ¢
¢ <10 Mol 565) 102 ev
Mvir 173 AVir 1/6 QmVth 176
“\10°m,) 200 0.147

x {%}_1/2. (48)

Since the core mass shown here partly uses the relation
determined by the numerical simulations [in particular, the
core density at Eq. (41)], Eq. (48) is not strictly the first-
principle prediction, compared to the core radius shown in
the left panel, where we only used the analytical results

given in Sec. III. Nevertheless, the predicted core mass can
be used as an independent cross check, and it provides
some insights into the one obtained from numerical
simulations, as we will discuss below.

In both panels of Fig. 6, we also plot the results
measured from numerical simulations, depicted as filled
circles. These data are taken from Ref. [27]. Two different
colors indicate the results obtained from either soliton
merger simulations (dark green) or simulations started
from the cosmological initial condition (purple, Ref.
[26]).” Multiplying by the scale factor a!/2, the results
are all scaled to those at z = 0.

In Fig. 6, a cautious remark is that the parameter a
becomes smaller than unity at the region satisfying the
condition 1 < (M},/107 My)3*f(cyir), which roughly cor-
responds to reddish triangular regions. Although our ana-
lytical description of the core-halo relations become
inaccurate there, these parameter regions are somewhat
extreme and there are in fact no simulation data points.
Apart from these points, important findings from Fig. 6 are
summarized below:

(1) All of the simulation results lie at the regions
allowed by predictions. To be precise, measured
core radii and core masses are consistent with
predictions with moderately small values of con-
centration parameter, c.;, ~ O(1 — 10).

(i1) In predictions, there exist clear boundaries on the
allowed core radius and core mass for each halo
mass. Denoting, respectively, the upper and lower
bounds on the predicted core radius and core mass
by rlimit and MI™¢ one finds that they gradually

. o 5
changes with halo mass, scaled as ri™m* o M, /9 and

"To be precise, simulation data of Ref. [26] have started from
the CDM initial condition. Thus, unlike the FDM initial con-
dition, no small-scale cutoff was imposed in the initial conditions.
Nevertheless, the evolved power spectra measured at later time
are shown to look quantitatively similar to those expected from
the FDM initial condition.
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FIG. 6. Soliton core-halo relation given as function of halo mass M, and concentration parameter c,;, with the latter dependence
shown in the color scales. The analytical predictions of the core radius vs halo mass (left) and core mass vs halo mass (right) relations,
given, respectively, at Egs. (46) and (48), are plotted at z = 0. Here, we adopt the mass of the FDM and the cosmological parameters as
follows: my = 8 x 10723 eV, Qo = 0276, Q) = 0.724 and h = 0.677. For comparison, we also plot the results measured from the
numerical simulations of S-P equation. The dark green and purple points, respectively, represent the results from soliton merger
simulations [27] and cosmological simulations [26]. Note that, in each panel, regions with no color indicate that the soliton core is not
theoretically allowed to form. The boundary on the allowed core radius and/or core mass is described by a single power-law function of
halo mass, whose scaling is depicted as gray dashed lines (see the text in detail).

Mmit o M1/ (see gray dashed lines). Both of the
bounds appear in the limit of c.;, — 0.

Making use of the analytical properties of the wave
functions in Sec. III, we can derive explicit expressions for
the critical radius 7™t and mass MMt as follows. We first
notice that taking the limit c,; — 0, the parameter « yields
a — oo. This implies that we can safely use the approximate
expression at Eq. (37) to evaluate the ground-state (n = 1)
eigenvalue. Then, writing the parameter « given in Eq. (13)
as a = &f(cy ), the factor of {g(cy;) /(1 + &/a)}'/? can be
computed explicitly in the limit of ¢, — 0. We obtain

g(cvir) l/zcvir_)0~ 8\!/3
{m} as(L) T @)

Recalling that the quantity @ depends on various model
parameters including the FDM mass and halo mass
[Eq. (13)], plugging Eq. (49) into Eq. (46) finally yields
the following relation:

o -2/3 M -1/9
limit _ 3.59[k -1/3 L ml/’ h
e lkpela™( .65 ) {102 10° Mg

A \=2/9/Q 0h2 -2/9
vir m, . 50
x <200> (0.147 ) (50)

which gives the upper bound on the core radius. Similarly,
the lower bound on the soliton core mass is obtained by
substituting Eq. (49) into Eq. (48):

M — 148 % 107 Mgla>/3 (e ) M\
¢ 102)  \10° Mg
Avir 2/9 Qm th 2/9
: . 51
x (200) <0.147 (1)

Equations (50) and (51) derived above precisely repro-
duce the boundary curves shown in Fig. 6. The presence of
upper (lower) bound on core radius (mass) are related to the
structure of halo potential near the center. In other words,
the inner structure of halo profile determines the allowable
soliton core size and mass, and they can be indeed changed
depending on the inner slope of halo density profile. In
Appendix C, we examine this in detail in a class of
generalized halo profiles, and show that the upper bound
on the core radius 7™ generally scales with respect to the
inner slope of the density profile s, defined by p « r—*
(0 <s <?2),as [Eq. (C15)]:

- T(s) » m, \-2/4-s)
limit __ k —1/(4-s) [ _£ 4
e =3.59lkpe] e (0.65> (10—22 eV)

M, —s/3/(4—s) Avirﬂm,oh2 —(1=s/3)/(4=s)
“\10° M, 200 0.147 ’

where the function 7, defined at Eq. (C16), is a mono-
tonically decreasing function of the slope s, and it becomes
zero when the slope approaches 2. Although the above
expression is valid at 0 <s < 2, the behavior of the
function 7 suggests that the FDM soliton, if exists, does
not form a flat core for a halo having a steeper inner slope
of s > 2.
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FIG. 7. C-M relation for the FDM and CDM models. Adopting

the analytical models presented in Refs. [56,57] (see Appendix A 2
for their analytical expressions), the concentration parameter c.;; is
plotted as a function of halo mass in blue and red lines for FDM
and CDM models, respectively. The faint and dark shaded area
indicate the 16 and 26 errors, assuming the log-normal distribution
of c¢; with dispersion given by 0.16 dex.

B. Core-halo mass relations in CDM
and FDM cosmologies

In this subsection, incorporating the C-M relation
cyir(My) into the results shown Fig. 6, we compare the
predicted core-halo relations with simulation results.

It is known that the C-M relation acquires various
dependencies on cosmology and redshift through the for-
mation and merger history of halos. As a result, at low-mass
halos of our interest, it becomes rather sensitive to the cutoff
of the initial power spectrum. Here, as representative
examples, we examine the two C-M relations given for
different cosmological models. One is the C-M relation of

10!

w/ C-M relation of FDM model

100<

re [kpcl

-1
10 108

10‘10 10‘11 10‘12 £013
My, [Mo]

10°

FIG. 8.

the FDM model. The linear power spectrum of this model
exhibits a sharp cutoff at the wave number k/, ~
4.5(my/107% eV)¥? Mpc~! [6,7], and this cutoff leads
to the formation of low-concentration halos with a sup-
pressed abundance, analogous to the case in the warm dark
matter model (e.g., Refs. [54,55]). At present, there is a little
work to numerical study the C-M relation in a relevant
cosmological setup. We adopt the analytical C-M relation
proposed by Ref. [56], who applied it to predict the two-
point statistics of galaxies and weak lensing based on the
halo model prescription. Another C-M relation we examine
is the one of the CDM model. In contrast to the FDM model,
the power spectrum of the CDM model does not have any
typical cutoff at relevant scales of structure formation. Thus,
a sizable amount of halos is formed, and this results in the
high concentration halos at small halo masses. We adopt the
C-M relation given by Ref. [57], which has been calibrated
by cosmological N-body simulations to quantitatively
match the measured C-M relation (see also Refs. [58-60]
for recent improved modeling).

The analytical expressions for the C-M relation of both
models are summarized in Appendix A 2. Based on these,
Fig. 7 shows the C-M relations of the FDM (blue) and
CDM (red) models. Since the C-M relation measured
in simulations is known to have a large scatter (e.g.,
Refs. [57,61-65]), we also show in Fig. 7 the 1 and 2¢
errors around the mean C-M relation, assuming the log-
normal distribution with the scatter of 0.16 dex [65].

Using these C-M relations and their scatter in Fig. 7, we
compute the core-halo relations, and the predictions are
plotted in Figs. 8 and 9 for FDM and CDM models,
respectively. Together with the fitting function found

10° y
"o
=108
=
— Median
- lo
Fog b7
!,{5 20
; ---- Schive et al. ('2014)
1 . . . .
0108 10° 101 10! 10'?2 10%3
My, [Mo]

The soliton core-halo mass relation adopting the C-M relation for the FDM model. Incorporating the C-M relation of Ref. [56]

into the predictions shown in Fig. 6, the results of the core radius vs halo mass (left) and the core mass vs halo mass (right) relations are
plotted, together with measured results from numerical simulations, for which the median values and dispersions are also evaluated in
each halo mass bin and are plotted as large filled circles and error bars, respectively. In plotting the predictions, we assume, for each halo
mass, the log-normal distribution of c.;;, and evaluate the median and the scatter in the core-halo relation. In each panel, the thick solid
line is the median relation, while the faint and dark shaded areas, respectively, show the 1o and 26 scatter arising from the scatter in c;;,.
Note that the median relations shown here are hardly distinguishable from the predictions computed with the mean C-M relation. For
reference, the gray dashed lines are the scaling relations numerically found by Ref. [53].
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FIG. 9. Same as Fig. 8, but the predictions adopting the C-M relation of the CDM model by Ref. [57] are shown.

numerically by Ref. [53] (gray dashed), simulation results
are also shown as small filled circles, for which we further
estimate the median values and dispersions, depicted,
respectively, as large filled circles and error bars.
Overall, the predicted core-halo relations exhibit a non-
power-law behavior for both the FDM and CDM models.
At the small halo masses of M, < 10'! M, differences
between the predictions become manifest. Obviously, the
results from the C-M relation of the CDM model, which
predicts high-concentration halos, fails to reproduce the
trend seen in numerical simulations. On the other hand,
adopting the C-M relation of the FDM model, the predicted
core-halo relations gives a close agreement with the results
obtained from numerical simulations. Interestingly, at
My, ~ 108-10° M, the predicted core-halo relations get
closer to the scaling relation found by Ref. [53] (gray
dashed), which predicts the core-halo relation in a power-

law form of r, Mt:m and M, Mkll/*%. Also, scatters in
the predicted core-halo relations resemble those shown in
the simulations.

These results suggest that provided the C-M relation
well-calibrated with numerical simulations, our analytical
formulas given at Eqgs. (46) and (48) can successfully
describe the core-halo relations found in numerical simu-
lations. Nevertheless, one caveat to be noted is that the data
points shown in Figs. 8 and 9 are obtained from the
simulations with a small box size, L = 10 h~! Mpc for
the cosmological simulations [26], and L = 300 kpc for the
soliton merger simulations. Further, while the latter simu-
lations are not strictly made with a cosmological setup, the
initial conditions of the former simulations is not precisely
consistent with the FDM model having a small-scale cutoff.
In this respect, in both simulations, the evolved halos may
not necessarily trace the C-M relations expected from those
obtained from a relevant cosmological setup. Indeed, we see
a small discrepancy with predictions, which appears mani-
fest around the halo mass of My, ~ 10° M. In addition, the
analytical C-M relation for the FDM model is not designed

to account for the low-mass halos considered here. In
this respect, the predicted core-halo relations adopting
the C-M relation of Ref. [56] might not be accurate at
My, < 10" M. Still, the results shown in Fig. 8 is very
promising, and a more quantitative investigation along the
direction would shed light on clarifying the origin and
diversity of core-halo relations.

Finally, a closer look at the predictions in the FDM
model reveals that the scatter in core-halo relations gets
smaller as decreasing the halo mass. This is because the
FDM model prefers low-concentration halos at small mass
scales. As we have seen in Sec. IV A, the allowable size and
mass of the soliton core become converged to a certain
value for each halo mass in the limit of c,;; = 0 [see
Egs. (50) and (51)]. As a result, the scatter in the predicted
core-halo relation gets reduced for low-concentration halos.
Indeed, similar trend can be clearly seen in numerical
simulations, and data points from the two different simu-
lations converge to a similar core radius and core mass at
My, ~ 108 M, giving consistent results with predictions of
the FDM model.

V. DISCUSSION: IMPACT OF SOLITON
SELF-GRAVITY

So far, we have ignored the self gravity of soliton core,
and constructed analytically the eigenfunctions of the S-P
system under the potential of a spherically symmetric
halo. Focusing particularly on the ground-state eigen-
function, we derived the analytical expression of the
soliton core, which is then used to predict the soliton
core-halo relations. In this section, we discuss the effect
of soliton self-gravity, and estimate in particular its
impact on the soliton core radius.

As we have seen in Sec. Il A, a proper account of the
soliton self-gravity is to add the contribution of the soliton
core to the gravitational potential, on top of the potential of
the background halo. The effective potential of Eq. (12) is
then changed to
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log(1 + (¢ +1
Loel ) A+

X X

N ”ﬂ(f; Diav), (52

X

where the correction term AV is related to the gravitational
potential of the soliton, W jion:
2mgria’

AV(x) = P

\Psoliton (x) . (53)

Since the potential W, 1S determined by the Poisson
equation sourced by the square of the wave function itself
[see Egs. (5) with (6)], the S-P equation having the effective
potential at Eq. (52) is no longer reduced to a linear
eigenvalue problem. Nevertheless, if the potential of the
self-gravitating soliton is small enough compared to the
background halo potential, a perturbative treatment can be
applied, and the impact of soliton self-gravity is estimated
based on our treatment in Sec. III.

Let us suppose that the soliton core is described by the
ground-state eigenfunction in Sec. Il A, with its density
profile approximately given by the fitting function at
Eq. (40). Adopting this fitting form, the Poisson equation
is analytically solved, and the gravitational potential
induced by the soliton core is expressed as [66]

B () PR [ h/x)
soliton\X) = —
it a 537607%% |[1 +y(x/x.)?]°
4 1/2
+ 3465 tan~! <y x)] (54)
x/'xC xC

with y ~0.091 and the function i(y) given by

h(y) = 3465y°y'0 4 19635y*y8 4 45738y3y0
+55638y%y* 4 36685yy> + 11895. (55)

Note that the quantity x is the dimensionless radius
normalized by rg, x = r/r,.

Plugging the explicit functional form into Eq. (52), we
can repeat the same analysis as we have done in Sec. III as
follows. First notice that the function gy(x) introduced at
Eq. (17) is changed to

_)10g(1+x)+§_&~

9o(x) ¥ oliton (X)) (56)

x a ps

where the function ¥ is related to the potential W .jiion
through W jion = 47Gp 2P ion. One important point to
note is that the modification due to soliton potential does
not affect the monotonicity of the function g,. That is, the
function g, still has a single turning point, though its
location is perturbatively shifted to an inner radius. Thus,
even if the soliton self-gravity is taken into account, the

ground-state eigenfunction that describes the soliton core
structure is still given by Eq. (38), with the function g,
replaced with Eq. (56). Hence, taking the limit of x <« 1,
we have the same asymptotic form of the eigenfunction as
we obtained in Sec. IIIC [see Eq. (43)], but the explicit
form of the coefficient f is now changed to

a g pc T
B —’6{1 +5_E\Psoliton(0)}’ (57)

where we have only taken into account the leading-order
term proportional to the parameter «. This modification
implies that the soliton self-gravity can change the core
size x, from Eq. (45) to

6 1/2
el [a{ 116 ja+t <pc/ps><xz/14/y>}} :

with p given by 0.65. Here we used the fact that
¥ oiiton(0) = —x2/(14y). In the above, the energy eigen-
value & has to be consistently evaluated, taking the soliton
potential into account. Employing the perturbative calcu-
lation familiar in quantum mechanics, this is estimated
to give

(58)

&1 )ame® ja+ (%) / 3l (1) om0 (1), (59)

S

where the quantity 5(,0> stands for the unperturbed energy
eigenvalue of the ground state, which is obtained ana-
Iytically from Eq. (33). The function ii\"’ represents the
unperturbed ground-state eigenfunction that is properly
normalized.

The new expression of the soliton core radius at Eq. (58)
involves the soliton core radius x., which we evaluate with
the unperturbed result at Eq. (45). As a result, the ratio of
the new core radius to the unperturbed counterpart ignor-
ing the soliton self-gravity, which we denote by R, is
expressed as

x.(w/selfgravity)
x.(w/oselfgravity)

= [1452t2: {—+ JRETRO)E R

Using the explicit expressions for the quantities a, x., p;
and adopting the relation for p., respectively, given at
Egs. (13), (45), (A2), and (41), the above expression is
simplified to give

R=

(60)

R= [1 + 1.73{1 - / dx{a (x)}ZVS(m(x)H 7 en
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FIG. 10. Left: impact of soliton self-gravity on the core radius. Taking the backreaction of the soliton self-gravity into account, the
estimated core radius is normalized by the one ignored the self-gravity, which we denote by R [see Eq. (61)], and is plotted as a function
of the dimensionless parameter a. Right: same as left panel, but the result is plotted as function of the halo mass M}, and the concentration
parameter ¢, with the ratio R depicted as color scales. Note that the mass of FDM is fixed to my = 3 x 10723 eV and we follow the

same parameter setup as adopted in Figs. 6-9 (see Sec. IVA).

where the function V., 1S the reduced (minus) soliton
potential defined by Vgjion(X) = —Pooicon (x)/P(0). Note
that the reduced potential V.0, 1S @ monotonically
decreasing function of x, and it goes to 1 at x — 0 and
0 at x — oo. Thus the integral given above generally takes
a value in between 0 and 1. Accordingly the ratio R is
expected to be smaller than 1, and is around R ~ 0.6-1.5

Equation (61) implies that the self gravity of soliton
always makes the core radius small. How it is small actually
depends on the parameters, which are wholly encapsulated
in the integral involving the ground-state eigenfunction
and reduced potential. Note that these functions are solely
characterized by the parameter a. We thus first show the
behavior of the ratio R as a function of a. The result is
plotted in the left panel of Fig. 10. We then found that the
ratio R is nearly constant over a wide range of the parameter
a. As a result, the soliton self-gravity changes the core size
by 20-30%. Here, for illustrative purpose, the plotted range
of the parameter @ was chosen to be sufficiently wide,
0.1 < a < 10°. While this range partly includes the region
where our analytical estimation of the soliton core size
become inaccurate (i.e., @ < 1), the resultant change in R is
fairly small, and no notable (sudden) transition appears. In
the right panel, fixing the cosmology and FDM mass to
those in the fiducial setup (see Sec. IVA), the dependence
on the halo mass and concentration parameter is shown for
the case of z = 0. The result depicted as color scales shows
that the impact of soliton self gravity becomes gradually
significant as decreasing the halo mass and increasing the
halo concentration. As a result, the ratio R reaches ~0.7 as

*In Eq. (61), we adopt the soliton core density p. found in
numerical simulations, and the depth of the soliton potential
relative to the halo potential is fixed. In this sense, there is no
control parameter to change the soliton self-gravity itself. Rather,
in our case, the soliton self-gravity is determined by the quantities
characterizing the halo properties.

shown in the bluish upper triangular region. Note that, at
this region, the parameter a also becomes small and
eventually below unity. However, the parameters of this
region are rather extreme, and halos having such a high
concentration parameter can never be realized in numerical
simulations with a relevant cosmological setup.

Hence, we conclude that the soliton self-gravity can be
non-negligible for the setup considered in Sec. IV, but its
impact would not be large, suggesting that our analytical
treatment ignoring the soliton self gravity is still valid, and
can give a solid prediction for soliton core structure even
from a quantitative viewpoint. Nevertheless, we note that
our estimation given here relies on the perturbative treat-
ment, and the contribution of the soliton potential is
assumed to be small enough, compared to the halo
potential. In this sense, the actual size of the impact may
be quantitatively changed. For more accurate estimation, a
nonperturbative approach by numerically solving the S-P
equation is crucial, including self-consistently the soliton
potential. This is left to our future study.

VI. CONCLUSION

In this paper, we have investigated analytically the
structural properties of the soliton core, the stable dense
core formed at the center of virialized halos in the FDM
model. Early numerical studies suggest that the size and
mass of such a structure are tightly related to the host halo
properties, given in a power-law form. On the other hand,
more recent studies with high-resolution simulations reveal
rich dynamical properties of the soliton core, also indicating
that no tight relation between the soliton core structure and
host halo mass exists, but instead there is a large scatter. To
address these issues, we have presented an analytical
description of the soliton core in a cosmological setup.

A crucial step to derive the soliton core properties is to
solve the S-P equation in an analytically tractable manner. In
our treatment, we considered the gravitational potential of
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halo as a smooth background potential, and ignored the self-
gravity of the soliton. With this setup, the problem to solve
the S-P equation is reduced to a linear eigenvalue problem.
Still, no exact solution is known, and to obtain analytically
the eigenfunctions of soliton core, we have applied the
Langer’s method of uniform asymptotic approximation. We
found that this method provides an excellent approximation
which agrees well with the numerical solution of the linear
eigenvalue problem, and thus gives an accurate description
of the soliton eigenstates over a wide range of model
parameters. Then, from the ground-state eigenfunction,
the key expression characterizing the soliton core radius
was derived [Egs. (45) or (46)], and combining the fitting
formula for the core density p, estimated from simulation
[Eq. (41)], the expression for the soliton core mass was
further obtained [Eq. (48)]. While these expressions appa-
rently resemble those found in an early work [53], the newly
derived formulas contain an additional factor, which
depends not only on the cosmology and FDM mass but
also on quantities characterizing the halo properties. Based
on our new analytical formulas, a quantitative prediction of
the soliton core-halo relations was made, and these were
compared with results of numerical simulations of S-P
equation.

Our important findings are summarized as follows:

(i) The soliton core-halo relations, i.e., r. — M} and
M., — M, relations, depends sensitively not only
on the cosmology and FDM mass but also on the
halo concentration characterized by c.;,. In general, a
lower concentration halo can host the soliton having
a larger core radius and smaller core mass (see
Fig. 6). Comparison of the predicted core-halo
relations with simulation data suggests that the
soliton core prefers halos with moderately small
values of concentration parameter, c.;, ~ O(1 — 10).

(i1) The predicted core-halo relations plotted as a func-
tion of halo concentration parameter (Fig. 6) shows
that for each halo mass, there exist the allowable
core size and core mass for the soliton states,
respectively, given as the upper and lower bounds.
For fixed cosmological parameters and FDM mass,
the theoretical upper limit on the core radius, rimt,
and lower limit on the core mass, MM, are simply
given as a function of halo mass, and are scaled as
plimit o =179 and Mlimit o Mkll/9 [see Egs. (50) and
(51) for more explicit expressions]. A general
analysis in Appendix C shows that these limits
sensitively depend on the inner slope of halo density
profile [see Eq. (C15)].

(iii) Incorporating explicitly the C-M relation into the
predictions, the resultant core-halo relations gener-
ally deviate from a power-law form. In particular,
the C-M relation monotonically decreasing with the
halo mass, as typically seen in the CDM model,
makes the core-halo relations flatter, apparently

inconsistent with measured results in simulations
(Fig. 9). On the other hand, the nonmonotonic C-M
relation like the one indicated in the FDM model
[56] eventually exhibit a power-law feature at the
small halo masses of My, ~ 103-10° M (Fig. 8),
leading to a close agreement with simulation results.

(iv) Overall, the scatter around C-M relation produces a

non-negligible amount of scatter in the soliton core-
halo relations. This can explain the diversity advo-
cated in Ref. [27]. An interesting trend seen in the
simulation results may be that the scatter in the core-
halo relations gets reduced as we go to small halo
mass. This is rather consistent with predictions, in
which a suppression of scatter is explained by the
fact that the allowable size and mass of the soliton
core are limited.

We have also examined the validity of our treatment
ignoring the soliton self-gravity. A perturbative estimation
of its impact on the soliton core radius indicates that
including the soliton self-gravity makes the effective
potential of the S-P equation deep, leading to a shrinking
of the core radius. The degree to which the core radius
shrinks is characterized only by a single parameter, «, and
adopting the core density p, found in numerical simulations
[Eq. (41)], we found that the soliton self-gravity may
change the results by ~20%, irrespective of the parameters
we considered. Hence, the soliton self-gravity cannot be
completely ignored, but its impact may not be large, and the
predicted core-halo relations ignoring the self gravity
would be still relevant, at least qualitatively, hence worth-
while for a further detailed comparison with new numerical
simulations. Nevertheless, the validity of this estimation as
well as a more proper description of soliton core have to be
investigated, and we leave it to future work.

Finally, the analytical description presented in this paper
would provide a useful and powerful route to characterize
the dynamical properties of soliton core. As briefly men-
tioned in Secs. I and IIB, the soliton core seen in
simulations is not strictly stable. Through the wave inter-
ference with granules distributed in a halo, the soliton core
undergoes oscillations and random walks. These dynamical
features can be indeed described as a superposition of the
ground and excited states, including those having nonzero
angular momenta [30,31]. Although previous studies have
numerically constructed such a dynamical state, the ana-
lytical construction of the eigenfunctions, described in
Sec. III for # = 0 and Appendix B for £ # 0, would be
advantageous to fast realize a dynamical soliton with less
computational cost. Importantly, the present treatment
provides a fairly general way to construct the eigenstates,
and can be applied not only to the soliton in the NFW halo,
but also to the one in a generalized halo profile expressed in
an analytical form. Following proposals by Refs. [67,68],
one can even use our analytical treatment to generate the
FDM halo structure consisting of many granules, each of
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which resembles the soliton eigenstates (see also Refs.
[69,70]). Analytically describing the dynamical soliton
states including halos is a very interesting and important
subject and would offer a useful tool to observationally test
the FDM model (e.g., Refs. [71,72] for related works). We
will address it near future.
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APPENDIX A: HALO DENSITY PROFILE AND
MASS CONCENTRATION

In this appendix, we summarize important characteristics
of the dark matter halos used in the main text.

1. Characteristics of halo density profile

The dark matter halo, a virialized self-gravitating dark
matter clump, is known to have a characteristic structure
in density. In particular, a spherical mean of the density
profile measured in cosmological N-body simulations is
known to be quantitatively described by the NFW profile
[46,47]. The comoving density of this profile is expressed
as [Eq. (7)]

Ps
r/r)(1+r/rg)*

where the radius r, describes the transition scale where
the logarithmic slope of the density profile changes from
—3 to —1 as we approach the halo center. The density p;
represents the characteristic density at r = r, and it is also
expressed as follows’:

prrw(r) = ( (A1)

3
Avirp m,0 Cvir

3 11’1(1 + Cvir) - Cvir/(l + Cvir) .

o= (A2)

°In the definition of pxpw at Eq. (7), a factor of 1/a? is factored
out from the density profile. As a result, the dependence of p; on
the scale factor is somewhat different from the one in the
literature.

Here, we introduced the concentration parameter c.;,
defined by c.j = ryi/rs with the radius ry;, being the
virial radius. The virial radius is linked to the halo mass
through

3 M, 1/3
Fyip = | ———— .
" 4”Avirpm.0

The quantity A;, is the virial overdensity, which character-
izes the mean overdensity of halos within the virial radius.
While this is precisely described by the spherical collapse
model [73-75], a simple and accurate fitting formula,
which can be used in a flat universe with cosmological
constant, is known [76] (see also Ref. [77]):

(A3)

n? 1 2
Ay (e) =28 +32{Qm(z)Q 1(1) 39{Qu(2) - 11

(A4)

Here the quantity Q,,(z) is the matter density parameter at
redshift z, given by

(] + Z)ng,o
(14 2)°Quo+Qnp

Qn(z) = (AS)

with the subscript O indicating the quantities given at the
present time.

2. Concentration-mass relations

For a quantitative characterization of the halo density
profile, the key parameter is the concentration parameter
Cyir» Which characterizes the size and mass concentration of
each halo. In the context of the CDM cosmology, there
have been numerous works to quantify its cosmological
and halo mass dependence based on the cosmological
N-body simulations, and accurately calibrated models have
been exploited. One of such representative models is given
by Ref. [57]. The concentration parameter of this model,
which we denote by cB , is expressed as follows:

vir?

1+ zeou(My, Pepm)
14z

B (My, Pepy) = A

vir ’ (A6)
with the constant A chosen as 3.13 [78]. The redshift z .y
characterizes the collapse time for halos with mass M}, in
the CDM cosmological model with the linear power
spectrum Pcpy. It is determined through

D(Zcoll)
D(z)

o(feotMp, Pcpm) = Oc. (A7)

where the function D is the linear growth factor, and o is the
root-mean-square amplitude of the linear density field
smoothed with the top-hat filter function over the radius
determined by the halo mass My, i.e., {3M,/(4zpno}'/>.
The quantity &, is the critical threshold for the linear density
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contrast, which we adopt the fitting form given by
Ref. [78]: 6, = 1.59 4+ 0.03141n0g(z) with oy being the
same rms fluctuation as we defined above, but smoothed at
the specific radius of 8 4! Mpc. Here, the constant f; is
set to 0.01.

On the other hand, in the FDM cosmology, there is a
little numerical work to calibrate the C-M relation based on
the simulations of S-P equation. Still, there are several
analytical works to model it in order to assess the small-
scale problem as well as to constrain the FDM mass from
weak lensing observations [56,79,80]. Here, we adopt the
model presented by Ref. [56] and examine the core-halo
relation based on our analytical treatment. The concen-
tration parameter of this model is expressed as a correction
to the model of Ref. [57] in the following form:

chir(My) = ¢ (My, Prpn) AEPM,

vir

(A8)
where the concentration parameter ¢ is obtained from
Eq. (A6) with the linear power spectrum Prpy given in the
FDM cosmological model [see, e.g., Eqgs. (8) with (9) in
Ref. [6]]. The correction term AFPM is defined by

©)y - ©)y -
My 1 featMy' 77
APPM = 0140 R A9
¢ { Mh} { hm, - (A9

with the coefficient y; defined by y; = 15 and indices y,
and y,, respectively, given by yo = dInc® /dIn M| am©
0

and y, = 0.3. Here, the characteristic mass ME)C) is related

to the scaling mass M(()n> through M(()C) = M(()n) /feon» and
M{" is defined by

(n) 10 My —4/3
M, =1. 1 Mo ——— . Al
0 6>10 © (10‘22 eV) (A10)

APPENDIX B: ANALYTICAL SOLUTIONS ¢ # 0

In this appendix, extending the treatment in Sec. III A,
we construct analytically the approximate solutions of the
S-P equation given at Eq. (12) in the case of £ # 0.

1. Constructing analytical eigenstates

Similarly to the £ =0 case in Sec. Il A, we rewrite
Eq. (12) with the normal form, keeping the angular
momentum nonzero. Again introducing the new function
it,, = xu,s, the equation for the radial wave function is
given in the following form:

dzﬁnf(x) ~
dx2 +agf(x)un,;(x) =0,
20+ 1 log(l1+x) &
ap(x) = -2 2 ) loelltn) € gy
ax X a

Imposing the same boundary conditions as given at Eq. (18),
we construct analytically the eigenfunction and eigenvalues
of this system. Following the same steps as we examined in
the # = 0 case, we apply the Liouville-Green transformation
(x, @) = (z,v,,) in Eq. (20). Equation (B1) is then
rewritten with

d0,e(2) {a 9e(x)
dz’ {r'(0)}F
where the quantity 0 is defined by Eq. (22).

Comparing the above equation with Eq. (21) in the
¢ = 0 case, an important difference appears in the function
ge, which has now the two turning points. That is, the
function becomes zero at x = x; and x,, and is positive and
negative, respectively, at x; < x < x, and x < x| or x > Xx;.
In order to obtain a uniformly valid approximation, the
function z = p(x) has to be chosen in such a way that it
behaves like the function g,, having two zero-crossing
points. Here, we specify the functional form of z in the
following way [40,41]:

+ 5:| Unf(Z) =0, (B2)

ge(x) —p -2,

{r'(x)}?
== {r(x)}*.
where the quantity /3 is a constant which will be given later.
Equation (B3) is the first-order differential equation for

the function p, which is analytically integrated to give the
following relations:

Kx\/mdx':/_;\/ﬂz—rzdr,
|

= Eﬁz arccos <—§) +§

(B3)

p-p* (B4

for x; < x < xy,

[ =g ()dx = /p VERYS
Ao ()

(BS)

for x < x;, and
/X V=g,(x")dx' = /p \/ 7% = B,
X B
o) n7)

(B6)

for x > x,.
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From Eqgs. (B4)—(B6) given above, one can construct the
function p expressed in terms of the variable x as follows.
Provided the functional form of g,, the integrals at the left-
hand side of these equations are numerically performed,
and the results are given as a function of x. On the other
hand, the functions at the right-hand side of Eqs. (B4)—(B6)
are evaluated as a function of p. That s, Eqgs. (B4)—-(B6) are
symbolically written in the form as A(x) = B(p). Hence,
solving numerically this implicit equation for p, i.e.,
p = B7'(A(x)), the functional form of p(x) is determined.
In the above, the constant /3 is arbitrary, but we shall specify
it in such a way that, with the Liouville-Green trans-
formation, the turning points x; and x, are mapped to
p = —p and p = p, respectively. From Eq. (B4), this is
equivalent to imposing the following condition:

2 X2
p== " Vo).
X1

(B7)

With the specific choice at Eq. (B3), Eq. (B2) is now
recast as

dzvnf(z)

422 + a(f? = 22)v,0(z) = —6(2) var(2).

(B8)

Ignoring the term at right-hand side, the general solution
of this equation is described by the parabolic cylinder
functions U and U [40,41]":

1 S
Une(2) = 51U<—§051/2ﬂ2, 2051/22>
_ 1
+ 52U<—5a‘/2ﬂ2, vza'/zz) (B9)

or

R (e
“"f(")[ 9. 00) }

X {61U<—%a1/2ﬂ2, V Zal/zz(x)>
+ CQU<—;C(1/2,B2, vV 2a1/22(x)) }

(B10)

where the coefficients ¢; and c¢; are the integration
constants.

Note that the parabolic cylinder functions have the
following asymptotic behaviors:

"“The function U given here is exactly the same one as defined
in Ref. [50]. Also, it is related to the Weber’s parabolic cylinder
function D, through D,(x) = U(=4—1/2,x). On the other

hand, the function U slightly differ from the V in Ref. [50] by
the factor of I'(1/2 = b), i.e., U(b,x) =T(1/2 = b)V(a,x).

(- 1 _2
U, g) ~ We e,

B _>0021/2 b—1/2 1
(b, ) gir(i"’}m’ (B11)

)
and

oo @R) (02

u.6 T(1/2+b)

(B12)

Let us recall from Eqs. (B4)—(B7) that the function p(x) or
z(x) is a monotonically increasing function of x, and varies
from negative to positive. Thus, the quantity p approaches
a negative constant value at x = 0 and goes to infinity in
the limit of x — oo. From Eq. (B11), this indicates that the
second term in Egs. (B9) or (B10) diverge in the limit
of x - 4+oc0. Hence, to fulfill the boundary condition
ii(co) = 0, the coefficients ¢, and ¢, must be zero.

On the other hand, another boundary condition #(0) = 0
yields

(B13)

U(—%alﬂﬁz, vV 2a1/2z(0)> =0,

where we used the fact that the functions g,(x) and
|f*> — {z(x)}?| are nonzero at x = 0. Equation (B13) is
the transcendental equation for the eigenvalue &/a. That is,
given the parameters a and ¢, the turning points x;, are
determined, and the constant § and quantity z(0) are
computed, with both of them given as a function of
&/a. Then, substituting them into Eq. (B13), solving it
yields a discrete set of eigenvalues £/a.

Once the eigenvalues are determined from Eq. (B13), the
functional form of the eigenfunctions for # # 0 are speci-
fied in an unambiguous way except for the normalization
factor. To sum up, the (unnormalized) eigenfunctions for
¢ # 0 that are constructed analytically are expressed as

[ ]
) =t = [EEH

1
X U(—zal/zﬂz, vV 2a1/zz(x)>,
2 X2
g =2 [ Ve,
X1

(B14)

with the function g, given at Eq. (B1). The function
p = z(x) is obtained by Egs. (B4)-(B6).

2. Comparison with numerical solutions

Let us compare the analytical eigenstates for £ # 0 to the
numerical results obtained by solving the matrix eigenvalue
problem. For illustration, we below focus on the specific
angular momenta of Z = 2, 5, and 10.
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TABLE II

Lowest five eigenvalues normalized by « in the cases of the nonzero angular momenta £ = 2, 5, and

10, setting the parameter @ to @ = 10° (see Fig. 11). Analytical results obtained from Eq. (B13) are summarized. For
comparison, parentheses show the results by solving numerically the matrix eigenvalue problem, adopting the
boundaries x; = 0 and x,, = 5 with the number of grids n = 10*.

Eppla £=2 £=5 £=10

n=1 —0.77454 (—0.77278) —0.67810 (—0.67756) —0.57018 (—0.56999)
n=2 —0.71757 (=0.71620) ~0.63909 (~0.63863) —0.54483 (~0.54466)
n=>3 —0.67142 (—0.67029) —0.60531 (—0.60491) —0.52189 (—0.52174)
n=4 —0.63259 (—0.63163) —0.57561 (—0.57526) —0.50100 (—0.50087)
n=>5s —0.59911 (—0.59828) —0.54916 (—0.54885) —0.48187 (—0.48175)

Table II presents the lowest five eigenvalues for nonzero
angular momenta, fixing the dimensionless parameter « to
a = 103. In Figs. 11 and 12, the corresponding (normalized)
eigenfunctions ii,, and the square of eigenfunctions, |u,,|*
are, respectively, plotted as a function of x = r/r,. Line
types and colors are the same as in Fig. 2. Note that, in
obtaining the numerical results, we solve Eq. (39), with the
potential V(x) being replaced with V(x) = —alog(1 + x)/
x+2(6+1)/x2

Overall, we see an excellent agreement between ana-
lytical and numerical results, similarly to the £ = 0 case.
Although a closer look at the fractional difference shown in
the bottom panels of Fig. 11 reveals that the eigenfunctions
exhibit discrepancies, these become non-negligible only
when the eigenfunction becomes close to zero, and hence
their net impact is considered to be small. Hence, we
conclude that the analytically constructed eigenstates are
accurate enough even for the nonzero angular momenta,
and would be useful to characterize quantitatively the
dynamical properties of the soliton core.

Finally, one notable behavior in the square of the
eigenfunction, corresponding to the soliton density profile,
is the characteristic peak structure shown in Fig. 12. As
increasing ¢, the density peak generically appears at a
larger radius, with its width narrower. In particular, the

k]

inner structure exhibits a power-law behavior, which we

find to be scaled as |u,,|* o x>V =1 at x < 1. This is
regardless of whether it is in the ground or excited state (see
gray dashed lines). In Appendix B 3, we derive this power-
law form explicitly based on the WKB approximation.

3. Asymptotic behaviors near origin

In this appendix, we discuss the asymptotic behavior of
the eigenfunction ii,, near the halo center, and derive
analytically the power-law form of the density profile as
shown in Fig. 12. In doing so, rather than using Eq. (B14),
we apply the WKB approximation and obtain an analytical
expression for the eigenfunction valid near the origin
(x~0), where the function g,(x) is supposed to be
negative. The (unnormalized) WKB solution is then given
in the form as

R
{=ge ()}

x {dl exp{a1/2 / \/T(x')dx’}
+d2exp{—a1/2 [1 —gf(x’)dx'}] (B15)

L =2 *n=;-l=5 £=10
—h=
jla= le+ 03 —n=3
= n=4
E —n=5
LSO —_ —_
Solid: analytical \
4= 0_1 Dashed: numerical
2 00 \k¥ UL -
®_01 AT NN
= 71072 107! 10° 1072 107! 100 1072 1071 10° 10!
x(=r/rs) x(=rlrs) x(=rfrs)

FIG. 11. Eigenfunctions for the radial wave function having nonzero angular momentum, i,,(x). From left to right, fixing the
parameter « to 103, eigenfunctions for the lowest five eigenstates are shown for £ = 2, 5, and 10, respectively. In the upper panels, thin
solid lines are the eigenfunctions constructed analytically, while the thick dashed lines are the results obtained by solving the matrix
eigenvalue problem numerically. Both of them are properly normalized. Bottom panels show the fractional difference between analytical
and numerical results, defined by (i, anatytical = e numericat )/ g pumerical (€€ Fig. 2). Note that to avoid the division by zero, we stop
plotting the results when the amplitude of the wave functions becomes smaller than 107 in the inner and outer regions.
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102
L=2 £=5 Solid: analytical £=10
100 Dashed: numerical
5 —n=1
= —n=2
310_2 —n=3
n=4
—n=5
cee x2VIEFTD -1
107 . =
1072 1072 107! 10° 1072 107! 10° 10!

FIG. 12. Same as Fig. 11, but we plot the square of the normalized wave function, u,,(x) = xit,.(x), i.e., |,z (x)

x(=r/rs)

x(=r/rs)

[. Line and color

types shown hare are the same as those used in Fig. 11. In each panel, the gray dashed lines are the asymptotic slope of the wave function

at x < 1 predicted by the WKB approximation [see Eq. (B20)].

with the upper bound of the integral, x;, being the first
turning point, g,(x;) = 0. In the above, the coefficients d,
and d, are not arbitrary, but are related with each other
through the inner boundary condition, i,,(0) = 0. This
relation is rewritten in the following form:

% = —exp [—2051/2 /XI \/—gf(x’)dx’].
2 0

(B16)

Recalling that, near the origin, the function g, is approxi-
mated as g, ~ #(£ + 1)/x*/a, the integral in the exponent
above, [7'\/—g,(x')dx’, is shown to exhibit a logarithmic
divergence. To be precise, we may replace the lower bound
of this integral with a nonzero small and positive value of 7,
and perform the integration. Assuming x; < 1, this leads to
V(€ +1)/alog(x;/n). Taking the limit # — 0, the inte-
gral thus diverges positively. Note that the logarithmic
divergence generically appears regardless of whether x; is
small or not. In other words, the right-hand side of
Eq. (B16) becomes vanishing, and hence the coefficient
d; must be zero. Equation (B15) is recast as

el [ )

L
(B17)

With the wave function in Eq. (B17), we derive an
asymptotic power-law form at x < 1. To obtain an expres-
sion without assuming a specific value of x;, we consider a
sufficiently small but still finite value of xy(< x;), below
which the function g,(x) is approximately described by
ge(x) = £(¢ 4+ 1)/x*/a. Focusing on the region of x < x,
the integral in the exponent of Eq. (B17) is evaluated to give

[ VEadar = [t
+ Mlog@—o). (B18)

o2

Plugging this into Eq. (B17), the WKB solution near the
origin (x < xg) is rewritten in the following form:

1/4 x \ VA1)
7WKB (1) ~ 4 a 12 =
) = At

X exp{—ocl/2 /XI \/—gf(x’)dx’}.
X0

(B19)

This shows that the density profile for the soliton state,
proportional to |u,,|*, exhibits a power-law behavior near
the origin and it is proportional to

WKB (1)[2 = NZZPKB (x)]?

2+/6(6+1)—1
|unf

x X , (x < xp).

(B20)

Since the above expression has no explicit dependence on
n, this scaling generally holds for both ground and excited
states. Note cautiously that, in deriving Eq. (B20), we
assumed nonzero ¢ and used the asymptotic behavior of g,.
In this respect, Eqgs. (B19) and (B20) are valid only for
¢ # 0 and cannot be applied to the £ = 0 case.

APPENDIX C: SOLITON CORE SIZE
IN THE LIMIT OF c,;, — 0

In this appendix, we discuss the dependence of the
soliton core size on the halo density profile. To be specific,
we investigate how the upper bound on the core radius,
which is obtained by taking the limit c,;, — 0, varies with
the inner slope of density profile.

Consider a class of spherically symmetric halos having
a characteristic scale r,, below which the radial profile
asymptotically follows a power-law form. One can write
such a profile formally as

p(x)

with the dimensionless function D asymptotically
behaving as

—pD(x).  x=r/r, (c1)
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x<1

D(x) = x75. (C2)

Note that Eq. (C1) is the comoving density, and a factor of
1/a? is factorized in the same way as defined in Eq. (7).
Thus, for the NFW profile, p, is given by Eq. (A2) and D
becomes D(x) = 1/x/(1 + x)?. The mass and potential
profiles of this model are, respectively, given by

M(x) = 4zp,r3 A dyy*D(y), (c3)
4zGp.r: [ d /
\p(x):_w/ _g/ydwsz(w),
a x Y 0
4zGp r? -
= PSS (. (C4)
a

Below, we shall consider the case that both the mass and
potential are finite at the center. This implies the inner
slope s has to be less than 2. In such a case, the
dimensionless potential ¥ at x < 1 is generally written
in the following form:

¥(x) ~P(0) - (s <2). (C5)

B-5)2-3)"

With the halo mass defined by My, = (47/3)pmolyicr;, at
r = ry;, the characteristic density pg and the scale radius
rg are expressed in terms of the concentration parameter
Cyir = Tyir/ s as follows:

p , AV' Cyir -1
Ps :%Ceir{l yzD(y)dy} ,

A. .
zpm.O vir (3 _ S)CY

S, C6
3 vir ( )
3 M 1/3
=l A ) (€7)
4'77",0m,0Avir

where the last line of Eq. (C6) is valid for c,;, < 1.
Provided basic quantities to characterize the halos, we
estimate the soliton core size in the limit of ¢,;, — 0. As we
have discussed in Sec. III, the S-P equation ignoring the
soliton self-gravity is reduced to a linear eigenvalue prob-
lem, and focusing on # = 0, the governing equation is
recast in the form similar to Eq. (17), but the halo potential is
replaced with Eq. (C4). Nevertheless, this modification does
not affect the monotonicity of the halo potential, and we can
follow the same steps as in the case of the NFW profile to
analytically construct the eigenstates. At the end, we obtain
the same analytical expression as given at Eq. (38), from
which the expression of soliton core size can be derived

based on the asymptotic properties of the Airy function
(see Sec. III C). We have''

6
X, = , p = 0.65, C8
< =P\ ag(0) ()
with the function gy(x) given by
go(x) = P(x) + E/a. (C9)

The above expression is regarded as a generalized formula
for the core radius. From this, the comoving core radius r. is
written as

Ie = Xcrss

6 Ty
V0 + Efapal

In the above, the parameter a is defined similarly as in
the case of the NFW profile, i.e., @ = 82Gmjp,ria [see
Eq. (11)]. Importantly, however, its dependence on the
concentration parameter differs generally from the one
given in Eq. (13). To explicitly see this, we use Egs. (C6)
and (C7) to rewrite the expression of a with

(C10)

pm~0Avir (i Mh )4/3
3 dr pm,OAvir

Cyir -1
X {cvirA y2D(y)dy} .

Thus, taking the limit c;, < 1, we obtain

6\ 1/3 MY \1/3
o (—) Gmja <7h> (3—s)cit
4 pm.OAvir

In Eq. (C10), the expression of the soliton core size also
involves the factor ¥(0) + £/a, which is given as a function
of a. To express its dependence on « analytically, we make
use of the approximation in the limit of & > 1. As we saw in
Eq. (C11), this limit is ensured if we also take the limit
¢yir = 0 for the inner slope of the halo profile, s < 3. Then,
the key expression is Eq. (35). Similarly to what we did in
Sec. III A, we use the expression for ¥ valid near the center,
i.e., Eq. (C5). Recalling that the function g, vanishes at the
turning point x, =~ [(3 — 5)(2 — s){¥(0) 4+ £/a}]"/?=*) and
assuming x. < 1, we obtain

a= SﬂGméa

(C11)

"In deriving Eq. (C8), we consider only the leading-order term
proportional to a, and ignore other contributions.
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al/Z/OX“ Voo )dx' = (n—%)ﬂ
(3—S)(2—S)}'/(2"")B< 1 3)

= 1/2{
“ 2—s

X {B(0) + £/} 12H1/2-5) — (n - ;;) n, (C12)

where the function B is the beta function. Setting the integer n to unity (this corresponds to the ground state), the above
equation is recast as

- 37\ 2(2-5)/(4-s) 2—s 1 2(2-5)/(4-s)
B(0) + &/ — a9/ (_) { } c13
O +é/a=a 4 {3=5)2~5)}/C B(1/(2-5),3/2) )
Substituting Eq. (C13) into Eq. (C10), the comoving core radius valid in the limit o > 1 leads to
6'2r, [4 {(3=15)(2—15)}/C 1 3\]@-9/¢-s)
= > |— B - . Cl4
fe = P i) [3n' 2—s (2 -5’ 2)} (C14)

Substituting further Egs. (C11) and (C10) into the above, we arrive at the final expression for the core radius in the limit of
cyir — 0:

7 (s) (P m =2/(=s) [ My, 73G9 (A Q oh?\ ~(175/3)/(4=9)
=3.59[k —1/(4=s) ¢ vir 2%m, , C15
e lkpe] 77y @ 0.65) \1022 ev 10° Mg 200 0.147 (C15)

where the function 7 (s) is defined by

Notice that the dependence on the concentration parameter
cyir disappears at Eq. (C15). This means that for a fixed
cosmological model and a given halo mass, Eq. (C15) gives

a bound on the core radius. Note that setting the slope s to 2.0
unity, the above expression reproduces the upper bound
given at Eq. (50).

Figure 13 plots the functions 7 normalized by the one 1.51
evaluated at s = 1. This shows that the function 7 is a
monotonically decreasing functions of s, and approaches Lo

zero at s — 2, indicating that for halos with the inner slope
of s = 2, the soliton core disappears. Since the potential at
the halo center generally diverges for s > 2, this implies that
for s > 2, the fuzzy dark matter soliton, if exists, does not 0.51
form a flat core, but rather can have a cusp at the center.

Figure 14 shows the core-halo relations in the c;; — 0
limit, focusing specifically on the soliton core radius. 0.0 05 10 15 20
Setting the model parameters to those adopted in s
Figs. 6-8, we vary the inner slope of halo profiles from
s = 0to 1.5. Here, Steepening the inner slope substantially ~ FIG. 13. Behavior of the function 7 (s). The result normalized
reduces allowable core sizes, and the predicted curve for by the one evaluated at s = 1 is plotted as a function of the inner
s = 1.5 is inconsistent with simulations. slope of the density profile, s.

7(s)/7(1)

103532-23



ATSUSHI TARUYA and SHOHEI SAGA PHYS. REV. D 106, 103532 (2022)

10!
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FIG. 14. Dependence of the core radius-halo mass relation on the inner slope of halo density profile, s. The upper bound on the soliton
core radius in the limit of ¢,;, — 0, given at Eq. (C15), is plotted as a function of halo mass, fixing model parameters for the cosmology
and FDM mass to the default setup (see Sec. IV A). Note that the results for s = 1 are identical to the lower and upper limits in the core

radius and mass shown in Fig. 6.
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