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We investigate the primordial curvature perturbation by the observation of the dark matter substructure.
Assuming a bump in the spectrum of the curvature perturbation in the wave number of k > 1 Mpc−1, we
track the evolution of the host halo and subhalos in a semianalytic way. Taking into account possible
uncertainties in the evaluation of the tidal stripping effect on the subhalo growth, we find a new robust
bound on the curvature perturbation with a bump from the number of observed dwarf spheroidal galaxies in
our Galaxy and the observations of the stellar stream. The upper limit on the amplitude of the bump is
Oð10−7Þ for k ∼ 103 Mpc−1. Furthermore, we find the boost factor, which is crucial for the indirect
detection of dark matter signals, is up toOð104Þ due to the bump that is allowed in the current observational
bounds.
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I. INTRODUCTION

The observation of the cosmic microwave background
(CMB) radiation strongly supports inflation at the early
stage of the Universe. The CMB observation constrains
the amplitude As and the spectral index ns of the scalar
perturbation as As ¼ ð2.099� 0.029Þ × 10−9 and ns ¼
0.9649� 0.0042 at the pivot scale k� ¼ 0.05 Mpc−1 [1].
At a smaller scale, on the other hand, the constraint on
the curvature perturbation is relaxed. For instance, the
amplitude for the wave number of k >Oð1Þ Mpc−1 is
constrained by μ- and y-type distortions in the CMB
observation [2,3], the overproduction of the primordial
black holes (PBHs) [4–9], density profile of ultracompact
minihalos [10,11], the free-free emission in the Planck
foreground analysis [12], galaxy luminosity function
[13,14], and gravitational lensing [15]. Despite the
constraints, the scalar amplitude in the small scale can
be much larger than Oð10−9Þ. In this paper, we point out
that the curvature perturbation in such a small scale gives
impact on the evolution of the hierarchical structures of
galaxies, which is traced by dark matter halos of the
Universe.
Dark matter plays a crucial role in the structure for-

mation; the quantum fluctuation produced by inflation
seeds the density fluctuation, which grows in the gravita-
tional potential of dark matter. Therefore, the imprint of
the small-scale perturbation during the inflation is expected

to remain in the current structure of dark matter halos.
Subhalos, which reside in larger-scale halos, are especially
promising objects to reveal the nature of dark matter.
Dwarf spheroidal galaxies (dSphs) can form inside sub-
halos, and they have been found and observed intensively
these days in the prospects to detect dark matter annihi-
lation signals [16–18].
In this paper, we study the cosmological conse-

quences of the primordial curvature perturbation in
the small scale. Assuming an additional bump in the
curvature perturbation, we investigate the subhalo evo-
lution by extending the SASHIMI package,1 a theoreti-
cally motivated model for the tidal stripping process
calibrated by the N-body simulation [19,20]. We give a
new conservative and robust bound on the curvature
perturbation by using the observed number of the dSphs
in the Galactic halo [21,22] and the observations of the
stellar stream [23,24]. Our main result is shown in
Fig. 1.2 Additionally, we give the predictions for the
annihilation boost factor, which will be useful for future
study to search for the nature of dark matter.
Throughout the paper, we adopt the cosmological

parameters based on the Planck 2018 results [1]

1https://github.com/shinichiroando/sashimi-c.
2See early study by Ref. [25] which constrains the spectral

index of the scalar perturbation and neutrino masses by calculat-
ing halo evolution and using the data of gravitational lensing.
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(TT;TE;EEþ lowEþ lensing); the density parameter of
dark matter Ωdmh2 ¼ 0.1200, and that of baryon Ωbh2 ¼
0.02237 with h ¼ 0.6736.

II. THE PRIMORDIAL CURVATURE
PERTURBATION

We consider a model in which the primordial power
spectrum has a bump in the small scale k≳Oð1Þ Mpc−1.

In order to investigate the impact of the curvature pertur-
bation in the region, we consider an additional bump on top
of the nearly scale-invariant curvature perturbation that is
consistent with the CMB observation,

PR ¼ Pð0Þ
R þ Pbump

R ; ð1Þ

where Pð0Þ
R ðkÞ ¼ Asðk=k�Þns−1, and

Pbump
R ðk; kbÞ ¼

� ðA − Pð0Þ
R ðkbÞÞð kkbÞnb k ≤ kb

0 k > kb
: ð2Þ

Here, we have introduced three parameters, A, kb, and nb.
In Ref. [6], the steepest spectral index is nb ¼ 4 in single-
field inflation. On the other hand, Ref. [27] claims that the
spectral index can be as large as 8 after encountering a dip
in the amplitude, and then, the amplitude reaches to a peak
with the index less than 4. In our study, we adopt nb ¼ 4
and take A and kb as free parameters. We plot several
examples of the PR in Fig. 2. The parameters are given in
the figure caption.
From the curvature perturbation, the variance of

the linear power spectrum in the comoving scale R is
given by

σ2ðMÞ ¼
Z

d ln k
k3

2π2
PðkÞW2ðkRÞ; ð3Þ

where PðkÞ is the power spectrum calculated from PR,
and WðkRÞ is the window function. We adopt the
sharp-k window, WðkRÞ ¼ Θð1 − kRÞ, where Θ is the
Heaviside step function. This is because for the power
spectrum that has a steep cutoff, it is shown in Ref. [28]

FIG. 1. Excluded region on the primordial curvature perturba-
tion. The tidal model (a) is adopted. Upper regions separated by
lines are excluded at 95% confidence level (CL)“Satellite counts”
(orange, dashed) and “Stellar stream” (red, dashed) correspond to
the limits by the observed number of dSphs and the observation
of the stellar stream, respectively. See Eqs. (7) and (8). As a
reference, the constraint due to μ-distortion is shown as
“μ-distortion,” which is given in Ref. [6]. Shaded region on
the left is disfavored from the Lyman-α observations [26].

FIG. 2. Primordial curvature perturbation PRðkÞ (left), variance σðMÞ of the power spectrum (middle), and average of host halo mass
evolution MhostðzÞ (right). kb ¼ 1.0 × 102 Mpc−1 h is taken for all, and each line corresponds to A ¼ 2.5 × 10−3, 1.6 × 10−4,
1.0 × 10−5, 6.3 × 10−7, and 4.0 × 10−8. As a reference, the result without the bump is shown as “No bump.”Mhostð0Þ ¼ 1.3 × 1012 M⊙
is taken for MhostðzÞ. See Appendix C for additional figures with different values of kb.
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that the sharp-k window gives a good agreement with
the simulation.3 The mass scale M is given as
M ¼ ð4π=3ÞðRcÞ3ρm, where ρm ¼ Ωmρc (ρc is the critical
density), and a parameter c ¼ 2.7 is determined by
comparing with the simulation [28].
The result of σðMÞ is given in Fig. 2. It is seen that the

bump with A≳ 10−6 significantly affects the variance.4 σ is
enhanced below a mass scale, which is, for instance,
ð4π=3Þðc=kbÞ3ρm ∼ 107 M⊙ for kb ¼ 102 Mpc−1 h. The
scale gets smaller as kb becomes larger. The variance
becomes almost constant for A≳ 10−6. This is because the
bump contributes dominantly in the integral below the
scale kb.

III. THE HOST HALO AND SUBHALO
EVOLUTION

The enhancement on the variance of the power spectrum
due to the bump can affect the merger history of both the
host and subhalos. To see this, we evaluate the halo
evolution history based on the extended Press-Schechter
(EPS) formalism [30,31]. See Appendixes A and B for
details.
The host halo mass evolutionMhostðzÞ is shown in Fig. 2,

where the average of 200 host halo realizations is given. We
have checked that the result without the bump agrees with
the fitting formula given in Ref. [32] in the low z region,
which is calibrated against the simulations in z≲ 10. It is
seen that at the low z region the host halo evolution
coincides with the one without the bump. However, the
difference becomes significant in the high z region,
especially for a large A; we find a plateau for large values
of A, such as A≳ 10−6. In the conventional model, i.e., with
no bump in the curvature perturbation, the halos with small
mass scales are formed in the past, and they grow to
massive halos to the present. This is true for the model
with a bump with a small amplitude, such as A≲ 10−8.
When the amplitude is large, on the other hand, the halo
formation and growth happen almost at a certain redshift.
For kb ¼ 102 Mpc−1 h, for instance, halos with mass
∼107 M⊙ form at once. We see a mild dependence of
the amplitude on the mass scale; the mass scale is larger for
the larger amplitude. This is because σ is altered in the
larger mass-scale region as the amplitude is larger. After the
formation, they merely grow for some period since σ
changes drastically for the small-mass scales. This period
corresponds to the plateau for Mhost. Eventually, the host
mass rebegins to grow in accordance with the case without

the bump, which is a reasonable behavior since σ coincides
with the one calculated without the bump.
The evolution of the subhalos is similar to that of the host

halo, but it suffers from the tidal stripping due to the
gravitational potential of the host halo after the accretion.
To evaluate the subhalo evolution, we modify the SASHIMI

package to implement the results of σðMÞ and the host halo
evolution MhostðzÞ with the existence of a bump in the
primordial curvature perturbation. For consistency, we
adopt the concentration-mass relation given by Ref. [33],
where the fitting function is given in terms of σðMÞ. In the
code, the Navarro-Frenk-White (NFW) profile [34] with
truncation is assumed, which is characterized by typical
mass density ρs, the scale radius rs, and the truncation
radius rt. For the tidal process, we consider three models:
(a) g ¼ 0.86 and ζ ¼ 0.07 [35],
(b) z-dependent gðzÞ and ζðzÞ [19],
(c) no tidal stripping,
where g and ζ are the parameters in the evolution of the
subhalo mass [35],

dm
dt

¼ −g
m
τdyn

�
m

MðzÞ
�

ζ

: ð4Þ

Here, τdyn is the halo’s dynamical time. Since gðzÞ and ζðzÞ
are given in z ≤ 7 in model (b), we take gðzÞ ¼ gð7Þ and
ζðzÞ ¼ ζð7Þ for z > 7 in the current calculation. The model
(c) corresponds to the so-called unevolved mass function.
We note that the model (c) might be more realistic than the
others when we compute the boost factor. This is because
the tidal stripping effect may not change the inner structure
of the halo profile in the case of a highly concentrated
profile [36], which is expected in the current case. The mass
distribution function of subhalos at the accretion is given by
the EPS formalism as a function ofma, za and the host halo
mass M0 at z ¼ z0. Using the number d2Nsh;a of subhalos
with mass ma that accrete at z ¼ za, the subhalo mass
function after the tidal stripping is obtained by

dNsh

dm
¼

Z
d2Nsh;a

Z
dcvir;aPcvir;aðma; zaÞδðm −m0Þ; ð5Þ

where Pcvir;aðma; zaÞ is the distribution function for cvir;a
that is computed from the one for the concentration-mass
relation. A subscript “0” stands for the values at z ¼ z0.
We plot the mass function dNsh=dm of the subhalo at

z0 ¼ 0 computed using the tidal model (a) in Fig. 3. We
found that the mass function is affected significantly,
depending on A and kb. As kb becomes small, the mass
function is altered in the large subhalo mass, which is
expected from the behavior of σðMÞ. Due to the bump, the
number of the subhalo of a mass scale tends to be enhanced.
On the contrary, the mass function is suppressed below that
mass scale. This effect is significant for large A and small
kb. Such a drastic change leads to change the prediction of

3We have calculated the variance by using the top-hat window.
The variance becomes a smoother function, and the halo
evolution merely changes. Thus, the exclusion limits, which
we see later, do not change.

4A similar variance is obtained due to the formation of the
PBHs [29].
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the number of dSphs, which are formed in subhalos.
Additionally, we found that the result is almost independent
of the tidal models and zmax if zmax ≥ 7. Here, zmax is the
maximum redshift to track the subhalo evolution.
Therefore, we expect the observable consequences are
determined by the evolution in the low redshift regime
and that they are not significantly affected by the details of
the tidal evolution models, which we confirm below.

IV. ASTROPHYSICAL OBSERVABLES
AND CONSTRAINT

It is considered that subhalos which satisfy certain
conditions form galaxies inside. A quantity for the criterion
is the maximum circular velocity. Based on the conven-
tional theory of galaxy formation, for instance, the dSphs
formation occurs for Vmax;a > 18 km=s, where Vmax;a is the
maximum circular velocity at the time of the accretion.
Using this condition, we can predict the number of the
present dSphs in the Galaxy, which is one of the important
observables of the dSphs. However, this criterion is under
debate. A recent study suggests a different criterion of
Vmax;a > 10.5 km=s [37]. Therefore, the predicted number
of dSphs can change, depending on the choice of criteria.
To avoid such uncertainties on the condition for forma-
tion of a dSph, we take a much conservative approach
based on the observations. Focusing on the present maxi-
mum circular velocity Vmax that is actually observed for
dSphs, the number of dSphs in our Galaxy whose Vmax is
over 4 km=s is given by [38,39]

Nlow
dSphðVmax > 4 km=sÞ ¼ 94: ð6Þ

The condition Vmax > 4 km=s is determined by the mini-
mum of the observed velocity dispersions among dSphs
[21,22]. We apply this observational bound directly to our
calculation by imposing the following condition:

NshðVmax > 4 km=sÞ ≥ Nlow
dSphðVmax > 4 km=sÞ; ð7Þ

and see whether the curvature perturbation with the bump
contradicts the observation. Following the method adopted
in Ref. [38], we derive a 95% CL exclusion limit.
Figure 3 shows the cumulative maximum velocity func-

tion Nshð>VmaxÞ of subhalos. It is seen that Nshð>VmaxÞ is
enhanced compared to the case with no bump at a large
value of Vmax, corresponding to a massive case, as A
becomes large and kb ≲ 102 Mpc−1h. In the exchange for
the enhancement at a large Vmax region, it is suppressed in a
small Vmax region. For instance, it is below the observed
value for kb ¼ 102 Mpc−1h and A≳ 2.5× 10−3. Therefore,
the bump in the primordial curvature perturbation in such a
parameter space is excluded. On the other hand, for
kb ≳ 102 Mpc−1h, the cumulative maximum circular
velocity function is almost unchanged. This reflects the
fact that the bump with a large kb affects less massive halos
than those responsible for dSphs.
Making a comprehensive analysis on the bump model,

we compute the cumulative number of the subhalos
NshðVmax > 4 km=sÞ on the ðA; kbÞ plane. We found that
it is smaller than the observed value in the region A≳ 10−6

and kb ≲ 102 Mpc−1h so that the region is excluded. The
result is shown in Fig. 1. As expected from the results of the
mass function, we confirmed that the number of subhalos
satisfying the condition of the maximum circular velocity
and the resultant exclusion region do not depend on the
tidal stripping models. Therefore, it is concluded that the
bound is conservative and robust.
Another observable effect appears in the stellar stream,

where gaps are caused by a passage of subhalos in the
Galaxy. A too large or too small number of subhalos
may conflict with the observation of the stellar stream. We
make use of the results by Ref. [23], which analyzes
the GD-1 stream [24] using data from Gaia [40,41] and
Pan-STARRS survey [42]. We adopt the most conservative
limit on the number of subhalos whose mass is within
105 M⊙–10

9 M⊙, which is given by

Nsh=Nsh;CDM < 2.7 ð95% CLÞ; ð8Þ

where Nsh;CDM corresponds to the one without the bump.
Consequently we found that the amplitude in kb ¼
Oð102–104Þ Mpc−1 h is constrained; the most stringent
upper limit is 10−7, which is shown in Fig. 1.
The limits from the observations of satellite number and

stellar stream for tidal models (b) and (c) are given in
Appendix C. We found that the bounds are almost
unchanged by choice of the tidal models. Therefore, the
limits shown in Fig. 1 are conservative and robust.
Finally. we discuss the annihilation boost factor due to

the substructure in the host halo. The enhancement of the
subhalo clustering leads to a large enhancement of the pair-
annihilation signals of dark matter. We define the boost
factor as B≡ Jtotsh =Jh, where

FIG. 3. Mass function dNsh=dm of subhalo (left) and cumu-
lative maximum circular velocity function Nshð>VmaxÞ (right).
We take tidal model (a), and the other parameters are the same as
Fig. 2. See Appendix C for additional figures with different
values of kb.
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Jh ¼
Z

d3xρ2h;

Jtotsh ¼
Z

dρsdrsdrt
d3Nsh

dρsdrsdrt

Z
d3xρ2sh; ð9Þ

assuming the NFW profile ρh and ρsh for both the host and
subhalos, respectively.
Note that the boost factor depends on the minimum halo

mass [33]. In our analysis, we take minimum halo mass as
10−6 M⊙, assuming neutralinolike dark matter [43]. We
found that the boost factor is significantly enhanced by
the amplitude of the bump in the regions which are not
excluded from current observations. (See Appendix C for
details.) It becomes as large asOð104Þ for A ∼Oð10−2Þ and
kb ∼Oð105 Þ Mpc−1 h. Additionally, we observe a mild
dependence on kb; i.e, the boost factor gets larger for
larger kb.
Careful readers may think that the resultant boost factor

in the model (c) should be enhanced compared to the model
(a) or (b) since the tidal stripping process reduces the
subhalo mass. Although the subhalos lose their masses due
to the tidal process, the inner structure of the subhalo is
hardly affected. This is because the concentration param-
eter is much larger thanOð1Þ [33]. The concentration-mass
relation at high redshifts is still under debate (e.g., see
Ref. [44]). Hence, the model of the concentration-mass
relation would be the main source of the uncertainty in the
estimation of the boost factor. If the issue is settled, then the
clustering of subhalos would be another important observ-
able to constrain the unconventional curvature perturbation
in the future experiment.

V. CONCLUSION

In this work, we propose a new scheme for investigating
the primordial curvature perturbation of the small scale by
using the observation of the dark matter substructure.
Assuming an additional bump in the primordial curvature
perturbation, an enhancement on the variance of the linear
power spectrum appears. We track the evolution of both the
host halo and subhalos from the power spectrum, based on
the EPS formalism and the semianalytic calculation. In the
evolution of the subhalo, we take into account uncertainty
in the evaluation of the tidal stripping effect by comparing
three types of models. We have found that the extra bump in
the curvature perturbation significantly affects the evolu-
tion of the host and subhalos, depending on the amplitude
and the wave number scale of the bump. On the other hand,
it turns out that the mass functions of the subhalos merely
depend on the tidal models. This fact enables us to compute
the number of dSphs that is free from the uncertainty in the
tidal models. We focus on the cumulative number of
subhalos with maximum circular velocity over 4 km=s,
which is observed directly. Imposing the most conservative
bound from observations of the dSphs, we have found that

the bump with amplitude A≳ 10−6 in k≲ 102 Mpc−1 h is
excluded. Another consequence that has a direct con-
nection with the number of subhalos is the stellar
stream. Adopting the most conservative limit from the
observation, the amplitude of the bump in the region k ¼
Oð102–104Þ Mpc−1 h is constrained as A≳ 10−7 at most.
We also obtain an indication for the boost factor, which is
crucially important for detecting dark matter annihilation
signals. The boost factor of Oð104Þ can be expected in the
parameter region allowed by the existing observations. In
the future, the predictions in this work could be tested by
various probes of small-scale halos, such as gravitational
lensing observations [45–49] or pulsar timing array experi-
ments [50–55]. We leave it for future work.
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APPENDIX A: THE EXTENDED
PRESS-SCHECHTER FORMALISM

The collapse of the overdensity to form the halos is
characterized by two quantities:

δðzÞ ¼ δc=DðzÞ; σðMÞ; ðA1Þ

where z is the redshift, δc ≃ 1.686 is the critical over
density, and DðzÞ is the linear growth factor defined by

DðzÞ ¼ DnormHðzÞ
Z

∞

z
dz0

1þ z0

H3ðz0Þ : ðA2Þ

Here, Dnorm is determined to satisfy Dð0Þ ¼ 1, and HðzÞ is
the Hubble parameter. Since DðzÞ is a monotonically
decreasing function of z, δðzÞ monotonically decreases
as z gets small. On the other hand, σðMÞ is cumulative asM
becomes small. Namely, the parameters z and M can be
translated into δðzÞ and σðMÞ, respectively. Based on
the EPS theory, the evolution of the halo is described
by the following probability distribution function (PDF)
[30,56,57],

fðS2; δ2jS1; δ1Þ ¼
1ffiffiffiffiffiffi
2π

p δ2 − δ1
ðS2 − S1Þ3=2

exp

�
−
ðδ2 − δ1Þ2
2ðS2 − S1Þ

�
;

ðA3Þ
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where Si ≡ σ2ðMiÞ and δi ≡ δðziÞ and z1 < z2. Namely,
fðS2; δ2jS1; δ1Þ is the PDF where a halo with a mass of M2

is a progenitor at z ¼ z2 of a halo with a mass of M1 at
z ¼ z1. In the canonicalΛCDM case, halos with small mass
are created in the past and evolve by accretions and mergers
to the present. With the additional bump in the primordial
curvature perturbation, however, this picture changes.
In the calculation, we construct the evolution history of

the host halo by applying the inverse function method to
the above distribution function (see details for Ref. [58]).
We start our calculation of the host halo evolution from
z ¼ 0 and track its merger history up to z ¼ 300, taking
4000 points of a constant interval in the lnð1þ zÞ space.
Considering the Milky Way-like host halo at z ¼ 0, we take
the host halo mass as Mhostðz ¼ 0Þ ¼ 1.3 × 1012 M⊙ [59].

APPENDIX B: SUBHALO EVOLUTION

To begin with, we collect important quantities for the
subhalo properties. We assume that the halos follow the
Navarro-Frenk-White (NFW) profile [34] with truncation,
which is characterized by typical mass density ρs, the scale
radius rs, and the truncation radius rt as

ρNFWðrÞ ¼
� ρs

ðr=rsÞð1þr=rsÞ2 r ≤ rt

0 r > rt
: ðB1Þ

Given a mass parameter m200, a concentration parameter
c200 is evaluated in the simulations at the redshift z. Since
σðMÞ is significantly altered by the bump compared to the
conventional case, we adopt the concentration-mass rela-
tion given by Ref. [33], where the fitting function is given
in terms of σðMÞ.5 On the other hand, m200 relates to r200
via m200 ¼ ð4π=3Þ200ρcðzÞr3200, where ρcðzÞ is the critical
density at the redshift z. Using the relation c200 ¼ r200=rs,
the scale radius rs is determined. Then, ρs is obtained as

m ¼
Z

d3xρ ¼ 4πρsr3sfðcÞ; ðB2Þ

where fðcÞ ¼ lnð1þ cÞ − c=ð1þ cÞ and m ¼ m200 and
c ¼ c200 are taken. We consider the ðrs; ρsÞ as the values at
the accretion of a subhalo onto a host halo, which are
denoted as ðrs;a; ρs;aÞ. In order to discuss the tidal stripping
process of a subhalo after the accretion, it is appropriate
to use the virial mass mvir;a instead of m200. mvir;a is
obtained by using Eq. (B1) where m ¼ mvir;a and
c ¼ cvir;a ¼ rvir;a=rs;a, and by

mvir;a ¼
4π

3
ΔcðzaÞρcðzaÞr3vir;a: ðB3Þ

Here, ΔcðzÞ is given in Ref. [63]. To sum up, we get the
parameters ρs;a, rs;a, and mvir;a at the accretion.

After accretion, the subhalo loses its mass due to the tidal
stripping. Given a value of the subhalo mass m0 at the
redshift z0 after tidal stripping, ðρs;a; rs;aÞ are translated into
ðρs;0; rs;0Þ at the redshift z0 using the relation among
Vmax;0=Vmax;a, rmax;0=rmax;a, and m0=mvir;a [64]. Here,
Vmax and rmax are the maximum circular velocity and
the radius which relate to the NFW profile parameters as

Vmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGρs
4.625

r
rs; rmax ¼ 2.163rs; ðB4Þ

where G is the Newtonian constant. Using Eq. (B1) with
m ¼ m0, rs ¼ rs;0, ρs ¼ ρs;0, and ct;0 ¼ rt;0=rs;0, we obtain
the truncation radius rt;0 at z ¼ z0. To summarize, given a
subhalo mass mvir;a at the accretion and m0 after tidal
stripping, we obtain subhalo properties, such as ρs, rs, rt,
and Vmax, which are important to discuss the observable
consequences.
The mass distribution function F of subhalos at the

accretion is given by the EPS formalism as a function of
ma, za and the host halo mass M0 at z ¼ z0. Then, the
number of subhalos with mass ma that accrete at z ¼ za is
given by

d2Nsh;a ¼ F ðsa; δajS0; δ0Þd lnmadza; ðB5Þ

where sa ¼ σ2ðmaÞ, δa ¼ δðzaÞ, S0 ¼ σ2ðM0Þ, and
δ0 ¼ δð0Þ. In the present calculation, M0 ¼ Mhostðz ¼
0Þ ¼ 1.3 × 1012 M⊙ is taken. Combining all the discus-
sions above, the subhalo mass function after the tidal
stripping is obtained by

dNsh

dm
¼

Z
d2Nsh;a

Z
dcvir;aPcvir;aðma; zaÞδðm −m0Þ;

ðB6Þ

where Pcvir;aðma; zaÞ is the distribution function for cvir;a
that is computed from the one for a c200-mass relation
discussed above Eq. (B1).

APPENDIX C: ADDITIONAL FIGURES

We give additional figures with various values of kb for
the primordial curvature perturbation PRðkÞ (Fig. 4), the
variance σðMÞ of the power spectrum (Fig. 5), and the
average of the host halo mass evolution MhostðzÞ (Fig. 6).
The subhalo mass function dNsh=dm and the cumulative
maximum circular velocity function Nshð>VmaxÞ in the
tidal model (a), (b), and (c) are shown in Figs. 7 and 8,
respectively. Figure 9 gives the color maps of the cumu-
lative number of subhalos the maximum circular velocity
satisfying Vmax > 4 km=s, the number of dSphs whose
mass is within 105 M⊙–10

9 M⊙ normalized by the one
without the bump, and the boost factor for the tidal model
(a), (b), and (c). The mild dependence of the boost factor on5See also Refs. [60–62] and Appendix B of Ref. [19].
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kb, which is mentioned in the main text, is seen for all the
tidal models. This behavior can be qualitatively understood
from the results of the subhalo mass function. In the plot of
dNsh=dm, the bump is shifted to the smaller scale as kb

becomes large; meanwhile, the intensity of m2dNsh=dm
stays in the same order. This means that many subhalos
with lower masses are formed for bigger kb, which leads to
the enhancement of the boost factor.

FIG. 5. Variance σ of the power spectrum as functions of the mass scale M. The parameters are the same as Fig. 4. As a reference,
σðMÞ without the bump is shown as “No bump,” which is calculated by using the Code for Anisotropies in the Microwave Background
(CAMB) package [65].

FIG. 6. Average of host halo mass evolution as functions of the redshift z. We take Mhostðz ¼ 0Þ ¼ 1.3 × 1012 M⊙, and the other
parameters are the same as Fig. 5. The result without the bump is also shown as “No bump.”

FIG. 4. Primordial curvature perturbation PR as function of wave number. kb ¼ 1.0 × 102 Mpc−1 h (left), 1.0 × 104 Mpc−1 h (center),
and 1.0 × 106 Mpc−1 h (right). Each line corresponds to A ¼ 2.5 × 10−3, 1.6 × 10−4, 1.0 × 10−5, 6.3 × 10−7, and 4.0 × 10−8 from top to

bottom. As a reference, Pð0Þ
R is shown as “No bump.”
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FIG. 7. Mass function of subhalo. Tidal model corresponds to (a) Jiang and van den Bosch [35], (b) Hiroshima et al. [19], and (c) no
tidal stripping, from top to bottom. The parameters are the same as Fig. 5.
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FIG. 8. Cumulative maximum circular velocity function. Tidal models, the parameters, and the ordering of panels are the same as
Fig. 7.
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