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Nonanalytic behavior of the relativistic -modes in slowly rotating neutron stars
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An inconsistency between the theoretical analysis and numerical calculations of the relativistic ~-modes
has puzzled the neutron star community since Kojima’s finding of the continuous part in the r-mode
oscillation spectrum in 1997. In this paper, after a brief review of the Newtonian r-mode theory and of the
literature devoted to the continuous spectrum of r-modes, we apply our original approach to the study of
relativistic oscillation equations. Working within the Cowling approximation, we derive the general
equations, governing the dynamics of discrete relativistic r-modes for both barotropic (isentropic) and
nonbarotropic stars. A detailed analysis of the obtained equations in the limit of extremely slow stellar
rotation rate reveals that, because of the effect of inertial reference frame-dragging, the relativistic -mode
eigenfunctions and eigenfrequencies become nonanalytic functions of the stellar angular velocity, Q. We
also derive the explicit expressions for the r-mode eigenfunctions and eigenfrequencies for very small
values of Q. These expressions explain the asymptotic behavior of the numerically calculated
eigenfrequencies and eigenfunctions in the limit Q — 0. All the obtained r-mode eigenfrequencies take
discrete values in the frequency range, usually associated with the continuous part of the spectrum. No
indications of the continuous spectrum, at least in the vicinity of the Newtonian / = m = 2 r-mode

frequency ¢ = —4/3, are found.

DOI: 10.1103/PhysRevD.106.103009

I. INTRODUCTION

The generic property of some oscillation modes in
rotating stars to be unstable with respect to the emission
of gravitational waves, known as the Chandrasekhar-
Friedman-Schutz instability (CFS instability) [1-4], drives
one to the conclusion that, under favorable conditions,
these modes can potentially become “visible” to the
gravitational-wave detectors. Should such a gravitational
signal from a mode be observed, it would serve as a
valuable source of information on the properties of super-
dense matter in the stellar interiors, which cannot be studied
in terrestrial experiments. Among the variety of oscillation
modes that neutron stars can exhibit, the r-modes are
believed to be the most promising ones from this point of
view, since they appear to be the most unstable. In fact, in
the absence of dissipation, the 7-modes become unstable at
any rotation frequency of the star [5,6].

Extending the traditional mode classification developed
by Cowling [7], one can attribute the r-modes to the class of
stellar oscillations, whose main restoring force is the
Coriolis force. Their oscillation frequencies vanish in non-
rotating stars, and, for slowly rotating stars, the motion of
fluid elements induced by such an oscillation is, with high
accuracy, characterized as purely toroidal (for this reason
the r-modes are sometimes called ‘“quasitoroidal”). The
searches for the r-mode gravitational-wave signal are
already being conducted [8,9], and there are tentative
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indications of possible presence of r-mode signatures in
the x-ray spectra of few observed sources [10,11]. The fact
that the r-modes have not yet been observed can be either
attributed to insufficient gravitational-wave detectors sensi-
tivity, or to the mode suppression by various dissipative
processes, operating in the stellar matter. Understanding of
the r-mode physics becomes of paramount importance as
the new more sensitive detectors, such as the Einstein
Telescope or the Cosmic Explorer (see, e.g., [12,13]), will
come into operation.

While the Newtonian theory of r-modes is well devel-
oped and has already reached maturity (see the extensive
reviews by Andersson and Kokkotas [14] and Haskell [15]
and references therein), the attempts to find the generali-
zation of the Newtonian r-modes within the framework of
general relativity (GR) lead to various contradictory results.
An application of the traditional techniques in the slow-
rotation limit, inherited from the Newtonian theory, immedi-
ately predicts the presence of the continuous part in the
relativistic r-mode oscillation spectrum (e.g., [16-22]),
whereas the straightforward r-mode numerical calculations
do not lead to any indications of the continuous spectrum
and predict the discrete spectrum, as in the Newtonian
theory (e.g., [23-27]). A number of attempts has been made
to regularize the spectrum, but none of them, in our opinion,
can be considered as successful (see Sec. IV B for details). It
was shown that the continuous spectrum does not disappear
with the inclusion of the gravitational radiation effect

© 2022 American Physical Society
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[28,29]. Accounting for the higher order terms, neglected in
the slow-rotation approximation, could potentially regular-
ize the spectrum [30], but the fully relativistic calculation
including such terms has never been attempted, to the best
of our knowledge. Finally, inclusion of the viscous dis-
sipation in the problem does regularize the spectrum
[31,32], but such regularization was studied only in the
case when the rotational corrections are small compared to
the viscous ones, which is exactly the opposite to the
situation in real neutron stars.

This set of discordant results discussed in the literature
is collectively known as “the problem of the continuous
r-mode spectrum.” At this point, it is not clear whether the
presence of the continuous spectrum is a physical phe-
nomenon or if it is just an artifact of the made assumptions
and simplifications. However, the fact that the numerical
calculations, performed beyond the slow-rotation approxi-
mation, do not show any continuous spectrum indicates that
the latter emerges as a result of the slow-rotation approxi-
mation breakdown, i.e., the traditional techniques of the
Newtonian theory cannot be applied to calculating the
relativistic »-modes in the slowly rotating neutron stars.

In this paper, we develop a new approach to the analysis
of the relativistic oscillation equations that allows us to
highlight some previously overlooked properties of relativ-
istic r-modes, that turn out to be of key importance to the
solution of the continuous spectrum problem. The outline of
the paper is the following. In Sec. II we describe the
theoretical model of a neutron star adopted in our study, and
also introduce some useful notations and conventional
definitions. In Sec. III, we briefly revisit the traditional
approach to the calculation of the r-mode eigenfrequencies
and eigenfunctions, developed for Newtonian stars. There
we discuss the nonrelativistic linearized equations, that
govern the dynamics of small stellar oscillations, and then
provide some technical details related to the idea of the
derivation of the Newtonian r-mode equations. Section IV
is devoted to the theoretical investigation of the r-modes
in general relativity. We begin with the discussion of the
linearized equations that govern small stellar oscillations
in GR. We show that the traditional approach, inherited
from the Newtonian theory, inevitably leads to the continu-
ous r-mode spectrum, instead of the discrete one, which is
consistent with the analytical results, known in the literature.
Then we develop a new approach to the study of the
relativistic oscillation equations, that allows us to restore
the traditional discrete r-mode spectrum and to obtain the
equations governing the dynamics of the discrete relativistic
r-modes. We finish Sec. IV with the discussion of the
appropriate boundary conditions for the obtained equations.
Then, in Sec. V, we show the numerical results of the r-
mode calculations for different stellar rotation rates. It turns
out that the behavior of the relativistic r-modes for
extremely small values of Q significantly differs from that
of the Newtonian ones. We focus on this issue in Sec. VI,

where we provide a detailed analysis of the obtained
equations in the limit of a vanishing rotation rate, derive
explicit formulas for the r-mode eigenfrequencies and
eigenfunctions, and discuss the slow-rotation approximation
breakdown. Finally, Sec. VII contains a summary and
discussion of our results, as well as some concluding
remarks.

II. THE MODEL OF A NEUTRON STAR

From the hydrodynamic viewpoint, a neutron star can be
thought of as a liquid mixture of several particle species,
bound by gravitational forces. Throughout the text these
particle species will be referred to as the components of the
matter, and Latin indices (i, j, k, ...) will be employed to
relate different physical quantities to one or another
component (for example, f; stands for the value of a
quantity f, associated with the component k). Then the
stellar matter is characterized by the pressure p, energy
density ¢, enthalpy density w = ¢ 4 p, temperature 7, as
well as by a set of number densities n, and chemical
potentials y,, of its different components. These parameters
are not independent: first of all, they should satisfy certain
thermodynamic relations, and, second, they should obey a
certain equation of state (EOS), provided by the micro-
scopic theory.

In this paper, we focus on the case of the quasineutral,
nonmagnetized, and degenerate matter, and, for the sake of
simplicity, we assume that all components of the matter are
normal, i.e., are not superfluid or superconducting. The
typical frequencies of the shear torsional oscillations are
about an order of magnitude lower [33,34] than the r-mode
eigenfrequencies in the recycled neutron stars. This means
that the crustal shear modulus is small for the problem of r-
modes in millisecond pulsars. Thus, in what follows, we
neglect elastic properties of the crust in NS dynamics. Next,
since the magnetic field enters the hydrodynamic equations
of the normal matter only via quadratic terms [see Egs. (23)
and (24) from [35] for the corresponding terms in the stress-
energy tensor], for the case of normal quasineutral non-
magnetized matter its perturbations do not appear in the
linearized equations of the theory that describes small
stellar oscillations. The matter degeneracy allows us to
ignore the temperature dependence of any thermodynamic
quantity f and consider it as a function f({n;}), depending
only on the set of number densities {n;}. The thermody-
namic relations in degenerate matter take the form

de = pdny, dp = mdpy. w = ;. (1)
Here and hereafter we imply the summation over the
repeated Latin indices. At the same time, the EOS of the
degenerate matter can be written as € = £({n; }). Knowing
the exact form of this relation, one, with the use of
thermodynamic equations, can also obtain the explicit
dependencies for all the thermodynamic quantities:
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p=pr{m}),  e=e({n}),
w=w({me}). =) (2)

Depending on the properties of the matter, we can
roughly divide the stellar interior into two different regions.
We will assume that in the outer region any thermodynamic
quantity of the perturbed matter can actually be considered
as a function of only one parameter, for example, the energy
density. The EOS of the matter that possesses this property
is said to be barotropic (or isentropic) and can be written in
the form p = p(e). This outer region throughout the text
will be referred to as the crust of a neutron star. We believe
that such an approach is justified for the following reasons.
First, although we do not account for the superfluidity in
this paper, microscopic calculations predict (see, e.g., [36])
that neutrons should be superfluid in a major part of the
outer core and crust. Although the pressure in the perturbed
outer core, composed of superfluid neutrons, protons, and
electrons, depends on two variables (three number densities
constrained by the quasineutrality condition) and should not
be considered as barotropic, hydrodynamic equations
describing dynamics of such matter are effectively baro-
tropic (i.e., possess the properties of barotropic ones), and,
in particular, do not contain g-mode solutions [37—40].
Similarly, the bulk of the crust can be treated as barotropic,
except for the narrow regions around chemical inhomoge-
neities [41]. These regions can hardly accumulate a sig-
nificant fraction of oscillation energy and thus should not
affect the global modes. In turn, in the inner region,
containing muons, as well as in the nonsuperfluid part of
the outer core (if it exists), it is impossible to parametrize
each thermodynamic quantity of the perturbed matter with
only one chosen parameter. The EOS obeying this property
is called nonbarotropic (nonisentropic). Moreover, the
dynamic equations describing superfluid npeu matter are
nonbarotropic even effectively [42]. The region with non-
barotropic matter will further be referred to as the core of a
neutron star.

We should also mention that, whether the EOS of the
stellar matter is barotropic or not, the matter in thermody-
namic and chemical equilibrium can be described by the
relation of the form py = py(gp). This form of the EOS is
used in calculations of stellar equilibrium configurations. It
is possible to show [43] that in a slowly and uniformly
rotating neutron star in equilibrium the spatial dependency
of thermodynamic quantities reduces to the form f, =
fo(a) with the new spatial coordinate a, introduced to
replace the radial coordinate r in a spherical (r,6, )
coordinate system:

r(a,0) = a+ Q*¢(a,0), (3)

where Q is the angular velocity of the star, and the function
{(a,0) describes the oblateness of the star caused by
rotation. Note that this statement is not only valid for the

Newtonian stars, but also for calculations in GR. A number
of techniques has been developed to compute {(a,#) for
both Newtonian and relativistic stellar models, see [43-46].

III. R-MODES IN NEWTONIAN GRAVITY

A. General linearized equations in Newtonian gravity

The macroscopic state of a neutron star in Newtonian
physics is characterized by the parameters of the stellar
matter, discussed in the previous section, the velocity
vector field v(r, 1) of the macroscopic material flows inside
the star, and its gravitational potential ¢p. The closed system
of equations, describing dynamical processes in the star,
consists of the Euler equation, continuity equations for
different particle species, Poisson’s equation for the gravi-
tational potential, the EOS of the matter, and thermody-
namic relations.

Now, let us consider a small perturbation over the
equilibrium configuration of a neutron star, rotating uni-
formly with the angular velocity €, directed along the z
axis. Within the Eulerian treatment any perturbed quantity
f in a given point (r, 7) of time and space is decomposed as
asum f(r,t) = fo(r) + 6f(r, t) of its equilibrium value f
and its Eulerian perturbation Jf that represents a small
deviation of f from the equilibrium, such that |5f/f,| < 1.
In the study of stellar oscillations, however, this treatment
can become inconvenient. The reason is, for example, that a
given perturbation may induce the deformation of the
surface of a neutron star, which, in turn, leads to the
formation of the areas near the surface, where f, = 0 and
5f # 0, thus the condition |5f/f,| < 1 does not hold.

The Lagrangian treatment offers an alternative approach
to the description of small perturbations, free of these
shortcomings. Let r(z) be the perturbed trajectory of the
chosen fluid element and ry () be the trajectory of the same
element in the equilibrium configuration. The vector
E(r,t) =r(t) —ry(1), called the Lagrangian displacement,
shows the variation of the trajectory of the fluid element,
induced by a perturbation. Following the paper of Friedman
and Shutz [47], we introduce the Lagrangian perturbation
of a tensor field f as

Af(r1) = 6f(r.1) + Lefo(r), (4)

where L:f is the Lie derivative along the vector field &.
From the physical viewpoint the Lagrangian perturbation of
a tensor field f shows the change in its components with
respect to the reference frame, which is embedded in the
fluid and sensitive to the perturbations of the star.
Particularly, the Lagrangian perturbation of the scalar field
can be written as Af (r, t) = f[r(),t] — fo[ro(r)] and shows
the difference between the perturbed field f(r, t), measured
along the perturbed trajectory r(¢) of a fluid element, and
the unperturbed field f((ry), measured along the unper-
turbed trajectory r((¢) of the same fluid element. Note that
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thus defined perturbations A =6+ L generally differ
from those, introduced, e.g., by Unno et al. [48] as
Ay =6+ (EV), and we have Af = Ayf, only if f is a
scalar field.

Using the definition v(r, t) = dr(t)/dt, it is now easy to
show [47] that

v = g—f + (vgV)E — (EV)vy, Ay

74 5
=5 0O
Although these relations may not be very useful in the
Newtonian theory, where one often solves the problem in
the corotating reference frame with vy = 0, they can be
easily generalized to the relativistic case and allow one to
properly introduce the relativistic counterpart of the
Lagrangian displacement, as will be discussed in Sec. IV.
Further in this section, we write the equations in the
corotating reference frame, in which case v = Av = 0€/ot.

In terms of the Lagrangian displacements, the closed
system of equations governing the dynamics of small stellar
oscillations &€ ~ f ~ Af ~ e/, where o, is the oscillation
frequency in the corotating reference frame, can be written
in the following form:

ow

1
—0%E + 2i0,[Q x ] = ¢? (—2 Vpo — —Vﬁp) - Voo
Wo Wo

6nk + diV(i’lkof) = 0

4zG
V25 = = (5w + 26p) (6)
C
Po = po(n), Himo = Hmo(Mxo) Wo = Hro"ro
0
op = <p> onyg, oW = Uroony + op.
ony/ g

Here ¢ stands for the speed of light and G is the
gravitational constant. The first equation is the linearized
Euler equation, written in the corotating reference frame.
The second and third equations are the linearized continuity
equations and linearized Poisson’s equation for the gravi-
tational potential, respectively. The rest of the equations are
obtained with the use of thermodynamic relations (1) and
the EOS of the matter (2).

Generally, the solution of this system is equivalent to the
simultaneous solution of the two second-order differential
equations in partial derivatives. In order to simplify the
problem, we ignore the perturbed gravitational field in the
Euler equation (the so-called Cowling approximation [7]),
so that the Poisson’s equation could be decoupled and the
rest of the equations could be solved independently. This is
equivalent to the solution of one second-order differential
equation in partial derivatives and greatly simplifies the
problem. At the same time, Cowling approximation pro-
vides, with reasonable accuracy, information on the quali-
tative behavior of many different oscillation modes, arising
in neutron stars (see [49] and references therein). In

particular, for Newtonian r-modes the relative error in
oscillation eigenfrequencies [to be more specific, in the
eigenfrequency corrections ¢(!), defined below by Eq. (11)]
due to Cowling approximation is less than 8% [50,51].

The system (6) can be easily reduced to the system of
three equations for &, 6p, and Sw. To this aim, we multiply
the linearized continuity equations for different particle
species either by (dp/ony),, or by o, and perform the
summation over the k index. With the use of thermo-
dynamic relations, two equations obtained this way can be
transformed to the form, which is free of the number
density perturbations and contains only the functions €, ép,
and 6w. Adopting the Cowling approximation, we can
eventually rewrite the resulting equations as

—0%E + 2ic,[Q x E] = (fv—ngpo - W%)Vép)

2
5p + w0 (%) ivE + (E¥)po = 0 ’

dw = 6p + div(w§) — (§V)po = 0

1 (ap
Wo <6nk> O”ko,

where c, is the local speed of sound. Because of their origin
and for the further convenience, the second and the third
equations of this system will be referred to as the “con-
tinuity equation 1” and ‘“‘continuity equation 2”, corre-
spondingly. Note that in the case of the barotropic EOS we

have
dw dp
ow=|—1| ép, s = — 1, 8
(@) emef(@), o

which makes these continuity equations equivalent to each
other and allows one to transform the right-hand side of the
Euler equation to the form of the pure gradient, so that the
system reduces to

(7)

cg=1¢

—0%E + 2ic,[Q x E] = —c*V <_),
e\ 2 )
op + wy (f) divé + (EV)py = 0.

As we shall see in the following sections, the difference of
the right-hand sides of the Euler equations for barotropic
and nonbarotropic matter significantly affects the math-
ematical properties of the problem. Thus, generally, the
study of the global oscillatory modes splits into the study of
the system (7) in the core of the star and the study of the
system (9) in the crust of the star with appropriate boundary
conditions, imposed at the stellar center, at the crust-core
interface and at the surface of the star.
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Finally, for the sake of mathematical convenience,
instead of dealing with £ and &%, we introduce the
functions Q and T, such that

_0Q 1 or )

¢=2 snoop oo 10

sinfdgp’
It is easy to verify that, once Q and T are expanded in
spherical harmonics, these formulas simply reduce to the
decomposition of the vector field € in vector spherical
harmonics [52]. The function T is often referred to as the
toroidal component of the motion. One can show that any
purely toroidal vector field is divergenceless.

B. The traditional approach to the Newtonian
r-mode calculations

As was mentioned above, the rotation of a star brings to
life special classes of oscillatory modes, whose main
restoring force is the Coriolis force. They arise because
of the rotation itself and have no counterparts in non-
rotating stars. In particular, there is a class of such
oscillations that obey the following two conditions. First,
their frequency should vanish when Q = 0. Second, they
should be predominantly toroidal, that is, only the toroidal
component should survive in the limit Q — 0. In the
literature, oscillations satisfying these conditions are
referred to as the r-modes (see the extensive reviews by
Andersson and Kokkotas [14] and Haskell [15], and
references therein for more details). Now, following
Provost et al. [50], we briefly explain the main ideas of
the traditional approach to the Newtonian r-mode calcu-
lations. Here we do not focus on the explicit form of the
equations, since in the following sections we provide the
detailed derivation of their relativistic counterparts.

Let us consider the r-modes in slowly rotating neutron
stars. Since the rotation is slow, we can present all the
quantities of interest in the form of an Q series. Once we
assume that the oscillation frequency in the leading order is
proportional to €, the analysis of Eqgs. (7) and (9) shows
that both in the nonbarotropic core and in the barotropic
crust the first terms of these series are

c,/Q = 0£0> + Q261 4 0(Q?),
T=T0 4 Q2T + o(Q?), (11)

Q=20 +o(@), &=V o), (12)

op=Q2p +0(Q%),  ow=Qwl +0o(Q?), (13)
and that only even powers of Q survive in all equations. The
latter property allows one to develop the traditional
perturbation theory with Q? being the small parameter.
These series will further be referred to as the traditional
r-mode ordering.

The mode eigenfrequency a£°> can be easily found from

the leading-order equations. Let us have a look, for
example, at the equations in the core. Since in the leading
order the vector € is purely toroidal, its divergence vanishes,
and continuity equations of the system (7) become iden-
tities. The r, 8, and ¢ components of the Euler equation are

2ig) sin@aT—(O) — 2 w) dp, ~ i&pm
' a0 w(z) da wy oa )’
(0)2 57(0) 0) ) )
T 2i6\ cos O L ey (14)
Sin 9 aqﬂ ae wod ae
o7 oT(® 2 5p0)
_G(ro)z —_—— 2i6<r0)ctg9 __ ¢ P

dp  woasind dop

Now, if we set 0>p(!) /00dp, obtained from the 6 compo-
nent, equal to the same derivative, obtained from the ¢
component of the Euler equation, we eventually arrive at
the equation for the toroidal component:

0 T 2i oT® 1 ¢*TO
ing - —0. (15
sin600” " 00 | 7,0 ap ' sin’e og? (13)

It is easy to see that this equation admits the solution of the
form

., TO =— T
I(I+1) Him

(a)Pr(cosB)e™,  (16)

where PJ'(cos @) is the associated Legendre polynomial,

T;?n) is the r-mode amplitude, and the factor (—i) is

introduced for further convenience. Note that the analogous
derivation with the same outcome can be carried out for the
crust of the neutron star. This result implies that the
dependency of all perturbations on the azimuthal angle
reduces to ¢™?. Further, for brevity, we omit this depend-
ency and write all the perturbations simply as &f(a, 9).
Without any loss of generality we can assume that m > 0,
since the solution with m < 0 can be obtained from the
solution with m > 0 via complex conjugation. The typical
geometry of the streamlines, corresponding to the purely
toroidal vector field & with angular dependency (16) for
different combinations of / and m, is pictured in the Fig. 8
in Appendix A.

Thus, the leading-order equations allow one to specify
the angular dependency of 7%, The situation with the

calculation of the amplitude ngl)(a) is more complicated

and depends on whether the EOS is barotropic or not. From

Eq. (14) it is clear that in the core Tg]n)(a) cannot be found
in the leading order, thus, the analysis of the next-order
equations is needed. These equations are studied using the

expansions in associated Legendre polynomials,
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=3Py (),

L>m

x = cosé. (17)

Since the azimuthal number m is fixed, in what follows, for

convenience, we omit the subscript m and write TEO)

of Tg)n) and f;_l) instead of f (Lln)w although these quantities
may actually depend on the value of m. We substitute these
expansions in the first-order equations and use the relations

instead

d dpPr m?2
—(1=-x)=L+|L(L+1)- P =0
A ol Lk e LA
PI"=0 when L <m, (18)
xP}] = k; P]_, + ki P},
2 dPZl + pm — pm
(1—-x )E: (1+ l)kLPL_l —lkLPLH, (19)
L+m L—m+1
b= e 20
L= +1° L 2L + 1 (20)

to reduce the angular dependency of all the terms in the
obtained equations to one or another Legendre polynomial.
Then, setting the coefficients before different Legendre
polynomials to zero, we arrive at the system of the first-
order ordinary differential equations (ODEs) for f;. The
analysis of these equations, along with the first equation of
(14) shows that in the core the problem reduces to the study

of the closed subsystem of equations for TEO) , QEQI ,and c_‘fgli)l .

In the crust of the neutron star the situation is different.
The reason is that the right-hand side of the Euler equation
has the form of the pure gradient, which allows one to find
T§0) (a) without considering the first-order equations.
Indeed, € and ¢ components of the Euler equation exactly
coincide with their counterparts in the core, whereas the
radial component takes the form [compare with the first
equation of (14)]

oT©) p) (1)
26\ sin0 % = —c2— (2. (21)
a0 da \ wy

Now, since p(!) ~ ¢ we can express p!) from the ¢

component of the Euler equation and substitute it to the
equation above. Using the relations (18), we obtain

d

(14 12k Lla (aT'\") + ZTM P (x)
d

+Pic [ @r) - @+ 0r? e =0 @2)

This equation is not contradictory, if and only if / = m, in
which case we immediately find

7% (a) = const - a'. (23)

The approach to the next-order equations in the crust is the
same as the one adopted in the core: we start with the
expansions (17) and then study the closed subsystem of the
first-order ODEs for the coefficients f;. But in the case of
the barotropic EOS the solution of this system can be
reduced to the solution of one simple equation for the
radial displacement that can be formally written as

£V 4 g1(a) &), + g1 (@)D + gy (@) TV (@) =0,  (24)

where g;(a), g»;(a), and g,(a) are some functions of a
[see Egs. (73) and (74) for their relativistic counterparts],
and the prime denotes the derivative d/da. This equation is
easily solved analytically,

|
5521(‘1) = ﬁ [50 + /(921(“)0(1)

a

+gzz<a>>n<a>T§°><a>da],

@) =exp(~ [ ta)da ). (25)

a

Here &, is the integration constant and the variable a is
normalized such that @ =1 corresponds to the stellar
surface.

Thus, in order to find the global r-modes one has to solve
the mentioned system of ODEs in the core and the obtained
ODE in the crust, supplemented by appropriate boundary
conditions. Solution of these equations, as will be discussed
below in Sec. IV E, constitutes the eigenvalue problem that
allows one to find the eigenfrequency corrections o)
and corresponding eigenfunctions. These eigenfunctions
are traditionally distinguished by the number of nodes of
the toroidal function, i.e., by the number of points inside the

star, where TEO)(a) = 0 (see, e.g., Provost er al. [50]).

In numerical calculations and in the theoretical analysis
it is usually convenient to operate with dimensionless
equations. Let M and R be, respectively, the mass and
radius of a given neutron star. The transition to the
dimensionless counterparts of the functions and variables
discussed above can be achieved by the following formal
replacements in the hydrodynamic equations:

{a.T.0.8} >R-{a.T.0.&}.  {c.c;} = QkR-{c.c;},

(26)
M(QxR)?
{Po.wo, 6p, ow} — % {Po.wp.p. 6w},
{Q,0,} - Q- {Q,0,}, (27)

where
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(28)

is the quantity of the order of the stellar Keplerian angular
velocity. Actually, these replacements do not change the
form of the equations: all thus introduced multipliers
eventually cancel each other out and one is left with
exactly the same equations. Therefore, all the quantities
in the resulting ODEs in the core and in the crust can be
considered as dimensionless. From now on, we always
work with dimensionless equations and quantities.

IV. R-MODES IN GENERAL RELATIVITY

A. General linearized equations in GR

The approach to the description of stellar dynamics in
general relativity resembles the one adopted in Newtonian
physics, although there is a number of key differences. First
of all, the macroscopic flows in the star are characterized by
the 4-velocity vector field u”, instead of the vector field v.
Secondly, a set of metric functions g, obeying the Einstein
equations describes the gravity of the neutron star, instead
of the gravitational potential ¢, obeying the Poisson’s
equation. In x* = (ct, a, 0, ) coordinates the equilibrium
configuration of the slowly rotating neutron star corre-
sponds to the equilibrium 4-velocity

wut =—1,  (29)

and its gravitational field is defined by the line element of
the form [43]

ds* = g, dx"dx* = —e*(@9) 2 di* + 0 (dr(a,0)]?
+7%(a,0)e? (@9 [d6? +sin’0(dgp — Qw(a)dt)?]. (30)

In this study we present the differential dr(a, 0) [see Eq. (3)
for the definition of ] and metric functions v, A4, and y as

0 d
dr(a,0) = <1 +92£)da +Q20—gd6’, (31)

v(a.0)=vy(a) +Q%vs(a.0),

Ma,0)=2(a)+Q%1,(a,0), y(a,0)=Q%,(a,0), (32)
which is equivalent to the decompositions, adopted by Hartle
[43]. Here and hereafter, for convenience, we
omit the subscript “0” when dealing with the equilibrium
4-velocity and metric tensor, and write #* and g, instead of,
respectively, 1 and g ,,. In what follows, we also use the
(=, +,+,+) metric signature convention and imply the
summation over the repeated Greek indices. Note that,
whereas in the Newtonian gravity the rotation affects the
equilibrium configuration of the star only starting with

the terms of the order Q> and higher, in GR the rotation
of the star manifests itself already in the first order in Q:
the function w(a) describes the relativistic effect of the
inertial reference frame-dragging and, as we shall see,
drastically changes the properties of the relativistic 7-mode
counterparts.

As in the Newtonian theory, in GR there are two ways of
describing small perturbations of a neutron star. The
Eulerian treatment does not undergo any changes and can
be instantly applied in the study of relativistic equations. The
relativistic generalization of the Newtonian Lagrangian
treatment was developed in the papers by Taub [53],
Carter [54], and Friedman and Shutz [4,55]. It was proposed
to introduce the Lagrangian displacement 4-vector &
showing the world line variation of a fluid element induced
by a perturbation. Then the Eulerian §f and Lagrangian A f
perturbations of any physical quantity f are related as

Af(x) = 6f (&) + Lefo(x*). (33)

where L;f is the Lie derivative of a tensor field f along the
vector field &“. Particularly, it can be shown [4] that the
Eulerian perturbation of the 4-velocity éu* = u* — u# is
related to & and the metric Eulerian perturbations &g, =

g;w — as

Sut = %u“u/’u’légpﬂ +15L,8,  1h=6+u'u,  (34)
From these equations it is easy to verify that the Eulerian
perturbation du* automatically satisfies the linearized form
of the normalization condition u,u* = —1.

The introduced Lagrangian displacement & is defined up
to the gauge transformation & — & + n#, where #* is the
trivial displacement, that is the displacement that realizes the
solution of the perturbed fluid equations with all Eulerian
perturbations set to zero. Particularly, this means that
15L,,° = 0, which allows us to impose the gauge condition
u,&" = 0 on the Lagrangian displacement & [4,55].

The fully relativistic calculation of stellar oscillations
constitutes a complex problem, since one has to deal with
linearized Einstein equations in a rotating neutron star. At
the same time, if we ignore the perturbations of the
geometry and set g,, =0 (the simplest form of the
relativistic Cowling approximation), the problem greatly
simplifies and reduces to studying the linearized hydro-
dynamic equations, as it was in the Newtonian theory.
A comparison of the full relativistic calculation and the
calculation within the Cowling approximation for different
stellar oscillations shows [56-58] that the latter can be used,
with reasonable accuracy, as an estimate for the normal
stellar modes and corresponding eigenfrequencies, unless
one is interested in the study of w-modes, which do not have
a Newtonian counterpart. For the relativistic r-modes,
which we are interested in, the Cowling approximation
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leads to the relative error in oscillation frequency o ranging
from 6% to 11% [58]. As will be discussed below (see
Sec. VII), the error introduced by the Cowling approxima-
tion for the relativistic r-modes in the Q — 0 limit is likely

to be significantly smaller because of the peculiarities of the
r-mode behavior in this limit.

In the Cowling approximation the dynamics of small
perturbations is governed by the following closed system of
equations:

1 o 1
(N ,)out 4 su” [Vpu" +— (utsh + u’léﬁf)V,lpo} — 1w {W_v;/ V,po - W—Ovpép =0,

Wo 0
N [\/—detg(dnut + nyyéut)] =0,
\/— det g ox* (35)
Po = po(n), Himo = Hmo (o) Wo = Hiko"k0s
0
op = (_p> ong, ow = pioon; + op,
o/
Sut = 15L&, u, &' = 0.
|
Here detg = detg,, = detg,,, the covariant derivative V,  using the normalization u,u* = —1 and the unperturbed
is defined for the geometry (30), and the metric tensor g, Euler equation,
is used to relate covariant and contravariant tensorial
components. The first equation is the linearized Euler VA 1 v, 36
equation, written in the laboratory reference frame, and (W, )u Wy rPo: (36)

the second equation presents the set of continuity equa-
tions for different particle species k. The rest of the
equations are obtained from thermodynamic relations
(1), the EOS of the matter (2), the gauge condition for
the Lagrangian displacement, and the formula (34), written
in the Cowling approximation. Note that the components
of the linearized Euler equation are linearly dependent: if
we denote the left-hand side of this equation as F*, then,

|

Wo
L 9 detaspu] +wo (&)
R A u wa [ 22
v/— det g ox* op '\ ¢

1 3}
\/Tetg@ [\/ - detg(éw - 517)14”]

sut = 15L&,

u,f" =0.

m@ [\/ —det géu”} + (5ul‘vﬂ)p0 = 0,

1 0
S detgon

it is easy to show that u, F* = 0. Therefore, in our study it
is sufficient to consider only a, 6, and ¢ components of the
Euler equation.

We can get rid of the number density perturbations by
multiplying the continuity equations by either (dp/ony), or
Uio and then performing the summation over the k index.
As a result, in the core the equations can be written as

ow

1 1
(uV,)ut + su? [Vpu" +— (u"5) + uléfp‘)vlpo} = 1# [wz V,po — W—OVP(Sp ,

0
1 0

(37)
[/ —det gwodut] — (6u"V,)py = 0,

Note that in the derivation of these equations we have explicitly used the equality u® = u’ = 0, and the fact that the
equilibrium quantities do not depend on ¢ and ¢. In the following, for simplicity, we shall refer to the second and third
equations of this system as the “continuity equation 1~ and “continuity equation 2”. Equations in the crust of the neutron
star are obtained in the same manner, but, similarly to the Newtonian case, the barotropy (8) of the EOS makes two
continuity equations equivalent to each other and modifies the right-hand side of the Euler equation. As a result, we have

(uV,)ut + suP [Vpu" + WLO (ut5h + uléf,f)v,lpo} =-1mV, (5_p>

1 0 2
[\/—detgdpu’] + w, <&>
c

\/—detg@

Sut = 14L&, u,&' = 0.

0
\/—detg@[ —oete

1
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Thus, the study of global stellar oscillations splits into the
study of the system (37) in the core and system (38) in the
crust. As we shall see, the barotropy of the EOS brings
about even more serious differences between the r-mode
properties in the core and in the crust of the neutron star
than there were for nonrelativistic modes.

Relativistic counterparts of Newtonian functions Q and
T can be written as

9 1 [00gr 1 0Tgr
SGr =~ - )
r| ad0 sin@ Jdg
1 1 0Qcr  9Tcr
O = - . 39
Sar rsin @ [sin& dp 00 (39)

It is easy to verify that the functions Qgr and Tgr reduce,
respectively, to the functions Q and T introduced in the
Newtonian limit. Once we expand Qgr and Tggr in the
associated Legendre polynomials (or spherical harmonics),
it becomes evident that this decomposition is equivalent to
that used by Regge and Wheeler [59] and Thorne and
Campolattaro [60]. Further, we employ this decomposition
in the study of relativistic equations, omitting the “GR”
subscript. As we shall see, the expansions of Q, T and other
quantities in the associated Legendre polynomials will
allow us to separate variables in the equations and reduce

|

the problem to the study of the first-order ODEs, similar to
the Newtonian ones. The function 7" will be referred to as
the toroidal function throughout the text. It can be shown
that the 4-divergence V,A* of a purely toroidal 4-vector A¥
vanishes in the limit Q — 0.

B. The problem of the continuous spectrum

Let us consider the case of a slowly rotating neutron star
and try to find the solution of relativistic perturbative
equations in the form of r-modes, i.e., our aim will be to
find predominantly toroidal oscillations, for which the 7 and ¢
dependencies of any perturbation are & ~of ~Af~
eiottimy and for which eigenfrequencies ¢ = o, — mQ,
defined in the laboratory reference frame, vanish in the
Q =0 case. The linearized equations contain only even
powers of Q and it seems that the most natural way to do this
is to study relativistic equations, assuming that the Newtonian

ordering (11) holds for GR (with the frequencies o, and a$0>

replaced by & and ¢(°), correspondingly). If we employ this
ordering, for example, in the core, then in the leading order
the continuity equations of the system (37) become identities,
whereas the 6 and ¢ components of the Euler equations can
be written as [cf. similar Eq. (14) for Newtonian stars]

i (0))2 oT© 20209 gp(1)
M’T(O) — 21(”’[ _|_ 6<0>) CcOS 6[1 — a)(a)] = ce p s
sin @ a0 aw, 060 (40)
o7 imc2e*o p()
- (0))2 2 ON1 = te@T0) = —— ~ ©
(m+ o) Y] +2m(m + ¢\”)[1 — w(a)|ctg S0 awg

Expressing p(!) from the second equation and inserting it in
the first one, we arrive at the following equation for the
toroidal function 7©)

(0) — 2
——sin@aT [Zm[l w(a)] m

- 7O =0. (41
sin® 00 00 m—+ o sinQQ} (41)

If we look for the solution of this equation as
7O = —iTEO)(a)P;”(cos 0), we immediately obtain

[Gm) +m— W} T"a)=0. (42

It follows then that either the solution is trivial, or there
exists a resonance point a*, in which

0 _ 2m[l — w(a*)]
(1+1)

o —m,

T\ (a) ~ 8(a — a*). (43)

This result implies that, since w(a) is a positive mono-
tonically decreasing function of a, for any combination of /

[

and m we have a continuous spectrum of eigenfrequencies,
corresponding to resonance points 0 < a* < 1 and taking
values within the range

2l 0O o 2l =o] gy

(+1 - I(1+1)

Thus, application of the traditional approach to the relativ-
istic r-mode calculations inevitably leads to the continuous
eigenfrequency spectrum. For the first time, this peculiarity
of the relativistic 7-mode spectrum was revealed in the
works by Kojima [16,17], where relativistic linearized
equations were studied both within and beyond the
Cowling approximation. The continuous spectrum was
shown to emerge as a consequence of the fact that the
leading-order r-mode equations, derived by Kojima, con-
stitute a singular eigenvalue problem instead of a regular
one [16-18]. Actually, an analysis of the equations beyond
the Cowling approximation indicates that a nontrivial
solution of these equations can be achieved only if the
r-mode eigenfrequency takes a value in the range
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2l =wQ)] o 2mll ()] )

E = U(l+1)

As far as we know, at this point there is no consensus in
the literature on whether the continuous spectrum is a
physical phenomenon or an artifact of the adopted assump-
tions and simplifications. Kojima argued [16,17] that the
continuity of the spectrum reflects the fact that the fre-
quency is measured by an observer, whose angular velocity,
because of the inertial reference frame-dragging, is position
dependent even for uniformly rotating stars. Kojima also
expected that, although all eigenfrequencies within the
continuous spectrum range are equally possible in the
leading Q? order, some favored eigenfrequencies can be
selected by higher-order corrections. Further investigations
of higher-order equations [19,20] revealed, however, that no
such selection takes place: solving the next-order equations,
one finds continuous corrections to the leading-order
frequency spectrum. Moreover, in the Cowling approxima-
tion for the case of barotropic EOS these continuous
corrections remained continuous even in the Newtonian
limit, i.e., it seemed that the obtained pathological solution
did not have proper Newtonian counterparts.

Significant contribution to understanding the r-modes in
barotropic stars has been made in the papers by Lockitch,
Andersson and Friedman [21,24], where the analysis of the
effect of rotation on the zero-frequency modes of non-
rotating stars was discussed. It was shown that the tradi-
tional ordering cannot be applied to study the r-modes in
barotropic stars, since it immediately leads to the over-
determined system, a fact that was overlooked in the
previous works of Kojima. Moreover, it was shown that
the r-modes in barotropic stars simply do not exist, and that
the / = m Newtonian r-modes correspond to the relativistic
inertial modes with discrete spectrum [which removes the
pathological solution with the nonvanishing (even in the
Newtonian limit) continuous eigenfrequency correction,
discussed above].

For nonbarotropic stars, however, the problem of the
continuous spectrum survives. In the same paper by
Lockitch, Andersson, and Friedman [21] it was noticed
that for the eigenfrequencies within the range

2m(1 — w(1)] m < 60 <M_m (46)

(l+1) =7 = Ul+1)

the problem, actually, is regular and the corresponding
solutions, further referred to as the discrete r-modes,
are characterized by the discrete oscillation spectrum.
Such r-mode solutions with discrete eigenfrequencies were
immediately found by the authors for the uniform density
stellar model, and these solutions were claimed at first as
relativistic replacement to the Newtonian r-modes. It is,
however, interesting to notice that these r-modes cannot be
obtained in the Cowling approximation, since their

eigenfrequencies take values beyond the band (44) (which
becomes possible if one accounts for the metric perturba-
tions). Thus, while the authors of that study do not exclude
the possibility of coexistence of discrete and nondiscrete -
modes, they still arrive at a conclusion that r-modes very
likely cannot be described in the Cowling approximation.
But further application of their ideas to the more realistic
case of slowly rotating relativistic polytropic stars, carried
out by Yoshida [61], showed that the existence of discrete
r-modes depends on the polytropic index and the compact-
ness of the stellar model, and it is very likely that these
modes do not exist under conditions typical for neutron star
interiors, and, therefore, are not important for neutron star
physics. Yoshida then came to the conclusion that one
should look for the r-mode solutions within the continuous
spectrum band that could also contain some hidden dis-
crete modes.

Such hidden modes, further referred to as the isolated
modes, indeed were found in the low-frequency approxi-
mation by Ruoff and Kokkotas [22], but it turned out that
they have divergent velocity perturbations and therefore
cannot be considered as physical. The authors of that study
concluded then, that the physical r-modes should be sought
beyond the range (44), which, obviously, contradicts the
point of view expressed by Yoshida [61]. At the same time
Lockitch, Andersson, and Watts [30] argued that account-
ing for the higher-order terms in the relativistic r-mode
oscillation equations might regularize the problem and that
the modes that are divergent in the leading order could
actually become finite, once such terms are included.
However, determining the exact form of these terms is a
rather complicated problem which, as far as we know, has
not been solved yet.

In the discussion of the possible origin of the continuous
spectrum, some authors [18,21,61] suggested that the so-far
studied equations, derived by Kojima, simply do not govern
the dynamics of the “genuine” r-modes, since they do not
allow for the gravitational radiation and/or for the dis-
sipative mechanisms operating in the stellar matter. The
idea is that these effects would produce an imaginary part in
oscillation eigenfrequencies, which could potentially regu-
larize the problem. It seems that the inclusion of the
gravitational radiation does not regularize the spectrum
[28,29], and the existence of r-modes in more realistic
stellar models remains questionable. At the same time, the
regularization based on the inclusion of the shear viscosity
in the theory actually works [31,32]: the continuous
spectrum is regularized, and, as the shear viscosity is taken
to be closer and closer to zero, those stellar models that
previously did not admit r-mode solutions, regain them.
However, in such regularization the rotational corrections
are implicitly considered small compared to the viscous
terms, which is exactly the opposite to the situation one
expects to take place in neutron stars.
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All of the studies discussed above are performed within
the slow-rotation approximation and focus on the equations
obtained in different orders in Q. We did not find any
comments in the literature on whether the solutions to the
equations, obtained within this approximation, really satisfy,
with reasonable accuracy, the general relativistic oscillation
Eq. (37) with small values of Q or not. In our opinion, there
is no guarantee that the solutions of the known equations in
the slow-rotation limit correspond to the “real” relativistic
modes obtained from the general Eq. (37). Moreover, it is
interesting to notice that more “straightforward” calcula-
tions that do not rely on the slow-rotation approximation,
both in barotropic [25,26,58,62] and in nonbarotropic
[23,63] stars, show no indications of the continuous part
of the spectrum, and there are no difficulties in obtaining the
normal r-modes with discrete eigenfrequencies falling
within the continuous-spectrum-associated frequency band.
This result seems natural for the barotropic case, since, as
has already been mentioned, the relativistic generalization
of the Newtonian r-modes are the discrete inertial modes.
For nonbarotropic stars, however, this result comes as a
surprise, since it contradicts the theoretical predictions of
the presence of the continuous spectrum, made in the slow-
rotation approximation. As far as we know, there are
only two works devoted to the numerical calculations of
the r-modes in nonbarotropic stars, carried out by Yoshida
and Lee [23] and Villain, Bonazzola, and Haensel [63].
Interestingly, in these works discrete r-modes are found in
the Cowling approximation, in which the problem of the
continuous spectrum seems to be especially pronounced.

Summarizing, the calculation of the relativistic r-modes
of nonbarotropic stars produces a lot of controversial
results. Theoretical studies in the slow-rotation approxi-
mation fail to find the relativistic generalization of the
Newtonian r-modes. They predict the coexistence of the
continuous eigenfrequency band (44), the isolated eigen-
frequencies within this band, and discrete modes with
eigenfrequencies (46) placed beyond the continuous spec-
trum range. Neither isolated modes nor discrete modes can
be surely considered as the true relativistic r-modes: the
status of the former is disputable, since they have divergent
velocity perturbations in the leading order of the theory
[22,30], whereas the latter may simply not exist under
conditions typical for neutron star interiors [61], and,
moreover, cannot be found in the Cowling approximation.
At the same time, numerical studies beyond the slow-
rotation approximation [23,25,26,58,62] reproduce the
discrete r-modes, analogous to the Newtonian ones.
Despite the idea [21] that it is impossible to find relativistic
r-modes in the Cowling approximation, Yoshida and Lee
[23] and Villain, Bonazzola, and Haensel [63] actually do
find these modes for rapidly rotating stars. The spectrum
regularization via viscous dissipation [31,32] is an inter-
esting result, but it does not provide much information on
what goes wrong, if one considers the oscillations in the

nondissipative case. There is one thing, though, that seems
to be clear: it is very likely that the traditional approach,
based on the expansion in an  series, is not suitable for
this problem. In the following sections, we develop an
alternative approach to studying the r-modes within the
Cowling approximation. This approach reveals some
previously overlooked interesting properties of relativistic
r-modes, and allows one to obtain general r-mode equa-
tions, resembling the Newtonian ones and valid for
arbitrary EOS. This approach also helps us to clarify
the illusive nature of the continuous spectrum and the
reasons for the slow-rotation approximation breakdown.

C. A new approach to the r-mode equations:
Stellar core

The approach we are about to develop is inspired by the
one proposed in Kantor et al. [64], where a mathematically
similar problem was encountered in superfluid neutron
stars and the continuous spectrum emerged as one tried to
account for the so-called entrainment effect between pro-
tons and neutrons (e.g., [65-67]).

Now, let us assume that the frame-dragging effect is
weak, and write @(a) = e®(a), where the magnitude of the
effect € = maxg<,<;{w(a)} is assumed to be small. On one
hand, this assumption simplifies the analysis of the equa-
tions, and, on the other hand, it does not eliminate the
problem of the continuous spectrum, since the formula (44)
was obtained for the arbitrary (e.g., small) values of w(a).
As it turns out (see Secs. V and VI B for more details), this
assumption is expected to provide a rather accurate estimate
of the spectrum at Q — 0 even in the realistic case of (not
necessarily) weak frame-dragging effect. In the following,
we will also ignore background geometry corrections oc Q2
and set the functions v,(a), 4,(a), y,(a), and {(a,0) to
zero. Strictly speaking, this approximation is not justified,
since these corrections affect the spectrum quantitatively
and should be accounted for in the most accurate calcu-
lation. But our aim in this paper is not to present such a
calculation but to provide an insight into the origin of the
problem of the continuous spectrum that would give one a
hint on how such calculations should be performed.
Moreover, these corrections do not affect the mathematical
properties of the problem.

When we deal with perturbations of the form
E~Sf ~ Af ~ e ime g further reduction of the system
of equations in the core (37) is possible. The first step is to
exclude the perturbation of the enthalpy density ow, using
the a component of the Euler equation. The second step is
to exclude the pressure perturbation op from the ¢
component of the Euler equation. As a result, we obtain
the # component of the Euler equation and two continuity
equations that form a desired closed system of equations for
&4, T, and Q. We do not provide an explicit form of these
equations, since at this point they are very cumbersome and
noninformative.
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Now, let us try again to find the r-mode solutions, using
the three obtained equations. An important property of
these equations is that, once we assume the oscillation
frequency to be proportional to €, only terms with even
powers of Q survive, so that the small parameter in the
problem, associated with slow stellar rotation, is Q% not Q.
This rather subtle observation will play a significant role in
the discussion of the relativistic 7-mode ordering in the
following sections. At this point it means that we have two
small parameters in the problem—the rotation-associated
parameter Q? and the frame-dragging effect of magnitude e,
such that in the limit of the vanishing rotation rate Q> — 0
and Q?/e — 0. Physically, the latter condition means that
we account for the frame-dragging effect even for arbi-
trarily slow rotation rates. Note that this is fundamentally
different from the post-Newtonian studies, when one looks
for the relativistic corrections to the Newtonian modes with
e =0, so that effectively €/Q* — 0. The central idea
behind our approach is not to discriminate between small
corrections due to ¢ or Q2, but to consider them simulta-
neously. Mathematically, this is achieved by the following
decomposition:

o= Q6" + 6],
0=0W, g =W, (47)

Here the terms f(© correspond to the solution of the
equations in the limit Q> — 0, € — 0, and Q?/e¢ — 0.
These terms and corresponding equations will be further
attributed to the leading order of the theory, although the
term “order” is ill defined in our case, since we simulta-
neously consider two different small parameters. The terms
f(” are assumed to be small (due to Q, ¢, or both),
compared to the terms f(°). These terms and equations,
where one does not set Q> — 0, ¢ — 0, and Q/e — 0, will
be further attributed to the next order of the theory. The
procedure to obtain the next-order equations will be
discussed below. Note that these decompositions do not
imply any explicit ordering, and the only thing we rely on is
that e and Q? are small.

In the leading order of the theory the continuity
equations become identities, and the @ component of the
Euler equation reduces to the equation for 7©) of exactly
the same form

Lo,
singo0° " o0

or© N { 2m m>

- 7O =0, (48
m + o0 sinze} (48)

as it was for the Newtonian stars [cf. Eq. (15)]. Thus, in the
leading order the traditional r-mode spectrum is restored,
and we have

2m 2m
(0) — _ ) _
+n - " 7 Ty
7O = —iT\%(a) P (cos 0). (49)

Now, let us proceed with the derivation of the next-order
equations. In order to do this, we substitute our decom-
positions (47) into our general system of equations (two
continuity equations and ¢ component of the Euler equation
with excluded §p and éw), and then simplify them, using
the leading-order equations. Then we throw away small
terms, using the following selection rule: if, in any
particular equation, there is a term f, then we can safely
ignore the terms ef and Q’f in the very same equation.
Further analysis of thus obtained first-order equations
becomes more feasible, if we, as in the Newtonian theory,
expand all the quantities of interest in the associated
Legendre polynomials:

=3Py ().

L>m

x=cos 6. (50)

Then, after using the properties (18) and (19), we find out
that the variables in all the equations separate, and we

obtain a system of the first-order ODEs for TEO) (a), T<Ll) (a),
Ql(,‘l)(a), and §(Ll>(a). To be more specific, after the sub-

stitution of Legendre expansions, each of the next-order
equations can be formally written as

Ao (@) Py (x) + Ay (@) PPy (x) + A(a) P (x)
+ A1 (@) P (x) + Ao (a) P, (x)
Y By @)Pp() =0, (51)

L>m

where A; (a) and By (a) are some functions of a. The terms
A, (a) originate from those terms in the system before the
separation of variables that contain 7()(a,x) and its
derivatives. The terms B (a), in turn, are produced by
those terms that contain decompositions (50) for f(!)(a, x)
and their derivatives. There are two types of the first-order
ODE:s that follow from such equations:

firsttype: A; (a)+Bp(a)=0 forLe{l,1+1,1+2}, (52)

second type: B (a)=0 for L& {l,l+1,1+£2}. (53)

Actually, the “permitted” values of L for the first-type
equations and the “forbidden” values of L for the second-
type equations may differ from the shown ones, since for
some L we may have A4; (a) = 0 [68].

A number of useful conclusions can be drawn from the
analysis of the second-type equations, obtained for the 6
component of the Euler equation
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mEDE TRV ) - (i (L - 1004, - (1 - ag)él! ]

(1+1)

+ LkL+1 (L + 2)Q(Llll +(1- ag)é(LlJ)rlL L& {l1+2} (54)

and for the two continuity equations,

aw’f(l) +w [a§(1>/+ 2+a 2 (1 _ (1 _

oz +wolagy g+ak)é, —LIL+1)Q,1=0,  Le{l+1}, (55)

A
agel! - <?> ae" + 2+ ai)e) L+ 10 =0,  Lef{i+1}, (56)
where we have introduced the gravitational acceleration g = vf, = —p(,/wy [the last equality follows from the equilibrium

Eq. (36) for Q = 0]. If we express f(Ll)/ from one of the continuity equations and substitute into the other, we immediately

obtain 521) = 0 for L ¢ {I & 1}. Then, from any of the continuity equations and the & component of the Euler equation it is
easy to see that

V=0V =0 forLe{ix1}, TVW=0 forLeg{l1+2}, (57)

which is very similar to the situation one usually encounters in Newtonian studies of nonbarotropic stellar models.

Now we are ready to study the first-type equations. It turns out that the function TE remains undetermined in this order

(0)

of the theory (similarly to how 7', cannot be obtained from the leading-order equations), and the first-type equations form a

closed system of the first-order ODEs for all remaining functions {TEO),./:;B], QEBI,TSE)Z}. There are three first-type
equations, obtained from the # component of the Euler equation. Two of them can be used to express Tgli)z through TEO),

01V}, and &Y as

) i+ ekl {262 (1= 2)Pe[(1 = ag)&, + 1010)] + m@2k; a®(1P = 61 = 81+ 8)T}"}

T\ = , 58
=2 4mc2l(21 - 1) (58)
A ileT kg {2621+ D21+ 3)e™ [ (ag - DEY, + (1+ 1)) = mQ2kr (B + 982 + 71 - 9)T\"} (59)
2 dmc*(1+1)(21 +3) ’
while the third has the form of the algebraic relation between TEO), fgli)l, and nglt)l
AP(1+ 1)2e20[1(1 + 1)6) + 2mea(a)] T
+ @PmQ2Am? = P(1+ 12 + B(B + 9P + 71 = 9)ki kj,, — (1 + 1)2(8 = 612 — 81 + 8)k; k1T
17 — 1 1
= 22P(1+ 120 { (14 Dk [(ag = DED + (1= 1) + 1K, [(1 = ag)&l), + (1+2) Qi) 1} (60)
From the first continuity equation we obtain two equations of the first type:
2amQ2k; [4aT\" + a(4A — g(B + 21 4 8) — 44) T\ + 2(F + 21 - 3)T\"]
= 2gleo(2(1 - 1)1Q\Y, — &Y (2aA + F = 1) = 248}, (61)
2amQ2k [4aT\" + a(4A + g(B + 32 + 51— 5) — 44T\ + 2(F =21 = 5)T\]
cg(l+ 1)2e2(1 + 1)(1 +2)Q; - &' (20 + F = 1) = 28,1, (62)

where we have introduced
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oSl ()]

First-type equations, obtained from the second continuity
equation, have similar form and can be used to express

(1 (0) (1)
2 Q). through 7, and &/, as
F(a) = 2a [% - g<i> ] +5. 63 : e
CS
|
o) _ CoPRagl 4 (F = DEN] = 2am@kf e lag (P = 2) = 2(F = 5 = 2a7)IT}” (64)
= 2c¢%gP(1-1) ’
g1+ 12248 + (F = )&V ] + 2amQ2k; e 0]ag(B + 32 + 1= 1) + 2(F = 5 — 2ay)| T} (65)

1
Q§+>1 =

2¢2g(14+1)%(1 +2)

If we substitute (64) and (65) into Egs. (60)—(62), we arrive at the closed system of three equations for TEO), 551)1, and fglﬁl .

This system can be transformed to relatively compact form,

c2g62”0 [12k+

-0,

2 2 ,2u,
O, 7(0) RO B I O P (U
Tl + Tl |:A + g(l 1) a:| + 4amQ2kl_ 51_;,_1 -
() (0) [+1 Aczglzeb" (1)
f 1 { —olt2)+ ] 4amQPk; 1!

T§O>{czez’“°gl(l + DI+ )6V + 2med(a)] + aQ?[agy, + 4my, (2aky — F +5)]} =
o a8 + & [2ag(+ 1)+ F 4204 1)) + (14 1%, (2082 + &1 [2ag0 + F —20 = 1)),

0 (66)

where y; and y, are numerical coefficients that can be conveniently written as

PRk + (T D)k

71 = lz(l—F 1)2 ’ V2 =

Being written in the Newtonian limit, the system (66)
reproduces the Newtonian r-mode equations in the core,
whose derivation is very similar to the derivation of the
relativistic equations and was briefly discussed before in
Sec. III.

The I = m case, most intensively studied in the liter-
ature, deserves a special consideration, since the r-mode
with [ =m = 2 is most CFS unstable. In this case, the

functions Qg, 551)1, and Tgl)z should be set to zero as
coefficients in front of the Legendre polynomials P}" (x)
and P7",(x) that vanish for / = m. One should also ignore
Egs. (58), (61), (64), and the last equation of the system
(66). The reason is that these equations are obtained via
setting the coefficients before P} | (x) and P}",(x) to zero,
whereas for [ = m the terms with P} (x) and P}, (x)
simply do not appear. Thus, for / = m we are left with the
first two equations of the system (66), which allow us to

find 7\ and £"),, and with Egs. (59) and (65), which allow

us to find T§1+)2 and QE&, respectively.

2m2[3m> + 29m26©) + 2m (16602 — 1) 4 66 (602 — 4)]

(21— 1)(20 + 3)(m + o2 (67)

D. A new approach to the r-mode equations:
Stellar crust

Like in the Newtonian theory, the properties of
the relativistic r-mode equations in the crust differ from
the properties of the equations in the core, and r-modes in
the crust should be studied separately. In the crust there is
only one continuity equation (continuity equation 1 and
continuity equation 2 become equivalent to each other
because of the barotropy of the EOS), and we are dealing
with the system (38). Using the ¢ component of the Euler
equation, we can express op through Q, T, and &%, and
substitute §p in all the remaining equations. As a result, we
obtain three equations—the a component of the Euler
equation, the # component of the Euler equation, and the
continuity equation—that form a closed system for the
functions Q, T, and &“. We do not explicitly write out
these equations, since they are very cumbersome and
noninformative.

It turns out that the function 7(%) is completely defined
by the leading-order equations in our approach. In this
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order, since & is purely toroidal, the continuity equation
is automatically satisfied. From the € component we
again obtain Eq. (48) and, consequently, Eq. (49), i.e.,
the traditional r-mode spectrum is restored. Then, from the
a component of the Euler equation we get [cf. the
Newtonian equation (22)]

(1+ 12k (aT"" — Jag(1 +2) — 1 = ]T{) P (x)
+ iy (aT\" + [ag(1 = 1) = (TP (x) = 0. (68)

This equation is self-consistent only if / = m. In the latter
case, it is easy to verify that the solution to this equation is

7% (a) = const - ale=(=Dw (69)

We see that this solution differs from the Newtonian one by
a relativistic factor e~(=1)x,

The next-order equations in the crust have a more
sophisticated form than in the core. The main reason for
that is that in the core we have two continuity equations
that produce very similar first- and second-type equations.
Due to this similarity, the expansions in associated
Legendre polynomials have only finite number of nonzero
terms. In the crust, however, we have only one continuity
equation and two components of the Euler equation, and
the analysis of the second-type equations does not indicate
any truncation in the expansions in Legendre polynomials.
Fortunately, among the first type equations obtained from
the 6 component of the Euler equation and from the
continuity equation we find two equations that decouple
from this infinite system of equations and contain only

o) (a), &Y, (a), and T (a):

a? Q1> =21=T)e™™ o)
C2(1—|— 1)2 1
= (I1+3)[(I+1)o)
+2ea(a)] T\ +2(20+1)[(ag—1)EY, - (1+2)01],
(70)

a?Qrle
ARI+1)(I+1)

2
s

. (13+3z2+1—1)%—4 T

0)

2
1 G 1 1 1
=aggiy + 310+ D420 =& (a2 +2) - agl) )
(7)

Now, if we express Q;Bl from one of these equations and
substitute into the other, we arrive at the first-order ODE

for 5521

ew(a)
I+1

2
5521/ + 915521 + (921 {0(” + ] =+ Q2922) T§°) =0

(72)
with the coefficients g;(a), ¢»;(a), and g,,(a) defined as

143 2
g1(a) :L_g<l+1+c—2> e
a 3
(14 1)%(21 +3)

a2+ 1) (73)

9u(a) = -

al[(1+ 1)(3% + 21 — 9)c? — 8c?|e™0
2¢2(1+1)*(2L + 1)c?

gnl(a) = (74)

The solution to this equation is given by the formula
[cf. Eq. (25)]

where the values of & and 6(!) should be determined from
the boundary conditions, as will be discussed below.

E. Boundary conditions

Since the / = m =2 mode is expected to be the most
unstable with respect to the emission of gravitational waves,
further, for simplicity, we restrict ourselves only to the [ = m
case. We have to specify three types of boundary conditions:
near the center of the star, a = 0, at the crust-core interface,
a = a,,, and at the surface of the star, a = 1.

First of all, let us discuss the boundary condition at the
surface of the star. By definition, the surface of the star
corresponds to the set of points in space, where the pressure
vanishes. If x7 are the coordinates of the surface of the
equilibrium star, then x{ + &, where & = & (x;), are
the coordinates of the surface of the perturbed star. The
surface of the perturbed star is then defined by the condition
p(xf + &) =0. It is easy to see that this condition is
equivalent to the equality Ap, (1) =0, where Ap;
is the coefficient before the Legendre polynomial P}, (x)
in the expansion (17) for Ap. Since py = po(a), we have

Ap =68p + &'V, py = 6p — wogé®. (76)

Both in the crust and in the core the leading contribution to
the Eulerian pressure perturbation is given by the formula
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&p(a,0) = 6py41(a)Pj,(cos ),
492 a lwge o

- 0) (4
02(l+1)2(21+1)Tl @. {7

Spi(a) =

following from the ¢ component of the Euler equation. It
allows us to rewrite the boundary condition at the stellar
surface as

7

I,crust

Secondly, let us examine the solutions to the system (66)
near the stellar center. To do this, we exclude the radial
displacement 5521 from this system and obtain the second-

order ODE for TEO). We look for the asymptotic solution of

this equation near the center in the form T EO) ~ Ka", where

K = const is the mode amplitude. Taking into account that
in the vicinity of the center the functions, related to the
equilibrium configuration, behave as

w(a)~F(a)~1, Ala)~aA'(0)=dA,,

gla)rag(0)=ag., vola)~(0)=v., Aa)~a?,
(80)

we find that either n =/ or n = - —1. The second

solution is divergent in the stellar center and should be

discarded as unphysical. Then, recalling the relation

between 5521 and Tgo)’ we obtain that the following

asymptotic holds near the center:
TEO) (a) ~ Kd',
5(1) ( ) 4192]([_8_2”“ [Ac + gc(l - 1)}
a)~— =
RGP+ 1)
K = const. (81)

Ka',

Since the global r-mode in the core should smoothly match
this asymptote, the equalities

417k e [A 4G (1-1)]

0 1
TP =1. dnla) =gy

El

(82)

with arbitrarily small value of ay <« 1, can be used as
boundary conditions for the system of equations in the core.
Once the solution in the core is found, one can renormalize
it in a more convenient way, as will be discussed below.
Finally, we demand that the energy and momentum
currents, defined as the (,k) and (i, k) components (with
spatial indices i and k) of the stress-energy tensor,

T = wutu” + pgh, (83)

(a) = ale~(=Dlo(@=1(1)], 5;‘31 (1) =& =

4Q2 e~ (1) )

My g
S (1) =80 = A+ D220+ Dg(1) T

(0. (78)

Further, for convenience, we always normalize the solution
in the crust, so as to have T§0> (1) = 1. In this normalization,
the toroidal function in the crust and the boundary condition

at the surface take the form

4021~ 2n0(1)
T2+ 12@i+ g(1)

(79)

|

should be continuous at the crust-core interface. If x2. are
the coordinates of the boundary between the core and the
crust in the unperturbed star, then x%. + &, where &, =
& (x,.) are the coordinates of this boundary in the perturbed
star. Therefore, the continuity of the energy and momentum
currents at the crust-core interface implies that we must have
T’w(x/gt‘ + ggC)'core = T’w(x/C)C + §€C)|crust fOI‘ (/’”'/) = (t7 k)
or (i, k). It is easy to see that these conditions are equivalent
to the continuity conditions for the functions &, Ap, and
Aw (our equilibrium stellar model does not contain any
discontinuities in the energy density). Actually, since these
perturbations are not completely independent and should
satisfy the previously obtained r-mode equations, it is
enough to consider only continuity conditions for &* and
Ap, and all the remaining conditions will then be satisfied
automatically. From the relations (76) and (77) it, in turn,
follows that these continuity conditions are equivalent to

0 0
T (aee) = T\ (e,

1 1
I,core é;—}—)l,core(acc) = g;-&-)l,crust(acc’>'

(84)

Since at this point we are free to choose the normalization
in the core, we can adjust the amplitude of the solution in

the core, so as to have ng)()re(acc) = Tg(l)rust(acc). In this
normalization the boundary conditions at the crust-core

interface reduce to

1 1
5;-}—)1.@0&:(”06) = gg—gl,cmst(aw)' (85)

The whole set of boundary conditions can be satisfied
not for all, but only for some values of 1), These values,
for which all conditions are satisfied, correspond to the
sought global r-mode solutions. In order to find the
corresponding eigenfrequencies and eigenfunctions, we
employ the integration scheme, discussed in Appendix B.

V. NUMERICAL RESULTS

In this section we present the results of the numerical
calculation, performed for the global / = m = 2 r-mode.
As a microphysical input, we employ the BSk24 equation
of state [69] that describes a neutron star with a crust and
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0.15 | M ~14M, R~ 12.6 km
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a

FIG. 1. The function w(a) that describes the effect of the inertial
reference frame-dragging for the considered stellar model.

core, subdivided into the outer core with npe matter (i.e.,
matter, consisting of neutrons, protons, and electrons) and
the inner core with npeu matter (i.e., npe matter with
admixture of muons). We calculate the pressure in the
outer layers using the approximate fitting formula from
Pearson et al. [70], while in the inner layers the pressure is
calculated explicitly from the BSK24 energy density
functional. The interface between these regions, a.., is
defined by equating the pressures calculated in these two
ways. Below we treat the outer region (a > a..) as
barotropic and refer to it as the crust, while the inner
region (a < a,.) is refereed to as the core and assumed to
be nonbarotropic (see discussion in Sec. II). Note that our
qualitative results are insensitive to the actual value of a...
Our equilibrium stellar model is obtained via solving the
Hartle’s equations [43,45] and is characterized by the
central density p, = £(0)/c? ~0.73 x 10" g/cm?, radius
R~ 12.6 km, mass M ~ 1.4 My, where M, is the solar
mass, and the position of the crust-core interface
a..~0.92. The function w(a)= ed(a) that describes
the effect of the inertial reference frame-dragging in this
model is plotted in Fig. 1. This is a smooth, monotonically
decreasing function of a. The amplitude of the inertial
|

reference frame-dragging effect for the considered stellar
model equals € = 0.41. Although this value can hardly be
considered as small, we still solve the equations, derived in
the limit of weak frame-dragging with precisely this e. Our
assumption that the effect of the inertial reference frame-
dragging is weak becomes more and more accurate as one
approaches the stellar surface, since the function w(a) and,
therefore, @(a) decreases with increasing radius. As we
shall see, in the limit Q — 0, the relativistic r-modes in the
core become confined to a tiny region in the vicinity of the
crust-core interface, where this assumption can be con-
sidered as accurate. Anyway, going beyond the small ¢
approximation does not affect the problem of the continu-
ous spectrum and only complicates the equations.

Throughout this section we use the notation ;(510) for the

toroidal eigenfunction TEO)

inside the star, where TEO)

with n nodes (i.e., n points
vanishes), normalized so that

T ;0)(1) = 1. Also, by ') we denote the corresponding
eigenfrequency corrections, defined according to decom-
position (47). We study the effect of GR on the r-mode
dynamics by comparing the / =m =2 modes in the
three different cases: relativistic 7-modes (GR), relativistic
r-modes in the absence of the inertial reference frame-
dragging (GRNOw, corresponds to setting ¢ =0 in
the obtained relativistic equations), and the Newtonian
r-modes (Newt). We present the results of our calculations
for the first five eigenfunctions (number of nodes n ranging
from O to 4) for different rotation rates in Fig. 2. All of the
corresponding eigenfrequencies 0,(11)
and are listed in Table L.

We see that, generally, the relativistic toroidal eigen-
functions and eigenfrequencies are sensitive to the value of
the angular velocity €, but, once the reference frame-
dragging is switched off, they show no dependency on the
rotation rate and start to behave similarly to the Newtonian
ones. Such a behavior can be easily understood from the r-
mode equations in the core [the system (66) for [ = m]:

take discrete values

T\ {2e20gi(1 4 1)[I(1+ )6V + 2ed(a)] + aQ[agy, + 41y, (2aky — F + 5)]} =

= 2geo P, (a8, + & [=2ag(l + 1) + F + 20 + 1)) (86)
2 2 ,2u

O ) I Ac*g(l+1)%e*

T+ T |A+gl=1)——| + ——"——¢§/, =0.

o+ [ +o(l=1) a]+ 4alQk; !

If we set ¢ =0 (i.e., ignore the underlined term in the
first equation), we see that the traditional r-mode ordering
can be applied. Indeed, replacing o(!) — Q%)) and
5521 - szgl, we immediately find that the angular veloc-

ity Q disappears from these equations, as well as from the
boundary conditions. Therefore, the problem becomes

|
completely independent of the stellar rotation rate, which
explains the observed behavior of the GRNOw modes. This
also explains why the ratios (1) /Q? for the GRNOw case,
provided in the Table I, do not depend on Q.

Accounting for the effect of the inertial reference
frame-dragging drastically changes the picture, and
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toroidal eigenfunctions and eigenfrequencies become
extremely sensitive to the values of Q. This is additionally
illustrated in Fig. 3, where we show the relativistic

r-modes with € # 0, computed for a rather broad set

rotation rates. We see that for extremely slowly rotating

FIG. 2. Comparison of the toroidal / = m = 2 eigenfunctions )(5,0)

relativity (GR, solid blue lines), in general relativity without the effect of inertial reference frame-dragging (GRNOw, dashed blue lines),
and in the Newtonian theory (Newt, dashed red lines). The left, central, and right columns are calculated for Q = 0.1, Q = 0.05, and
Q = 0.01, respectively. Each row corresponds to a fixed number of nodes n of eigenfunctions with number 7 increasing towards the
bottom of the figure.

1.0 0.0

02 04

with n nodes computed for different rotation rates in general

stars (€2 <0.01) the modes in the core are strongly
suppressed and do not vanish only in the vicinity of
the crust-core interface, a.. ~ 0.92, where the application

of  of the weak frame-dragging effect approximation is
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TABLE I. Newtonian and relativistic -mode eigenfrequency corrections 0511) /Q? for different rotation rates.

Number of nodes n  Newt (any ) GRNOw (any Q) GR (Q@=0.1) GR (=0.05) GR (=0.01)
0 —0.096 —0.124 —144 —0.529 x 10? —1.08 x 103
1 -7.94 —13.8 -324 —0.830 x 10? —1.30 x 103
2 -16.2 -29.6 —49.2 —1.09 x 10? —1.46 x 10
3 -27.1 -50.8 -70.9 -1.33 x 102 -1.63 x 103
4 —40.97 -77.9 —-98.4 —1.61 x 10? —1.79 x 10°

analysis of the r-mode equations in the Q — 0 limit,
which itself deserves a special consideration and will be
addressed in the following section.

VI. NEW INSIGHT INTO THE SLOW-ROTATION
APPROXIMATION

A. The relativistic r-mode nonanalyticity and ordering

The system (66) governs the dynamics of relativistic
r-modes in the core of a neutron star in the limit of weak
reference frame-dragging effect and slow rotation. In its
derivation, we do not use any ordering and assume only that
e and ©? take small values. Note that, if &, « Q?, as
traditional ordering assumes, then setting €2 — 0 in the first
equation of this system, one immediately arrives at the
continuous spectrum and resonant eigenfunctions, as in
Sec. IV B. We saw, however, that the numerical solution of

1.0

00 02 04 06 08 1.0

=200 0.2 0.4 0.6 08 1.0
a

(0)

FIG. 3. Relativistic r-mode toroidal eigenfunctions y,

this system shows no evidence of the continuous spectrum
and is characterized by discrete eigenfrequencies and
regular eigenfunctions. Thus, traditional ordering is not
suitable for describing this numerical solution. It is inter-
esting to find out, how does the correct ordering of
relativistic r-modes look in the limit of a slow rotation
rate. Since we are dealing with two small parameters, € and
Q?, we have to distinguish between the Q ordering (series
in Q, relativistic counterpart of the Newtonian ordering)
and e ordering (series in €, does not arise in the Newtonian
theory, where € = 0), so that each quantity is characterized
by its € order and € order. We start with the searches for the
correct relativistic Q ordering, and for this purpose it is
sufficient to consider only the equations for the / = m case
(the consideration of the / # m case is completely analo-
gous). The system (86), describing the / = m modes, can be
schematically represented as

1.0F

0.5¢

00 02 04 06 0.8 1.0
a

with n nodes, computed for different angular velocities Q.
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d
{Cl (@) -+ Cz(a)] &)+ 192C5(a) + 6V + Cuedv(a)) T\ =0,
(87)
d 0 , G2(a) L
{% + Gl(a)] T\ + o gD =0,

where C,(a), Cy(a), C5(a), C4, G(a), and G,(a) are some
Q- and e-independent functions and coefficients, whose
exact form at this point is not important and can be
established via straightforward comparison of this system
and the system (86). Explicit expressions for these coef-
ficients are provided in Appendix C. In the limit of a
vanishing rotation rate we expect that the leading contri-
bution to the correction ¢(!) is associated with the reference
frame-dragging (contributions due to £ become extremely
small); therefore, from the point of view of the Q ordering,
we must have 6(!) ~ 1 (nevertheless, o'!) is small due to ¢).
In order to establish the Q ordering, let us assume that in the
limit of extremely slow rotation, £ — 0 (which implies
Q2 - 0), we have

i:gdlg’ oD ~T NXNENI_
da Da ! Da

(88)

9&54131 =QhX,

D
{Cl ()4 o+ Cz(aﬁ QL X + [Q2C5(a) + 6 + Cyed(a)] T =0
I— 7% A A S

D
LW L g <a>92] 71" + Gy(a)Q“X = 0.

Da

At Q - 0 some terms in this system may be small
compared to the others, and only the leading terms should
be retained to obtain TEO), X, and 6V, In this limit the
system should allow us to determine the leading eigenfre-
quency correction associated with €; therefore, the terms
with ¢(!) and @(a) in the first equation should be of the
same Q order as at least one of the other terms (while the
remaining terms in this equation should be small). This is
achieved if either Ky =0 and d; >0, or d; + k; =0 and
d; <0. It is also necessary that at least two of the three
terms in the second equation are large and of the same Q
order—otherwise we obtain the trivial solution. This, in
turn, is achieved, if either d; = 0 and k; > 2, or k; = 2 and
d; >0, 0r di+2=k; and k; <2. It is easy to see that
only for d; = —1 and k; = 1 the conditions imposed for the
first equation do not contradict the conditions imposed for
the second equation. Thus, in the limit Q — 0 we have
obtained

|
As further analysis reveals, the full toroidal function

T;O)(a) and full eigenfrequency correction o(!) actually
contain the terms of linear Q order, which, in the Q — 0
limit, are discarded as small (see Appendix E for details).

Below, unless stated otherwise, under T;O) (a) and (1) we
imply only the leading contributions without the mentioned
small terms. The second equality above is formal and
simply requires that the derivative d/da should be con-

sidered as a “quantity” of order Q% (for example, the

) or 5521 should be considered as quan-

tities of the order Q% or Q% +ki | respectively). For those
functions which are analytic functions of Q, we have d; =0
[71], whereas the case d; # 0 signals that the functions
under consideration are nonanalytic functions of Q. Below
this statement will be given a transparent and more
mathematically clear explanation. Assuming the discussed
Q ordering, we thus obtain

derivatives of Tgo

(89)

d 1
—_—~—. 90
da Q (90)

1
‘§§+>1 ~Q,
According to this ordering, in the system (89) we have to
retain only the underlined terms and ignore everything else.

Therefore, in the Q — 0 limit the functions Tgo) and 5521
obey the simple system of the form

G,(a) (o1)

{ C, (a)cfﬁ)l/ + [6W) + C4€&)(a)]T§O) =0
1
§§+)1 =0.

!/
o' + 5=
Using these equations it is easy to clarify what is implied by
the notation d/da ~ 1/€. For this purpose we propose to
investigate a simple toy model and consider the obtained
system, assuming that coefficients C;(a) and G,(a) are
constant. Then the system reduces to the single second-
order equation,
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1" — ¢1\" =0, (92)

where ¢ is some constant. The solution to this equation
TE()) = const - exp [iga] (93)

gives extra 1/Q factor when taking the derivative, and we
have

(0)
(0)/ o . \/5 \/a - Tl
T,”" = *const G °XP [ig a] a9 (94)

Thus, the solution of our toy model is given by nonanalytic
functions of Q and, therefore, cannot be expanded in
Taylor Q series near the point € = 0. Nonanalyticity
manifests itself when it comes to the calculation of
derivatives of the sought eigenfunctions, leading to the
appearance of the extra 1/Q factor. Although this inter-
pretation of the d/da~ 1/Q notation comes from the
consideration of the simplified equations, it also holds for
the real equations with variable-dependent coefficients, as
will be shown in the following section.

The system (91) can be used to determine the € ordering
similarly to how the system (86) was used to determine the
Q ordering. Since in the limit Q — 0 the equations should
allow us to find the contribution to the correction o),
associated with frame-dragging, the terms with o(!) and
@(a) should be of the same ¢ order. We therefore expect
that o(') ~ e and look for the e ordering in the form

o) = ¢6(10),

d

Gh~eh, et (95)
where the (yet unknown) quantity (') defines the leading
contribution to the eigenfrequency o) in the Q — 0 limit.
All the terms in the first equation should be of the same
e order; therefore, k, +d, = 1. Similarly, the second
equation implies that k, = d,. As a result, we have k, =
d, = 1/2 and

1 d

R G (96)
a

The last equality here should be interpreted in the same

manner, as the expression d/da ~1/Q was interpreted

before. Combining Q and e ordering, we finally have

d Ve (op

— ~ -

0
T§)~1, da Q°

5521 ~VeQ,

As we have already mentioned, the quantities TEO)(a) and

o1 actually contain linear corrections in €, which were
ignored (treated as small) in the performed analysis. If we
account for these corrections and introduce a new small

parameter k = /+/€, then the r-mode eigenfunctions and
o1, up to linear terms in ©, take the form (see Appendix E)

o) = €610 4 exoD), TEO) = T§00> + KTEOI),

5521 = (:‘K‘fﬁrll), (98)
where only the terms T;OO), GngJlrll), and ec('?) satisfy the
derived above simplified system of equations. In these
notations any term f(%) describes the contribution of the
order €'x* to the function f.

Summarizing, we find that the r-mode eigenfunctions
are nonanalytic functions of Q and ¢, and that the quantities
f and f” are of different Q and e orders. This is one of the
reasons of the breakdown of the traditional approach that
implicitly relies on the analyticity of eigenfunctions in the
stellar angular velocity when using Taylor series (11)—(13).
Strictly speaking, the terms “series,” “order,” and “order-
ing” become ill defined, since we deal with nonanalytic
functions. We can now think only in terms of relative
ordering. For example, the decomposition f = f; + Qf,
should be interpreted in the following way: both f; and f,
are nonanalytic functions of Q and ¢, but the second term is
Q times smaller than the first one. The expression T§O> ~1

means that, although TEO) depends on the small Q and e, it

still takes typical values of the order of unity. Keeping in
mind the nonanalyticity of the eigenfunctions, one can also
expect that the correction 6!, generally, may also be a
nonanalytic function of ¢ and Q. As we shall show, this
expectation appears to be correct for all eigenfrequencies
except for those of the fundamental (nodeless) harmonic.

As was mentioned before, the analysis of the [ # m case
is similar to that performed for / = m, and it eventually
leads to the same conclusions about the r-mode non-
analyticity and to the same r-mode ordering. Being
generalized to the [ # m case, the r-mode equations in
the Q — 0 limit are very similar to those derived above and
are presented in Appendix D.

Now, one can also easily establish the relativistic -mode
ordering in the crust. Since the toroidal function (69) is
known, we have to analyze only the formula for the radial
displacement (75):

1

oo [ (mt@]on 4 252

a

+92922(0)>'l(0)T§0)(4)dQ]’ (99)

1
gng)l =

where &, ~ Q? is the integration constant, found from the
boundary condition at the stellar surface (79). All functions
here are analytic functions of ¢ and Q. The leading
contribution in the Q — 0 limit is obviously given by
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1
1 2ea
8 = [ at@]o + 52 w1 @,

(100)

where one should account only for the terms up to linear
order in Q in the frequency correction o'!). We should
further distinguish between two possibilities. If one con-
siders a purely barotropic star, the vanishing of the solution
at the center implies that in the Q — 0 limit 6(") ~ ¢ and
therefore 5521 ~¢and QM) ~ ¢ [see Eq. (70) or Eq. (71)].
Rotational corrections to these quantities are then of order
Q2. When, however, a star possesses a core with a
nonbarotropic EOS, the eigenfrequency, as it will be
demonstrated below, contains a contribution linear in Q.
In this case we have

oV =ec19 +exe) + ..., 552] —etl) +exell) ..,
Qg& ZGQER) +€KQ541:1) +o (101)

with the functions fgiol) and fg}rll) defined as

A(a)c?g(a)(2l +3)(1 + 1)@ [(1 4+ 1)1 +2d(a)]

1
8@ = [ ()| + 229 @)1 (@)da

1
&1
T / an(@)n(a)T\ (a)da. (102)

n(a)

Here we use the same notations as in the core: the term f (%)
defines the contribution of the order ¢’x* to the quantity f.

The functions Q;}rol) and Qﬁll) can be found from any of the
Egs. (70) and (71) in the Q — O limit.

B. Finding analytically the discrete r-mode spectrum
and eigenfunctions in the Q — 0 limit

Let us analyze more meticulously the r-mode equations
in the core for the / = m case in the limit of vanishing

rotation rate. If we substitute ‘fﬁ)l(a) from the second
equation of the system (91) into the first one, use that
d/da ~ 1/k for relativistic ordering, retain only the leading-
order terms, and employ the explicit formulas for the
coefficients C;(a), C,, and G,(a) from Appendix C, we

arrive at the following second-order ODE for T§0>:

q,(a) = —

Note that the asymptotic solution of this equation near the
center does not match the asymptotic solution of the
general system (66). The reason is that the correct asymp-
totic behavior is produced by those terms that are small due
to Q or € everywhere but in the vicinity of the center. These
terms do not enter the simplified system (91) [see Eq. (D2)
for the explicit form], since in the derivation of the system
we implicitly did not consider the radial coordinate a to be
small. Therefore, Eq. (103) governs r-mode dynamics in
some region a, < a < a,., whereas r-modes in the region
0 < a < a, near the center are governed by the general
system (66). The exact value of a. can be estimated from
the analysis of general r-mode equations, and tends to zero
as Q — 0.

Mathematically, Eq. (103) resembles the Schrodinger
equation, and its analysis for small values of x can be
performed using the Wentzel-Kramers-Brillouin (WKB)
method (see, e.g., Landau and Lifshitz [72], where the
WKB method was applied to find approximate solutions to
the Schrodinger equation, treating the Planck constant 7 as
a small parameter). An equation of the same form also
appears in the paper by Kantor et al. [64], where the r-
modes of superfluid neutron stars were studied in the limit
of a vanishing rotation rate and weak entrainment. Turning
points a, of both equations are defined by the condition

S (103)

[
q,(a;) = 0, and the analysis of these equations splits into
that near and far from the turning points.

Since the functions A(a) <0 and g(a) >0 do not
change sign inside the star, and function @(a) is a
monotonically decreasing function of a [i.e., ®'(a) < 0],
for each value of () there is no more than one turning
point a,, defined as the unique solution to the equation

(14 1)6''9 + 2@(a,) =0, (104)

a; < dee.

Typical behavior of the solution to Eq. (103) depends on
whether the turning point exists or not (i.e., on whether it is
possible to find the solution of Eq. (104) satisfying
a, < a..), as shown in Fig. 4. If the turning point does
not exist [panel (a)], for a. <a <a,. the solution to
Eq. (103) exhibits either exponential growth or exponential
decay towards the center of the star. Otherwise, if the
turning point exists [panel (b)], such a behavior is expected
only for a. < a < a,;, whereas for a, < a < a,. the sol-
ution is an oscillating function.

Our aim in this section is to find the explicit expressions
for the r-mode eigenfunctions and oscillation frequencies
in the Q — 0 limit. As we have already mentioned,
different r-mode solutions can be classified according to
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Turning point does not exist

exponential
growth /decrease
towards the center

(a)

7" (a)

Go(a)

qo(a) >0

Turning point exists
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\\

growth/decrease \\
towards the centM

A

fast oscillations

(b) 0

A—=0as2—0

Gc

gs(a) <0 a;
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FIG. 4. Typical behavior of the toroidal function in the k — 0 limit. Panels (a) and (b) correspond to the cases, when the turning point
does not exist or exists, respectively. Red dashed lines show schematically the coefficient ¢,(a), whereas blue solid lines show the

toroidal function TEO)(a) itself. Here we picture only the scenario in which the toroidal function exponentially decreases towards the
center of the star. An analogous illustration can be drawn when the toroidal function, instead, exponentially grows towards the center.

the number of nodes that the toroidal function T§O> (a) has
inside the star. Further we will be interested in the first few
solutions with small number of nodes. When the turning
point exists, the wavelength of oscillations in the a; < a <
a.. region becomes smaller and smaller as « — 0.
Consider, for example, the case g,(a) = const, for which

the distance A between the neighboring nodes of T;O)

equals 7x/+/|q,|. The number of nodes inside any finite
interval of the region @, < a < a,, tends to infinity as «
tends to zero; therefore, in the limit k — O the interval itself
should considerably shrink so as not to contain an infinite
number of nodes. Thus, in this limit for the turning point
inside the core and for the corresponding eigenfrequencies
we must have [73]

10) - - 2@(ac'c)

a, - a.., ol for a, < a,,.

(105)

We see that for slow rotation rates the r-modes in the core
are localized only in the vicinity of the crust-core interface.
As we have already mentioned, the weak frame-dragging

effect approximation is applicable in this region and
therefore should provide rather accurate predictions for
the r-mode eigenfrequencies and oscillation spectrum.
Thus, if the turning point exists, it must be located close
to the crust-core interface for small values of x, and we
have to consider the solution to Eq. (103) in the two
different regions: region I far from the turning point with
a. < a < a,, and region II in the vicinity of the turning
point with a < a.., where ¢,(a) can be Taylor-expanded
as g,(a) = a*(a, — a). It is well known that there exists a

transition region, where both the solutions ng) and ngi,
obtained for the regions I and II, respectively, are valid.
This region corresponds to those values of a that, on one
hand, are relatively far from the turning point, so that g, (a)
significantly differs from zero, but, on the other hand, are
not too far, so that the Taylor expansion employed in the
region II is still accurate enough. We demand that in the
transition region these solutions should be with high
accuracy equivalent to each other. If the turning point
does not exist, we have to consider only the region I, which
in this case spans the whole stellar core, except for a tiny
region 0 < a < a,. in the vicinity of the center.
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In the region I the approximate solution to Eq. (103) can
be written as (see Landau and Lifshitz [72])

Ay
7\ (a) = ql/4exp< /@da)

+q?/4exp< /@m). (106)

de

In the region II we employ the mentioned above Taylor
expansion of the function g, (a), which allows us to write
Eq. (103) in the form of the Airy equation

z>0 (a<a):

1 2
YR _Z .3
AI(Z)_Z\/EZI/“eXp( 3Z/>,

Thus, the functions Ai(z) and Bi(z) oscillate in the region
a > a,, while for a < a, the function Ai(z) exponentially
decreases, and function Bi(z) exponentially grows towards
the center of the star. Actually, Airy functions reach their
asymptotic behavior quite fast, and for approximately
|z| ~ 2 they, with a reasonable accuracy (with the relative
error of 4-5%) can be replaced by the corresponding
asymptotic functions.

Now, as we know the form of the toroidal function in all
regions, we, using the second equation of the system (91)
and the expression for G, (a) from Appendix C, can obtain
the explicit formulas for the radial displacement:

]

ac

4alqé/ Yexe=
Alg(+ 120 e
g

_Blexp<——/@da)]

ac

§§J1r)l.l(a) ==

(112)

4alex?e=20 d .
[AgAi(z) + ByBi(z)].

M gy
Sl = = T 1@ 1) da

(113)

We have to check whether we can satisfy all the
boundary conditions with these solutions or not. First of
all, we assume that at the point a = a, the solution of
Eq. (103) matches the asymptotic solution (81). It is easy to

& _0) 0 )3
d_zle —zT," =0, zz(a,—a)(;) . (107)

An arbitrary solution to this equation can be represented as
a linear combination

T0)(z) = Ay Ai(z) + By Bi(2), (108)

where Ai(z) and Bi(z) are the first- and second-type Airy
functions, respectively. Relatively far from the turning
point z = 0 these functions show the following asymptotic
behavior:

z2<0 (a>a,): (109)
Ai(z) ~ in(2)zpr2 4+ 2 (110)
G 5)
. 1 2y @
~S p— ‘/2 —_—
Bi(z) ~ \/j_r|z|1/4cos<3 |z +4>. (111)

show that these stitching conditions imply the following
relation:

TV (a.) = a.[A, +5.(1= DT (a.),  (114)
which is equivalent to
A= By = ———a,[A, + 5(1- D](A + By).  (115)
q9,(a.)

We see that the constants A; and B; are of the same order
and, therefore, we can ignore the increasing towards the
center exponent in the region I and write the solution
approximately as

7)1 (a) = 1/4CXP< /\/a;da)

4al,/q exe
Ac’g(l+1)*(21+ 1)

A 1]
X [ﬁexp(—/,/gada)].
9o K

Secondly, if the turning point exists, the region II arises,
and we require that in the transition region the obtained
Eg) and the solution ng% (and their derivatives)

should coincide with high accuracy. Comparing the

—2u

£V (@) = -

(116)

solution T
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FIG. 5.

Two different ways to satisfy the boundary conditions at the crust-core interface. The left panel presents the first way with the

suppression of the fg—lk)l,crust (a) at the crust-core interface a = a... The right panel presents the second way with the suppression of the

700

I,core

at the crust-core interface. The figure is schematic and does not reflect all the properties of the toroidal function and radial

displacement in the vicinity of the crust-core interface (see the detailed discussion in the end of this section).

asymptotes of the Airy functions with the solution ng), one

can show that Ay > By and, therefore, the solution in the
region II is given by the first-type Airy function:

TE,(E(“) = AjAi(z),

4alexeo

d .
fg-lr)l,n(a) = — [AyAi(z)].

T ACY(l+ 1220+ 1) da (117)

Finally, at the crust-core interface the toroidal function

T§O>(a) and the radial displacement §§l+>1 (a) of the core

should stitch with those in the crust, which implies that

1 1
§§+)1 ,core(acc) o §§+)1 crust (acc)
0 - 0 :
T (@) Ti(ac)

(118)

0 0
T\ (ee) =T\ (dee)s

I,core

Since, generally, the ratios égﬂl,core(a) / Tﬁ)ore(a) ~ ek and

5521 st @)/ Tgfzust(a) ~ ¢ differ one from another, there are
two ways to meet these boundary conditions, as shown
in Fig. 5.

The first option is to choose such specific value of o)
that the radial displacement fgi)l,cmst would be suppressed
by a factor « at the crust-core interface (left panel of Fig. 5).
The second option is to choose such value of ¢(!) for which
the toroidal function T;i)ore would be suppressed by the
factor k at the crust-core interface (right panel of Fig. 5). As
we shall see, which one of these scenarios is actually
realized depends on whether the turning point exists or not.

For instance, consider the case, when the turning point
does not exist. Then the region I spans the whole core at

a. <a<a,, the toroidal function cannot have nodes
neither in the core, where it grows exponentially as one
approaches a..., nor in the crust, where the solution is known
[see Eq. (69)] and takes only positive values. Therefore, it
cannot be suppressed at the crust-core interface and the
scenario pictured in the right panel of Fig. 5 cannot be
realized. Thus, the left panel scenario takes place and the
eigenfrequency o) should take such value, so as to suppress

fg}i-)l,crust(a) at the crust-core interface. From the boundary
condition (118), using the formulas for the radial displace-
ment in the core (116) and in the crust (100), we then find
that the eigenfrequency, as expected, can be written as

0'(()1) = 60'(()10)

—|-€K0'(<)11>, (119)
where the index “0” refers to the fact that this solution has no

(10) (11)

nodes, and the terms o, * and 6, ' are given by

(o) _ __2
%0 I+ 1

U 92‘(“)@(“>"(“>T§ilust(a)da}

Qe

J| [ stam@ nstata) (120)
S0 4aln\/ﬂe_2”0
C O ACYI 12214 1),
1
/|:/ 91 (a)n(a){Tg,(i)rust(a)/TE,Oc)rust(acc)}da:| .
(121)
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Recalling the decomposition of the radial displacement in
the crust (101), we see that the found contribution o' is

such that eégjrol)(acc) = 0, and, therefore, the leading con-
tribution to the value of the radial displacement at the crust-

core interface is ekfgill) (ac.), ie., we indeed have a
suppression of the radial displacement by a factor «.

Now, let us consider the case, when the turning point
exists. Since the scenario 1 corresponds to the solution
without the turning point, this case should be described
within the scenario 2, pictured in the right panel of Fig. 5
(otherwise we come to a contradiction). In this scenario the
core toroidal function at the crust-core interface should be
suppressed by a factor of «, i.e., AAi(z..) ~ k. The smaller
the value of «, the better this condition can be replaced by
the condition Ai(z..) = 0, which is equivalent to

©\ 2/3
a; — dee = 2, — , neN,
a

(122)
where z, <0 are the roots of the equation Ai(z) =0,
conventionally numbered so as to have z,,, | < z,,. Note that
this result is consistent with the condition a; < a... Note
also that the condition Ai(z..) =0 is actually an exact
boundary condition, since the equations under consider-
ation govern only the leading-order contributions to the
toroidal function and radial displacement. Indeed, TEO) and

5521 in the studied equations correspond to the terms TEOO)

and fgill) in the relativistic r-mode ordering (98). At the

same time, if one accounts for the rotational correction to

the toroidal function and writes Tgo) = TEOO) + KTgm), then

it becomes clear that the suppression of the full toroidal
function by the factor « at the crust-core interface is

equivalent to the equality TEO(])(aCC) =0atx — 0.

Now we can easily obtain the analytic formula for the r-
mode spectrum. Since the turning point is close to the crust-
core interface, from the definition of the coefficient @ and
from Eq. (104) we have, by expanding w(q,) in the Taylor
series near a = a..,
(12 qn(acc) 6(10)

20(ay.)

a,—de, [+1

14282, ]

(Z)(aCC
(123)

Using the explicit form of the function ¢,(a) and relation
(122), we immediately obtain

,  Ag2L+3)(1+1)*e*0@ (a)
a- = )
4a®l a—a,,

@' (acc) <K) 2/3]
+ 2,2 - .

@(ac) \a
Actually, all the roots z, take the values in the region
7z < =2, where the Airy function Ai(z) can be replaced,

6(10) _ _25)((’166) |:

=Tl 124
I+1 (124)

with reasonable accuracy, by its asymptotic representation
(110), and we can approximate z,, and the r-mode eigen-
frequencies as

37 1\ 1273
e

(10) 26)(acc‘) &)/(ac'c') 3k 1]
(10 _ _ 1- AL (P . nen.
’ I+1 { aa.) 2a \" "4 "

(125)

Note that this spectrum can alternatively be written in the
form of the Bohr-Sommerfeld quantization rule

7mda—m<<n—£>, nenN. (126)

One can show that the latter formula, generally, is more
accurate, since it does not rely on the Taylor expansion of
the function ¢,(a) near the turning point. If, for example,
for a given €, the function g,(a) is not smooth enough in
the region a, < a < a.. (its derivative exhibits significant
changes), its Taylor expansion near a, may not describe its
behavior near a... In this case, the formulas (124)-(125)
cannot be applied to obtain the spectrum, whereas the
quantization rule (126) will provide accurate results.

Let us show that all these eigenfrequencies correspond to
the r-modes with n nodes inside the core. We recall that all
of the nodes (if any) of the toroidal function are always

located in the core. Because of the boundary condition,

T;OO) (a..) =0, one of the nodes of the derived node-

possessing eigenfunctions lies exactly at the crust-core
interface. We have to make sure that this node is not the
“artificial” one, i.e., it corresponds to the real node of the

full toroidal function ngfm(a), defined as the solution to the
system (86) and accounting for the next-order rotational
corrections. To demonstrate this, let us consider a tiny layer
near the crust-core interface, where the Airy function can
be Taylor expanded as Ai(z) ~ Ai'(z,)(z — z,) [recall that
Ai(z,) = 0]. Using this expansion and the relation (107)
between z and a, from Eq. (117) we find that the toroidal
eigenfunction and the radial displacement can be approx-
imately related as 554131,11(‘1) =-F (a)ng%(a), where F(a)
is some positive function for a < a,.. This means that the
radial displacement, obtained in the x — 0 limit, and
toroidal function in the core approach the point a = a,,
with different signs. On the other hand, since a, < a.. and
w(a) > 0, from Eq. (104) it follows that for the node-
possessing modes the combination ¢(!) + 2e@/ (I + 1) is
negative in the crust. As a result, the integrand in (75) and
therefore the radial displacement in the crust take positive
values for any a.. < a < 1. We conclude then that the radial
displacement in the core should also be positive near the
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point @ = a,.. Therefore, near the crust-core interface, the

toroidal function Tgf)i(a) is negative. At the same time, the

full toroidal function should take a positive value, since it

should be matched with TE.Oc)rust’ which is a positive function.

This indicates that, if we account for small x corrections to

the function TE’(E, the node of the Airy function, located at

the crust-core interface, gets shifted inside the core and

produces a real node of the full toroidal function nglu(a),
so that it could change sign and match the toroidal function
in the crust.

Summing up, we see that in the limit x — 0 we have
two different types of solutions, describing relativistic
r-modes with discrete eigenfrequencies, placed within the
continuous-spectrum-associated frequency band. The first
type is the fundamental exponentially growing nodeless
r-mode with no turning point and with the eigenfrequency,
given by Eq. (119). The second type comprises the
r-modes with a, < a,. with one or more nodes inside
the core and eigenfrequencies given by the formula (124)
or, approximately, (125). For these modes the turning
point is located closely to the crust-core interface, and the
r-mode eigenfunctions are exponentially suppressed on
the left of the turning point and oscillate extremely rapidly
with the oscillation wavelength proportional to Q%3 in the
tiny region a, < a < a.. near the crust-core interface. The

number n € N is equal to the number of nodes of T§0> (a),
concentrated in this region. Eventually, as « gets extremely
small, all eigenfrequencies of these second-type modes
reduce to oy — —2@(a..)/(l+ 1) and become almost
indistinguishable.

C. Verifying the theory and explaining
numerical results

Now we can explain the behavior of numerically
obtained r-modes for small values of . Consider, for
example, the relativistic r-mode with four nodes for
Q = 0.005, shown by the blue solid line in Fig. 6 [recall

that we use the notation ;(S,O)

T§0) with n nodes, normalized so as to have T§0)(1) =1].

As expected, we see that all of the nodes of the toroidal
function are concentrated in the region a, < a < a,.. The
suppression of the mode on the left of the turning point is
explained by the behavior of the solution (116) in region 1.

We also check the accuracy of the obtained analytic
expressions for the r-mode eigenfrequencies in the Q — 0
limit, see Fig. 7. Here the results for the genuine stellar
model with a.,. ~ 0.92 are shown in blue, while orange and
green colors correspond to modified stellar models that will
be discussed a bit later. We show the calculated [via solving
the system (86)] frequencies by filled circles and the

for the toroidal eigenfunction

a; ~ 0.78 1 |

exponential suppression

oscillations

T T T T T T

& Ll B |

0.0 0.2 0.4 0.6 0.8 1.0

FIG. 6. Explaining the r-mode suppression in the core using, as
an example, the toroidal eigenfunction with four nodes, obtained
assuming Q = 0.005. Vertical dashed lines represent the crust-
core interface a = a,. and the turning point a = a,. Red-dashed
and blue solid lines show the Newtonian and relativistic r-modes,
respectively.

frequencies predicted by the explicit analytic formu-
las (119)—(121) and (124) in the Q — O limit by solid lines.

There are two reasons why for the genuine stellar model
the theoretical curves deviate from the numerical points
with the increase of the angular velocity, as observed in the
figure. The first one is that the explicit formulas (124) for
the spectrum of the node-possessing r-modes do not
account for the linear in € rotational corrections to the
eigenfrequencies, which may become important at faster
rotation rates. One can check whether the inclusion of such
terms compensates this deviation or not by trying to fit our
numerical results with a simple formula

o) Q) = o

n,fit n,analytic (Q) + CHQ’ (127)

consistent with the expected r-mode ordering (98). Here
the index n refers to the eigenfrequency of the mode with n

1
nodes, the terms (75[ a)malytic

above explicit expressions (119)—(121) and (124) in the
Q — 0 limit, and c¢,, are the fitting constants. Use of this fit
is justified, strictly speaking, only for the node-possessing

r-modes (n # 0), for which szl,a)malyuc
Eq. (124) and does not include linear in € rotational
corrections. The explicit formulas (119)—-(121) for the
main harmonic eigenfrequency (n =0), instead, do
include such correction; therefore, the fit (127) cannot
be used to explain the eigenfrequency deviation of the
main harmonic. Nevertheless, we can formally employ it,
since the numerically obtained main harmonic eigenfre-
quencies still show almost linear dependency on Q. The
resulting fitting curves are shown by dashed lines. The
fitting curves describe the numerically obtained

are calculated using the derived

is defined by
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B normal crust, a.. ~ 0.92
W large crust, a.. = 0.7

W large crust, a.. = 0.4

numerical points
analytic curves

fitting curves
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FIG. 7. Relativistic -mode eigenfrequencies aS,

Blue, orange, and green colors refer to the stellar models with a,..
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Y for slow rotation rates, corresponding to the toroidal eigenfunctions with n nodes.

~0.92, a.. = 0.7, and a.. = 0.4, respectively. Filled circles show

numerically calculated frequencies (numerical points), solid lines show the frequencies calculated with the obtained analytical formulas
(analytical curves), and dashed lines show the fit of these numerical points, accounting for the linear rotational corrections to the

frequencies (fitting curves).

eigenfrequencies reasonably well, which meets our expect-
ations concerning the relativistic r-mode spectrum depend-
ency on Q in the Q — 0 limit. We, however, still have to
explain why the theoretically predicted slope of the line for
the main harmonic does not coincide with that of the fitting
formula, which brings us to the second reason. It turns out
that when we consider a two-layer stellar model, a new

small parameter—the size of the crust—comes into play.
In the original stellar model the crust forms a narrow outer
layer with the relative thickness (1 —a..) ~0.08. As a
result, the crust appears to be too small to let the radial
displacement 5521 grow from the value &~ Q? at the
surface [see Eq. (79)] to its expected typical value of the

order e: the first term in the decomposition (101) for 554131

103009-28



NONANALYTIC BEHAVIOR OF THE RELATIVISTIC ...

PHYS. REV. D 106, 103009 (2022)

remains small, so that effectively, for the considered range
1073 < Q <1072 of rotation rates, we have 5541_)1 (a) ~

ekTEO)(a) instead of fg}r)l (a) ~ eTEO) (see the detailed
discussion of this issue in Appendix F). This effective
violation of the ordering makes the developed theory
marginally applicable for the considered values of Q
and contributes to the observed deviation of the theoretical
curves from the numerical points.

To check the developed theory we avoid the problem
associated with the small thickness of the crust by
considering two artificial stellar models with significantly
larger crust (see Appendix F for details): the first with
a.. = 0.7 and the second with a.. = 0.4. We show the
calculated r-mode eigenfrequencies for these models in
Fig. 7 by red and green colors, respectively. As before,
we compare the frequencies predicted by the theory in the
Q — 0 limit (solid lines), the numerically obtained
frequencies (dots) and the corresponding fit (127) (dashed
lines). All the numerical eigenfrequencies lie on the fitting
curves, indicating again that our predictions concerning
the spectrum dependency on  are correct. As expected,
the main harmonic frequencies in these models are
described better than for the original star, especially in
the model with a.. = 0.4. The fitting curves for the
eigenfrequencies of all the other r-modes (i.e., those with
the nodes, n # 0) also only slightly differ from those
calculated using the derived analytical formulas, which
indicates that for these modes the linear in Q corrections to

the spectrum are relatively small (as expected) and that

approximately 0511) ~ 605,10)

tion rates.

for the considered rota-

VII. DISCUSSION

In this paper, in order to find the relativistic generali-
zation of the Newtonian r-modes in a slowly rotating
neutron star, we have developed and applied a new original
approach to the study of the relativistic oscillation equa-
tions. We adopt the model of a neutron star with the
barotropic (isentropic) crust and nonbarotropic core. The
barotropy of the EOS significantly affects the mathematical
properties of the problem, so that oscillation equations in
the crust and in the core are studied separately. Although
the rotation of the star is assumed to be slow, we, in contrast
to what is done within the traditional approach [14,16—
22,50,51], do not rely on any preliminary postulated
ordering, i.e., we do not assume the analyticity of the
sought r-mode solutions in the stellar angular velocity, Q.
The ordering, instead of being set from the very beginning,
is determined from the r-mode oscillation equations,
obtained within our approach. The derivation of the general
equations that govern the relativistic r-mode dynamics is
based only on the assumptions that the angular velocity Q
of the star is small and that the effect of the inertial
reference frame-dragging is weak. In the developed theory,

the leading contribution to the r-mode eigenfrequencies
exactly coincides with that of the Newtonian theory, and the
numerical solutions of the obtained equations for / = m = 2
correspond to the relativistic r-modes with the discrete
eigenfrequency corrections. Thus, at least in the vicinity of
the traditional r-mode frequency, we find no indications of
the continuous spectrum.

These results, unlike the predictions of the traditional
analysis in the slow-rotation limit, are consistent with
numerical calculations performed beyond the slow-rotation
approximation for barotropic [25,26,58,62] and, more
importantly, for nonbarotropic [23,63] stars, where the
problem of the continuous spectrum has not been solved
yet. Moreover, the detailed analysis of the equations in the
€ — 0 limit allows us to derive the explicit expressions for
the r-mode eigenfunctions and corresponding discrete
eigenfrequency corrections, each one uniquely character-
ized by the number of nodes of the toroidal function in the
star. Besides, our theory explains other relativistic r-mode
features, found in numerical calculations. Figures 6-8 of
Yoshida and Lee [23] demonstrate the spectrum depend-
ence on € very similar to ours, as well as the effect of mode
localization towards the stellar surface in the Q — 0 limit,
which has been explained in our work. Also Villain,
Bonazzola, and Haensel [63] find that r-mode radial
velocities are suppressed (in fact, we find indications that
they are of linear order in Q in that study), and r-mode
frequencies in their numerical calculations are very similar
to ours. It is also interesting to notice that we have managed
to find the r-mode solutions within the Cowling approxi-
mation, which is also possible in the Newtonian theory,
whereas the (discussed in the literature) relativistic r-modes
with discrete and isolated eigenfrequencies, coexisting with
the continuous part of the spectrum, can be obtained only if
one goes beyond this approximation. Combining all these
remarks together, we conclude that the obtained r-mode
solutions are indeed the relativistic counterparts of the
Newtonian r-modes.

So, why does the traditional approach fail to describe the
discrete relativistic r-modes? Let us recall that within this
approach, in order to study the effects of slow rotation on
stellar oscillations, one usually starts with the investigation
of the perturbations of the nonrotating star, and then finds
small rotational corrections to these perturbations. In
analogy to the Newtonian theory, it is assumed that the
would-be r-modes in the nonrotating stellar model corre-
spond to the nonoscillating solutions of the perturbation
equations that form a subset of the so-called zero-frequency
subspace. In a slowly rotating star, these solutions acquire
small but finite oscillation frequencies and become the
r-modes. Thus, the traditional approach relies on the
perturbation theory with Q being the small parameter,
and the analysis of the oscillation equations immediately
points towards the traditional r-mode ordering, which, in
turn, immediately predicts the continuous oscillation
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spectrum. Note that every step and assumption of this
approach is justified only if one studies the oscillations that
are analytic functions of the angular velocity Q (i.e.,
oscillation eigenfunctions and eigenfrequencies can be
written in the form of an Q series). Now, looking at the
theory of discrete relativistic r-modes developed in this
paper, we realize that, because of the effect of the inertial
reference frame-dragging, this is actually not the case, and
the obtained solutions contain nonanalyticity that strongly
manifests itself in the limit of extremely slow rotation rates.
In the nonbarotropic core one gets, in the limit Q — 0 [see
Egs. (116) and (117)],

ng)(a) x exp <\§/ @da),

e il (0, -0 (%) |

Because of nonanalyticity, these functions are undeter-
mined at Q = 0, i.e., they, in principle, cannot be consid-
ered as rotational corrections to any zero-frequency
subspace perturbation of a nonrotating star. For the same
reason, the discrete r-modes in the core cannot be studied
with usual perturbative techniques, i.e., treating Q as a
small parameter and expanding all the quantities in Taylor
series in Q. As for the barotropic crust, the obtained r-mode
solutions would have been analytic functions of Q, had it
not been for the nonanalyticity in the core that affects the
solution in the crust through the boundary conditions at the
crust-core interface. As a result, we see that because of the
effect of inertial reference frame-dragging, the correct
relativistic ordering in the Q — 0 limit (with all the
reservations concerning the validity of the term “ordering”
in this situation, see the discussion in Sec. VI A),

(128)

TGR,core ~1, 6(1> ~ €, gg}R,core ~ \/EQ’
d Ve
~e, i ~ 129
QGR,COF@ ‘ (da> GR,core Q ( )
TGR,crust ~1, 6(1) ~E, é:g}R,crust ~ €,
d
OGR crust ™~ € <) ~1 (130)
et da GRcrust
drastically differs from the traditional one,
Tnewt ~ 1, 6(1) ~ 92’ gl%ewl ~ 92’
d
~Q2, ) L 131
QNewt < da) Newt ( )

Interestingly, if one turns the effect of the inertial reference
frame-dragging off, one immediately obtains that
the traditional ordering again holds for such relativistic
r-modes, both in the nonbarotropic core and barotropic
crust. If, however, one accounts for the frame-dragging
effect and uses traditional ordering in relativistic r-mode
equations, one immediately arrives at the continuous
spectrum problem. Summarizing, we see that the frame-
dragging effect is responsible for the slow-rotation approxi-
mation breakdown, since it leads to the r-mode non-
analyticity in the core and alters the ordering both in the
core and in the crust.

Not only the r-mode eigenfunctions but also the oscil-
lation frequencies o, of r-modes with nonzero number of
nodes n become nonanalytic because of the frame-dragging
effect. In the limit Q — O their spectrum is given by the
following analytical formula:

-8 o ()
Ai(z,) =0, neN (132)

with a defined by Eq. (124). Here each oscillation
frequency is determined by the corresponding zero
z, of the Airy function. Notably, ¢, depends only on the
value of the frame-dragging function [and its derivative,
@'(a)] at one point a = a,.. It is worth noting that this
formula has no counterparts in the Newtonian theory,
where the eigenfrequency corrections for r-modes
with different number of nodes can only be found
numerically.

There are still several legitimate questions concerning the
obtained r-mode solutions that deserve a separate discus-
sion. As we have mentioned before, it was shown by
Lockitch, Andersson, and Friedman [21] that the r-modes
in relativistic barotropic stars do not exist, and that the
[ = m =2 Newtonian r-modes correspond to the relativ-
istic inertial modes. Although we have managed to find the
r-mode solutions in the barotropic crust, our results,
actually, do not contradict these predictions. The reason
is that by the term “r-modes” one usually implies oscillation
modes, for which all the velocity components except for the
toroidal one are suppressed in a slowly rotating star (when
Q is small). In this sense, strictly speaking, our solution in
the crust cannot be referred to as the r-mode. It does
describe the predominantly toroidal oscillation mode, but in
our case all the velocity components except for the toroidal
one are small because of the weak effect of inertial reference
frame-dragging. The same remark applies to the obtained
solution in the core. Whereas the radial displacement in the
core, indeed, becomes small because of the slow
rotation rate, the component Q of the motion is small
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because of the small €. Thus, what we find in this paper
cannot be termed an “r-mode” in the conventional sense,
but, nevertheless, we still call it an “r-mode” since it is the
predominantly toroidal solution of the oscillation equations
that presents the relativistic generalization of the Newtonian
r-modes.

Now, what happens if one drops the small ¢ approxi-
mation? We expect that the predominantly toroidal solu-
tions to the relativistic oscillation equations cease to exist.
For the barotropic stars the obtained solutions will pre-
sumably correspond to the hybrid inertial modes discussed
in [21] (but in the Cowling approximation). As for the
nonbarotropic stars, our preliminary results indicate that the
r-modes discussed in this paper will become nonanalytic
inertial hybrid modes. And still, the corresponding oscil-
lation frequencies in the  — 0 limit should not drastically
differ from those given by the derived explicit formulas.
The reason is that for extremely small values of Q the
r-mode eigenfunctions noticeably differ from zero only in
the stellar crust and in the vicinity of the crust-core
interface, where the effect of the inertial reference
frame-dragging indeed can be considered as weak. Note
that such behavior of the eigenfunctions also implies that
the Cowling approximation in the Q — O limit should
lead to significantly smaller eigenfrequency errors, than
6%—11% obtained in [58]. Indeed, while the perturbations
of the gravitational field in the crust do not affect the
physics of the inner layers of the star, we also expect the
perturbations of the gravitational field to be exponentially
suppressed almost everywhere in the core. In the case of the
node-possessing modes the effect is amplified by the form
of the eigenfunctions, whose fast oscillations cancel each
other out and should prevent the gravitational field from
being perturbed. Anyway, finding the discrete relativistic
r-modes beyond the Cowling approximation should not be
a problem anymore, as we are now aware of the r-mode
nonanalyticity, and we have managed to find the discrete
r-modes within the Cowling approximation, where the
problem of the continuous spectrum seemed to be the most
critical. Our preliminary results, based on the consideration
of the full set of linearized relativistic oscillation equations,
indicate that metric perturbations for such nonanalytic
relativistic modes are significantly smaller than those
predicted in the traditional approach. As a consequence,
the ordering of the hydrodynamic eigenfunctions coincides
with that predicted within the Cowling approximation, and
the nonanalytic 7-mode dynamics in the ©Q — O limit is
described by exactly the same equations, as in the Cowling
approximation. We postpone a detailed discussion of these
results to a forthcoming publication.

Finally, let us remark that, although the traditional
approach fails to describe the discrete r-modes in non-
barotropic stars, the question, whether the (discussed in the
literature) oscillation modes possessing the continuous

oscillation spectrum do or do not correspond to some real
oscillation modes that can be found beyond the slow-
rotation approximation, still has to be answered. As we
have mentioned before, such numerical studies encounter
no signatures of the continuous oscillation spectrum. In
our opinion, this can indicate that some internal incon-
sistency of the theory, based on the traditional ordering,
takes place. Such inconsistency has already been revealed
in the study of the r-modes in barotropic stars: the system
of equations based on the traditional ordering turned out to
be overdetermined [21]. Revealing analogous or any other
inconsistency for nonbarotropic stars is a very interesting
problem, whose investigation goes beyond the scope of the
present work.
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APPENDIX A: TYPICAL r-MODE STREAMLINES

In this appendix we show the Fig. 8, which illustrates the
streamlines of the Lagrangian displacement vector &,
typical for the r-mode perturbations.

=1, m=1

Q Q

4

»?f %3,

. QO
\ ;\,4‘\\

\l |
a7 A “\\,

=3 m=1 [=3, m=2

=3, m=3

FIG. 8. Still image of animated streamlines of the Lagrangian
displacement vector field € for the r-modes on the stellar surface
for different combinations of / and m, as seen in the corotating
reference frame (see Supplemental Material [74] for animation).
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APPENDIX B: INTEGRATION SCHEME

To find the relativistic r-mode eigenfunctions and
eigenfrequencies for a fixed rotation rate Q, we employ
the following algorithm:

(1) We choose the range of values [a](;f)t, aglg)ht] that we

want to check for the presence of eigenfrequencies
o1). We look for the solution of the equations for
the values of o' equidistantly located within
this range.

(2) The nth iteration of the algorithm starts with some
value of the frequency o(!) = 05,1), for which we find
the solution of Eq. (72) in the crust with the
boundary condition (79), corresponding to the nor-

Ec)msl(l) = 1. Let us denote the corre-

sponding value of the radial displacement at the
crust-core interface as §§1+)Mmst(aw) = Eorustne
Although we know the analytic solution of this
equation, its numerical calculation turns out to be
faster and more practical. Also note that the quantity
E.oug 18 a linear function of &) [see the for-
mula (75)]; therefore, there is no need to solve

every time Eq. (72), but it is sufficient to find &

only for two arbitrary values, say, 0(11) and agw.

Knowing the corresponding values of &, one
completely finds the linear dependency that can
be used further to find &, without solving Eq. (72).
(3) For the same value 65,” we solve the system (66) in
the core with boundary conditions (82), normalize

malization T

the obtained solution so as to have T'° (ae.) =

l,core
TE C)mgt( <), and then find the corresponding value of

the radial displacement at the crust-core inter-

face §l+1 core(acc)
(4) We evaluate the residual parameter §, = 5(0’n )=
(Ecoren — Ecrustn)/ and then compare the
values of 6, and 5,,_;. If 5,,_1 and 9, are of opposite
signs, then this range may contain the sought
eigenfrequencies, which can be found with the
use of ordinary numeric routines.
Thus, evaluating the residual parameter and monitoring
its sign changes for different values of ¢!, lying in a
certain range, we can determine whether there are any
eigenvalues in this range. The smaller the residual is, the
more accurately the remaining boundary condition (85) is
satisfied.

6001‘6 n-

APPENDIX C: EXPLICIT FORMULAS FOR THE
FORMAL COEFFICIENTS IN THE r-MODE
EQUATIONS FOR I=m

Below we provide the exact form of the Q- and
e-independent coefficients that appear in the formal system
(87) in the discussion of the slow-rotation limit:

2ak;
C](Cl) — a 1+1
(l+1)
ki
C =——[2aqg(l+1)—-F-2l-1], Cl1
o) = ks 2ag+ 1) Y
ae ,
Ci(a) = m lagy, + 4ly,(2ak, — F +5)],
2
-~ 2
Co=1"7 (C2)
B l Ac?g(l+1)%e*
Gila)=A+g(-1)=—. Gla)= T4k

(C3)

APPENDIX D: THE EXPLICIT FORM OF THE
r-MODE EQUATIONS IN THE Q — 0 LIMIT

Using the relativistic »-mode ordering, one can derive the
r-mode equations in the Q — 0 limit from the system (66),
retaining only the leading-order terms. From the second

and third equations of this system we find that af;i)l is

proportional to ‘fgfl, which allows us to introduce a new
useful function

M) (g
()_ Z-’:ll()

E(a) =
(14 1)k},

1
_&li(a)
Pk -

(D1)

Then, ignoring small terms in the system (66), we obtain

1 ~ (0) %
{e[l(l—l—l)o( O+ 2ma(a)|T,” =2ay 1(1+1)& = (D2)

4am€K2TEO)/ +AC?gP (14 1)2e™E=0.

This system is the exact generalization of the system (91) to
the case of arbitrary / and m: if we consider Eq. (D2) with
[ = m, we immediately reproduce the exact form of the
coefficients Cy(a), C4, and G,(a). Once the solution of this
system is known, we can use Eqgs. (64), (65), (58), and (59)

to find the functions lei)l and Tgli)z in the Q — O limit:

(1) _(l—‘rl)zk?— = (1 2 k_ 2
On ="y« Y= urg e ©Y
() _ =210+ 1P kK 5
L= = nai=1) *
w P D)+ 3k
Tz = 2m(l+2)(20 + 3) ag' (D4)

It is easy to see that these formulas define the contributions
Q&OI) and T&Oz) from the decompositions (E13) and (E15).
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Other terms are small in the Q — 0 limit and can be
ignored.

APPENDIX E: THE RELATIVISTIC r-MODE
ORDERING IN THE CORE

Let us imagine that we are not aware of the relativistic
r-mode nonanalyticity. As we have already mentioned, the
small parameter in r-mode oscillation equations (66) [or
(86) for [ = m case], associated with slow stellar rotation,
is 2, not Q. Then it seems natural to look for the solution
to the oscillation equations in the form of a series in this
parameter

f@.Q) = fla)Q. (E1)

For example, if we ignore the frame-dragging effect in these
equations, we immediately obtain that o) ~§§Jlr)1 ~Q2,
which is the traditional r-mode ordering, known from the
Newtonian theory. In general relativity, however, we deal
with nonanalytic functions, for which the leading contri-

bution to the radial displacement 5521 ~ /€Q turns out to be
of linear order in Q, and, moreover, the operator d/da
should be considered as a “quantity” of order /e/Q (recall
the discussion in Sec. VI A concerning the validity of terms
“order”and ‘“‘series” when one deals with nonanalytic
functions). As a result, the terms of linear order in € arise

|

da

{C' (a)i + Cz(a)] 5&)1 + [Q2C5(a) + 6V + C4e&)(a)]T§0) =0,

Gs(a)
QZ

d 0
|:%+G1(a)] T +

reduces to

and violate the expected picture: the actual small
rotation-associated parameter to be used in an Q series
should be Q, not Q2. This implies that the quantities TEO) (a)
and oV are, generally, allowed to contain linear in Q
contributions.

It may feel like we have arrived at some internal
inconsistency of the theory: in the decomposition 7 =
7O + T7(M) the function T =T 50) (a)P*(cos0) that, by
definition, should describe the leading-order contribution to
the toroidal function 7 in the slow-rotation limit, is allowed
to contain a small linear in Q term that seemingly should be
attributed to 7). This impression, however, is wrong,
since the rotation-associated small parameter, used in the
derivation of the general r-mode equations, is Q2. For slow
rotation rates linear in Q terms are much larger than Q? and,
therefore, can be a part of 7). Note, however, that it does
not necessarily mean that linear in Q contributions cannot
appear in T(1): they can, but with additional small factors,
associated with e.

With all these remarks in mind, let us proceed further
with the derivation of the relativistic -mode ordering. As
previously, for simplicity we focus on the / = m case, since
the analysis of the [ # m case can be performed in a
completely analogous manner. In Sec. VI A we have shown
that in the limit of extremely slow rotation the general
system of equations

(E2)

1
§E+)1 =0,

Ci(a)&V + o) + Chev(a)] TV = 0

G,(a)

ar” + 7= al)

Q

In the latter system (1) = ec(19), T§O> = T;OO), and 5521 =
\/Eﬂfﬁll) ~ 1/€Q are the leading contributions to, respec-
tively, the r-mode eigenfrequency, toroidal function, and
radial displacement in this limit, that by definition do not
include the generally allowed “linear” Q order corrections.
We have also shown that, because of nonanalyticity of the
eigenfunctions, the derivative d/da in these equations
should be considered as a quantity of order /e/Q. For
further analysis we introduce a new convenient parameter

(E4)

(E3)
= 0.

|
and look for the solution to the general Eq. (E2) in the form

T\ =7\ 1 6T,

R
da da «’

G(l) — 6[6(10) _|_ 50}’

&) = exlgl) + 88,1,

Here the first terms correspond to the solution of Eq. (E3),
while the terms of the form §f describe small corrections to
this solution of yet unknown order. Note that at this point
we do not know whether the operator d/da changes the

order of 5T, and 8¢, 1, like it does with T\* and &',
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It turns out that when we employ decompositions (ES) in
the general system (E2), the only small parameter left in all
equations is . Therefore, the corrections 67, 6¢,,, and do
should be considered as quantities of nonzero positive x
orders (this statement, however, generally does not have to
hold for their derivatives, if we allow them to be nonana-
lytic functions of k). Having used these decompositions, we
can discard small terms in this system, following two
selection rules. The first rule is that, in any equation

|

containing simultaneously the terms f and 6f (with factors
of the same order), the latter can be ignored. The second
rule is that in each equation we ignore all the terms smaller

than the largest inhomogeneous term in that chosen
equation [i.e., the largest term containing T;OO) or £117],
For example, in the first equation, we ignore the term
K2T§00) compared to x&(V). Eventually, we obtain the
following simplified system of equations:

(00)

d -
Ci(a) %1«55”1 + [619 + Cya(a)|oT,; + CZ(a)Ké:E-li-]l) +60-T, =0

This system should be solved with three boundary con-
ditions (two of them imposed at the crust-core interface and
one at the stellar center); therefore, its general solution
should contain three unknown constants: two integration
constants and the correction do. This is possible, if and only
if the terms with the derivatives of 67, and o6&, are not
small compared to other terms in the obtained system:
otherwise differential equations reduce to algebraic ones,
and we are left with only one unknown constant é¢. For the
same reason, the term with do in the first equation should be
of the same order as the term with the derivative do¢, | /da.
Finally, the order of the correction 67'; cannot be larger than
K, otherwise, 6T, should have been attributed to W 1If we
look for the ordering in the form

d
o0 ~k*, 6T, ~«', 08111 ~ K, d—NKd’ (E7)
a

the discussed conditions can be formally written as

l+d+x=s
{ (B8)
s <t
for the first equation, and
d+t=0 d+t=x—1
option 1 : or option2: (E9)
x>1, x<1,

for the second equation. Let us consider, for example, the
first option. In this case, using the conditions above, we
easily obtain the inequality 2 > x 4+ 1. Since ¢ <1 and
x > 1, this inequality is satisfied only for x = t = 1, and we
immediately obtain s = 1 and d = —1. The analysis of the
second option can be performed in a similar way and leads
to the same ordering.

Thus, we have shown that ¢ ~ 6T, ~ 6&;,| ~ k, and that
corrections 67; and 8¢, | are nonanalytic functions of , for

which d/da ~ 1/kx. Now, we can write down the next-order
terms in the relativistic 7-mode ordering. First of all, we have

do = ko'll), o) = el + exolh), (E10)
o7, =«xT\, T =7 441 (EI11)
dea =gl el =el +elqld,  (E12)

where (1) ~ T§01) ~ fgfl) ~ 1. Secondly, from Eq. (65) it
follows that, up to the terms linear in x, we have

1 10 11
0}, = €0l +ex0ly, (E13)
(o _ . a (1)
1
o = (F=1)&l +2axg ). (E14)

200+ (1 +2)

Note that the “order” of the quantities Kf§1+11)/ and ngfl)/ in
Eq. (E14)is 1, since d/da ~ 1/«k. Finally, from Eq. (59) we
find that, up to the terms “linear” in x, we have

T(]) = €T(]0> + €KT(”)

+2 = 142 1+2° (EIS)

(o) ik, (I+1)*(1+3) o)

79

1+2 2(21+3) I+1°

11 ik (L+1)(1+3) 1 11
T}y = —— [(ag— )&y + 1+ Dop).

2(2143)
(E16)

Although we discuss here only the ordering of the
coefficients before associated Legendre polynomials, it is
easy to see that the same ordering should hold for the whole
0-dependent functions. Indeed, for the / = m case, we have
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£W(a,0) = 5;1& (a)Pl,(cos8),

0" (a,0) = 0\, (a)P}, ,(cos B), (E17)

( I
I I
T0(a,0) =T!" (a)Pi(cos0) + T\, (a) P!, (cosd). (EI8)

We know the ordering of all of the coefficients in these
decompositions, except for Tgl) (a) that disappears from the
equations. Nevertheless, we still can conclude that the
ordering of the toroidal function up to the terms “linear” in
k is defined by the expressions above. The toroidal function
correction T")(a,d) definitely contains the terms of the
order € and ex, since the terms of the same order appear in
qulu)z (a). At the same time, it cannot contain the terms of the
order 1 or «k, since these terms, by definition, should be
attributed to the leading-order contribution 7®)(a, 6). One,
however, cannot exclude the possibility that TEI)(a) is of
higher order than Tgi)z(a).

Summarizing, we can write the first terms of the
relativistic »-mode ordering as

c/Q =" + e + ek + .., (E19)
T =T 4,700 4 710 4 7)1, (E20)
Q0 =¢eQU0 +exQ) + .. (E21)
0 1
=) 4., o~ E22
& =exg!') + poiate (E22)

These formulas do not correspond to any sort of Q or ¢
series. The terms f(*) in these decompositions, including
those for eigenfrequency corrections, generally, are non-
analytic functions of Q and e that define the nonanalytic
contributions of the “order” e’x* (but the dependency of
these contributions on € and e does not reduce to the factor
€'kk). For example, the function 7(!") defines the nonana-
lytic contribution to the toroidal function, which is linear in
e and linear in . All the terms of the form (%) and £V
correspond to the terms in (47) that were designated as (%),
and all the terms of the form f(!9 and (') correspond to
f. For instance, TV is a part of T(*), whereas T('0) is a
part of T(). As we anticipated, linear in « terms enter the
corrections f(!) with small e-associated factors.

APPENDIX F: THE EFFECT
OF CRUST THICKNESS
Let us take a look at the obtained analytic solution in the
crust. According to Eq. (101) we have égfl (a) ~ ecfﬁof (a),
while from the definition (102) it follows that

/nger]) (a) ~T§0) (a). As a result, in the crust, we expect
the condition 554131 (a) ~ eTEO) (a) to take place. Although

the function fgiol)(a) for the main harmonic does not
depend on and for the node-possessing nodes depends
only weakly on the small parameters € and ¢, and this
condition seems correct, it in fact turns out to be wrong for
the considered values 10~ < Q < 1072. To see this we use
the formulas (120) and (102) to rewrite the analytic solution
for the main harmonic in the  — O limit as

2¢e
& (@) megl) (@) =~y lac)A@).  (FD)
where
A(a): Il(a) _ 12((1) ;
Il(acc) IZ(acc)
. 1
)
Ii(a) = an(a)T;”’ (a)da,
@) = [ (@@ (@)
| 1
L) = s [ en@n(@ata)r (@da. ()
Our numerical calculations show that the ratios

I(a)/I(a..) and I,(a)/I,(a,.) both take positive values
in the interval [0; 1] and only slightly differ from each other.
As a result, the function A(a) is, typically, of the order
4 x 1072, We also obtain that I,(a..) ~3 x 1072, which
combined with the previous estimate and the fact that in

the crust Tgo)

5521(‘1) ~ 1073 x eTEO)(a). Even for the smallest consid-
ered value, Q = 1073, this means that, effectively, we have

(a) ~1, allows one to conclude that

5;21(") ~ €KT§O)(CI), which makes the developed analytic
theory for the main harmonic less applicable for the
considered range of rotation rates. A similar situation
emerges when one considers node-possessing harmonics,
for which the radial displacement in the Q — 0 limit
approximately equals

1
dh@x s [ ata]o+ 32 ar @)
2¢

o [@(ac ) (a) — I(a)] ~ 1073 x €T\ (a).

(F3)

Thus, an application of the theory to the node-possessing
r-modes also turns out to be marginally justified for the
considered rotation rates. We expect, however, that the
theory provides more accurate results when smaller values
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of Q <107* are considered, but we cannot perform the
corresponding calculations due to numerical problems
arising at slower rotation rates.

What we can do to test the theory is to consider a slightly
different stellar model with a larger crust. Instead of
working with a “genuine” star with a.. ~0.92, we can
calculate the r-modes for an artificial star with a different
(smaller) value of a,.., by solving the dynamical equations
in the core at a < a.. and in the crust at a > a,. (but
employing exactly the same equilibrium stellar model as
before). Our numerical calculations show that typical values
of the function A(a) only slightly depend on the position of
the crust-core interface, whereas the quantities |/, (a..)| and
@(a..) get larger and larger with the decrease of a,.. The
functions |/ (a)| and |I;(a)| decrease with a, so for stellar
models with a larger crust they are also allowed to be larger.
We, therefore, expect that the r-mode spectrum for stellar
models with a larger crust should be better described by the
analytic formulas derived in the limit Q — 0. Moreover, the
function A(a) (in our model) exhibits two extremum points
in the region 0.87 < a < 0.9. Therefore, if a, < 0.9, the
Taylor expansion g,(a) = @*(a, — a) cannot be applied in
the vicinity of the crust-core interface and the oscillation
spectrum should be calculated according to the quantization

rule (126) instead of Eq. (124). In the stellar models with a
large crust (a.. < 0.87), however, extremum points do not
arise and the Taylor expansion of g, (a) remains accurate up
to the crust-core interface.

We consider two such stellar models: one with a.. = 0.7
and the other with a.. = 0.4. In the model with a.. = 0.7
according to our estimates (performed in the same manner as

previously for the “genuine” star), we have fgfl(a) ~
1072 x eTEO)(a) for the main harmonic and ﬁgfl(a) ~
107! x eTﬁO)(a) for the node-possessing harmonics. The
theory for this model should work better at rotation rates
Q ~ 1073, but we still cannot expect exact predictions for
sufficiently higher rotation rates Q ~ 1072, especially for the
main harmonic. In the model with a.. = 0.4 we have
rfgjr)l(a) ~4x IO_ZSTEO)(G> for the main harmonic and

6;21 (a) ~ eTﬁO) (a) for the node-possessing r-modes. In this
case, the theory should describe with high accuracy the
eigenfrequencies of the node-possessing r-modes even at
Q ~ 1072, Predictions concerning the main harmonic eigen-
frequency should also be significantly more precise than for
the other discussed stellar models. All these conclusions are
confirmed by Fig. 7, discussed in Sec. VIC.
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