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We calculate the mass spectrum of the S-wave fully-charmed tetraquark resonant states ccc ¢ in the
nonrelativistic quark model, which successfully describes the charmonium spectrum. The four-body
system is solved with the Gaussian expansion method. The complex scaling technique is used to identify
the genuine resonances. With the nonrelativistic quark model, our results show the existence of two cc¢ ¢
resonances in each of the J’C = 07+, 17—, and 2+ sectors, respectively. In the S-wave sector, no
resonance is found at the energy region of the X(6200) and X(6600) states. The lower 0** and 2+
resonances are located around 100 MeV higher than the X(6900) state observed in experiments but have
the decay widths consistent with the experiment. The higher 0t and 2™ resonances are found at around
7.2 GeV with the widths of 60.6 MeV and 91.2 MeV, respectively, and they may be good candidates for the

X(7200) state.

DOI: 10.1103/PhysRevD.106.096005

I. INTRODUCTION

Since 2003, the experiments reported dozens of the
exotic states at the odd of the quark model predictions,
which are the good multiquark candidates of the tetraquark
state ggqq g and pentaquark state ggggg. Compared with
the conventional gg mesons and ggq baryons, the multi-
quark states (the number of inner quarks N > 4) have much
richer confinement mechanisms to form the color-singlet
hadrons. Correspondingly, many theoretical interpretations
of the inner structures have been proposed: hadronic
molecule, compact tetraquark state, hadron-heavy quarko-
nium, and so on (For more details, refer to Refs. [1-9].). Up
to now, there does not exist a multiquark state with well
established inner structure. The inner dynamics are still
mysterious.

The fully heavy tetraquark state QQQ Q (Q = b, ¢)
provides a clear environment to investigate the quark
confinement dynamics in the multiquark system. Without
a mechanism for creating light quarks, the coupled channel
effect between the heavy quarkonium core QQ and the
tetraquark state QQqgq is ruled out. In the past years, the
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tetraquark bbb b states were searched in the Y (1.8)u*u~
channel by CMS [10,11] and LHCb collaborations [12]. No
significant excess for a narrow resonance was seen.
Recently there are great progress in the search for the
ccc ¢ states. In 2020, the LHCb reported the observation of
a broad structure with the mass ranging in (6.2,6.8) GeV
and a resonance X(6900) in the di-J/yw channel [13]. The
X(6900) was confirmed in the di-J/y channel in CMS
collaboration [14], and di-J/w as well as J/yy(2S)
channels in ATLAS collaboration [15], respectively. In
addition, there are new resonances reported, the X(6600)
and X(7200) in CMS [14], and the X(6200), X(6600) as
well as X(7200) in ATLAS [15]. The parameters of the
resonances and their observable channels are summarized
in Table I. The minimum constituents of these states are
ccc ¢, which may be good candidates to pin down the inner
dynamics of the multiquark states.

The theoretical studies of the fully heavy quark
states started long time ago before the experimental results
[16-22]. Recent experimental progresses have inspired
intensive theoretical investigations [23-76] (More discus-
sions are referred to the reviews [77,78].). The interpreta-
tions of their natures were discussed in different models,
compact tetraquark states [23,24,24-34,56,65,71,79-82],
the dynamical rescattering mechanism of double-charmo-
nium channels [35,35,36,53,62,73,83,84], c¢ hybrid [37],
and a Higgs-like boson [38]. Since the heavy quarks cannot
exchange the light mesons, the compact tetraquark inter-
pretations of the QQQ Q states are natural and popular.
However, one struggling problem is the predictions of
many more additional tetraquark states than the

Published by the American Physical Society
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TABLE I. The masses and decay widths of the tetraquark states reported in experiments. The results from LHCb [12] and CMS [14]
are given in unit of MeV, while those in ATLAS [15] are given in GeV.
M r Observable channels
LHCb model I [12] 6905 £ 11 +7 80 £ 19 £33 )
LHCb model II [12] X(6900) 6886 £ 11+ 11 168 £33 £ 69 di-J
X(6600) 6552 £ 10 £ 12 124 £29 £ 34
CMS [14] X(6900) 6927 +£9+£5 122 £22 £ 19 di-J Jyr
X(7200) 7287 £ 19 £5 95 +£46+£20
X(6200) 6.22 +0.051 004 0.31 +£0.1215%
X(6600) 6.62 £ 0.037)07 0.31 £ 0.09159% di-J/y
ATLAS [15] X(6900) 6.87 +0.0375:0¢ 0.12 £ 0.0415%3
6.78 £0.36703; 0.39 £ 0.1175]
- J 28
X(7200) 7.22 4+ 0.037002 0.10+0:13+0.06 /v (25)

experimental observations. In our previous works [82,85],
we have calculated the mass spectrum of the S-wave and
P-wave as well as the radially excited fully heavy tetra-
quark states in the constituent quark model. The results
show that the three lowest ccc ¢ states are located in the
mass region (6.5,6.7,6.9) GeV, respectively. The obtained
states are much more than the experimental observations.
As discussed in these studies, the redundancy states may
have two origins. On one hand, the finite number of the
bases may lead to the discrete eigenvalues of the scattering
states, which may be misidentified as the resonance. On the
other hand, the multiquark states may decompose into
the scattering states and may have large decay widths given
the strong coupling effect, which cannot be observed in
experiments. In this work, we propose to identify the
resonant tetraquark states ccc ¢ with the complex scaling
method.

The paper is arranged as follows. We give an introduc-
tion of the formulation in Sec. II. We present the
Hamiltonian in Sec. IT A, the four-body wave functions
in Sec. II B, and the complex scaling method in Sec. 11 C,
respectively. In Sec. III. we discuss our results. At last, a
summary is given in Sec. IV.

II. FORMULATION

A. Hamiltonian

We introduce the nonrelativistic quark model for the
fully heavy tetraquark QQQ Q system. The Hamiltonian is
given by

H= Zp' +Z +Z£’l—f PRENCY

i<j=1

where p; and m; are the momentum in the c.m.s and mass
of the ith (anti)quark, respectively. 4; is the color matrix.
Vj is the potential between the ith and jth (anti)quarks. In
this work, we use the quark model proposed in Ref. [86]

(labeled as BGS in the following) to study the cc¢ ¢ system.
The potential is given by

a, 3 8ra
Vii=——>br;— u
J rij 4 J

3m;m

o \?3 2,2
— o Tiis.-s.. (2
,-(ﬁ)e s ()

It consists of the color-Coulomb, the linear confinement,
and the hyperfine interactions. The charmonium spectrum
determines all the parameters as listed in Table II. With the
model, we can calculate the mass spectrum of the low-lying
charmonium spectrum with the Gaussian expansion
method and summarize the results in Table III.

TABLE II. The values of parameters in the BGS quark model
[86].

m, [GeV] a; b [GeV?] o [GeV]
1.4794 0.5461 0.1425 1.0946
TABLE III. The charmonium mass spectrum (in the unit of

MeV) obtained with the Gaussian expansion method in the BGS
quark model [86] compared with their experimental values (EXP)
[87].

25+, ct EXP BGS
1S, e 2983.9 2982
38, J/y 3096.9 3090
3P, Zeo 3414.7 3424
3P, Zel 3510.7 3505
p, h.(1P) 3525.4 3516
3P, X 3556.2 3556
1So 170(28) 3637.5 3630
38, w(25) 3686.1 3672
38, w(3S) 4039.0 4072
38, w(4S) 4421.0 4420
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B. The four-body calculation method

For a 0, 0,00, tetraquark state, there are two possible
configurations, the diquark-antidiquark (a) and the meson-
meson (b) ones as shown in Fig. 1. With the Gaussian
expansion method, the wave function of the tetraquark state

Wy 1S given by

Yim = Z ZA12A34ZBa Zc

C=ab «a
M

JL ® ch)]‘/ ’
(3)

where the r¢, Re, and pe are three independent Jacobi
coordinates as shown in Fig. 1. The superscript C denotes
the a and b color configurations as illustrated in Fig. 1. The
J; and S are the orbital angular momentum and the intrinsic
spin of the tetraquark system, respectively. They combine
to form the total angular momentum J. A;,/As, is the
antisymmetric operator of the two quarks/antiquarks.

B&C:“’“ is the expanding coefficient of the ath basis,
which has a set of quantum number {nl,NL,vA,J;,S}

forming the total spin-parity J”. The ;(ga and )((CC ) are the

total spin and color wave-functions in the color configu-
ration C (C = a, b). Constrained by the Fermi statistic, the
possible spin-color wave functions of the QQQ Q tetra-
quark state are given by

X[[pu(re) ® Py (Re) @ ¢oa(pc)]

zo1 = {0030 037" 4)
zo, =1H{00}7{0 031", (5)
2 = H{eoK ' {eoH " (6)
1h2 = [{QOHZ{00}". (7)
xay = H{QO}{O 0K (8)
xhy = {QOHT{00} ", 9)
ran = {0 {0 o)1 (10)
Q Q Q 1 Q
r, o R Pb
Q Q Q Ry )

(a) (b)

FIG. 1. (a): The diquark-antidiquark (QQ — Q Q) (b) Meson-
meson (QQ — QQ) configurations in the four-quark system.

Zii = KQOK{QON . (11)

where the superscript denotes the spin-parity quantum
numbers. The ¢,;(r¢)/ Py (Re)/pi(pe) is the spatial
wave function with n/N/v and [/L/A the radial quantum
number and orbital angular momentum, respectively. As an
example, the ¢,,(rc) reads,

¢n1m(rC) = anrle_(r/rn)zYlm<fC)7 (12)

r, =ra"!, (13)

1
rn nmax —1
a = | —max , (n=1,...,
”1

The spatial wave functions ¢y, (R¢) and ¢,,(pc) are
similar.

With the Hamiltonian and the wave functions, we can
solve the Schrodinger equation to obtain the eigenvalues.
However, one should note that all the eigenvalues including
those for the continuum states are discrete since we
calculate the mass spectrum in a finite number of bases,
which is equivalent to the finite volume. To identify the
resonance we apply the complex scaling method [88-90].

Mmax),  (14)

C. Complex scaling method
In the complex scaling method, all the relative coordinate
r and the momentum ¢ will be scaled as follows,

16'

r—re q—qe . (15)

where 6 is a positive angle.
Schrodinger equation reads

Correspondingly, the

ng)g = qu)g, (16)
with
Hy = H(re,qe=?)
4
P; oi20 z; i
= + m; + Vi . (17
Yo St 3 AV (17

Since we have expanded the states with the Gaussian bases,
all the eigenvalues are discretized and complex. By
applying the transformation, the scattering states will
rotate with 26 along the continuum line. For the pole with
Epole = Eresonance = E— i3 L (E and T being the energy and
the decay width of the resonance), when the € satisfies
tan(20) > I'/(2E), the resonant wave functions will con-
verge at r — oo and can be expanded with the Gaussian
wave functions similar to the bound states. The bound and
resonant states will stay stable and do not move with the
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TABLE IV. The masses and half decay widths E, — i g (in unit
of MeV) of the ccc ¢ resonances obtained with the BGS quark
model [86].

Jre 1st 2nd

ot+ 7035.1 — i38.9 7202.2 —i30.3
1+ 7049.6 — i34.7 7273.5 —i24.9
2+ 7068.5 — i41.8 7281.3 —i45.6

changing of 6. More technical details are referred to
Refs. [88-90].

III. RESULTS

We use the quark model to calculate the ccc ¢ spectrums
and summarize the results in Table IV. The comparisons
between the theoretical and experimental results are dis-
played in Fig. 2. There are two resonances in the
JPC =0+, JP = 17~ and J¥ = 2 sectors, respectively.
As shown in Fig. 2, all these six states are above the lowest
dicharmonium channels, di-n,., di-J/y or J /wn,.. No bound
states are obtained.

To obtain the above resonant states, we have adopted the
complex scaling method with the angle 6 ranging from 0 to
20 degree. When 0 = 0, the results correspond to those

73007

7273.5(49.8)

7202.2(60.6)
7100}

7035.1(77.8) 7049.6(69.4)
6900

6700f

E [MeV]

6500

6300f

6100+,

5900*

7281.3(91.2)

7068.5(83.6)

obtained in real space. The @ should be large enough to
include the resonance, but not too large, which may lead to
strongly oscillating of the asymptotes, especially for the
excited states. The complex eigenvalues of the 07, 17~
and 27" tetraquark states with varying 6 are shown in
Figs. 3-5, respectively. As illustrated in Figs. 3-5, we
obtain many eigenstates with & = 0. With the complex
scaling, most of the states are rotating along the continuum
lines, which correspond to the scattering states dicharmo-
nium states as well as their radial excitations. At the origin
of the continuum lines on the real axis with 8 =0, we
obtained the mass thresholds of the scattering states and
summarized the results in Table V. As shown in the table,
our results of the meson-meson scattering states are
consistent with the experimental values up to tens of
MeV. With the scattering states as a benchmark, we obtain
the masses of the possible resonance and compare those
with the experimental values in the following. Since the
errors of the scattering channels are tens of MeV, we
expect the errors for the tetraquark states to be in the
same order.

For the 0" cccc¢ system, we include four possible
color-spin configurations as shown in Eqgs. (4)—(7). As
illustrated in Fig. 3, most of the states are rotating along the
continuum lines, which correspond to the scattering states
di-n. and di-J/y as well as their radial excitations.

X(7200) —
X(7200)
X(6900)
X©00) XO900) ), o)
----------------------------------------------------- n.28)Jly
..................................................... 7w (2S)
------------------------------------------- NNA2S)
X(6600)
X(6600)
----------------------------------------------------- Jhyd/
X(6200) v
"""""""""""""""""""""""""""" nJly
"""""""""""""""""""""""""""""""" Nl
LHCb CMS ATLAS

FIG. 2. The masses and widths (in the brackets) of S-wave ccc ¢ resonances obtained in the complex scaling method in the unit of
MeV. The colored lines represent the central masses in LHCb [12], CMS [14], and ATLAS [15]. The dashed area denotes the
uncertainties. The red color for X(6900) refers to the second fitting results obtained at LHCb. For the X(6900) state in ATLAS, we
choose the mass and decay width obtained in the di-J/y channel instead of those in the J/wy (2S) channel due to the large uncertainty.
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FIG. 3. (a) The complex energy eigenvalues of the 07" ccc ¢ states with varying € in the complex scaling method. (b) The selected

view of Fig. 3(a) concentrating on the resonances. The dashed lines represent the continuum lines rotating along 26.
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(a) The complex energy eigenvalues of the 17~ ccc ¢ states with varying € in the complex scaling method. (b) The selected

view of Fig. 4(a) concentrating on the resonances. The dashed lines represent the continuum lines rotating along 26.

No bound states are observed in the sector. There are two
ccc ¢ resonances in the BGS quark model. The lower
resonance is located at the position with £ = 7035.1 MeV
and I' = 77.8 MeV. It may decay into the di-., di-J/y,
nene(2S), and J/yy(2S) channels. Compared with the
X(6900) in experiments, the decay width of the resonance
is consistent with the experimental result considering
uncertainty, while the mass is about 100 MeV higher than
the experimental central mass.

The higher resonance is located at the position
E =7202.2 MeV and I' = 60.6 MeV. The resonant state
is located quite close to the threshold lines with a scaling
angle in the (8,10) degree. The coupled channel effect with

the scattering states may modify the location of the reso-
nance. To make it clear, we isolate the subdiagram with 6
ranging from a larger degree as illustrated in Fig. 3(b). This
state may decay into the di-;.., di-Jy, n.1.(2S), J/yy(2S),
nene(38), J/wy(3S) channels. The mass and width of the
higher resonance are consistent with the X(7200), which
was observed in di-J/y and J/yy(2S) channels by CMS
[14] and ATLAS [15] collaborations, respectively.

For the 11~ ccc ¢ system, there are only two possible
color-spin configurations as illustrated in Egs. (8)—(9). As
shown in Fig. 4, most of the eigenstates obtained at 8 = 0
degree fall along the continuum cuts corresponding to
n.J/y and their radial excitations. Up to 7.3 GeV, two
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FIG. 5. (a) The complex energy eigenvalues of the 27" ccc ¢ states with varying € in the complex scaling method. (b) The selected

view of Fig. 5(a) concentrating on the resonances. The dashed lines represent the continuum lines rotating along 26.

resonances survived with the energies and widths as (E =
7049.6 MeV, TI'=69.4 MeV) and (E = 7273.5 MeV,
I' =49.8 MeV), receptively. They will both decay into
nJd w(2S), nap(2S), n.(2S)J /w channels. The higher one
will also decay into the 5. (3S) (7093.6 MeV) and
1.(38)J/w (7181.1 MeV) channels in BGS quark model.

For 27+ ccc ¢ tetraquarks, the possible continuum states
are di-J/y and the radial excitations. As shown in Fig. 5,
two resonances are obtained at the position (E = 7068.5,
I'=283.6 MeV) and (E = 7281.3 MeV, I' =91.2 MeV),
respectively. To make the signal of the higher resonance
clear, we isolate the subdiagram with 6 ranging from a
larger degree as illustrated in Fig. 5(b). Given the large
enough phase space, the 27 resonances will decay into the
di-J /y and the radially exciting channels. The 0"+ and 2+
resonances have similar masses and decay widths. Similar
to the O resonances, the two 27" resonances may also be
the candidates for the X(6900) with 100 MeV larger mass
and X(7200) in experiments.

So far, we have calculated the S-wave ccc ¢ states and
did not include the P-wave ccc ¢ states and the scattering
states with the orbital excitations. No resonances are found
in the energy region (6.2,6.8) GeV, where there may be a
X(6200) and a X(6600) as reported by the experiments
[14,15]. If the two states exist, there might be two reasons
for their absences in the present work. On one hand, if the
lower resonance has a very large decay width as reported by
the LHCb collaboration [13], it may be hard to be studied in
the complex scaling method. Such a wide resonance
asymptote will oscillate very strongly in the complex plane.
It is difficult to find an ideal set of Gaussian parameters to
describe the wave function well.

Another origin may be the quark model. The quark model
has been fixed by the charmonium spectrum, which is suitable
for the compact c¢ system. The flux-tube confinement
potential keeps rising linearly with the larger relative radius
of two constituent (anti)quarks, which should have terminated
at long range and broken into a gg pair. However, such an

TABLE V. The masses (in the unit of MeV) of the low-lying scattering states obtained with the BGS quark model (BGS) [86]

compared with the experimental values (EXP) [87]. The script
unknown in experiments.

@ 9

represents that the mass of the charmonium pair involving #.(3S5) is

Helle J/yl v nene(28) J/wy! nene(3S) J/wy (3S)

o++ BGS 5963.7 6180.4 6612.4 6762.2 7025.3 7162.1

EXP 5967.8 6193.8 6621.4 6783.0 - 7135.9

ned /w ney (28) n.(28)J /v nw(3S) n.(38)J /v

14 BGS 6072.1 6653.6 6720.0 7093.6 7181.1

EXP 6080.8 6670.0 6734.4 7022.9 -

J/wl |y J/wy J/wy (3S)

ot BGS 6180.4 6762.2 7162.1

EXP 6193.8 6783.0 7135.9
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effect is not considered in the present calculation. In the
present quark model, the linear confinement potential keeps
increasing with the relative radius. In our model, we include
both the diquark-antiquark, the meson-meson configurations,
and their coupled channel effect in the Hamiltonian. The
coupling of the resonances and the scattering states may be
overestimated when the quark model is directly adopted to
describe the quark-quark potential in the coupled channel case.
Due to the strong coupling, some resonance may not survive
and act as the continuum states. Moreover, the mass and width
of the survived meson will also be affected, which may lead to
a worse phenomenology. Besides, the three or four-body
confinement mechanism might exist in the multiquark system.
Thus, the improved quark model is expected to study the
multiquark system, and the ccc ¢ experimental data may be
used to examine the improved confinement mechanism.

IV. SUMMARY

In this work, we have calculated the mass spectra of S-
wave fully charmed tetraquark ccc ¢ states. Here, we adopt
the BGS quark model which is fixed by the charmonium
spectrum. The color-Coulomb, the confinement, and the
hyperfine interactions are considered for the quark-quark
potential. The complex scaling method is used to identify
the bound and resonant states from the scattering states. No
bound states are obtained. For the ccc ¢ resonances, we
found six states, two for 0T, two for 17—, and two for 2+,
respectively as summarized in Table TV.

The lower 0™+ and 2% resonances can both decay into
the di-J/y and the J/yy(2S) channels. They are located

at 7035.1 and 7202.2 MeV, respectively, which are around
100 MeV higher than the experimental X(6900). The
higher 0" and 2" resonant states have masses and decay
widths that are consistent with the X(7200). They might
be good candidates for X(7200). The mass shifts between
the first and second S-wave resonances are about
100 MeV smaller than that between the X(6900) and
X(7200) in experiments. In the quark model, we do not
have any free parameters. If both the X(6900) and
X(7200) are the S-wave tetraquark states, the inconsistent
mass shift may indicate that the quark model should be
modified. Moreover, we do not find the lower resonances
in the mass region (6.2,6.8) GeV with the current
quark model. Our quark model is taken from the compact
charmonium spectrum and is extended for the coupling of
the diquark-antidiquark and the scattering states.
Such a model has not been well justified nor confirmed
for the multiquark resonant states. It may be necessary to
modify the model for multiquark systems so that it
includes many-body forces and a new confinement
mechanism.
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