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We revisit minimal nonsupersymmetric models of SUð5Þ grand unification with the type II seesaw
mechanism as the origin of neutrino masses. Imposing the requirement of gauge coupling unification and
the proton lifetime bounds, we perform a Bayesian fit and obtain robust quantitative information on the
mass scales of the beyond the Standard Model particles. We then study lepton-flavor-violating processes
induced by the type II scalar triplet and its SUð5Þ partners, showing that the interplay of upcoming searches
for different lepton-flavor-violating observables can provide additional information on the masses of the
new particles, as well as nontrivial constraints on neutrino parameters.
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I. INTRODUCTION

Grand unification is a powerful guiding principle towards
unveiling new physics beyond the Standard Model (SM).
The coupling constants of the three SM interactions exhibit
the tendency to unify to a common value at a very high
energy scaleMGUT. This has been long regarded as a hint for
a grand unified theory (GUT) where the SM gauge group
SUð3Þc × SUð2ÞL ×Uð1ÞY is embedded in a simple gauge
group, such asSUð5Þ orSOð10Þ [1,2]. This paradigm is very
appealing for a number of theoretical and phenomenological
reasons—for a recent review, see [3]. In particular, GUTs
give a rationale behind the otherwise unexplained quantum
numbers of the SM fermions, thus accounting for the
quantization of the electric charge and the exact cancellation
of gauge anomalies within each single generation of
fermions. Furthermore, since quarks and leptons are
embedded in common irreducible representations of the
GUT group, interactions mediated by GUT gauge bosons
unavoidably violate baryon and lepton number, making
GUT models in principle testable by searches for pro-
ton decay.
For what concerns the following discussion, even more

important is the observation that the contributions to the
running of the gauge couplings due to the SM field content
alone can not achieve a successful unification. Hence GUTs
provide a strong motivation for the presence of new fields at

intermediate or low-energy scales that can prompt gauge
coupling unification. Other open problems of the SM, in
particular the origin of neutrino masses, nicely lead to the
same conclusion. It is therefore very tempting to look for
the fields able to account for gauge coupling unification
among those responsible for neutrino masses. However,
that does not seem straightforward within the context of
the simplest extensions of the SM addressing neutrino
masses—Dirac neutrinos or Majorana neutrinos from type I
seesaw—as they only involve singlet representations of the
SM gauge group (the right-handed neutrinos) that (i) do not
affect the running of the gauge couplings themselves, and
(ii) are naturally embedded in GUT representations that do
not comprise extra fields which could facilitate unification
[as they are singlets within SUð5Þ too, while they nicely fit
the 16 spinorial representation of SOð10Þ together with
the other SM fermions]. Thus, the program of achieving a
minimal connection between neutrino mass models and
unification should rather focus on the other two types of
seesaw mechanism or on radiative neutrino mass models.1

In this paper, we focus on what is perhaps the simplest
possibility, type II seesaw [6–9], that is, we are going to
introduce a single scalar SUð2ÞL triplet and its SUð5Þ
partners contained in the 15 representation. Requiring a
successful gauge coupling unification and enforcing the
proton decay bound set nontrivial constraints on the masses
of these new particles, leading to interesting and potentially
testable phenomenological consequences. This has been
extensively studied in the literature [10–16], with a par-
ticular focus on the possibility that some states are light
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1For a comprehensive discussion of the low-energy phenom-
enology of the former, see [4], while for a review on the latter we
refer to [5].
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enough to bewithin the reach of high-energy colliders, such
as the Large Hadron Collider (LHC).2

In the following, we revisit several variations of the
SUð5Þ embedding of type II seesaw (distinguished by the
way employed to fix the “wrong” fermion mass relations
predicted by the minimal Georgi-Glashow SUð5Þ model
[1], see Sec. II) and extend the existing literature in multiple
directions. We first perform a Bayesian fit to the gauge
coupling unification requirement and the proton lifetime
constraint, in order to obtain reliable quantitative informa-
tion about the viable spectrum of the theory (Sec. III) and
compare it with direct searches for new physics at the LHC.
In Sec. IV, we move to what is the main focus of the paper:
the study of charged lepton-flavor-violating (LFV) decays
that are induced by the fields contained in the 15, which are
unavoidable since the couplings of these fields to the SM
fermions need to account for the observed neutrino masses
and mixing and must thus be flavor changing (and are to a
large extent known). Searches for LFV decays are among
the most sensitive probes of new physics coupling to SM
leptons. In particular, the ongoing experimental program is
capable to reach scales exceeding 107–108 GeV [24]. We
are going to study the potential of future experiments of
testing type II seesaw GUT models and highlight how the
interplay of different LFV observables can provide infor-
mation on the masses of the new particles, as well as
complementary constraints on the neutrino parameters that
have not been measured yet.

II. MINIMAL MODELS OF GRAND
UNIFICATION WITH A TYPE II SEESAW

We start from the minimal nonsupersymmetric SUð5Þ
Georgi-Glashow model [1], with the SM fermions organ-
ized within the first two lowest-dimension SUð5Þ repre-
sentations (5̄ and 10):

ψ 5̄ ¼ ðDRÞcð3̄; 1; 1=3Þ ⊕ LLð1; 2;−1=2Þ; ð1Þ

ψ10 ¼QLð3;1;1=6Þ⊕ ðURÞcð3̄;1;−2=3Þ⊕ ðERÞcð1;1;1Þ;
ð2Þ

where the SUð3Þc × SUð2ÞL ×Uð1ÞY quantum numbers
are shown in parenthesis.
The scalar sector consists of the real field ϕ24 in a 24-

dimensional representation and the five-dimensionalϕ5 (the
latter one containing the SMHiggs doublet), whose vacuum
expectation values cause the two-step spontaneous breaking
SUð5Þ⟶v24 SUð3Þc×SUð2ÞL×Uð1ÞY ⟶v5 SUð3Þc×Uð1Þem.
The SM gauge bosons are also contained in an adjoint

representation of SUð5Þ, together with new ones [the vector
leptoquarks ð3; 2; 5=6Þ and ð3̄; 2;−5=6Þ, typically denoted
as Xμ, Yμ] that convert quarks into leptons, thus inducing
proton decay. The mass of these latter fields is proportional
to the GUT-breaking vev v24 and, in the following, we are
going to identify itwith the unification scaleMGUTwhere the
three gauge couplingsmeet (and employ such an assumption
to assess the impact of the extra gauge bosons on the proton
lifetime, see Sec. III). In other words, we are assuming that
Xμ and Yμ do not contribute to the running of the gauge
couplings below the unification scale. Similarly, we are also
assuming that themass of the color triplet inϕ5 is at theGUT
scale or above. In fact, this field does not only give rise to
additional, potentially dangerous, contributions to proton
decay (which typically bound itsmass to be≳1011 GeV) but
also tends to spoil the successful unification of the gauge
couplings [10].
On the other hand, we will allow (some of) the states

belonging to the SUð5Þ-breaking Higgs field ϕ24 to have
masses lighter than MGUT, so to trigger gauge coupling
unification. Notice, however, that this can not be the case of
the scalar states ð3; 2; 5=6Þ and ð3̄; 2;−5=6Þ that are just the
would-be Goldstone bosons from SUð5Þ breaking and
provide the longitudinal components of the GUT gauge
bosons Xμ, Yμ.
Within the minimal SUð5Þ model, such as in the

Standard Model, neutrinos are massless, which conflicts
with the observation of neutrino oscillations. As anticipated
in the introduction, we assume that neutrino masses arise
from the seesaw mechanism of type II, which requires the
introduction of a scalar triplet Δ with lepton-number-
breaking interactions [6–9].3 The simplest representation
of SUð5Þ where this field can fit in is the 15 whose SM
decomposition also contains a scalar leptoquark that, as
customary, we denote as fR2 (see, e.g., the review in
Ref. [27]) and a scalar color sextet S [10]:

ϕ15 ¼ Δð1; 3; 1Þ ⊕ fR2ð3; 2; 1=6Þ ⊕ Sð6; 1;−2=3Þ: ð3Þ

The SUð5Þ Lagrangian of the Yukawa sector thus reads:

−LYukawa ¼ Yuϵijklmψ
ij
10ðψkl

10Þcϕm�
5 þ Ydlϕ

i
5ψ

ij
10ðψ j

5̄
Þc

þ Y15ψ
i
5
ϕij�
15 ðψ j

5̄
Þc þ H:c:; ð4Þ

where i; j; k; l; m ¼ 1–5 are SUð5Þ indices, ϵijklm is a rank-5
totally antisymmetric tensor, Yu, Ydl, and Y15 are 3 × 3
matrices of Yukawa couplings, whose flavor indices are not
explicitly shown. The Y15 terms give mass to neutrinos via
type II seesaw in the usual way, see the discussion in Sec. IV.2For analogous studies within the context of a type III seesaw,

see [17–22], while a general discussion on gauge coupling
unification due to intermediate-scale scalar fields can be found
in Ref. [23].

3Interestingly, type II seesaw can also successfully address
leptogenesis and inflation [25,26].
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As is well known, the second term in Eq. (4) predicts the
following GUT-scale relations among lepton and down-
type quark masses:

md ¼me; ms¼mμ; mb¼mτ ½minimal SUð5Þ�; ð5Þ
which are notoriously at odds with the experimental
measurements, even taking into account the renormaliza-
tion group running down to the electroweak scale [28,29].
Several ways to correct these relations have been proposed
in the literature. In the following, we will review three
popular choices and employ them to identify the possible
minimal sets of fields that can provide phenomenologically
viable fermion masses (including neutrino ones).
Model 1: nonrenormalizable operators.—The simplest

way to fix the quark-lepton mass relations shown in
Eq. (5) is to add the following nonrenormalizable operators
[10,13,30]:

−LYukawa ⊃
Y 0
u

Λ
ϵijklmψ

ij
10ðψkl

10Þcϕmn
24 ϕ

n�
5

þ Y 00
u

Λ
ϵijklmψ

ij
10ðψkn

10Þcϕmn
24 ϕ

l�
5

þ Y 0
dl

Λ
ϕi
5ψ

ij
10ϕ

jk
24ðψk

5̄
Þc þ Y 00

dl

Λ
ϕi
5ϕ

ij
24ψ

jk
10ðψk

5̄
Þc

þ H:c:; ð6Þ

where Λ ≫ MGUT, implying some new degrees of freedom
beyond minimal SUð5Þ (e.g., at the Planck scale). From
Eqs. (4), (6), one obtains the following Yukawa terms after
SUð5Þ breaking:

−LMass⊃4QLðYuþYT
uÞH̃URþQLYdlHDRþLLYT

dlHER

−
6v24
Λ

QLðY 0
uþY 0T

u ÞH̃URþ
v24
Λ

QLY 0
dlHDR

−
3v24
2Λ

LLY 0T
dlHER−

v24
Λ

QLðY 00
u−Y 00T

u ÞH̃UR

−
3v24
2Λ

QLY 00
dlHDR−

3v24
2Λ

LLY 00T
dlHERþH:c:; ð7Þ

which give for the fermion mass matrices

Mu ¼ 2
ffiffiffi
2

p
v5

�
Yu þ YT

u −
3v24
2Λ

Y 0
u −

3v24
2Λ

Y 0T
u

−
v24
4Λ

Y 00
u þ

v24
4Λ

Y 00T
u

�
;

Md ¼
v5ffiffiffi
2

p
�
Ydl þ

v24
Λ

Y 0
dl −

3v24
2Λ

Y 00
dl

�
;

Ml ¼ v5ffiffiffi
2

p
�
YT
dl −

3v24
2Λ

Y 0T
dl −

3v24
2Λ

Y 00T
dl

�
: ð8Þ

The presence of the additional contributions ∝ Y 0
dl; Y

00
dl

clearly breaks the minimal relations of Eq. (5), allowing to

fit the observed fermion masses by suitably adjusting the
entries of the matrices Ydl, Y 0

dl, and Y 00
dl.

In summary, in the case of model 1, the only states that, if
lighter than MGUT, can possibly trigger gauge-coupling
unification are those contained in ϕ15 and ϕ24 [10,11],
which we display in the first block of Table I. The
conditions required in order to have some of these fields
much lighter than the GUT scale or, in other words, large
mass splittings in the scalar sector (which will necessarily
involve fine tunings), are discussed in Appendix A.
Model 2: scalar 45.—If one prefers to work within a

renormalizable theory, the simplest choice is to add a
45-dimensional scalar representation [14]:

ϕ45 ¼ φ8ð8; 2; 1=2Þ ⊕ φ6̄ð6̄; 1;−1=3Þ ⊕ φT
3 ð3; 3;−1=3Þ

⊕ φD
3 ð3̄; 2;−7=6Þ ⊕ φS

3ð3; 1;−1=3Þ
⊕ φS

3̄
ð3̄; 1; 4=3Þ ⊕ H2ð1; 2; 1=2Þ: ð9Þ

TABLE I. New fields with mass possibly below MGUT, the
corresponding group representations, and their contribution to the
one-loop β function coefficients of the SM gauge couplings.

All models

Field SUð5Þ SUð3Þc SUð2ÞL Uð1ÞY bI3 bI2 bI1

ϱ3 ϕ24 1 3 0 0 1=3 0
ϱ8 ϕ24 8 1 0 1=2 0 0

Δ ϕ15 1 3 1 0 2=3 3=5fR2
ϕ15 3 2 1=6 1=3 1=2 1=30

S ϕ15 6 1 −2=3 5=6 0 8=15

Model 2

Field SUð5Þ SUð3Þc SUð2ÞL Uð1ÞY bI3 bI2 bI1

φ8 ϕ45 8 2 1=2 2 4=3 4=5
φ
6

ϕ45 6̄ 1 −1=3 5=6 0 2=15
φT
3

ϕ45 3 3 −1=3 1=2 2 1=5
φD
3

ϕ45 3̄ 2 −7=6 1=3 1=2 49=30
φS
3

ϕ45 3 1 −1=3 1=6 0 1=15
φS
3̄

ϕ45 3̄ 1 4=3 1=6 0 16=15
H2 ϕ45 1 2 1=2 0 1=6 1=10

Model 3

Field SUð5Þ SUð3Þc SUð2ÞL Uð1ÞY bI3 bI2 bI1

LV ψv
5̄

1 2 −1=2 0 1=3 1=5
Dc

V ψv
5̄ 3̄ 1 1=3 1=3 0 2=15

Lc
V ψv

5 1 2 1=2 0 1=3 1=5
DV ψv

5 3 1 −1=3 1=3 0 2=15

QV ψv
10 3 2 1=6 2=3 1 1=15

Uc
V ψv

10 3̄ 1 −2=3 1=3 0 8=15
Ec
V ψv

10 1 1 1 0 0 2=5
Qc

V ψv
10

3̄ 2 −1=6 2=3 1 1=15

UV ψv
10

3 1 2=3 1=3 0 8=15

EV ψv
10

1 1 −1 0 0 2=5
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The additional terms in the Lagrangian of the Yukawa
sector read:

−LYukawa ⊃ Yuϵijklmψ
ij
10ðψkl

10Þcϕm�
5 þ Ydlϕ

i
5ψ

ij
10ðψ j

5̄Þc

þ Y 0
uϵijklmψ

ij
10ðψnk

10Þcϕlmn�
45 þ Y 0

dlϕ
ijk
45 ψ

ij
10ðψk

5̄
Þc

þ H:c: ð10Þ

Notice that ϕ45 is a rank 3 tensor, satisfying antisymmetric
and traceless conditions: ϕijk

45 ¼ −ϕjik
45 ,
P

5
j¼1 ϕ

ijj
45 ¼ 0. So

we can choose for its vev:

hϕ5ij
45 i ¼ −hϕi5j

45 i

¼ 1ffiffiffi
2

p v45ð4δi4δj4 − δijÞ; ði; j ¼ 1 − 4Þ; ð11Þ

with other entries vanishing. The fermion mass terms then
result:

−LMass ⊃ 4QLðYuþYT
uÞH̃URþQLYdlHDRþLLYT

dlHER

−8QLðY 0
u−Y 0T

u ÞfH2UR−6QLY 0
dlH2DR

þ2LLY 0T
dlH2ERþH:c:; ð12Þ

and one can get the following fermion mass matrices:

Mu ¼
1ffiffiffi
2

p ½4ðYu þ YT
uÞv5 − 8ðY 0

u − Y 0T
u Þv�45�;

Md ¼
1ffiffiffi
2

p ðv5Ydl þ 2v45Y 0
dlÞ;

Ml ¼ 1ffiffiffi
2

p ðv5YT
dl − 6v45Y 0T

dlÞ: ð13Þ

Again, it is apparent that the entries Mu;Md;Ml are all
free parameters, such that the observed fermion masses and
mixing can be easily fitted.4 It is worth noting that at low
energies this is just a two Higgs-doublet model (2HDM)
with v45 of the order of the electroweak (EW) scale, and

vEW ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v25 þ v245

q
≈ 246 GeV.

For this model, the extra fields possibly contributing to
the running of the SM gauge couplings are those in ϕ15,
ϕ24, and ϕ45, see Table I. Details about masses and vacuum
expectation values of these scalar states can be found in
Appendix A.
Model 3: vectorlike fermions.—The last possibility we

consider is adding heavy fermions in vectorlike represen-
tations of SUð5Þ (and thus of the SM gauge group too)
[31,32], that is, the 5 ⊕ 5 representation:

ψv
5̄
¼ Dc

Vð3̄; 1; 1=3Þ ⊕ LVð1; 2;−1=2Þ;
ψv
5 ¼ DVð3; 1;−1=3Þ ⊕ Lc

Vð1; 2; 1=2Þ; ð14Þ

and/or 10 ⊕ 10:

ψv
10¼QVð3;2;1=6Þ⊕Uc

Vð3̄;1;−2=3Þ⊕Ec
Vð1;1;1Þ;

ψv
10
¼Qc

Vð3̄;2;−1=6Þ⊕UVð3;1;2=3Þ⊕EVð1;1;−1Þ: ð15Þ

These vectorlike pairs of Weyl fermions combine into Dirac
fermions that, with slight abuse of notation, we will also
denote as ψv

5̄
and ψv

10.
The components of the above SUð5Þ fields mix with SM

leptons and quarks differently, thus correcting the mass
relations in Eq. (5). For example, with only one generation
of vectorlike fermions ψv

5̄
, the Lagrangian of the Yukawa

sector becomes (in four-component notation):

−LYukawa ⊃
�
ψα
5

ψv
5

��
Yαβ
dlϕ

�
5 Mα

5 þ λα5ϕ24

Y 0β
dlϕ

�
5 MV

5 þ λV5ϕ24

�� ðψβ
10Þc
ψv
5̄

�
þH:c:

→ ð ðDα
RÞc Dc

V Þ
 1ffiffi

2
p v5Y

αβ
dl Mα

5 þ λα5v24

1ffiffi
2

p v5Y
0β
dl MV

5 þ λV5 v24

!�ðDβ
LÞc

Dc
V

�
þðEα

L E0
V Þ
 1ffiffi

2
p v5Y

αβ
dl Mα

5 −
3
2
λα5v24

1ffiffi
2

p v5Y
0β
dl MV

5 −
3
2
λV5 v24

!�
Eβ
R

E0
V

�
; ð16Þ

where α and β are flavor indices, DL and EL, respectively,
denote the down-type quarks and charged leptons in the
doublets QL and LL, and E0

V is the charged state in LV .
As we can see, in addition to the standard interactions

with SM fermions and Higgs fields, the vectorlike fer-
mion can also couple to chiral fermions (or itself) directly

or via the SUð5Þ adjoint scalar field ϕ24. So after sponta-
neous symmetry breaking, the two mass matrices for
charged leptons and down-type quarks acquire six inde-
pendent parameters: ðMα

5 þ λα5v24Þ=ðMV
5 þ λV5 v24Þ and

ðMα
5 −

3
2
λα5v24Þ=ðMV

5 − 3
2
λV5 v24Þ, the contribution from

ϕ�
5ψ

v
5
ðψβ

10Þc being negligible since v5 ≪ v24;M5. For a

detailed discussion, see Ref. [33]. Therefore, one can
correct the wrong quark-lepton mass relations with only
one generation of vectorlike fermions ψv

5̄
.

4For a different approach, with the same field content asmodel 2
(including the 45) but employing nonrenormalizable instead of
renormalizable operators to correct Eq. (5), see Ref. [16].
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The above result can be straightforwardly generalized to the ψv
10 case:

−LYukawa ⊃ ðψα
5

ψv
10 Þ
 

Yαβ
dlϕ

�
5 Y 0α

dlϕ
�
5

Mβ
10 þ λβ10ϕ24 MV

10 þ λV10ϕ24

!� ðψβ
10Þc
ψv
10

�
þ H:c:

→ ð ðDα
RÞc D0

V Þ
 

1ffiffi
2

p v5Y
αβ
dl

1ffiffi
2

p v5Y 0α
dl

Mβ
10 þ 1

4
λβ10v24 MV

10 þ 1
4
λV10v24

!� ðDβ
LÞc

D0
V

�

þ ðEα
L EV Þ

 
1ffiffi
2

p v5Y
αβ
dl

1ffiffi
2

p v5Y 0α
dl

Mβ
10 þ 3

2
λb10v24 MV

10 þ 3
2
λV10v24

!�
Eβ
R

EV

�
; ð17Þ

where D0
V is the Q ¼ −1=3 state in QV .

In this scenario, the states belonging to the vectorlike
fermions ψv

5
or ψv

10 would also contribute to the running of
the gauge couplings, alongside the scalar fields in ϕ5 and
ϕ15, see Table I.

III. FIT OF THE MASS SPECTRUM
OF MINIMAL MODELS

In this section, we present the results of a Bayesian
analysis aimed at constraining the mass spectrum of the
models introduced above. In principle, the physical masses
of the new particles displayed in Table I could range from
mZ to MGUT (or above). However, the parameter space is
tightly constrained because (i) the three SM gauge coupling
constants of a realistic GUTmodel must converge at a high-
energy scale, and (ii) such scale must be large enough not to
cause unacceptably fast proton decay rates.
Gauge coupling unification.—Solving the renormaliza-

tion group equations (RGEs) of the SM gauge couplings
(taking into account the effect of the new intermediate-scale
fields), one can impose the unification of the three con-
stants αi ≡ g2i =4π to a common value αGUT at a scale
MGUT. At one loop, this provides the three following
equations [34]:

α−1GUT¼α−1i ðmZÞ−
beffi

2π
ln

�
MGUT

mZ

�
; beffi ≡bSMi þ

X
I

bIi rI;

rI≡ lnðMGUT=MIÞ
lnðMGUT=mZÞ

⊂ ½0;1�; ð18Þ

where i ¼ 1, 2, 3 labels the three gauge interactions, bSMi
are the one-loop β-function coefficients, ðbSM3 ; bSM2 ; bSM1 Þ ¼
ð−7;−19=6; 41=10Þ, due to the SM field content, and the
index I runs over the new fields with mass MI < MGUT,
whose contributions to the β functions are denoted as bIi .
The latter quantities just depend on the quantum numbers
of the fields under SUð3Þc × SUð2ÞL ×Uð1ÞY, see, e.g.,
[35], and are listed in the last three columns of Table I.
Eliminating αGUT and lnðMGUT=mZÞ in Eq. (18), one

can get a constraint on the mass spectrum from gauge

coupling unification, in terms of experimentally measured
quantities [34]:

beff2 − beff3

beff1 − beff2

¼ α−12 ðmZÞ − α−13 ðmZÞ
α−11 ðmZÞ − α−12 ðmZÞ

¼ 5 sin2 θw − 5αem=αs
3 − 8 sin2 θw

¼ 0.717� 0.002; ð19Þ

where α−1em ¼ 127.952� 0.009, αs ≡ α3ðmZÞ ¼ 0.1179�
0.0009, sin2 θw ¼ 0.23121� 0.00004 are, respectively, the
electromagnetic coupling constant, the strong coupling
constant, and the weak mixing angle at the electroweak
scalemZ [36], and the GUT normalization g1 ¼

ffiffiffiffiffiffiffiffi
5=3

p
g0 of

the hypercharge coupling has been employed.
For a given set of intermediate fields that satisfy Eq. (19),

one can then employ the equations with i ¼ 1, 2 in (18) to
obtain the following expression for the GUT scale:

ln
�
MGUT

mZ

�
¼ 6π − 16π sin2 θw

5αemðbeff1 − beff2 Þ : ð20Þ

Notice that Eqs. (18)–(20) neglect the fact that the above-
quoted values of bSMi include the contributions of top
quarks, hence it would be correct to consider the running
above the top mass scale mt, that is, to employ α−1i ðmtÞ in
the formulas and substitute mt → mZ elsewhere. However,
the numerical impact would be negligible: using the central
values for α−1i ðmtÞ calculated in Ref. [28], we find that the
quantity in Eq. (19) is shifted to ≈0.719, well within the
experimental uncertainty quoted above. Similarly, the effect
of the substitutionmt → mZ in the logarithms of Eq. (18) is
tiny. We expect a larger numerical deviation from the above
unification requirement if two-loop RGEs are considered.
Such an effect is typically of the same order of magnitude
of unknown—in our context—threshold effects from mass
splittings of the states at MI and MGUT (see, e.g., the
analytical discussion in Ref. [37]). Since, for simplicity, we
refrain from modeling the uncertainties due to unknown
thresholds, we are going to neglect two-loop corrections
as well.
Proton lifetime.—As mentioned in the previous section,

the extra SUð5Þ gauge bosons Xμ and Yμ can convert
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quarks and leptons into each other, and thus mediate
proton decay.
The current best limits on the proton lifetime were set in

2020 by SuperKamiokande (SK) searching for p → π0eþ

and p → π0μþ, see Table II. The contribution of the SUð5Þ
gauge bosons to this kind of decay modes (and the
analogous ones into neutral kaons) reads [22,43]

Γðp → π0lþ
i Þ ¼

πmpα
2
GUT

2M4
GUT

A2fjðV1Þ11ðV3Þ1ihπ0jðudÞRuLjpij2

þ j½ðV1Þ11ðV2Þi1 þ ðV1V�
CKMÞ11ðV2VT

CKMÞi1�hπ0jðudÞLuLjpij2g; ð21Þ

Γðp → K0lþ
i Þ ¼

πmpα
2
GUT

2M4
GUT

�
1 −

m2
K

mp

�
2

A2fjðV1Þ11ðV3Þ2ihK0jðusÞRuLjpij2

þ j½ðV1Þ11ðV2Þi2 þ ðV1V�
CKMÞ12ðV2VT

CKMÞi1�hK0jðusÞLuLjpij2g; ð22Þ

where we identified the mass of the mediators Xμ and Yμ

withMGUT and A is a renormalization factor accounting for
the running of the baryon-number-violating operators from
the GUT scale tomp (cf. Appendix B for details and for the
numerical values of the hadronic matrix elements). Fur-
thermore, VCKM is the Cabibbo-Kobayashi-Maskawa
(CKM) mixing matrix and the other matrices are defined
in terms of the biunitary rotations that diagonalize the
fermion masses (V†

fMfV 0
f ¼ Mdiag

f ) as follows:

V1 ≡ V 0†
u V�

u; V2 ≡ V 0†
lV

�
d; V3 ≡ V†

lV
0�
d : ð23Þ

Within minimal SUð5Þ, all the above matrices equal 1
and the decay width in Eq. (21) only depends on known
CKM angles. This is not anymore the case in presence of
the more general mass matrices considered in the previous
section that can correctly account for the observed fermion
mass relations. Thus, in the models we are considering,
p → π0lþ

i depends on the unknown (and, within the SM,
unobservable) right-handed rotations V 0

f through the com-
binations in Eq. (23). It is therefore possible that nontrivial
(and somewhat tuned) flavor structures of Mf conspire to
suppress the p-decay rates in these channels [43,44].

On the other hand, the decay modes involving neutrinos
are subject to weaker constraints (cf. Table II) but are
theoretically more robust. In fact, it has been noted that
summing over the (experimentally unobservable) antineu-
trino flavors makes the dependence on the Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) mixing drop and leads to
a much cleaner theoretical prediction for these channels
than for p → π0lþ

i [22,44]:

Γðp→πþν̄Þ¼πmpα
2
GUT

2M4
GUT

A2jðV1VCKMÞ11hπþjðduÞRdLjpij2;

ð24Þ

Γðp → Kþν̄Þ ¼ πmpα
2
GUT

2M4
GUT

�
1 −

m2
K

mp

�
2

A2

× fjðV1VCKMÞ11hKþjðusÞRdLjpij2
þ jðV1VCKMÞ12hKþjðudÞRsLjpij2g: ð25Þ

As we can see, the only residual dependence on the fermion
flavor structure is encoded in V1, a matrix that equals the
identity if the up-quark mass matrix Mu is symmetric. In
our models, this occurs if the contribution ∝ Y 00

u is sub-
dominant in Eq. (8) (model 1), that ∝ Y 0

u is negligible in
Eq. (13) (model 2), and only 5þ 5̄ vectorlike fermions are
introduced (model 3). Furthermore, even for a nonsym-
metricMu, the results obtained setting V1 → 1 in Eqs. (24),
(25) are still a very good approximation if V 0

u has got a
hierarchical structure akin to that observed in the left-
handed sector.
Finally, let us notice that, besides the vector bosons Xμ

and Yμ, scalar particles such as the color triplet in ϕ5 and
φT
3 , φ

S
3, φ

S
3̄
(cf. Table I) also endanger proton stability.5

When considering minimal scenarios, it is therefore

TABLE II. 90% CL limits from proton decay searches on
τðp → XÞ≡ 1=Γðp → XÞ.
Mode Limit (years) References

p → π0eþ >2.4 × 1034 [38]
p → π0μþ >1.6 × 1034 [38]

p → K0eþ >1.0 × 1033 [39]
p → K0μþ >3.6 × 1033 [40]

p → πþν̄ >3.9 × 1032 [41]
p → Kþν̄ >5.9 × 1033 [42]

5Our scalar fields could induce both B − L conserving and
violating processes, see Appendix B for details.
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reasonable to set their masses at the GUT scale directly.
However, when the relevant Yukawa couplings are small,
these fields could also be lighter than MGUT by several
orders of magnitude. We will comment about their possible
impact on our fit below.
Fitting procedure.—The mass spectrum is calculated by

means of the following steps. First, we sample uniformly
the initial parameters in Eq. (18), frI ⊂ ½0; 1�g, and enforce
the unification constraint of Eq. (19). Next, we calculate the
resulting GUT scale according to Eq. (20), and use it in
Eq. (18) to obtain the masses of the new particles, fMIg,
and the unified coupling αGUT. This information can be
converted into a prediction for the proton decay rates, once
additional assumptions on the flavor structure of the mixing
in Eq. (23) are made (that we will discuss below, when
presenting our results). Finally, applying the relevant SK
bounds on proton decay reported in Table II, we get
probability distributions for the spectrum of the new
particles and the proton lifetime.
We start considering the simplest models (that is,

minimal in terms of field content) that are compatible with
all phenomenological observations related to neutrino and
fermion masses and proton stability, thus reducing the
number of free parameters in our fit. First, let us notice that
the particles whose contribution to the Uð1ÞY β-function
coefficient is larger than the SUð2ÞL one should be better to
not contribute much to the running of the gauge couplings,
as their effect is to decreaseMGUT and thus endanger proton
stability [according to Eq. (20), ðbeff1 − beff2 Þ should be as
small as possible for the sake of a large MGUT]. Therefore,
we start setting the masses of such fields at MGUT.
Similarly, we do not consider at first scalars that directly
mediate proton decay, as we mentioned above. Under these
assumptions, our parameter space is rather limited; we will
discuss below how the fit is affected by enlarging it. All
models have as free parameters the masses of the SUð2ÞL
triplet ϱ3 and the color octet ϱ8 from the GUT Higgs 24,
and those of the seesaw triplet Δ and the leptoquark fR2

from the 15, cf. Table I. In addition, model 2 features the
masses of the color octet and the second Higgs doublet in

the 45, φ8 and H2, and model 3 the vectorlike fermions
LV þ Lc

V and QV þQc
V .

A. Model 1

As discussed above, the minimal setup of this model just
comprises four parameters. In Fig. 1, we show the result of
the fit in terms of these parameters and the resulting proton
lifetime. The latter was estimated based only on the
theoretically clean mode p → Kþν, assuming that p →
π0lþ

i can be somewhat suppressed by the flavor structure of
the fermion masses. For the calculation, we have taken for
the mixing matrix V1 ¼ 1, cf. Eq. (23), hence the plots
illustrate to a very good approximation both the case of an
(approximately) symmetric up-quark mass matrix, as well
as a hierarchical structure of the right-handed mixing. For
this fit, we did not impose the experimental proton decay
limits. In fact, as we can see, the region favored by the fit
corresponds to a proton lifetime more than two orders of
magnitude smaller than the present SK bound. Therefore,
this setup is excluded, barring very fine-tuned flavor
structures of that Yukawa matrices such that p → π0lþ

i ,
p → πþν̄, and p → Kþν̄ be all simultaneously suppressed.
The reason why this model is so strongly disfavored is that
there are too few parameters to achieve a high MGUT.
Enlarging the parameter space by including more states
from ϕ15 with MI < MGUT would not improve the sit-
uation: as discussed above, the presence of these other
fields would, in fact, tend to further lower MGUT and/or
introduce new sources of p decay.

B. Model 2

In model 2, we have in addition φ8 and H2 (both from
ϕ45) that, as argued above, can contribute to gauge coupling
unification without endangering proton stability. We start
considering only the effect of the color octet and SUð2ÞL
doublet φ8—alongside the fields contained in ϕ24 and ϕ15
that we included in the fit of model 1—while set the mass
of the second Higgs doublet H2 equal to MGUT. The
outcome of this five-parameter fit is shown in Fig. 2. As for

FIG. 1. Result of the fit for Model 1 (nonrenormalizable operators) shown on planes displaying the extra field masses and the proton
lifetime from p → Kþν̄ (the most constraining of the theoretically clean decay modes). The red line depicts the corresponding SK lower
limit, 5.9 × 1033 years [42]. Regions favored by the fit at 1σ, 2σ, and 3σ are highlighted.
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model 1, proton lifetime was calculated considering p →
Kþν̄ with V1 ¼ 1 and conservatively assuming that flavor
mixing can suppress p → π0lþ

i to a sufficient extent. Here,
in contrast to model 1, we are imposing the SK bound as a
constraint of the fit. As we can see from the last row of
Fig. 2, the effect of the color octet φ8 is to raise the GUT
scale to such an extent that, at the 1σ (3σ) level, a proton
lifetime up to about 1035ð36Þ years can be easily achieved.
This requires the octet to live at an intermediate to low scale

(≲108 GeV). In fact, the proton lifetime is anticorrelated to
the octet mass (cf. the bottom-right plot of the figure), as
first observed in Ref. [12]. The plots in Fig. 2 also show that
a good fit requires that the Y ¼ 0 triplet ϱ3 from ϕ24 as well
as the seesaw triplet Δ and the scalar leptoquark fR2 from
ϕ15 should all be rather light (≲10 TeV, at 1σ).
This scenario could be regarded as a “minimal predictive

grand unified type II seesaw model.” Indeed, it is
“minimal” and “predictive” due to the following reasons:

FIG. 2. Model 2 (scalar 45): result of the fit for the minimal six-parameter setup. The proton lifetime τp vs the mass parameters and the
two-dimensional correlation plots for the particle masses are shown. τp was calculated considering the clean p → Kþ þ ν decay modes.
Colors as in Fig. 1.
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(i) Only bosonic fields are added to the SM [and to
minimal SUð5Þ], no additional (vectorlike) fermions
are required. Furthermore, both the scalar 15 and 45
representations are contained in a single SOð10Þ
representation of dimension 126.

(ii) All of the five new particles considered in Fig. 2 are
necessary for a successful gauge coupling unifica-
tion. As shown below, φ8 cannot be replaced with
H2 as the latter field does not raise MGUT so much.
In addition, even the “scalar gluon” ϱ8, which does
not contribute to the running of α1;2, is also crucial,
because it can help balance ðbeff2 − beff3 Þ and ðbeff1 −
beff2 Þ in Eq. (19), when the latter quantity increases.

(iii) No fine-tuning in the Yukawa sector is required and
all the flavor mixing angles could have “natural” and
generic values.

(iv) As we have seen, light fields are predicted, in
particular the weak triplet Δ and the leptoquarkfR2, which could therefore induce large LFV effects,
as we are going to discuss in the next section.

(v) The Y ¼ 0 triplet ϱ3 is also required to be light.
Interestingly, this field can be responsible for the shift
of theW boson mass that the recent result of the CDF
collaboration [45] seems to indicate: the anomaly can
be accommodated with Mϱ3 ≈ 10 TeV if the triplet-
Higgs doublet trilinear coupling (in our context
ϕ5ϕ5ϕ24) is of order Mϱ3 [46].

6

(vi) The anticorrelation between the mass of the octet φ8

and the proton lifetime has important phenomeno-
logical implications: if proton decay will be further
constrained by next-generation large-volume detec-
tors, such as JUNO [49], DUNE [50], Hyper-
Kamiokande [51], φ8 could be an accessible target
for future runs of the LHC or the proposed high-
energy hadron colliders. Vice versa, if colliders
further constrain the φ8 mass, this would favor a
proton lifetime possibly within the reach of future
experiments.

As the above-discussed “minimal grand-unified type II
seesaw model” has so many interesting phenomenological
implications, it is important to discuss how robust the latter
are. In other words, if we introduce more parameters, will
the favored masses of LFV mediators and the Mφ8

− τp
correlation change much? We can consider three paths for a
next-to-minimal extension of the minimal scenario:
(1) Set all the other particles (S from ϕ15 and φ6, φ

D
3 ,H2

from ϕ45) except for the proton decay mediators
lighter than the GUT scale, such that they can also
contribute to the RGEs. Due to the presence of the
second Higgs doublet—the only among these fields
that, as argued above, can have a positive impact on

gauge coupling unification—we label this scenario
2HDM (two Higgs doublet model).

(2) Allow arbitrary flavor mixing, that is, include the
mixing angles in the matrices (23) among the free
parameters to fit.7 This may suppress proton decay
rates and relax the mass constraints on the light
particles. In fact, according to Eq. (10), Mu receives
an anti-symmetric contribution such that V1 is now a
general unitary matrix.

(3) Take the scalar proton decay mediators (the color
triplet HT in ϕ5, the ϕ45 fields φT

3 , ϕ45 and φS
3)

lighter than MGUT. We let their masses free to range
from MGUT down to about 1013 GeV, which is the
order of magnitude of the bounds from p-decay
searches if the values of the couplings of these fields
to SM fermions are in the ballpark of the SM
Yukawa couplings [43].

Figure 3 and Table III show the impact on the fit of the
above relaxed assumptions. While the 3σ upper bounds
soar in the next-to-minimal scenarios, the 1σ-favored
regions remain at the TeV scale, with the exception of
case (3), where the fit is substantially relaxed. In fact,
among all these new scalars, only φT

3 and H2 from φ45

satisfy bI1 < bI2 and thus can play a role in relaxing the mass
bounds in the next-to-minimal scenarios,8 while the other
fields considered in scenarios (1) and (3) can only decrease
MGUT and thus in fact tighten these mass bounds. Similarly,
relaxing the flavor structure of the fermion mass matrices
can loosen the p-decay constraints and have a significant
impact on the Mφ8

− τp correlation [cf. the column (2) of
Fig. 3 where we plot min½τðp → π0eþÞ; τðp → Kþν̄Þ� and
show both experimental limits], but it does not affect much
the prediction for the masses of the seesaw triplet and the
leptoquark.
Searches for the production of new-physics particles at

the LHC have already started to test this model. Constraints
on the mass of Δ can be obtained searching, in particular,
for the electroweak production of the doubly charged
states pp → ΔþþΔ−− followed by decays into same-sign
leptons or W bosons, Δþþ → lþ

i l
þ
j and Δþþ → WþWþ.

The former mode—which dominates if the vev of Δ
induced by electroweak symmetry breaking is small,
hΔi≲ 10−4 GeV, see, e.g., [52]— provides a cleaner
signature that leads to a stronger limit, MΔ ≳ 800 GeV
[53]. If on the contrary the decay into W dominates, the
current lower limit on MΔ is about 350 GeV [54].
Bounds on leptoquarks are even more stringent, asfR2 can

be copiously produced via strong interactions. The statewith

6For discussions of the CDF anomaly with a Y ¼ 0 triplet in
the context of GUTs, see [47,48].

7In this case, we can impose the bounds from all the proton
decay channels, p → π0=K0 þ eþ=μþ and p → πþ=Kþ þ ν̄, as
we have all information to calculate the rates in Eqs. (21)–(25).

8The impact of H2 is however very mild, as shown by the
results for case (1) in Fig. 3 and Table III. Notice in particular that
a light φ8 is still required to achieve successful unification.
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Q ¼ 2=3 decays fully visibly into (right-handed) down-type
quarks and charged leptons, fR2

2=3 → lþ
i dj. As we will

discuss in the next section, the flavor structure of the fR2

couplings (like that of Δ) is dictated by the neutrino mass
matrix, that is, by the large PMNSmixing angles. Therefore,fR2 tends to decay “democratically” into all combinations of
quark and lepton flavors, resulting in a large yield for the
signal e=μþ jet and a limit MLQ ≳ 1.6–1.8 TeV [55].
The phenomenology of the color-octet isospin doublet ϱ8

has been extensively studied in the context of minimal
extensions of the SM scalar sector, starting from Ref. [56].
After production via strong interactions, both states in ϱ8
(charged and neutral) would decay into quark pairs through
the couplings Y 0

u and Y 0
dl in Eq. (10). If these matrices

feature a flavor hierarchy resembling that of the SM
Yukawa couplings, decays into third generation quarks
(ϱ08 → tt, ϱþ8 → tb̄) will dominate. In such a case, the
current LHC bounds are estimated to be in the 800–
1000 GeV range [57–59]. However, notice that only
sizeable couplings to first and second generation down-
type quarks are strictly required in order to correct the
relations in Eq. (5). If such couplings dominate, then the
particles in the octet would mostly decay into two light jets
and, thus, be subject to much more stringent constraints
from searches for heavy dijet resonances, corresponding to
a lower bound of about 4 TeV [60].

C. Model 3

In the case of model 3, where only vectorlike fermions are
added to the minimal SUð5Þ field content, the regions of the
parameter space favored by the fit are very different.
As discussed above, correct fermion mass relations and

FIG. 3. Impact on MΔ, MLQ, and the Mφ8
− τp correlation of relaxing the assumptions of the Model 2 fit. From left to right:

(0) minimal setup as in Fig. 2, (1) 2HDM, (2) generic flavor mixing, (3) p-decay mediators. See the text for details.

TABLE III. Model 2: 1σ, 2σ, and 3σ upper limits (UL) of the
marginalized 1D probability distributions of the masses of the ϕ15

fields Δ andfR2 for the minimal setup and the next-to-minimal fits
described in the main text.

(0) minimal fit MΔ (TeV) MLQ (TeV)

1σ UL 1.6 1.5
2σ UL 39 33
3σ UL 449 335

(1) 2HDM MΔ (TeV) MLQ (TeV)

1σ UL 2.2 1.6
2σ UL 136 73
3σ UL 6.4 × 103 4.8 × 103

(2) flavor mix MΔ (TeV) MLQ (TeV)

1σ UL 2.0 1.5
2σ UL 61 48
3σ UL 1.6 × 103 1.5 × 103

(3) p-decay med MΔ (TeV) MLQ (TeV)

1σ UL 134 33
2σ UL 1.5 × 105 4.9 × 104

3σ UL 1.8 × 108 8.5 × 107
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unification can be achieved by the usual fields inϕ24 andϕ15
plus vectorlike leptons LV þ Lc

V (that is, introducing a
fermionic 5þ 5̄), but the impact of these latter field on
MGUT is limited. As a consequence, one generation of
vectorlike leptons is far insufficient to raise MGUT with
respect to model 1 (Fig. 1) at a level compatible with the
p-decay bounds. This is shown in the first row of Fig. 4. Only
multiple 5þ 5̄ generations could evade the limits onp decay
without relying on tuning in the fermionmixing.We checked
that at least five generations are needed. On the other hand, if
one introduces fermions in the 10þ 10, only one generation
of QV þQc

V is enough to achieve unification at a large
enoughMGUT. In the latter case, the ϕ15 fields Δ andfR2 do
not even need to be light. This is explicitly shown in the
second rowofFig. 4.Aswe can see, the central values forMΔ
and MLQ could be much higher compared to the results we
shown for model 2 (cf. Table III) and their 1σ favored ranges
span almost all scales betweenmZ andMGUT.Hencemodel 3
(with a single 10þ 10), while being perfectly viable,
completely lacks the predictivity and the interesting phe-
nomenological features of model 2. A similar conclusion
would hold also for the case of multiple (≥5) 5þ 5
generations, as shown by the first row of Fig. 4.

IV. TYPE II SEESAW FIELDS AND LEPTON
FLAVOR VIOLATION

In this section, we focus on the low-energy phenom-
enology of the fields in ϕ15 associated to the generation of
neutrino masses. In particular, the seesaw triplet Δ and

the scalar leptoquark fR2 unavoidably mediate LFV inter-
actions, as we are discussing in the following. Furthermore,
within the most successful (and predictive) of the models
analyzed above (see Sec. III B), gauge coupling unification
requires them to be rather light, ≲Oð10Þ TeV, which
makes searches for LFV processes the most promising
experimental handle to test type II seesaw unification.
The couplings to leptons of these fields follow from the

third term in Eq. (4):

−LYukawa ⊃ Yαβ
15ψ5αϕ

�
15ψ

c
5̄β
þ H:c:

→ Yαβ
Δ LLαΔiσ2Lc

Lβ þ Yαβ
LQDRα

fR2LLβ

þ H:c:; ð26Þ
where α and β are flavor indices and we work in the basis
where the charged-lepton and down-quark mass matrices
are flavor diagonal. The conventions we adopt for the
decomposition of the SUð2ÞL representations are

Δ¼
�
Δ−=

ffiffiffi
2

p
Δ0

Δ−− −Δ−=
ffiffiffi
2

p
�
; fR2

T ¼ðfR2
2=3;fR2

−1=3Þ: ð27Þ

At the GUT scale the triplet and leptoquark Yukawa
matrices in Eq. (26) match to Y15 as

YΔ ¼ YLQ=
ffiffiffi
2

p
¼ Y15; ½GUT scale�: ð28Þ

At lower scales, they are renormalized according to the
RGEs reported in Appendix C, resulting in the TeV-scale
relation

FIG. 4. Results of the fit for model 3, considering the minimal field content of Fig. 1 plus one generation of vectorlike fermions in the
5þ 5̄ representation (first row) or one generation in the 10þ 10 (second row).

LEPTON FLAVOR VIOLATION IN MINIMAL GRAND UNIFIED … PHYS. REV. D 106, 095036 (2022)

095036-11



YLQ ≈ 2.1YΔ; ½TeV scale�: ð29Þ
What makes this framework predictive is that the flavor
structure of both matrices is related to the observed neutrino
masses and mixing. Neutrino mass terms arise from the
explicit breaking of the lepton number that is a conse-
quence of the couplings of the triplet to leptons in Eq. (26)
in combination with the following scalar potential term:

−L ⊃ μϕ5ϕ
�
15ϕ5 þ H:c: → μΔHTiσ2ΔH þ H:c: ð30Þ

The resulting Majorana neutrino mass matrix reads

mν ¼
ffiffiffi
2

p
YΔvΔ ¼ YΔ

μΔv2

M2
Δ
; ð31Þ

where vΔ is the vev the triplet acquires upon electroweak
symmetry breaking, that is, hΔ0i ¼ vΔ=

ffiffiffi
2

p
, and v ¼ v5.

9

Equation (31) shows that the flavor structure of the matrix
YΔ—and consequently of YLQ too—is the same as that of
the neutrino mass matrix. In other words, in the charged-
lepton mass basis, YΔ unavoidably features off-diagonal
LFV entries dictated by the (large) mixing angles of the
PMNS matrix, following from

mdiag
ν ¼ UT

PMNSmνUPMNS; ð32Þ

where mdiag
ν is the diagonal matrix of the neutrino mass

eigenvalues ðm1; m2; m3Þ and UPMNS is the PMNS mixing
matrix (cf. Appendix D for details). Notice however that the
absolute size of the couplings in YΔ and YLQ is not
uniquely determined (even for a given MΔ) because of
the dependence of mν on the lepton-breaking dimensionful
parameter μΔ. In particular, for a small enough μΔ, the
observed values of the neutrino masses can be reproduced
even with a light triplet and ∼Oð1Þ couplings in YΔ—
which greatly enhances the LFV effects, as we will show
below. On the other hand, the Yukawa couplings could still
be extremely small if μΔ is sizeable.10 Ratios of rates of
different LFV processes overcome this source of uncer-
tainty and, as discussed below, can provide further con-
straints on the spectrum of the model, in particular on the
ratio MLQ=MΔ. This opportunity, in combination with
the unification requirements on the particle masses and
the fact that, following from Eq. (26), the leptoquark
couplings YLQ are flavor symmetric and linked to the
neutrino mass matrix, makes the LFV phenomenology of

SUð5Þ type-II seesaw models much more predictive than
the generic setups previously studied, e.g., in the model-
independent analyses of Refs. [4,27].

A. LFV observables

Both the triplet Δ and the leptoquark fR2 induce LFV
processes already at the tree level. Here we focus on μ − e
flavor violation that is subject to the best limits at present
and has the most promising experimental prospects, see,
e.g., [24]. Present bounds and future expected sensitivities
on the processes we are interested in are reported in
Table IV.
A tree-level exchange of the triplet mediates μ→eee [4]:

BRðμ → eeeÞ ¼ 1

4G2
FM

4
Δ
jY21

Δ j2jY11
Δ j2; ð33Þ

where GF is the Fermi constant.
The leptoquark fR2 can induce at tree level μ → e

conversion in atomic nuclei, with a conversion rate given
by [15,27]

CRðμN → eNÞ ¼ m5
μ

4ΓcaptM4
LQ

ðVðpÞ þ 2VðnÞÞ2jY21
LQj2jY11

LQj2;

ð34Þ

which is as usual normalized by the capture rate Γcapt of
muons by the nucleusN. VðpÞ and VðnÞ are overlap integrals
between muon and electron wave functions and nucleons
density distributions [74]. The most recent evaluation of
these quantities can be found in Ref. [75].11

The leptoquark also contributes at tree level to LFV
decays of mesons, in particular the tightly constrained

TABLE IV. Current experimental bounds and future expected
sensitivities on the LFV processes relevant for our analysis.

Observable 90% CL upper limit Future sensitivity

BRðμþ → eþγÞ 4.2 × 10−13 [62] 6 × 10−14 [63]
BRðμþ → eþe−eþÞ 1.0 × 10−12 [64] 10−16 [65]
CRðμ−N → e−NÞ 7.0 × 10−13

(N ¼ Au) [66]
6 × 10−17 (N ¼ Al)

[67,68]

BRðKL → μ�e∓Þ 4.7 × 10−12 [69] ∼10−12 [70]
BRðKL → π0μþe−Þ 7.6 × 10−11 [71] ∼10−12 [70]
BRðKþ → πþμþe−Þ 1.3 × 10−11 [72] ∼10−12 [70]
BRðKþ → πþμ−eþÞ 5.2 × 10−10 [73] ∼10−12 [70]

9This is equal to vEW ≈ 246 GeV for models without a second
Higgs doublet. On the contrary, if H2 ⊂ ϕ45 exists, one has v5 ¼
vEW cos β with tan β≡ v45=v5 being a free parameter. If this is the
case, the bounds on the couplings discussed below have to be
rescaled by an Oð1Þ factor, while the rest of the phenomeno-
logical discussion does not change.

10One can obtain the loose lower bound jYαβ
Δ j ≳ 10−12 from the

electroweak-fit constraint on Δρ, which requires vΔ ≲ 1 GeV
(see, e.g., [61]) in Eq. (31).

11The present best limit on μ → e conversion was obtained on
gold and the upcoming experiments plan to employ aluminium
targets, see Table IV. Thus we are using the following input for
our analysis [75]: VðpÞðAuÞ ¼ 0.0866; VðnÞðAuÞ ¼ 0.129 and
ΓcaptðAuÞ ¼ 13.07 × 106 s−1; VðpÞðAlÞ ¼ 0.0165; VðnÞðAlÞ ¼
0.0178 and ΓcaptðAlÞ ¼ 0.7054 × 106 s−1. The capture rates were
taken from [74].
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neutral kaon decay KL → μe, whose branching ratio reads
[15,27]:

BRðKL → μeÞ ¼ mKτKL

256π

m2
μf2KL

M4
LQ

�
1 −

m2
μ

m2
KL

�
2

× jY12
LQY

12�
LQ þ Y11

LQY
22�
LQ j2; ð35Þ

where fKL
≃ 160 MeV and τKL

¼ 5.116 × 10−8 s are the
KL decay constant and lifetime [36]. Semileptonic kaon
decays are also induced. Following [76], we find

d
dq2

BRðK → πμeÞ

¼ ðm2
μ − q2Þ2τKλ1

2ð
ffiffiffiffiffi
q2

p
; mK;mπÞ

12288π3m3
KM

4
LQq

6
Y

×
h
3jf0ðq2Þj2ðm2

K −m2
πÞ2m2

μ

þ jfþðq2Þj2ðm2
μ þ 2q2Þλ

� ffiffiffiffiffi
q2

q
; mK;mπ

�i
; ð36Þ

where q2 ¼ ðpμ þ peÞ2 (with m2
μ ≲ q2 ≤ ðmK −mπÞ2Þ,

λða; b; cÞ≡ ½a2 − ðb − cÞ2�½a2 − ðbþ cÞ2�, and the form
factors are about the same for Kþ and KL (up to percent
level corrections [77]) and depend very weakly on q2 [78].
For our numerical study, we employ f0ðq2Þ ≃ fþðq2Þ ≃

f0ð0Þ ≃ fþð0Þ ≃ 0.9677 [79]. The above expression
depends on the following combinations of couplings:

Y ¼

8>><>>:
jY12

LQj4 ½Kþ → πþμþe−�
jY11

LQY
22�
LQ j2 ½Kþ → πþμ−eþ�

1
2
jY12

LQY
12�
LQ þ Y11

LQY
22�
LQ j2 ½KL → π0μþe−�

: ð37Þ

As one can see from Eq. (35), KL → π0μþe− has the
same dependence as KL → μe, and one numerically finds
BRðKL → π0μþe−Þ ≈ 0.04 × BRðKL → μþe−Þ, hence it
cannot provide additional information. On the contrary,
both Kþ → πþμþe− and Kþ → πþμ−eþ have a cleaner
dependence on the entries of YLQ, hence they can help to
study its flavor structure, as we will see below.
In principle, both the triplet and the leptoquark also induce

μ → eγ at one loop. However, the contribution from loops
involving down-type quarks andfR2 is strongly suppressed—
the terms in the amplitude being∝ ðmd;s;b=MLQÞ2—thus the
branching ratio is verywell approximated by the contribution
of the type II seesaw triplet alone [4]:

BRðμ → eγÞ ¼ α

48πG2
FM

4
Δ

25

64

����X
β

Y2β�
Δ Y1β

Δ

����2: ð38Þ

B. Numerical analysis

Numerically, the above formulas give

BRðμ → eeeÞ ≃ 1.1 × 10−12
�
10 TeV
MΔ

�
4
�jY21

Δ j2jY11
Δ j2

0.054

�
;

BRðμ → eγÞ ≃ 3.6 × 10−13
�
10 TeV
MΔ

�
4
�jPβY

2β�
Δ Y1β

Δ j2
0.44

�
;

CRðμAu → eAuÞ ≃ 2.4 × CRðμAl → eAlÞ ≃ 7.3 × 10−13
�
10 TeV
MLQ

�
4
�jY21

LQj2jY11
LQj2

0.024

�
;

BRðKL → μeÞ ≃ 3.2 × 10−12
�
10 TeV
MLQ

�
4
�jY12

LQY
12�
LQ þ Y11

LQY
22�
LQ j2

0.044

�
;

BRðKþ → πþμþe−Þ ≃ 1.2 × 10−11
�
10 TeV
MLQ

�
4
�jY21

LQj4
0.154

�
;

BRðKþ → πþμ−eþÞ ≃ 6.2 × 10−10
�
10 TeV
MLQ

�
4
�jY11

LQY
22�
LQ j2

0.44

�
: ð39Þ

These results, in combination with the experimental
limits in Table IV, show that for the spectrum favored
by our model 2 fit in Sec. III B (MΔ;MLQ ≲ 10 TeV) the
relevant couplings are approximately constrained to be
jYαβ

Δ j≲ 0.05, jYαβ
LQj≲ 0.02, with μ → eee and μN → eN

providing the most stringent bounds, which translate into
lower limits on the masses as stringent as MΔ ≳ 200 TeV,

MLQ≳500TeV, for Oð1Þ couplings. Table IVand Eq. (39)
show that upcoming experiments will improve these limits
by about one order of magnitude.
Even if not so constraining, μ → eγ, KL → μe, and

Kþ → πþμe depend on different combinations of the
couplings, hence ratios of the branching ratios of different
modes can provide information on the flavor structure of
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YΔ and YLQ, that is, on the flavor structure of the neutrino
mass matrix, Eq. (31), as we will discuss below.
The matrices YΔ and YLQ are related by the GUT

boundary condition, Eq. (28). Moreover, as discussed in
Appendix C, the RGE running does not affect their flavor
structure, only the overall normalization. Therefore, we see
from Eq. (39) that the ratio between the rates of μ → eee
and μ → e conversion in nuclei only depends onMLQ=MΔ:

BRðμ → eeeÞ ≃ 0.0021

�
MLQ

MΔ

�
4

CRðμAu → eAuÞ

≃ 0.0049

�
MLQ

MΔ

�
4

CRðμAl → eAlÞ; ð40Þ

wherewe employed the TeV-scale relation Eq. (29). It is then
clear that measurements (or constraints) of different LFV
processes can provide nontrivial information on the mass
spectrum of the theory, to be combined with the constraints
from gauge coupling unification and proton decay discussed
in the previous section. This is also depicted in Fig. 5, where
we plot the ratio BRðμ → eeeÞ=CRðμAl → eAlÞ (red
points) as a function of MΔ=MLQ, varying the mass
parameters within the 1σ-favored region of the model 2
fit reported in Sec. III B.
The figure also displays BRðμ → eeeÞ=BRðKL → μeÞ

(blue points). In the latter case, the correlation is much less
pronounced since the two processes depend on different
combinations of the coupling matrices [see Eq. (39)], which
are in turn affected by the uncertainty stemming from the
neutrino parameters in Eq. (31). To produce Fig. 5, we
employ the fits provided in Refs. [80,81] for the mixing
angles and neutrino mass differences, while the poorly
constrained Dirac phase and the unknown Majorana phases
of the PMNS have been uniformly varied within ½0; 2πÞ,
and we scanned the value of the lowest neutrino mass
(assuming normal hierarchy) in the range 0.001 eV ≤
m1 ≤ 0.1 eV. The logarithm of the absolute strength of

the coupling was varied uniformly in the range
−4.5 ≤ log10ðjY11

Δ jÞ ≤ −2.
The same choice of parameters has been employed to

generate the plots of Fig. 6, where the rates of μ → eee,
μAl → eAl and KL → μe are compared to the present
bounds and future experimental sensitivities reported in
Table IV. As we can see, a large portion of the parameter
space is already excluded and substantially more is within
the sensitivity of the upcoming experiments, in particular
Mu3e [65] and Mu2e/COMET [67,68]. Therefore, unless
the overall size of the Yukawa couplings is considerably
smaller than the range we considered, the spectrum of the
model favored by gauge coupling unification will likely
provide positive LFV signals and, as Figs. 5 and 6 show,
such measurements would pinpoint the mass ratio
MLQ=MΔ (besides measuring jY21

Δ;LQjjY11
Δ;LQj=M2

Δ;LQ, that
is, the coefficients of the LFVoperators induced by a triplet
or a leptoquark exchange).
Of course, cleaner correlations are observed when

considering pairs of processes induced by the same field,
as shown in Fig. 7. The first plot displays μ → eee and
μ → eγ, that is, processes due to the triplet Δ. The other
three panels depict processes that are mediated by the
leptoquark fR2. These plots also show how present and
future experimental bounds can constrain the overall value
of the Yukawa couplings.
The spread of the points in Fig. 7 follows from the

different combinations of the couplings relevant for differ-
ent processes, as illustrated in Eq. (39), and thus is entirely
due to the present uncertainty on the neutrino parameters in
Eq. (31). This is a clear indication that measuring the rates
of different LFV modes mediated by the same state from
ϕ15 would provide precious information on the neutrino
parameters beyond that is currently available from the
observation of neutrino oscillations and other neutrino
experiments. However, the prospects of this program do
not seem very good in the case of the processes induced
by Δ: the first panel of Fig. 7 indeed shows that it is
unlikely to observe μ → eγ given the present constraint on
μ → eee, which is a general feature of type II seesaw
models irrespective of their possible GUT embedding.12

Similarly, charged kaon decays (as shown in the second
row of the figure) are not as promising as KL → eμ. This
latter mode, in combination with μ → e in nuclei (see the

FIG. 5. Ratios BRðμ → eeeÞ=CRðμAl → eAlÞ (red points)
and BRðμ → eeeÞ=BRðKL → μeÞ (blue points) as functions of
MΔ=MLQ. See the text for details.

12This conclusion can be relaxed in specific cases where mν
(and thus YΔ) features texture zeroes (see, e.g., [82] for an
assessment of such a possibility), for instance as a consequence of
a flavor symmetry. In this kind of scenario, one may envisage the
possibility that either Y21

Δ ¼ 0 or Y11
Δ ¼ 0 at some high-energy

scale related to new flavor dynamics and that the vanishing entry
is only radiatively generated by running the matrix down to MΔ
through the RGEs shown in Appendix C. From Eq. (39) we see
that this would suppress μ → eee and make μ → eγ compara-
tively more constraining. In the following, we do not further
entertain a situation of this kind.
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second plot of Fig. 7), seems instead to offer a suitable
option to probe the flavor structure of YLQ, and thus of
mν—especially if future experiments will be able to probe it
substantially below the 10−12 level. Needless to say, a direct

connection of these leptoquark-induced processes to the
neutrino sector is possible only in presence of an under-
lying GUT structure such as the one we are considering
here (and it would be a crucial indication thereof).

FIG. 6. CRðμAl → eAlÞ vs BRðμ → eeeÞ (left panel) and BRðKL → μeÞ vs BRðμ → eeeÞ (right panel) for the same variation of the
parameters as in Fig. 5 (see text for details). The color of the points denotes the value ofMΔ=MLQ, as indicated under the plots, and the
dashed line corresponds to MΔ ¼ MLQ and to setting the combinations of couplings appearing in Eq. (39) to their fitted central values.
The gray lines indicate the present and future experimental limits as in Table IV. The present bound on μ → e conversion was rescaled
according to Eq. (40).

FIG. 7. Correlations between processes induced by the exchange of the same field (Δ orfR2) for the same variation of the parameters as
in Figs. 5 and 6. The color of the points denotes the value of log10ðjY11

Δ;LQjÞ, as indicated under the plots. Lines as in Fig. 6.
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We start studying the dependence of the ratio CRðμAl →
eAlÞ=BRðKL → μeÞ on the parameters of the neutrino mass
matrix mν. In Appendix D, we show the standard para-
metrization that we employ for the PMNS matrix appearing

in Eq. (31) and the dependence of this ratio of LFV rates on
the nine parameters of the neutrino sector. In particular,
Fig. 11 shows that measuring or constraining CRðμAl →
eAlÞ=BRðKL → μeÞ would not provide useful information

FIG. 8. Ratio CRðμAl → eAlÞ=BRðKL → μeÞ as a function of the lowest neutrino mass and the effective Majorana neutrino mass
obtained by marginalizing over the other neutrino parameters. Left: normal ordering (NO). Right: inverted ordering (IO).

FIG. 9. Ratio CRðμAl → eAlÞ=BRðKL → μeÞ as a function of the PMNS Majorana phases α21 (first row), α31 (second row), and the
combination ðα31 − α21Þ (third row) obtained by marginalizing over the other neutrino parameters [80] for different values of the lowest
neutrino mass mmin. The NO case is denoted by orange points, the IO case by blue points.
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on the oscillation parameters, that is, the PMNS mixing
angles, the neutrino mass splittings, and the Dirac CP-
violating phase. In contrast, this ratio is very sensitive to
parameters that are so far unknown: the twoMajorana phases
α21 and α31, and the absolute neutrinomassmmin

13; hencewe
focus here on these interesting quantities.

In Fig. 8, we display the dependence of CRðμAl →
eAlÞ=BRðKL → μeÞ on mmin and the effective Majorana
neutrino mass hmββi≡ jPi U

2
eimij—where Uei are the

first-row elements of the PMNS matrix in Eq. (D1)—
marginalized over the other neutrino parameters. This
shows that, in the context of our GUT models, measuring
KL → μe with a rate more than 10 times larger than μ → e
conversion in nuclei would strongly disfavor the inverted
ordering and, more importantly, point to a light absolute

FIG. 10. Same as Fig. 9 for CRðμAl → eAlÞ=BRðKþ → πþμþe−Þ (first and second row) and CRðμAl → eAlÞ=BRðKþ → πþμ−eþÞ
(third and fourth row).

13As customary, mmin ¼ m1 for the NO, m1 < m2 < m3, and
mmin ¼ m3, for the IO, m3 < m1 < m2.
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mass and effective mass, m1; hmββi≲ 10−2 eV, a situation
rather challenging for other experimental probes such as
searches for neutrinoless double-beta decays [83].
In Fig. 9, we plot CRðμAl → eAlÞ=BRðKL → μeÞ as a

function of theMajorana phases for different values ofmmin.
These plots show how, within an underlying GUT structure,
the comparison of these twoLFVprocesses can shed light on
the unknown Majorana phases, especially in presence of a
future determination of (or a more stringent constraint on)
mmin. As an example, we can see that, for a relatively
sizeable mmin, CRðμAl → eAlÞ ≪ BRðKL → μeÞ would
requireα21 to be quite close to 0.On the contrary, CRðμAl →
eAlÞ ≫ BRðKL → μeÞ would point to values of α31 not far
from π. One can also see one of the phases becoming
unphysical in the opposite limit mmin → 0.
Following from Eq. (39), the results of Figs. 8 and 9 can

be traced back to the change in the relative size of Y11
LQ,

Y12
LQ, and Y22

LQ for different values of mmin, α21, and α31.
One can hence expect to obtain an even better sensitivity on
these parameters by comparing μ → e conversion in nuclei
with charged kaon LFV modes, since the latter processes
feature a simpler dependence on the couplings than KL,
without in particular interference terms, cf. Eq. (37). This is
indeed shown by Fig. 10 where similar results for
CRðμAl → eAlÞ=BRðKþ → πþμþe−Þ and CRðμAl →
eAlÞ=BRðKþ → πþμ−eþÞ are displayed. As one can see,
the complementarity of Kþ → πþμþe− and Kþ → πþμ−eþ
in constraining α21 is particularly pronounced. However,
fully exploiting the interplay of different kaon LFV modes
would require a future search campaign able to reach
sensitivities substantially below 10−12, as shown by the
second row of Fig. 7.

V. SUMMARY AND CONCLUSIONS

In this article, we have revisited a class of SUð5Þ GUT
models with minimal field contents (see Table I) that allow
for successful unification of the gauge couplings and
account for the origin of neutrino masses via type II seesaw.
In Sec. II, we classified our models based on how realistic
fermion masses are achieved, studied their spectrum com-
patible with unification and p-decay constraints in Sec. III,
and finally discussed in detail their observable consequences
in terms of LFV decays in Sec. IV.
The main findings of our study can be summarized as

follows.
(i) The minimal SUð5Þ setup with nonrenormalizable

interactions (“model 1”) is excluded by proton decay
searches, barring the case of fine cancellations
triggered by a very peculiar flavor structure of the
Yukawa couplings, hence it is strongly disfavored,
see Sec. III A.

(ii) For what concerns models featuring vectorlike
matter (“model 3”), we separately considered the
case of a single 5 ⊕ 5 fermionic representation and

that with a single 10 ⊕ 10. The former case is also
strongly disfavored by proton decay but it may
become viable if multiple generations—at least
five—of vectorlike fermions are introduced. The
latter case is instead viable in its simplest form.
However, the model is not predictive as the con-
straints on its spectrum are very loose and, in
particular, no field is required to be light for the
sake of unification and proton decay, cf. Sec. III C.

(iii) The model with an additional scalar 45 and renor-
malizable interactions (“model 2”) can successfully
achieve unification with a long enough proton life-
time and, especially in its minimal realizations,
features very interesting predictions, as discussed
at length in Sec. III B. Several fields are required to
be light (that is, not much above the TeV scale), in
particular the type II seesaw fields in the 15
representation that mediate LFV interactions.

(iv) The couplings of these fields [the seesaw triplet Δ
and its SUð5Þ partner, the scalar leptoquark fR2] to
SM fermions are linked to one another by the SUð5Þ
structure and thus their LFV effects are related.
From this it follows that measuring BRðμ → eeeÞ=
CRðμN → eNÞ would pinpoint the mass ratio
MΔ=MLQ, see Fig. 5. Such a measurement (or
constraint, in case only one of the two LFV
processes is observed) could be then confronted
with unification and p-decay constraints (as well as
information from collider searches) in order to see if
a consistent picture emerge.

(v) Instead, ratios of processes mediated by the same
field (the most promising being μ → e conversion in
nuclei and KL → μe, both due to the leptoquark)
provide information on the flavor structure of the
couplings and thus directly on the neutrino mass
matrix (in the charged-lepton mass basis), as both
matrices YΔ and YLQ are proportional to mν. We
showed that ratios of different LFV branching ratios
can be particularly sensitive to the neutrino param-
eters that can not be measured through oscillation
experiments, namely the Majorana phases and the
absolute mass (see Figs. 8–12).

(vi) While some of our results apply to more general
extensions of the SM featuring the triplet Δ (e.g., to
a generic type II seesaw) or the leptoquark fR2, the
connectionbetween theprocesses inducedbythese two
fields obviously requires the presence of a GUT. Our
results show that measuring the rates of several LFV
modes may allow to collect enough evidence of such a
connection and thus of an underlying GUT structure.
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APPENDIX A: SCALAR POTENTIAL
AND SCALAR MASS SPECTRUM

We discuss here the feasibility of the scalar mass spectra
characterized by large mass splittings among the states
belonging to the same SUð5Þ representation that, according
to the fit in Sec. III, facilitate gauge coupling unification,
and also if it is possible to achieve vev hierarchies in
agreement with phenomenological requirements. In gen-
eral, while the superpotential within supersymmetric SUð5Þ
GUTs is strongly constrained by holomorphicity and
renormalizability, that is not the case for a nonsupersym-
metric theory. In our scenarios, there are far more free
parameters in the scalar potential, providing no fixed
relationships among the masses of the new scalars and
thus allowing (at the price of fine-tunings) the large mass
splittings assumed in Sec. III.

1. ϕ24

In our models, the dominant terms of the scalar potential
dictating the ϕ24 components masses and the vacuum
expectation value v24 read

V24¼−
1

2
m2

24Tr½ϕ2
24�þ

ffiffiffiffiffi
10

3

r
μ24Tr½ϕ3

24�þ
1

8
λ1Tr½ϕ2

24�Tr½ϕ2
24�

þ15

2
λ2Tr½ϕ4

24�: ðA1Þ

The interaction terms with ϕ5, ϕ15, and ϕ45 are neglected
here, as v5; v15ð≡vΔÞ; v45 ≪ m24; v24 and the correspond-
ing couplings are strongly suppressed after spontaneous
symmetry breaking. Equation (A1) is in fact the same as the
scalar potential in minimal SUð5Þ [84,85]. Hence, requiring
μ24 ⟶ −4λ2v24, one can get14

m2
ϱ1 ¼ ðλ1 þ 25λ2Þv224; m2

ϱ8 ¼ 25λ2v224; m2
ϱ3 ⟶ 0;

v2GUT ≡ v224 ¼
2

λ1 þ 6λ2
m2

24: ðA2Þ

These expression imply that the hierarchy mϱ3 ≪mϱ8 ≪v24
is achievable, as required by the results of our fit.

Furthermore, one can check that, in this case, ∂
2V24
∂ϕ2

24
¼

2λ1þ20λ2
λ1þ6λ2

m2
24 can be positive, so that v24 is really a local

minimum.

2. ϕ5 and ϕ45

Both ϕ5 and ϕ45 contain a SM-like Higgs doublet
(respectively, H and H2) and, due to 45 ⊗ 5 ⊃ 24 the
H-H2 mixing term also exists. At low energies, this is a
generic 2HDM where the masses of the heavy states are all

free parameters, see, e.g., [86]. For instance, the mass terms
for the two neutral CP-even states are given by

Vðh1; h2Þ ¼
1

2
ðm2

11h
2
1 þm2

22h
2
2 − 2m2

12h1h2Þ
þ quadratic terms; ðA3Þ

where mij are in general all at the GUT scale, if one does
not invoke fine-tuning. Then, the two local minima lie on

v25 ∼Oðλ−1Þ × ðm2
11 −m2

12 tan βÞ;
v245 ∼Oðλ−1Þ × ðm2

22 −m2
12 cot βÞ; ðA4Þ

where tan β ¼ v45=v5 and all the quadratic coupling
strengths are assumed to be at OðλÞ for simplicity. As
v245 þ v25 ¼ v2EW and v45 ∼ v5, one gets the following mass
matrix for h1, h2:

Mh1h2 ¼
�
tan β −1
−1 cot β

�
m2

12 þ
�
λ11 λ12

λ21 λ22

�
v2EW: ðA5Þ

The contribution from the quadratic terms (due to EW-
symmetry breaking) is taken into account in λijv2EW, where
λij are in general all OðλÞ. Mh1h2 has two eigenvalues:
m2

12=ðcos β sin βÞ ∼ v2GUT and OðλÞv2EW, corresponding to
the squared mass of h2 and h1 individually. Therefore, due
to the mixing, one can get the desired hierarchy between
mh2 and its vev v45.
Strictly speaking, φS

3 in ϕ45 could mix with the scalar
triplet in ϕ5, but the mixing angle is independent of β so
that both mass eigenstates can still be at GUT scale. This is
because v24 is large and the cubic and quadratic interaction
terms with ϕ24 should not be neglected here, providing
more free parameters.15 Due to the same reason, the masses
of the components of ϕ5 and ϕ45 are all independent, which
means that a light φ8, as required by the fit, is realizable
without extending the model. For the explicit expressions,
we refer to Sec. 4.1 of Ref. [85].

3. ϕ15

The dominant scalar potential terms for the masses of the
components of ϕ15 are

V15 ¼ −
1

2
m2

15Tr½ϕ15ϕ
�
15� þ μ15Tr½ϕ15ϕ

�
15ϕ24�

þ b1Tr½ϕ15ϕ
�
15�Tr½ϕ24ϕ24� þ 30b2Tr½ϕ15ϕ

�
15ϕ24ϕ24�

þ 15b3Tr½ϕ15ϕ24ϕ
�
15ϕ24�; ðA6Þ

14For the components of ϕ24, we adopt here the same
conventions as in Ref. [85].

15The coupling to ϕ15 is not dominant as custodial symmetry
requires v15 ≪ vEW.
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Again, when mΔ; meR2

≫ vEW, the interactions with ϕ5,

ϕ45, or the ϕ15 quadratic couplings can be neglected. After
SUð5Þ breaking, the mass spectrum reads16

m2
Δ ¼−m2

15þ6μ15v24þ2b1v224þ18b2v224þ9b3v224;

m2eR2

¼−m2
15þμ15v24þ2b1v224þ13b2v224−6b3v224;

m2
S ¼−m2

15−4μ15v24þ2b1v224þ8b2v224þ4b3v224: ðA7Þ

Resorting to fine-tuning, 0 < m2
Δ ∼m2eR2

≪ m2
S ∼ v224 is

possible, as assumed in the rest of the paper.
Furthermore, the cubic term in Eq. (30) gives a nonzero
vacuum expectation value: vΔ ∼ μv25=ð

ffiffiffi
2

p
m2

ΔÞ, which is
small (suppressed by mΔ) as desired.

APPENDIX B: MORE DETAILS
ON PROTON DECAY

1. Renormalization of the baryon-number-violating
operators

The renormalization factor appearing in Eqs. (21)–(25) is
given by A ¼ ALDASD, where ALD and ASD account for the
long-distance and short-distance running of the baryon-
number-violating operators, respectively, see, e.g., [43].
The former one corresponds to the QCD running frommt to
the proton mass scale:

ALD ¼
�
α3ðmpÞ
α3ðmcÞ

�
2=9
�
α3ðmcÞ
α3ðmbÞ

�
6=25
�
α3ðmbÞ
α3ðmtÞ

�
6=23

≈ 1.5:

ðB1Þ

The short-distance contribution encodes the renormaliza-
tion of the operators from the GUT scale down to mt. This
can be given in terms of the running of the gauge couplings,
that is, in terms of the SM β-function coefficients plus the
contribution of the extra fields:

ASD ¼
�
α1ðmtÞ
α1ðMIÞ

�
− 23

30bSM
1

�
α2ðmtÞ
α2ðMIÞ

�
− 3

2bSM
2

�
α3ðmtÞ
α3ðMIÞ

�
− 4

3bSM
3

×

�
α1ðMIÞ
αGUT

�
− 23

30ðbSM
1

þΔb1Þ
�
α2ðMIÞ
αGUT

�
− 3

2ðbSM
2

þΔb2Þ

×
�
α3ðMIÞ
αGUT

�
− 4

3ðbSM
3

þΔb3Þ; ðB2Þ

where we considered the extra matter at a single inter-
mediate scaleMI (with Δbi ≡PI b

I
i ), the generalization to

multiple thresholds being straightforward. To obtain an
estimate of the typical value of ASD, one can consider only
the contributions from bSMi in the above equation and take
αGUT ¼ 1=25, which gives ASD ≈ 1.3.

2. Proton decay matrix elements

A recent lattice QCD evaluation of the hadronic matrix
elements in Eqs. (21)–(25) gives [87]

hπ0jðudÞRuLjpi ¼ −0.131ð4Þð13Þ GeV2;

hπ0jðudÞLuLjpi ¼ 0.134ð5Þð16Þ GeV2;

hK0jðusÞRuLjpi ¼ 0.103ð3Þð11Þ GeV2;

hK0jðusÞLuLjpi ¼ 0.057ð2Þð6Þ GeV2;

hπþjðduÞRdLjpi ¼ −0.186ð6Þð18Þ GeV2;

hKþjðusÞRdLjpi ¼ −0.049ð2Þð5Þ GeV2;

hKþjðudÞRsLjpi ¼ −0.134ð4Þð14Þ GeV2: ðB3Þ

3. Other possible contributions to proton decay

As neutrinos are Majorana particles following the type II
seesaw mechanism, the proton could also decay to a meson
and a lepton (instead of an antilepton), thus breakingB − L.
However, these processes are strongly suppressed by the
small neutrino mass, as we will show below.
According to Eq. (26), the leptoquark fR2 can convert a

down-type quark to a lepton and induce B − L violating
proton decay processes (such as p → πþν) by interacting
with other scalar fields via μϕi

5ϕ
j
5ðϕ�

15Þij. The resulting
d ¼ 7 effective operator, which has been already discussed
in Ref. [10], reads

Od¼7 ¼
μYdlY

†
LQ

M2
TM

2
LQ

Uc
RDRLLDRH�: ðB4Þ

whereMT is the mass of the color triplet ð3; 1;−1=3Þ in ϕ5
that also generates the standard B − L conserving contri-
butions to proton decay via the d ¼ 6 operator:

Od¼6 ¼
YdlY

†
dl

M2
T

Uc
RDRLc

LQL: ðB5Þ

Hence, in order to make sure that the processes induced
by Od¼7 are as suppressed as the ones from Od¼6, we
need to require that μvEWYLQ=m2

LQ ≲ Ydl. Relating
these parameters to the effective Majorana neutrino mass

hmββi ∼ YΔvΔ ∼ YΔ
μv2EW
M2

Δ
∼ YLQ

μv2EW
M2

Δ
and to the charged

lepton masses ml ∼ vEWYdl, the condition becomes

hmββi ×
M2

Δ
M2

LQ
≲ml: ðB6Þ

According to the Bayesian analysis in Sec. III B, TeV-scale
masses for both Δ and fR2 are favored, then Eq. (B6) is
always verified. In other words, the smallness of the
absolute neutrino mass further suppresses the B − L16ϕ15 ¼ ð SeR2=

ffiffi
2

p eR2=
ffiffi
2

p
iσ2Δ

Þ, with Δ and fR2 shown in Eq. (27).
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violating processes relative to the ordinary proton decay
induced by the color triplet. Notice that, taking hmββi ¼
0.1 eV and ml ¼ me, the above condition is still fulfilled
up toMΔ ≈ 2000 ×MLQ. For values ofMΔ larger than that,
the induced proton decay could still evade the experimental
bounds, considering that the processes mediated by the
color triplet with MT ¼ MGUT are suppressed compared to
those induced by the SUð5Þ gauge bosons, since the
Yukawa couplings in Ydl and YLQ are much smaller than
the unified gauge coupling strength—the latter couplings
being severely constrained by LFV processes, as discussed
in Sec. IV.

APPENDIX C: RGES OF TRIPLET AND
LEPTOQUARK YUKAWA COUPLINGS

The one-loop RGEs for the Eq. (26) interactions related
to type II seesaw are given by [88,89]

ð4πÞ2 dYΔ

dt
¼
�
−

9

10
g21 −

9

2
g22 þ TrðY†

ΔYΔÞ
	
YΔ

þ
�
3YΔY

†
ΔYΔ þ 1

2
YT
lY

�
lYΔ þ 1

2
YΔY

†
lYl

	
;

ðC1Þ

ð4πÞ2dYLQ

dt
¼
�
−
13

20
g21−

9

4
g22−4g23þTrðY†

LQYLQÞ
	
YLQ

þ
�
5

2
YLQY

†
LQYLQþYdY

†
dYLQþ1

2
YLQY

†
lYl

	
;

ðC2Þ

where t≡ lnðμ=mZÞ. As one can see, YLQ runs more than
YΔ due to the term ∝ g23, reflecting the fact that the
leptoquark is strongly interacting while the triplet Δ is
color neutral. As a consequence the GUT relation YLQ ¼ffiffiffi
2

p
YΔ does not hold at lower energies. On the other hand,

notice that the flavor structure of the matrices can be only
changed by the cubic terms ∝ YΔY

†
ΔYΔ and YLQY

†
LQYLQ.

For the light spectra we are interested in, LFV processes
constrain the entries of YΔ and YLQ to be rather small, as
discussed in Sec. IV B, hence the effect of these terms is
negligible and the flavor structure of the two matrices will
remain the same at all scales to a very good approximation.

Solving the above RGEs for a typical model 2 spec-
trum, Mϱ3 ¼MΔ ¼MLQ ¼Mφ8

¼ 1 TeV (implying Mϱ8 ≈
1.3×1015GeV, MGUT ≈ 2.5 × 1015 GeV, α−1GUT ≈ 33),
one obtains YLQðMLQÞ=YLQðMGUTÞ ≈ 2.4 and YΔðMΔÞ=
YΔðMGUTÞ ≈ 1.6, which results in the low-energy relation
YLQ ≈ 2.1YΔ. Since this result is not much affected by
details of the spectrum, we employed this constant factor in
the numerical analysis of Sec. IV.

APPENDIX D: DEPENDENCE OF THE LFV
RATES ON NEUTRINO PARAMETERS

The PMNS matrix in Eq. (32) reads

UPMNS ¼

0B@ 1 0 0

0 c23 s23
0 −s23 c23

1CA
0B@ c13 0 e−iδDs13

0 1 0

−eiδDs13 0 c13

1CA
×

0B@ c12 s12 0

−s12 c12 0

0 0 1

1CA · P; ðD1Þ

where sij ≡ sin θij; cij ≡ cos θij, and P is the matrix con-
taining the Majorana phases:

P≡ diagð1; e−iα21=2; e−iα31=2Þ: ðD2Þ

Besides the six parameters in the PMNS, the neutrino
sector comprises three mass parameters, namely the mass
splittings Δ21 and Δ31 (with Δij ≡m2

i −m2
j ) and the

absolute mass mmin ¼ m1½NO�; m3½IO�.
In Fig. 11, we show the dependence of the ratio

CRðμAl → eAlÞ=BRðKL → μeÞ on the above-defined
parameters for the normal ordering case and the oscillation
parameters resulting from the fit in Refs. [80,81].
Pronounced effects are observed only in the case of the
Majorana phases and the absolute neutrino mass.
For completeness, we show in Fig. 12 the same analysis

for BRðμ → eγÞ=BRðμ → eeeÞ, which exhibits a strong
sensitivity on m1 but not a very prominent one on the
phases. It is interesting to notice that Fig. 12 displays
general results for type II seesaw, independent of our
specific GUT models. This shows that, in case of a positive
signal for μ → eee at Mu3e [65], a future experiment able
to go substantially beyond the sensitivity of MEGII [63] on
μ → eγ (for ideas in this sense see Ref. [90]) would be
particularly sensitive to a very light absolute mass.
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FIG. 11. Dependence of CRðμAl → eAlÞ=BRðKL → μeÞ on each the nine neutrino sector parameters defined in Appendix D
marginalized over the other parameters for the NO case. The results of the fit for the three oscillation angles and the two mass splittings
reported in [80,81] have been employed here.
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